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NONLINEAR BEHAVIOUR OF CAPILLARY-GRAVITY
WAVES NEAR THE INFLECTION POINT OF
THE DISPERSION CURVE

By Masayuki O1kAwA*

A modified nonlinear Schriodinger equation (MNLS) is derived to
describe a finite-amplitude capillary-gravity wavepacket near the
inflection point of the dispersion curve. Modulational stability of a
uniform wavetrain for an infinitesimal disturbance is examined on the
basis of the MNLS. Nonlinear evolution of a periodic disturbance is
computed by using a pseudospectral method. It is found that nonlinear
evolution of a periodic disturbance based on MNLS is qualitatively
different from that based on the nonlinear Schridinger equation. We
also mention the double-hump solitary wave solutions found by Akylas
and Kung.

Key words : Capillary-gravity wave, Modified nonlinear Schrédin-
ger equation, Modulational instability, Double-hump
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1. Introduction

Weak nonlinear modulation of capillary-gravity water waves is described
by the nonlinear Schridinger equation (NLS)?. However, the NLS breaks down
near the inflection point of the dispersion curve. We derive in § 2 a modified
nonlinear Schriodinger equation (MNLS) which takes the place of the NLS near
the point. Recently, the MNLS was investigated by Akylas and Kung®. They
searched permanent wave envelope solutions of the MNLS to find double-hump
solitary wave solutions. In this note we mainly investigate the time evolution of
the solutions of the MNLS. For this purpose we solve numerically the MNLS
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by using a pseudospectral method.

In § 3, we examine the stability characteristics of the uniform wave solu-
tion of the MNLS to modulation perturbations. The MNLS possesses a high
wavenumber cutoff in the instability characteristics as the NLS does. Yuen and
Ferguson® investigated the long time evolution of the modulationally unstable
disturbances for the uniform wave solutions of the NLS under the periodic
boundary condition. Acéofding to their numerical computation, the number of
modes which actively participate in the energy sharing process associated with
the instability is governed by the number of harmonics of the initial disturbance
which lie within the unstable region. Then, Yuen and Ferguson proposed that
with periodic boundary conditions, a near-uniform solution undergoing long-
wave instability would not thermalize if there is a high-wavenumber cutoff in
the instability characteristics. In § 4, we report the numerical results of the time
evolutions . of the unstable periodic disturbances for both the MNLS and for the
NLS. It is found that the time evolution of the disturbance in the MNLS is
qualitatively different from that in the NLS. It seems that the proposal of Yuen
and Ferguson is not applicable to the MNLS.

In §'5, the numerical solution of the MNLS for a localized initial wave
packet is presented. We mention the double-hump solitary wave solutions to the
MNLS in §6.

2. Modified Nonlinear ‘Schrodinger Equation

The capillary-gravity waves on deep water have the dispersion relation
= g/c+%_k3. (D

Here % is the wavenumber, w is the angular frequency, ¢ is the gravitational
acceleration, 7 is the surface tension and p is the density. The weakly
nonlinear modulations of them are usually described by the NLS. However, the
NLS breaks down near the inflection point (d*w/dk*=0) of the dispersion
curve, that is, near the point

k== (ap—Tg>m, a= 233‘3 — 0.1547- -, @)

In order to examine nonlinear behaviour of the capillary-gravity wave in the
vicinity of £=+#k., we normalize the variables as follows :

kex' =z, k' =y, Joket' =1t,

L ()
where x and y are the horizontal and vertical coordinates, respectively, ¢ is
the time, 7 is the free surface displacement, ¢ is the velocity potential and « is
the characteristic amplitude of the wave. The variables with the prime are
dimensional ones. Then, the governing system of equations are

(3)
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Pret @yy =0, —oo<y<ey, (4)
-0 as y—- —oo, (5)
Nt epn: = @y at y = ey, (6)
¢z+%e(¢§+ o+ = a(n) J1+6%%)., at y = en, (7

where € = ak. is the wave steepness. We assume the following expansions :

=X, T, y)e”+c.c.

+ele®(X, T, y)e**+c.c.+ X, T, y)]+--, (8)
7= 7"(X, T)e®+c.c.
+e[p®(X, T)e*+c.c.+pX, T)H]+---. (9)
Here
0=rkr—owt, o= k+ak®)"? (10)
and k
X =& (x—cyt), T = ¢ (ng%%_). (11)
The leading terms of ¢, », .- are O(1). Solving eqs.(4) and (5) succes-
sively up to O(e?), we obtain
P = —%B(X, T)eky—sm% g§ ye
. 2 3
I AR A (1)
We also obtain from eq.(6)
w_ L el _ g2 Ce 2*p" _emlﬁ >’V 2<C_2_34¢(1)
w dy w? 0Xoy o 90X %3y o' X0y

1 PV 2R 5 00* 26k ) oy« .Z;/?i<_a¢(l)>_.~a¢m*
+w2 aTay ~ * % oy w 1 +w3 Ay /) dy
@@V 1 Pe® N i e
+w77 ay? + w® dy* dy 7 oy*
: M\2 B 0% 5 A D) 3 (D% (1)
_2;3 %Z; > %fs 633 agy %{Z aazs )"‘"', at ¥ =10, (13)
=B(X, T)+---.

Eliminating 7" from eq. (7) by use of (13) and using eq. (12) and the lowest
order approximations

212 N 22
(2 — B @ — _ 3iawk’B 2ky

_wb DAk L 0 — 0 —
7 0% @ 1 oqrz ¢ » 1 =¢ =0,

we have the solvability condition up to O(&? :
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[wz—(k+ak3)]3— ez’si[wa"(H?’“kz)]g—)%

#B z{zl.w B ( W, 3akm'>a33

+ &3 (3ak— w?)

ox? Te kw7, v )X
BB+ ak’ 28K ppp)
2(1_2a'/€2) IB| B} - 0, (14)

where o’ = dw/dk = c.. Owing to eq. (10), the first and second terms in eq.
(14) vanish, and
o = Qo _ 3ek—o” _ 3k +6ak’~1

=& T e o' (15)
o = do _ i<w—/a+a— 3a/kcu’>
— dw® o\ @ w
= 5o (1— ak?)(1+6ak*+ k). (16)
Assuming «” = O(&*®), we obtain
’” 2 N 3
3 2 27,4
L = KOtk 20k an

dw(1—2ak?)
From the definition of @ and eq. (15), " <0 for £<1, " =0 for £ =1 and o”
>0 for £>1. Since we consider the neighbourhood of 2 = 1, »” and v may be
taken to be positive. Then, the transformation

B=y"A (18)

gives rise to the MNLS
.9A FA . PA

01 s, 0 A Az A —

laT B X2 1y X3 ,AI A 0, (19)
where

8= —ﬁ, y = %w”’. (20)

3. Modulational Instability of the Uniform Wave Solution

The solution to the MNLS (19) describing the uniform nonlinear
wavetrain is given by

Ao = Qo exp(—ia§T+ibo), (21)

where ao is an arbitrary positive constant and &, is an arbitrary real constant.
In order to examine the modulational stability characteristics of the solution
(21), we consider the perturbed solution

A = (a+ a(X, T))exp{—idd T +ibo+i0(X, T)}. (22)

Introducing the expression (22) into eq. (19), linearizing with respect to & and
¢ and putting
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(@, ) o« e, (23)
we have
N o 72 o A Wy e
Q= Pt Vx*(B°x*—2paf). (24)

As a result, if <0 (i.e. £>1), the solution (21) is stable. On the other hand,

if #>0 (.e. k<1), (21) is unstable for 0<x<x.(=v2/Bas). The stability

characteristics do not depend on y and are the same as in the case of the NLS.

Especially, there is the high-wavenumber cutoff x. in the instability characteris-

tics.
4. Time Evolution of an Unstable Periodic Disturbance

Yuen and Ferguson® investigated numerically the long time evolution of the
solution of the NLS with the periodic boundary condition starting from the
initial condition

A(X, 0) = a[1—0.1cos(xX)], 0<X<L, (25)

where L = 27/x. They found that if 0<nx<x. and x.<(n+1)x, n modes
actively participated in the energy sharing process associated with the instabil-
ity.

In this section we present the numerical results of the time evolution of the
solutions of the MNLS (19) for the initial conditions (25). Incidentally, we also
present the results of the same problem for the NLS

—|APA =0, (26)

raT Aox?
because we want to compare the solutions of the MNLS with those of the NLS
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Fig. 1 The envelope amplitude |A| of the solutions to the MNLS for A(X, 0)=

—0.1cosX. e=0.05. () k=09, (D) k=1, (c)k=1.1.

under the same conditions.

1

A pseudospectral method* was employed for the numerical computations.
In all the calculations, the conserved quantity [|A[*dX of egs. (19) and (26) was
conserved within a sufficient accuracy. Throughout this paper we take ¢ = 0.05

and @ = 1.

Figure 1 shows the time evolutions of the solutions to the MNLS (19)

starting from (25) with x =1 for (a) # =09, (b) 4 =1 and (c) £ = 1.1.

The

figures in this section are ploted for & = xX instead of X. The behaviours of
the solutions in Fig.1(a) and (c) are consistent with the result of the linear
stability analysis. In the case £ = 1, the uniform state becomes unstable due to

nonlinear effect, though it neutrally stable in the linear analysis.

Figure 2 shows the solutions to the MNLS (19) starting from (25) with
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Fig. 2 The envelope amplitude |A| of the solutions to the MNLS for A(X,0)=
1— 0.1cos(xX). x=0.9, e=0.05, 3=0.1817 - , y=0.0936 ---. (a)x=0.7x,
(b)x=0.35xc, (¢)x=0.27xc, (d)x=0.22xc, (e)x=0.18xc.

different x. We took £ = 0.9, ¢ = 0.05 so that 4 = 0.1817---. The values of x
chosen are (a) x = 0.7xc, (b) x = 0.35x%c, (c) x = 0.27xc, (d) x = 0.22x. and (e) x =
0.18xc. The numbers of harmonics including the fundamental fall within the
unstable interval (0, xc) are (@) n =1, (b) n =2,(c) n=3,(d) »n =4 and (e) n =
5.

The solutions to the NLS (26) under the same condition as for the case of
Fig. 2 are shown in Fig. 3. In both Fig. 2 and Fig. 3 the initial stages of growth
of the fundamental mode are consistent with the linear result. While the
solutions to the NLS are highly regular, each solution to the MNLS except for
the case of Fig. 2 (a) becoms irregular to some degree after an initial interval.
This fact can be clearly seen in the corresponding Fourier modes shown in Figs.
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Fig. 3 The envelope amplitude |A| of the solutions to the NLS for A(X,0)=1—
0.1cos (xX). B=0.1817 -.(a)x=0.Txc, (b)x=0.35xc, (c)x=0.2Txc, (d)x=
0.22xc, (€)x=0.18x.

4 and 5. Each of Figs. 4(b) ~ 4(e) shows that after an initial interval many
Fourier modes always actively participate in the evolution process, though the
number of them is confined. On the other hand, in each of Figs.5(a) ~5(e)
recurrence is observed.

Caponi, Saffman and Yuen® reported that when o in (25) was large, the
solutions of the NLS exhibited chaotic behaviour which they called confined
chaos. However, Ablowitz and Herbst® pointed out the possibility that such
chaotic behaviour of the solutions to the NLS was due to the numerical scheme
used. There is some doubts about the results for the solutions to the NLS by
Caponi, Saffman and Yuen®.
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shown in Fig. 2 (MNLS).

Fig. 4 The magnitude of the Fourier components of

5. Time Evolution of a Localized Wave Packet

In this section, we present the time evolution of the solution to the MNLS
starting from a localized wave packet A(X, 0) = sech 3(X —10), 0< X <20.
The periodic boundary condition was used for numerical computations. The
results are shown in Fig. 6. The initial condition is given in Fig. 6(a) and the
envelope amplitude |A| and the wavenumber at 7" = 0.8 are shown in Fig. 6(b)
for £ = 0.9, Fig. 6(c) for £ = 1.0 and Fig. 6(d) for £ = 1.1. The small ripples in
the left of the main wave in each of Fig. 6(b) ~ 6(d) are due to the periodic
boundary condition.

6. Double-Hump Solitary Waves

Here we mention the double-hump solitary wave solutions to the MNLS
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Fig. 5 The magnitude of the Fourier components of |A| shown in Fig. 3 (NLS).

found by Akylas and Kung?. They looked for the solution to the MNLS (19)

in the form

A= b(&expli(KE—QT)), £€=X-VT.

Then, b (&) satisfies

where

6_555‘.@ +|5]25+Z.Vb~g+l.)’b~ggg = 0,

B=pB-37K, Q=Q+KV+BK'—rK’
V = V+2BK—-37K>

Making a scale transformation

(27)



we have

where

Writing
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40.~ WAVENUMBER

-40.t
1.0. AMPLITUDE

T= 0.0000

40. WAVENUMBER

-40.%
1.0~ AMPLITUDE

OJ.L."I II,U-‘ll NA*LZJDX
= 0.8000
()
b=12", &=(3)"
) |.Q| )

Ab;;Asb + |b|2b + ivb;—!— ibg;; = 0,

_ 7 B
A= —’8—~, 0= T=ms 15 S = sgnf.
y2/3|Q|1/3 |Q|2/3y1/3

b=f+ig (f, g:real),

we obtain from eq.(31)

(30)

(31)

(32)
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0. 10- 20"
T= 0.8000
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Fig. 6 Time evolution of a localized wave packet. £=0.05.(a) 7=0, (b)k=0.9, T
=0.8, (¢)k=1.0, T=0.8,(d)k=1.1, T=0.8.

AMee—sf+H(P+9)f — vge— geee = 0,} (33)

/19::_-39+(f2+92)g+ vfet frr = 0.

For a solitary envelope, asymptotic analyses? at {— =oo give rise to the
asymptotic behaviour
f~Cifexp(F(s/A)?8), g~ Coexp(F(s/A)"?¢) as §— too,
(34)
where Ci*, C.* are constants and
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T 0. 10. 20.
A= 2.4647
(a)

0. o 10. 20.
A= 2.9324
(b)

Assuming that / and g are even and odd functions of {, respectively, we

must impose the conditions

fr=0, ¢g=0, gg=0 at =0,

(35)

(36)
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0.
-1 Lo ‘-1‘0" P Id_l T lllo.l - .20.2
A= 3.4039
(d)

-1 -10. 0. 10. 20.%
A= 3.7435
49
Fig. 7 Double-hump solitary wave solutions to the MNLS. ——: envelope ampli-
tude, -+ : envelope wavenumber. (a)1=2.4647, (b)A=2.9324, (c)A=3.1945,

(d)A=3.4039, (e)1=3.5841, (f)1=3.7435.
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€=0.05 k=10.9 B8=10.1817 7= 0.0936
A= 2.4647 A= 2.9324

€=0.05 k= 1.1 B=-0.1409 7= 0.0563
A= 2.4647 A= 2.8324

Fig. 8 K, V and Q as functions of Q. (a)e=0.05, £=0.9, (b)e=0.05, /=11
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which provide equations for the unknowns Ci*, C.* and A. Thus, only for special
values of A solitary wave solutions of the assumed form can exist. Akylas and
Kung? gave the first three values of A and the corresponding solitary waves. We
have calculated the next three values of A and the solitary waves in addition to
the first three. Those values (eigenvalues) of A are A, = 2.4647, . = 2.9324, As
= 3.1945, A« = 3.4039, As = 3.5841 and A¢ = 3.7435. The corresponding solitary
waves are shown in Fig. 7. The solid lines denote the envelope amplitude and the
broken lines the envelope wavenumber. From egs.(27) and (30), we can write

A= |§|1/Zb(<%)”3s)exp[z(f(5—.o:r)], E=X-VT, @37

where b(¢) is the solution corresponding to one of the eigenvalues of A. Thus,
|2| is a parameter related to the maximum amplitude and the width of the
solitary envelope. For each eigenvalue of A, if |2] is given, K, V, and 2 are
determined from egs.(29), (32) and (35). Consequently, for each eigenvalue of
A, q.(37) is the one-parameter family of the double-hump solitary waves. In
Fig.8, K, V and @ are plotted as functions of £ for the first four eigenvalues
of A. Figure 8(a) shows the case e = 0.05, # = 0.9 and Fig. 8(b) the case & = 0.05,
%k = 1.1. The solitary wave solutions vanishing at X— oo can exist for the
case k£ = 1.1, in which the uniform wave solution of the MNLS is modulationally
stable.
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