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Anomalous Plasma Transport in the Stochastic
Magnetic Field

By Tetsuyuki KuBotat, Masatoshi YaGr* and Sanae-I. ITor*

The anomalous transport of a high temperature plasma in the
region of stochastic magnetic field is studied. Toroidal plasmas, such
as tokamak’s, are considered. Using the kinetic equation for plasma
particles in the stochastic magnetic field, the plasma transport matrix
in the stochastic region is formulated. A quasilinear approximation for
the diffusivity of the magnetic field line Dy is used. The shifted
Maxwellian which includes the mean velocity and the self-consistent
electric potential is assumed. By use of this transport matrix the radial
electric field formation, which is generated by ambipolar condition, and
the associated temperature distribution in the stochastic region is
obtained. The temperature distribution in the stochastic region
becomes flat because of the rapid temperature diffusion. The radial
electric field is formed in the stochastic region and its magnitude is
found to depend on the value of Dy, and on the conditions of the heat
fluxes and temperature gradients of electrons and ions in the non-
stochastic region.
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I. Introduction

The problem of plasma transport in the presence of magnetic fields which are
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assumed to be stochastic has received considerable attentions because of its
importance in providing an explanation of the anomalous plasma transport in
tokamaks®. The research has been made to provide an explanation of the
electron heat transport due to parallel thermal conductivity in the collisional
and collisionless limits for the case of destroyed magnetic surfaces®®. The
importance of this for anomalous transport lies in the rapid rate at which heat
flows along a magnetic field line. The heat is carried by particles at their
thermal speed without collision and thus principal by electrons.

Other than the thermal conductivity?~", a little work has focused on the
electron viscosity®, i. e., hyper resistivity®. The calculation of the elements in
the form of transport matrix has rarely been done.

Ergodization of the magnetic field structure occurs when the magnetic islands
overlap each other. In a tokamak plasma, a stochastic region near the mode
rational surface, for example ¢g=1, 2, ---, surface, has been predicted to appear
due to the nonlinear interaction in three dimensions of MHD tearing modes with
different pitch!®¥, The behavior of magnetic field can be described by the
Hamiltonian formalism and has been analyzed'®'®. The primary islands appear
to take small perturbation to the Hamiltonian. And if perturbation is large
enough, then the higher order islands appear. Second order islands grow
exponentially with respect to the main island size, and primary islands overlap
with it, so that the stochastic magnetic field is produced.

The recent theoretical analysis has shown that the global stochasticity sets in
when the MHD mode grows and the perturbation reaches to the threshold
value*®. The process is triggered and is enhanced by the current diffusivity (.
e., electron viscosity), whose magnitude is anomalously increased by the mag-
netic stochasticity itself. As is well known, the global mode stability is strongly
dictated by the transport coefficients near the mode rational surface!®~'", the
relevant transport coefficients for the mode are to be obtained.

From the view point of the plasma confinement, stochastic magnetic field has
received the strong attention. However, we do not have enough understanding
for the plasma transport in the stochastic magnetic field region.

Furthermore, the radial electric field has received the strong attention in
connection with the plasma transport and enhanced confinement'®. What has
been found in experiments is the existence of not only the edge electric field in
the H-mode discharges, but also the internal electric field structure in another
enhanced mode!®. The reason why such radial electric field exists is not yet
clear. The contribution from the diffusion in the stochastic magnetic field is a
candidate, since the particle diffusion is intrinsically bipolar, which may cause
the radial electric field. The formulation of the transport matrix in the presence
of the stochastic magnetic field will give a base to understand the transport
process as well as the global mode stability of toroidal plasmas.

In this paper, we formulate the transport matrix for a cylindrical plasma in
a stochastic magnetic field, where quasilinear approximation is used for the
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amplitude of the magnetostatic perturbation in a collisionless limit. The radial
gradient of parallel flow is included as a thermodynamical force. The elements
including the off-diagonal terms are derived. As an application, a formation of
static electric field and the associated temperature distribution are analyzed.
Topic will be focused on the ambipolar electric field due to the particle diffu-
sion, and the thermal conduction, and on the parallel thermoelectric field caused
by the thermal conduction.

The organization of this paper is as follows. In Sec. Il we survey the
dynamics of the magnetic field line which is used to describe the magnetic
stochasticity, theoretical models of the anomalous particles diffusion and elec-
tron heat transport in the stochastic magnetic field lines. The experimental
result of the temperature disruption in tokamak plasma is briefly discussed. In
Sec. I, the 3 X 3 transport matrix in a stochastic magnetic field for each species
is derived. Using the obtained coefficients in Sec. III, the formation of electric
field and temperature distribution are examined in Sec.IV. Summary and
discussions will be given in Sec. V.

II. Review

In this section we survey the magnetic stochasticity and the anomalous
plasma transport in the stochastic magnetic field. At first we review the
dynamics of the magnetic field line and occurrence of the magnetic stochas-
ticity. Secondly the theoretical models of the anomalous plasma transport are
reviewed. Thirdly the experimental results of the disruptive phenomena are
reviewed.

The magnetic topology in a plasmas under toroidal confinements is described
as nested magnetic surfaces. Their existence is easily demonstrated when the
magnetic field possesses toroidal symmetry; an asymptotic calculation indi-
cates their presence under a much more general set of conditions. On the other
hand, it is well known that lack of symmetry, which is made from MHD
instability, in the magnet windings can lead to the appearance of magnetic
islands and stochastic magnetic field lines.

A Hamiltonian formalism is used to describe the behavior of magnetic field
line'®. In the tokamak configuration shown in Fig. (1), the toroidal coordinate
¢ plays the role of times in the usual dynamic system. When the equilibrium
magnetic field forms a closed flux surface, the periodic motion of the unpertur-
bed field is conveniently described in terms of the action angle variables J and
8. The action J labels the flux surface, and the change of the angle @ of the
unperturbed field line is given by

45 ) _ ), .1

where in the case of a circular cross-section, J = 7%/2 and ¢ = RB,/rB,.
In the presence of a perturbed field, the Hamiltonian of the field line takes the
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Fig.1 The model tokamak geometry. R, 7, ¢and & are
the major radius, minor radius, toroidal coordi-
nate and poroidal coordinate, respectively. 7 is
the m/n=1/1 surface.

form as

H(J, 0, ¢) = Hl(J)+2Z Amne(V2] [Ro)* i mtP0-ins, (2.2)

where the summation over £ is the expansion of the toroidal correction, and m

and n are the poloidal and toroidal mode numbers of the perturbation. The

amplitude of the perturbation Amx is related to the radial magnetic field B, as

~ VROBrmn

Amnk_ i(n+k B¢0. (2.3)

We shall assume that the primary island amplitude is determined by the

lowest order perturbation term m = »n = 1. Equatipn (2. 2) is transformed to

new variations in a rotating coordinate system, / and €, and is expanded
around the resonant magnetic surface J, where ¢(Jo) =1,

0=0-¢,

. (2.4)
A =7=Jo, (J=17)
giving the Hamiltonian for the perturbation as
P A gy~ _de| (4] 5
H(J, 0, ¢)~ A e 2 + Auncos ()
+ 3 A (71 [Ro) Hl gitm+wo=itmsa—me (2.5)

where the higher order terms are neglected, Eq. (2. 5) is evaluated the perturba-
tion at Jo and is added the £1 terms. '
Averaging over the fast variable ¢, the pendulum Hamiltonian characterizing
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the m/n=1/1 island is obtained as

Ko = G(4])?/2+ Fcos (6), (2.6)
where FF = Au and G = —%. Substituting Eq. (2. 3) for An and using a
parabolic approximation for ¢, F and G are written in terms of the field as
F = 7"1R0%—=—7’12Bn, (2.7)

_200=1)_, s
G= oy =2 pc (2.8)

where B, is the normalized perturbation field and s = ¢(0)—1 is the normal-
ized shear. The amplitude of the island and the frequency at the fixed point are
given by
Alw = 2(FJG)? = (8 Bu/s)"* ], (2.9
wo = (FG)"2 = (2Bas)"2 (2.10)
The first order magnetic island is shown by Fig. (2).

If the perturbation amplitude is large enough the second order islands appear.
A lot of second order islands are formed like a chain near the separatrix of the
first order island. The second order islands overlap each other with enlarge-
ment of the perturbation amplitude. Magnetic field lines are become stochastic
at the overlapping region. Therefore the thickness of the stochastic region is
estimated by the condition of the second order overlapping. To obtain the
thickness of the stochastic region, the variables in the pendulum Hamiltonian is
transformed by the new action-angle variables, to exhibit the second order
island?”?Y. The overlap for two second order island chains leads to a stochastic
region with

Navaps

)

|

X point

O point Separatrix

Fig.2 The primary islands structure in the phase space(d4J—6).
AJu is the width of the primary island. X point is the recon-
nection point. The separatrix is the boundary line of the
primary islands.
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_of F\'** 4x _ T >
ofs = 2( G) (FG)a/z exp( Z(FG)UZ , (2.11)
dJs being the half-thickness of the stochastic region, which is approximately
equal inside and outside the separatrix. The edges of the regular region outside
and inside the separatrix are then calculated from

A]T :A]Miafs. (2.12)
This result can also be easily transformed to physical space, using
r = n(1—dJ/Jo)"?, (2.13)

and drr = r—n. Theresult of Eq. (2.13) is plotted in Fig. (3). The stochastic
region is increased rapidly with the perturbation amplitude.

The plasma transport in the stochastic magnetic field region is much different
from the nested magnetic field line by the turbulence of the magnetic field line.
The trapped particles are turbulenced with the turbulence of the magnetic field
line?®. This particle turbulence is represented by the quasilinear formalism.
The mean magnetic field B and perturbed magnetic field B, which is perpen-
dicular to the mean magnetic field are assumed, where the z-axis is the direction
of mean magnetic field line and x-axis is the perturbation direction (Fig. (4)). It
is assumed that the plasma particles move with constant velocity v, along the
magnetic field line. The plasma particle diffusivity Dp along x-axis is de-
scribed as '

DP - UZDM, (2 ].4)
where

Fig.3 Magnetic island and stochastic region. A7 Js and J: indicate the
width of the main magnetic island, the thickness of the stochastic
layer near the O-point and the thickness of the stochastic layer
near the X-point, respectively. (Cited from Fig. 1(b) in Ref. 14)
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Fig.4 The relation between the correlation length and
the particle diffusion. In the elliptic line region,
the particle correlates with the turbulence at the
origin. The correlation decays when the particle
moves Lsaway. (Cited from Fig.5 in Ref. 22)

Dy = f “ds<h(r(s), $)b(r(0), 0, (2.15)

b(r, s) = Bir, s)/B,
and Dy is the magnetic field line diffusivity.

The correlation between the 5(r(s), s) and 5(r(0), 0) decays while the parti-
cle moves a distance of s away along the braided magnetic field line (Fig. (4)).
Although the particle does not move enough x direction and the particle exists
in the same magnetic surface, the turbulence B loses the correlation with
initial condition while the particle moves Ls away with the evolution. There-
fore the integration length is from 0 to Ls at the Eq. (2. 15) and the magnetic
field line diffusivity is obtained as

Dy = b’Ls. (2.16)

Dy is proportional to the square of the turbulent magnetic field. Therefore the
plasma particle diffusion to the perpendicular direction in the stochastic mag-
netic field represented by the quasilinear formalism.

The electron heat transport in the magnetic stochasticity is considered®. This
transport is caused by the parallel thermal conductivity in a tokamak with
destroyed magnetic surfaces. To treat the electron heat transport, the geomet-
ric characteristics of the stochastic magnetic field is important. The magnetic
configuration in cylindrical geometry is used as

B = B.z+Bor)F+ 6B, (2.17)

where 8B is the perturbed term as
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OB = ”%l;mn(r)exp[z'(mﬂ—nz/]?]. (2.18)

In order to model toroidal periodicity, it is assumed that the system is periodic
in the z direction with period 27zR?*.

Considering a small circle of radius % in the plane z=const, the magnetic
field lines in this plane can be mapped by solving the equation

% = g: and r% - %:—. (2.19)

This magnetic mapping is area preserving, as a consequence of the equation
v-B=0. (2.20)
There will be two different stages of evolution of this area. First, it will move
as a whole, and it will deform its shape stretching in one direction and contract-
ing in the other. This behavior is called stochastic instability of trajectories.

This process can be described analytically for continuous mapping by the
equation as

[(z) = hexp(z/Le), (2.21)
where L. is the correlation length for the simple mapping corresponding to
islands of fixed m with different n*®. The width & of the area exponentially
decreases in order to conserve the total area, i. e.,

8(z) = hexp(—z/Lc). (2.22)

All processes of mapping are strictly reversible, but because the width of the

area becomes extraordinarily small, any small spreading due to motion perpen-
dicular to the field line can be of great importance.

The evolution of the area looks very complicated, as depicted in Fig. (5). It

(c)

Fig.5 The evolution of area mapping. Moving the small circle
along the trajectory, this small circle is mapped into a
complicated thin region and the width & of the area
exponentially decreases in order to conserve the total
area. (Cited from Fig. 1 in Ref. 3)
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can be shown that the average squared radial displacement of the area can be
described by a diffusion formula

(4r)*» = 2LDs, (2.23)

where L is the distance in the z direction, which is much longer than the
correlation length for the area and D, is the diffusion coefficient of the sto-
chastic magnetic field line?®.

It is assumed that guiding-center trajectories coincide with the field lines and
just one “particle” is spread over some initial area of the dimension 7., instead
of considering many discrete particles. It moves before colliding a distance A =
vr along the trajectory, mapping into a complicated thin region of the kind
drawn in Fig. (5), with the width

S=~rexp(—A/Lc) (2.24)

The average squared displacement of its elements in a radial direction is equal
to

{(dr)®> = 2DsA. (2.25)

For the case of 7.>8(A) which is collisionless case, each of these new elements
will evolve on second step almost independently from its previous history.
Therefore the spreading of our area in the radial direction is similar to a random
walk and the diffusion coefficient is given by

xr = (4r)®>/2¢t, (2.26)
where <(47)% is the mean square of the radial displacement of electrons during
the time interval ¢. For the collisionless case the guiding-center trajectories
coincide with the field line. The thermal diffusion coefficient in the area is given
by

xr = (4r)> /2t = Dsw, (2.27)

where r and v are the collision frequency and particle velocity along the
trajectory, respectively. This diffusion time is smaller than the classical diffu-
sion time.

For the collisional case any substantial spreading of the area in the radial
direction due to the mapping will take place after the particle has collided many
times. There will be two competing processes which are the stochastic instabil-
ity and the perpendicular classical diffusion. Considering the balance of two
processes, the correlation length for the areas, which is cut into small pieces &,
is written as

Les = Lcln[(V/MLC)(X///XJ_)m], (2.28)

with the corresponding time for parallel diffusion s~ Le?/xs, where x, and x.
are the parallel and perpendicular classical diffusion conductivities, respective-
ly. Thus, £ is the time during which a particle may be thought of as orbiting
along a single field line before diffusing to a new field line whose trajectory is
no longer correlated with the original one. This complicated continuous evolu-
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tion can be considered simply as a random walk with the step size

(d7)® = DstLcs. (2.29)
Therefore the thermal diffusion coefficient is given by
Xr — DstX///Lcs, (2.30)

In the previous argument, it is obtained that the electron heat transport in the
magnetic stochasticity is much larger than the classical diffusion. It is known
that the enhanced heat transport in the stochastic magnetic field may give rise
to the temperature disruption in tokamak plasma.

Disruptive phenomenon is a common feature of ohmic and additionally heated
plasma in the majority of tokamaks. Disruptive phenomena in tokamak, such
as sawtooth oscillation and major disruption, are characterized by initial slow
growth of a magnetic perturbation followed by a rapid mode growth and a fast
temperature crash. In the ST tokamak, fluctuations in X-ray intensity were
observed which shown a characteristic sawtooth behavior (Fig. (6))?®. The soft
X-ray intensity shows the electron density and temperature, and the X-ray

SLOT APERTURE

MOVABLE
SOFT X-RAY Be WINDOW VACUUM
DETECTOR VESSEL

LEAD SHIELD PLASMA

X=RAY SIGNAL—=—

Or—-v
'

Fig.6 The X-ray traces exhibit internal disruption.
(Cited from Fig.1 in Ref. 26)
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fluctuations were caused by a fluctuation in either of these quantities, but
predominantly temperature fluctuations. Therefore sawtooth oscillation indi-
cates the temperature sawtooth oscillation.

In a theoretical model of the sawtooth oscillation proposed by Kadomtsev®,
the temperature at the plasma centre increases slowly during the ramp phase,
because of Ohmic heating. The resulting increase in current density takes the
safety factor, g, below unity in the central region, leading to an m=1 instability
which is observed as a precursor to the rapid sawtooth disruption phase. It is
hypothesized that the disruption is the result of a growing magnetic island at the
g=1 surface which leads to a rapid reconnection of magnetic field lines. The
reconnection is assumed to lead to a stable configuration with ¢>1, simultane-
ously producing the observed flattening of the temperature and density profiles.
This cycle is then repeated (Fig. (7)).

On the other hand a detailed sawtooth activity was observed in ohmically
heated JET plasma by the measurements of soft X-ray and electron cyclotron
emission (ECE)?”. This study was revealed a variety of features, several of
which appear to be inconsistent with the magnetic reconnection (Kadomtsev)

c d

Fig.7 a) The magnetic surfaces in initial state. b, ¢) During
reconnection due to the finite conductivity. d) After
reconnection. (Cited from Fig. 1 in Ref. 5)

11
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Fig.8 The sawtooth oscillation for widely varying plasma
parameters. The toroidal magnetic field was 3.4 T in
each case and the plasma current was (i) IMA (ii) 2
MA (iii) 3MA (iv) 4MA. (Cited from Fig. 7 in Ref. 27)

model of the internal disruption® and its derivatives?®??. Figure (8) shows the
temperature sawtooth oscillation and figure (9) shows the details of the tempera-
ture sawtooth disruption from JET discharges with widely varying plasma
parameters. The sawtooth disruption time observed in JET are very short,
typically about 100us, but sometimes as short as 50us (Fig. (9)). This is compa-
rable with the disruption time observed on much smaller tokamak and is
significantly shorter than the time predicted theoretically, which is ~10ms.
This is 100 times longer than the observed time.

For the explanation of the temperature disruption the magnetic stochasticity
model is presented. An alternative picture of the disruptive sawtooth phase can
be drawn by using the concept of intrinsic stochasticity driven by the strong
interaction or ‘overlapping’ of island chains with different helicity. A pioneering
study, using this concept, described the destruction of magnetic surfaces in a
stellarator as due to the interaction of the phenomenon were subsequently
carried out, including both external-field perturbation and perturbations arising
from unstable modes. As described previously the heat conductivity in the
stochastic magnetic region is much larger than that in the non-stochastic region.
In the stochastic region, the radial diffusion of the magnetic field lines with
diffusivity, Du, strongly enhances the electron thermal diffusivity

%L = (3/Vm)nvreDu, (2.29)
where # and vz are density and thermal velocity. This thermal diffusivity is
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Fig.9 Sawtooth disruption times for widely varying
plasma parameters from the ECE Fabry-Perot
diagnostic. The toroidal magnetic field was 3.
4T in each current was (i) IMA (ii) 2MA
(iii) 3MA (iv) 4MA. (Cited from Fig.6 in
Ref. 27)

over the classical collisional values and the electron heat diffusion time scale is
~25us. This value is consistent with the JET observation. Therefore we may
say that the plasma transport in the stochastic magnetic field plays an impor-
tant role of the plasma confinement.

[I. Formulation of Transport Matrix

In this section, we present our theoretical model and formulae of the anoma-
lous particle, momentum and energy fluxes due to magnetostatic turbulence, i.
e., magnetic stochasticity. We consider a cylindrical plasma immersed in a
strong magnetic field in the z-direction. The poloidal magnetic field is assumed
to be small. Even in the presence of the magnetic braiding, the strength of the
field is to be represented by the ensemble averaged value. The plasma is
inhomogeneous in the radial direction.

We start our analysis with the kinetic equation which has been used to derive
the thermal diffusivity and the current diffusivity!®¥. We extend the argument
in the following. When the gyroradius, o, is small compared with the in-
homogeneity scale lengths, the kinetic equation for electrons and ions in the
presence of magnetic stochasticity can be written,

13
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Ity i+ LBy xB) - Vof =20, D)L+ C(h), 3.1

where C(¥) is a collision operator and

Dy = (67)*/27R,
indicates the diffusivity of the magnetic field line in the presence of stochasticity
during which the field lines step a random distance 67 in going once around the
torus, where R, is the major radius. We here restrict to the collisionless limit
and the quasilinear value is taken for Dy. We assume that the Dy is uniform
within the region of our interest.

To obtain matrix elements we shall take the moments of Eq. (3. 1), specifying
the unperturbed velocity distribution function. The plasma is assumed to be in
a steady state. Thus the velocity distribution fos is a function of the energy,
mev?/2+ qop, where ¢ is the static potential, and canonical momenta in the 4
and parallel directions,

Py = mer(ve+v25/2) and P, = movy,

respectively. More specifically, we adopt a local shifted Maximilian distribution
as

Joi = foii * Jous, (3.2)
_ 1 m; le(v/ J(JU) — U, j(x»z
Jors =N 2T, () eXD[' T }

oy = 1 mJnJ(x) p[ mvi(x)® e¢(:c)]
7 2T x) ¢ 2T (x) <T> |
where j =i, e, Ty(x) and T.i{x) are the parallel and perpendicular tempera-
tures, U,/{x) is the mean velocity along the parallel direction, ¢(x) is the self
-consistent electric potential, <7"> is the local averaged temperature to normal-
ize ¢(x), and my, n; are particle mass and density. Here 7 is expanded around
70 with respect to gyroradius and a new coordinate x given by

X =r—7r+t Z)e/.Qo‘

is used.
Taking the O-th to the second moments of Eq. (3. 1), we obtain
on; _ 0
LtV - () = —- L1 (3.3)
oU; 4 A

[mn( LUy, vu) Ui« B+v pj} =—Lpy
+Hns@;E =V - (Pi—piI)], (3.4)
L (3p)+V - Q+2P; - VU = —2-Q¥+ g m,U)), (3.5)

for each article species. I; = n;U;, represents the particle flux defined by
Tof;d®v, n; = Jf;d%v is the density,
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b= an}(Efmj(vj,l— Ui, fd*v)

is the pressure, U, is the mean velocity, and
Qi,1= 3T+ 2 Qs imm
is the heat flux, where

Qi imn = fmj(ﬂj,z_ Uj.z)(w,m_ Uj,m)(Uj,n_ U,-,n)f,-dsv

is the heat conduction, P; is the stress tensor and 7 is the unit tensor. Here
the indices /, m, n stand for the three coordinates, 7, 6, z, respectively. In this
article only Uy; is considered as the mean velocity. Terms I3, P¥ and Q%
are the particle, momentum and heat fluxes induced by the magnetic stochas-
ticity where the subscript x stands for the direction which is perpendicular to
the mean magnetic field line. They are given by

FgE”ﬂU//ADM %]‘[;j d31)j, (3.6)
= ﬂv,,j|m,-(v,,j Uyo2) Du 2L Ofos s g2, (3.7)
Q5= flosdgmvss— Upsa)? Du e af°’ i oy, (3.9)

In order to calculate the above fluxes, the mtegrals of
W'/_.JWKW— Usix))"foudvy, (3.9)

for m =0, 1, 2,3 and 4 are needed. Performing the integration, we define the
thermodynamic forces as
_ 1 dnj

1 1 e
X6 = 2T de XTS dr’ (3.10)
2 dU//J(.Z‘)
Xy = 2 2Un2), (3.11)
14T,
X =341 (3.12)

where v =
ized quantities given by,
fxbf = F}‘f/njvrj,
13% = Pf;/mjnjvrj,
@% = Q%/njvroj,
we obtain the thermodynamic forces-fluxes relation as

273? is thermal velocity, for 7,; = T.;= T;, Introducing normal-
J

15



T.KUBOTA M. YAGI S.-1.ITOH

g Ko Ky Ks\ [ Xu;
P = —%D»;exp[— ef:(ﬁg)] KKK X ). (3.13)
QY% K Ky Ks/ \Xs;
The matrix elements Ko, K, Kz, K, Ki, Ks are expressed as
1

Ko = ﬁe_x‘”z'f‘XOj(l—Z@(ﬁXw)),
K = 0(/2X0)—,
K = LQ—XWZ-FX()(@(«/Q_XO') _i)
ﬁ \J 7 2 b
Ko = e+ Xo 0(/2%0) 1),
Ky = == Xue o+ +3{o(2x) 1),
Xojze'x°’2+ 1/Zze“){wz 3 <@([Xo_,) )XOJ,

_ 1
K5_2f7?

U//](x) and @(x) is the error function defined by

0@) = 5= [ e .

For the case where Xo; is small compared to unity, the error function is
expanded with respect to Xo; and the terms up to the 2nd order of Xo; are
retained. Noting that

where Xo;=

D(xo))=1/2— *’f;
we obtain
r¥ 1+3X7 X 1\ /Xy
13}},’ = —%_DMexp[—%] Xoj , 1 X()j ij ) (313,)
Q% 1 Xo; 2 Xs;

where the determinant of the matrix up to the 2nd order of Xo; is given to be
1.

From Eq. (3. 13) (or Eq. (3. 13’)) we see that another orthogonal relation
between fluxes and forces can be chosen. However, here we adopt Eq. (3. 13")
to consider the following transport process.

V. Application of the Transport Matrix

Using the transport matrix (Eq. (3. 13’)) obtained in the previous section, the
formation of electric field and temperature distribution are examined.
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Fig.10 The model plasma structure. The x axis isin
the minor radius direction. The regions 1 and
3 are the magnetically non-stochastic region,
and region 2 is the stochastic region. The
particle flux and energy flux flow in the x
direction.

V-1. Electric Field Formation

Using the obtained matrix (Eq. (3. 13’), we study the generation of electric field
in the stochastic region. In this region, the thermal velocity of electron is larger
than that of ion, so that the electron flux is greater than the ion flux. The
transport in this region is intrinsically bipolar and the electric field can be
induced. The electric potential in the distribution function in Eq. (3. 2) is
introduced so as to be consistent with this electric field.

We assume the model magnetic field structure, shown in Fig. (10), where the
stochastic region is put between the non-stochastic regions. In the non-stochas-
tic region, we assume that magnetic field lines form the magnetic surfaces. We
label the non-stochastic region as 1, 3, and 2 for the stochastic region. We
consider that the region 2 is thin and that the slab geometry can used.

In order to study the electric field formation in the stochastic region, the
boundary conditions on the surface between regions 1 and 2as well as between
region 2 and 3 are necessary. We consider a static case and impose the condition
that the particle and heat fluxes across the boundaries are continuous. To this
end the transport matrix in the non-stochastic region (1, 3 region) is assumed to
be given as

b D; 00 [
P =~ 0 % 0 X559, 4.1
50) 0 0 x/ \X&®

where D;, f; and 7, are the effective diffusivity, viscosity and heat conductiv-
ity, respectively. We, in this article, consider the case where the transport
mechanisms in region 1 and in region 3 are the same and hence the same

17
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transport matrix can be used. The matrix in the stochastic region (region 2) is
given by Eq. (3. 13’), and we assume that the mean particle velocity is small
enough compared with the thermal velocity, that is Xp;~0. We use the super-
scripts (1, 3) and (2) for distinguishing the regions. The corresponding ther-
modynamic forces are

X = 10— Gl LB,

KT
R) — k
Xe,(j) = X(J),
;f(k)z 1 dn(k)
n® dr
) 1 d]‘j(h)
b= Y‘j(k) dx ’

where (k)=(1, 3) or (2).
The continuity conditions of the heat flux across the boundaries are given by

P = QP = QP (4.2)
Ton and electron particle fluxes are constrained by,
I =T IS =P ¥ =r® (4.3)
which are the ambipolar conditions. And the continuity conditions are
IV =T& =T, (4.4)

Imposing these conditions, we calculate the electric field in each region, which
is obtained as

T [ - == 1, = - ]
an — T2 1 awp,—Py+-4 19 D) | 5-A
E DD 23 (D.—D)+ Z(Dex% D 1) (4.5-A)
E® = — <4£a?[ x X% — x ¥, (4.5-B)

QE%DMCXD[_%}.

For the convenience the electron diffusivity is taken as the same as the ion
diffusivity in regions 1 and 3, that is D. = D;. Equation (4. 5-A) is rewritten as

E = ST G o) (4.5-A")

The electric field in region 2, E® should be consistent with the potential
#(x). Equation (4. 5-B) is rewritten as

A fexp| — D} = 2ot — k)

_ (g _ g .
o 4DMLUTeTe UTz'Tz‘ }” (4.5 B)

and the derivative d/dx operates the quantity in region 2. Quantities ge, q¢; Te
and 7; are the boundary values. The general solution of the potential in the
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region 2 is obtained as

)l trfe-eenl Al o

where ¢(x1) is the potential at x = x1. The generated radial electric field is
given by —0¢/0x. We have the normalized electric field as

Y4 e  4i
__€ d¢(1‘) — 4Dy | vreTe UT;‘T:':I ( ) (4.6")
{T> dx T [ g g . _ed(x))’ )
4D | vreTs vnTi]<x xl”ex"{ TS }

This electric field has hyperbolic dependence on x. We can see from Eq. (4.
6’) that the electric field in the stochastic region, region 2, depends on the

difference of the thermal mobility ratio, ¢, between ion’s and electron’s
DMUTjTj

heat fluxes in the adjoined non-stochastic regions.
V-2, Temperature distribution

Next using the transport matrix, Eq. (3. 13’), and model magnetic field
structure assumed in Fig. 10, we consider the temperature distribution in the
stochastic region. We impose the stationary condition and assume that the heat
fluxes are constant as

2:=¢"(z) = ¢/(x) = ¢(2),
where the ¢{*(x) is the heat flux, and consider the case where g.>¢:. The
electron heat flux in the region 1, 3 is described by

089(z) = Tor L T0(z), (4.7)
The electron heat flux in the stochastic region is described by

¢®(x) _  Du Cepx)3 1 ATP(x) e d
ity = —Pexs| G (S iy TRy ). @)

where we approximate as x*®=(. Combining Eq. (4. 6) with Egs. (4. 7) and (4.
8), we obtain the temperature distribution in each region as

T (x) = —Le g4 T,
X oe (4 9)
T (x) = _%(x_x2)+ Tre,
T e a2 ed(x1) 213
qoe(z—21)+ The exp{——}
T9(z) = /2 Du D (4.10)

T Goe o: _ _ e¢(x1)} ’
4Dy L vreThe vTiY‘Ii:|(x xl)-l-exp{ <T>
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Fig.11 (a) The resultant temperature distribution. (b)
The induced electric field distribution. Te, £
and I are the normalized temperature, nor-
malized electric field and normalized minor
radius. The stochastic region is bounded by &
=0.2 and Z=0.6.

where xo. is chosen to be constant, To. = T&(0), Tie = Té(x1) and Tre =
T (x2).

Using Eqs. (4. 6), (4. 9) and (4. 10) we calculate the electric field and the
temperature distribution for the parameters of a tokamak plasma, the major
radius Ro = 3m, the minor radius a = 1m, To = 1keV, Dy = (87 )?/27xR, = 5X
1075m, 20e = 10m?%/s. Normalizations are given as 78(x) = TE(z)/Toe, E® =
E®/((T>ale) and £ = x/a. The results are shown in Fig.3 for go. =
10keVm/s, go: = 0keVm/s. The temperature distribution in the stochastic region
becomes flat and the positive radial electric field is formed in the stochastic

region 2 (Fig. 11).
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V. Summary and discussion

In summary we survey the dynamics of the magnetic field line which is used
to describe the magnetic stochasticity, theoretical models of the anomalous
particles diffusion and electron heat transport in the stochastic magnetic field
lines and the experimental result of the temperature disruption in tokamak
plasma are briefly discussed in Sec. II. In Sec. Il we formulate the transport-
matrix in a magnetically stochastic region from the kinetic equation. We take
the moments the kinetic equation, where we assume that the distribution func-
tion is the shifted Maxwellian and includes the self-consistent electric potential.
Then we obtain the plasma transport matrix (Ep. (3. 13)). We can see from the
transport matrix, that the particle flow is induced by the temperature gradient
as well as the density gradient, and heat flux is induced by the density gradient
as well as temperature gradient.

By use of the obtained transport matrix, a simple study of the electric field
generation and of the temperature distribution in this region are made in Sec. IV,
where the model magnetic field has a layered structure in the radial direction.
The electric field formation changes depending on the condition of heat flux in
the non-stochastic region. The case for ge>>¢: is considered. The electric field
is generated due to the presence of stochastic magnetic diffusion and is formed
in accordance with the heat conductivity and temperature gradient in the non-
stochastic region. It has a hyperbolic dependence on x if Dy, 7. and %: are
uniformed. We also obtain the associated temperature distribution in the
stochastic region. The temperature distribution in the stochastic region
becomes flat and the positive radial electric field is formed in the stochastic
region.

The generated electric field would induce the plasma motion. The flow is
determined by the force from the electric field and the viscous drags in the
stochastic/non-stochastic regions. Substituting the obtained electric field into
the equation of motion as well as the heat transport equation (Eps. (3. 4) and (3.
5)), we may obtain the consistent electric field structure and the induced plasma
flow. These are left for the future analysis.

On the other hand, the electric field as well as the associated dissipation affect
the global MHD mode stability itself. The stability and the fluctuation level
determine the characteristics of the stochasticity, e. g., the width of the region,
the magnitude of Dy and whether the global stochasticity sets in or not, etc. .
These effects are to be examined to obtain the consistent solution.

We only examined the one dimensional model. The MHD perturbations in
tokamaks, including the magnetic island, have helical structures. The formation
of the stochastic region is associated with the helical perturbation and is
essentially two dimensional. In order to have deeper understanding of electric
field formation, two dimensional model should be considered. This is left for our
future work.
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