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Calculation Formulas for the Wave-Induced
Steady Horizontal Force and Yaw Moment
on a Ship with Forward Speed

By Masashi KASHIWAGI*

A new analysis method based on the theory of Fourier transform is
provided for the added resistance, steady sway force, and yaw moment
acting on an advancing ship in oblique waves. The principle of linear
and angular momentum conservation is used to relate the steady force
and moment to far-field disturbance waves generated by the ship.
Maruo’s added-resistance formula is derived easily with the present
method in which Parseval’s theorem is effectively used in place of the
stationary-phase method. The new method is extended to the analysis
of the steady sway force and yaw moment. Calculation formulas for
these force and moment are obtained in a form analogous to that for
the added resistance, involving only the Kochin function as unknown.
In the limit of vanishing forward speed, the obtained formulas reduce to
Maruo’s for the drift force and Newman’s for the drift moment.

Key words : Added resistance, Steady sway force, Steady yaw
moment, Momentum principle, Kochin function,
Forward-speed effects

1. Introduction

When a ship is floating on the surface of waves, the mean drifting force and
yawing moment will be exerted on the ship as a result of wave actions. These
drift force and moment are of second order in the wave amplitude, but of
engineering importance in designing the control system to maintain the position
or heading of ships in waves. A rational theoretical analysis of this subject,
based on the principle of momentum conservation, was provided first by Maruo®
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for the drift force in the horizontal plane and later by Newman? for the steady
yawing moment. Tt has been common since these two papers to perform
“exact” numerical computations of the drift force and moment when the ship’s
forward speed is zero.

When a shipis advancing at constant forward speed, the same kind of
second-order steady force and moment will be also exerted on the ship.
Maruo®* applied the momentum-principle analysis to the case of forward speed
present, and provided a formula for the ship’s longitudinal component of the
steady horizontal force. This component is known as the added resistance in
waves and has interested many researchers in the field of naval architecture,
because the prediction of wave resistence is crucial in considering economical
operations of ships in actual seaways. With this engineering reason, many
studies on the added resistance have been made so far ; references of these are
included in the proceeding of symposium® held by the Society of Naval Archi-
tects of Japan. '

In oblique waves, due to the steady sway force and yaw moment, the ship
will advance with the drift angle and check helm to maintain a designated
course and thus experience the increase of resistance arising from these secon-
dary causes. Therefore in discussing the overall propulsive performance of a
ship in waves, we need to focus more attention on the sway force and yvaw
moment besides the added resistance. However no calculation formulas exist
for these steady force and moment, involving only the Kochin function as does
the added-resistance formula. It may be true that Maruo’s added-resistance
analysis can be directly applied to the lateral force component, but it seems
difficult to derive a compact formula for the yaw moment, as long as we follow
Maruo’s procedure of analyzing the momentum relation. His procedure is
complicated, because the stationary-phase method is skillfully used to lead to a
final experssion. Thus, to succeed in obtaining a compact formula for the
steady yaw moment, we must first develop a new analysis method with which
Maruo’s added-resistance formula can be easily derived, and next apply it to the
principle of angular momentum conservation which relates the moment on a
ship to the far-field ship-generated waves. )

The present paper reports the work performed along the above lines. In
the new analysis method, Parseval’s theorem in the Fourier-transform theory is
effectively utilized, and thereby complicated calculi seen in Maruo’s analysis are
avoided. The obtained formulas permit the prediction of the steady sway force
and yaw moment in terms only with the Kochin function equivalent to the
far-field disturbance waves. Of course Newman’s zero-speed results are
recovered from the present formulas in the limit of vanishing forward speed.

2. Far-field asymptotic form of the velocity potential

For the sake of subsequent analyses on the principle of momentum and
energy conservation, we need to obtain the asymptotic form of the disturbance
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velocity potential at large distances from a ship. Let us consider a ship
advancing at constant forward velocity U into a plane progressive wave of
amplitude g, circular frequency wo, and wavenumber 4. The water depth is
assumed infinite and thus 4% = wf/g, with g the acceleration of gravity. The
angle of wave incidence is denoted by x and measured as in Fig. 1, with x = 0
corresponding to the following wave. Due to the effect of this incident wave,
the ship performs sinusoidal oscillations about its mean position with the
circular frequency of encounter @, which is related to wo by @ = woe— ko U cos x.

Fig.1 Coordinate system and notations

As shown in Fig. 1, we take a right-hand Cartesian coordinate system O-
xyz, translating with the same velocity as that of the ship. The x-axis is
positive in the direction of ship’s forward motion, the y-axis positive starboard,
and the z-axis positive downward, with the origin placed on the undisturbed free
surface.

To justify the linearity, we assume the amplitudes of incident wave and
ship’s oscillations to be small. Further we assume the flow inviscid with
irrotational motion. Then the velocity potential can be introduced and written
by linear assumption as

O(x, y, 2z, t)= —Ux+é(x, vy, 2, 1) (D
#(z, y, z, t) = Re[¢(z, v, 2)e™] (2)
$(z, y, 2) = %(goﬁ ®) (3)
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—koz—iko(xcosx+ysinx) (4)

Po = €
6 £
¢ = (07——(00)02&% (5)

g =1 a

In the above, @, is the potential of the incident wave and ¢ the disturbance
potential due to the presence of a ship. The latter is divided into the scattered
potential ¢; and the radiation potential ¢;(j =1, 2, -+, 6) due to forced
motion of the ship in each mode of six degrees of freedom; &; is the amplitude
in the jth mode of motion. The symbol ‘Re’ in (2) means the real part to be
taken.

The velocity . potentials, ¢o and ¢, are governed by Laplace’s equation and
subject to the linearized free-surface boundary condition

<zcu U—~>¢ ga¢_ (6)

on z =0 and the condition of vanishing velocity as z—c0. In addition, the
disturbance potential ¢ satisfies a suitable radiation condition.

From Green’s theorem, the disturbance potential ¢ at any point P = (x, v,
z) in the fluid is given by

oP) = [ [ (25D o) L)6(P; Q)as@ )

where @ = (&, 5, ¢) denotes the integration point on the wetted portion of ship
hull Sy ; /0% is the normal differentiation with respect to the integration point,
with the normal defined positive into the ship hull; and G(P ; @) denotes the
Green function or source potential which satisfies the same free-surface and
radiation conditions as those to be satisfied by ¢. With the Fourier-transform
technique, this Green function can be written in the form®

G(P;Q) = T 4rm <l_ 1'>

v v

1 o —ilc(I—E)d/f R we—in(2+:)—ly—vlm
Tor )G ' el nr s "

_L -—v(z+§)~\y*’7lm—ik(x~e)
27I'|: jl: r/k' il /fz— V dk

_/::’Lﬁ A] V—/fz

Xe—V(Z+§) iexly— ﬂlvvg—ki—ikfl—é)dk (8)

where

:} = Na=&+(y—n*+(FE7 (9)

_1 2 _ P
=" (w+kU)? = K+2kr+ i (10)
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z U g
K=“’7, T = g(” K= (11)
/;‘} = —%{1+2rr./1+4z] (12)
2
23}= %[1—2rw1—4r] (13)
4

—1 for —c0o < k< k&

1for h<i<owx (14)

er = sgnlw+kU) = {

In the case of r>1/4, wavenumbers ks and £« given by (13) is not real, and thus
the limits of integration in (8) should be interpreted such that 4s = 44 for r>1/
4. (Hereafter this convention will be understood.)

To obtain a far-field approximation to the disturbance potential ¢ when the
transverse distance |y| is large, let us first consider the asymptotic approxima-
tion of the Green function itself. It is obvious that all the terms except the last
one in (8) vanish for large values of |y|. (These terms represent the local
disturbance in the vicinity of the x-axis.) Therefore, substituting only the last
term of (8) into (7), we obtain the desired approximation of the velocity
potential valid at large distances from the x-axis:

o(x, ¥, 2) ~ [—fk‘Jrf +f ]H+(/f)

—vZTFi€xyJVe—kZ—ikx
7,—7/ — ¢ dk (15)
where
Yy —vEtiexnVVI—k2+iké ’
HHE) = [ [ (52— gL )omrsianmrtrugs (16)

is the Kochin function equivalent to the complex amplitude of the far-field
disturbance wave. The upper or lower of the complex signs in (15) and (16) is
to be taken according as the sign of y is positive or negative, respectively.
With the convention that the Kochin function is zero outside of the integration
range explicitly shown in (15), we shall write (15) in the form

—vziiekyme—ikxdk (17)

ga(x, Y, Z)N%’/:”Z.ekﬂ'i(/f)ﬁe

Here the notation (14) has been used.
From this equation, we can readily obtain the Fourier transform of the
disturbance potential in the far field:
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Fle(z, v, 2)} [:so(x, y, z)e™dx (18)

= iekHi<k)—J1ﬂVT_7€

Note that neglected in (17) or (19) are only the local disturbances near the x-
axis and that the momentum or the energy associated with these terms become
infinitely small as the coordinate x tends to plus or minus infinity.

The Fourier transform of the incident-wave potential ¢, will be derived by
substituting (4) into the definition (18), with the result

— VT ieryyv2—k2 (19)

Floolzx, y, 2)} = 276(k — kocosy) e *e?tkoysinx (20)

where 8(k— kocosy) is Dirac’s delta function, thus contributing only for & = k
cosy.

For convenience in subsequent derivations, we decompose the Kochin func-
tion in the form

H*(k) = C(k)=*ieeS(k) (21)

where

cw = [ [ (55w )e_vg+ikécos(77«/vz—k2)d5} -

S(/f):ffsﬁ(%—qpa—i)e"”‘*""ésin(77¢Vz—lfz)a’S

We note that C(k) and S(k) represent the symmetric and antisymmetric com-
ponents, respectively, with respect to the center plane of a ship symmetrical
about y = 0.

3. The added resistance

The principle of linear momentum conservation

In this section, we shall consider by use of the Fourier-transform technique
the same problem as that analyzed by Maruo® and show that Maruo’s added-
resistance formula can be derived with considerable ease. Following Maruo,
we begin by considering the rate of change of linear momentum within the fluid
domain bounded by the ship’s wetted surface Su, the free surface Sr, and a
control surface Sc at a large distance from the ship. Using Gauss’ theorem and
taking account of that there is no flux across Sy and Sr and that the pressure
is zero on Sr, we get :

6%42 —f'/sﬂpndsff'éc[pn-}-pvq)(n - V0)]dS (23)

wheré p is the fluid pressure, o the fluid density, and n the normal vector.
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As usual, we take time average of the above. Because of the periodicity of
fluid motion, there can be no net increase of momentum in the control volume
from one cycle to another. Therefore the steady force in the horizontal plane
can be related to the far-field velocity potential, in the form

ffs”pndS
—fﬁc[pmpw(%%— Un:) |ds (24)

where, from Bernoulli’s equation,

F

I

I

0p ;9% 1.
b= —p{ %yt lygvg- gz} (25)

and #. is the x-component of the normal vector. In (24) and (25), eq.(1) has
been substituted and the overbar in (24) means taking time average.

Since a resistance is defined as the force in the negative z-direction, we
obtain from (24) an expression for the added resistance :

R = [ [ | pneto22(%~Un.) |as (26)

In the present analysis, instead of the usual control surface of a circular
cylinder of large radius about the z-axis, we take two flat plates as the control
surface, which are, as shown in Fig. 1, located at y = =Y and extend from x
= —oo to x = +o0 and from the instantaneous free surface down to z = + o,
(The value of Y is assumed large such that the local waves near the z-axis can
be neglected.) Careful readers might be anxious about the momentum flux from
the vertical planes parallel to the y-axis at x = £co. However the control
surface considered here is of infinite length in the x-direction and all the
disturbance waves radiating away from the x-axis are precisely taken into
account. Thus, neglected are only the contributions from the local waves which
exist only near the xz-axis; these will become zero at x = *co in the three-
dimensional case.

Note that the x-component of the normal vector is zero on the present
control surface. Then, neglecting terms higher than O(¢°) as in the usual
procedure, we readily obtain from (26)

=S R g -1} ﬁ]y

R = .ol dz_/:w[ oy _ydx (27)
Here[ ¥y means the difference between the values of the quantity in brackets
at y = Y and at y = — Y. Substituting (2) into (27) and performing the

time-average calculation, it follows that
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=10 Refdz[:[% aa¢y* ]_dex (28)

where the asterisk denotes the complex conjugate.

Next we substitute the velocity potential (3) for ¢ into the above. The
result will involve terms which are quadratic in the disturbance potential ¢ and
the incident-wave potential ¢, separately, plus the cross terms of ¢ and ¢,. The
contribution from ¢, alone is zero, because there can be no force associated with
the undisturbed incident wave system. Taking these into consideration, (28)
can be written in the form

R = HE (R+R) (29)
0

_Ref @ {75‘ aa@] dx (30)

= Re [z [7| 98P0ty Sp Fe " g (31)

We notice that the integrations with respect to x are of the form to which
the following Fourier-transform theorem (Parseval’s theorem) can be applied:

[Cr@e @z = 3= ["F() Gk (32)

where F(k) and G(k) are Fourier transforms of f(x) and ¢g{x), respectively,
which may be calculated from the definition (18).

Let us consider first eq.(30). Since the potential ¢ has exponential depen-
dence on the coordinate z as seen in (17), the z-integration in (30) can be
carried out with the formula:

“ —2vz _L
[Cemmaa = (33)

The x-integration in (30), on the other hand, can be performed by applying the
Parseval’s theorem (32) in terms of the Fourier transform of ¢ given by (19).
After performing the x- and z-integrations in this manner, we get the following
result with relative ease. :

R = i “ek{|H+<k>|2+IH-<k>|2}7”=~zcd/f

W[_f“*/ BN ] H O+ H )
(34)

Here we have used the convention concerning the integration range noted in
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deriving (17). In (34), it is understood that ks = k. in the case of r>1/4.

We proceed to the second term R defined by (31). In the calculation of
(31), it is sufficient to retain only terms which are independent of the coordinate
v, because according to the theory of hyperfunction”, sinusoidal terms will
vanish when taking the limit of Y - o after performing the x- and z-integra-
tions. Therefore only two cases should be considered here: /k sin y =
exv/v'—k* and ko sin x = — e/ vV — k2.

We begin with the first case, 4 sin y = exv/v*—£k*. Since we are going to
apply the Parseval’s theorem (32) to the x-integration in (31), we must consider
the product of the Fourier transforms of ¢ and ¢, given by (19) and (20),
respectively. Thus due to Dirac’s delta function appearing in (20), we can put
k = ko cos x; from this and ko sin y = exvv?*— k%, we have v = k. Therefore
the z-integration in (31) takes the form

© —(v+ko)z = 1 = L
./0 e dz = (v+k)  2v (35)

Applying this result and Parseval’s theorem, eq.(31) can be reduced to
R, = %/ﬁocosx Im[H (ko, %)] (36)
where ‘Im’ denotes the imaginary part, and H(ko, x) is the function obtained

after substituting £ = %o cos y and exv/v*— k% = ko sin x into the Kochin func-
tion H*(k) and thus can be written as

H(/fo, X) ff ( —p an) ~ko{+iko(ECOSx+7]sinx)dS (37)
In the second case of 4o sin y = — exv v*— k?, we can easily confirm that the

reductions analogous to the first case lead to the same final result as (36) and
(37). Therefore we have completed all of the necessary integrations.

Substituting (34) and (36) into (29) gives the formula for the added
resistance in waves:

% 8m’fo[ fh f +f ]{IH+(/c)|2+IH ()
ﬁ/{a’k cosx Im[H (&, 2)] (38)

Principle of energy conservation
In Maruo’s analysis, the last term of (38) is transformed further using the
energy-conservation principle. Since no external force exists except the con-
stant towing force and the gravitational force keeping the equilibrium position
of the ship in space, there is no work done or no dissipation of energy. Thus,

X
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owing to the periodic nature of the fluid motion, we have the relation®

[ 9222 Un.)as =0 | (39)

Noting that #. =0 on the control surface shown in Fig.1 and neglecting
higher-order terms resulting from the free-surface elevation, the above equation
can be transformed as

fczzf:[%‘t’i G ar = Re [“az [ ion® | ar =0 w0

Substituting (3) and decomposing the result into two parts like (29), we can
write (40) in the form

ﬁIm/ dz[ [¢ oy ]—
— L [ dzf[¢ 2 w%y@] dx (41)

The procedure of performing these integrations with respect to x and z is
the same as that for (30) and (31); that is, we apply Parseval’s theorem (32)
with the Fourier transforms of ¢ and ¢.. After straightforward reductions, we
get the following result :

I I A W OOl R

- %Im[H(ko, 2] (42)

Here H(ko, x) is the Kochin function defined by (37)
‘With this energy relation, the added- resmtance formula (38) can be recast

‘in the form

e =n R B AN ]{|H+(k)\Z+IH 0P
X“/;T-—p(/f—/focosx)dk , (43)

If the relation (21) is substituted for H *(k), the above equation can be expressed
as

=l L [ [ Jucwr+iswn
X—‘/;“g%;k_z(/f— kocosy)dk (44)
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Introducing’ Hanaoka’s variable transformation®

k= {1—2rcosf=+/1— 4rcos 1, (45)

2<:os 4

we can confirm that (43) or (44) is identical to that derived by Maruo®.
However, a point to be emphasized here is that the derivation in this paper ia
quite'simple in comparison to Maruo’s, because the Fourie-transform technique
is used in place of the stationary-phase method which was essential in Maruo’s
analysis. We can see from (44) that symmetric waves C(%) and antisymmetric
waves S(k) contribute independently to the added resistance and no contribution
exists from the interaction between them.

4. The steady sway force

The y-component of (24) gives the formula for the steady sway force:

//[pny+,o (35 Une) |ds )

Evaluating this on the control surface shown in Fig. 1, (46) can be reduced to
N IADT
- "/ S L(5) + (5) - (5) [

+ 300 [T ] ax +0) (47)

Here eq.(25) for the pressure p has been éubstituted and &, is the unsteady
elevation of the free surface, which is given by

0 a8 :
6=L(8-v) +ow (48)

Célculating time average in (47) and substituting (3) for the velocity
potential, we can write (47) in the following decomposed form

- -
F, = —"f{f (YVi+ 12 (49)

where

we - f } Z%Z]idr

+lRef” [{KI L {+zzf¢ ‘*”} O]Y dr  (50)

4 ox -y

11
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99 O¢e* | dp Op* _ d¢ OJpo* }”
a’zf_w[ ox ox 82 0z oy Oy 7ydx

Re "
gt
Re f [{K¢¢*+Tlf; ox aa;

i) T

Y, = 1R
=3
+L
2

Note that Y; represents the contributions from ship-generated disturbance
waves and Y; the contributions from the interactions of incident wave and
ship-generated waves.

Let us first consider Yi. In order to apply the Parseval’s theorem (32) to
the x-integrations in (50), we need to obtain the Fourier transform of the
derivatives with respect to x, y, z of the disturbance potential ¢ ; which can be
done easily using (19). The z-integration, which is necessary in the first term
in (50), can be performed by use of (33). Summarizing these, we obtain the
result

3

Y=o f :<|H+(k>|2—IH‘(/f>I2>{ Z(kakz) * 2(VZV—/:Z>_?
e (ke +2z/f)}d/f

-5 [ 0H +(/f)|2_|H_(/f)Iz)vdk 62

From (21), the following relation holds:
|H* (k)P —H ()P = 2e« Im{2C (k) S*(k)} (53)

Thus, recalling the convention about the range of integration with respect to £,
eq.(52) can be written in the form

Y=L [— (O w] Tm{2C(k)S*(k)) vk (54)

Next we consider the second term, Y, defined by (51). Also here, we
apply the Parseval’s theorem with the Fourier transforms of ¢ and ¢, ; these
are given by (19) and (20), respectively. With the reasons stated in transform-
ing the interaction terms between ¢ and ¢, in the added-resistance formula, we
can concentrate on the case of £ = k% cos y, Tex/v*—k* = ko sin g, and thus
v = k. Using these relations, eq. (51) can be transformed as

1

Vo — —dp. 2 hocos®x ke
Y, = 2Re[ H (o, x){ siny +smx kosiny

2 (kocosy)* )} ]
sing (K+ K +2tkocosy
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—%Jm sing Im[H (o, 2)] (55)

where H(ko, ) is given by (37).

As in the added-resistance formula, the above result can be put in a different
form by applying the principle of energy conservation. Substituting the rela-
tion (42) in (55) and expressing the resulting equation in terms of C(%) and
S(k) defined by (21), we get:

~ _ __l_ . B 3 k3 oo
Y, = 4”/fosmx[ j:m + L T }
< {ICUDP+ISUo | (56)

Therefore, substitution of (54) and (56) into (49) gives the formula for the
second-order steady sway force:

Lo L[4 [ [ Jmiect0 500} v
sl (" [ [ i CWr S W 67

From this result, we can see that the first term comes from the interaction
between symmetric and antisymmetric waves, whereas the second term comes
from the independent contributions of symmetric and antisymmetric waves.
Since the second term is multiplied by sin y, both terms in (57) become zero in
head and following waves for a ship with transverse symmetry.

5. The steady yaw moment

In order to relate the wave-induced steady yaw moment to the far-field
velocity potential, we consider the principle of angular momentum about the z
-axis. Newman? gave an expression for the rate of change of the vertical
component of angular momentum, which is of general and thus applicable to the
present problem. This can be expressed as

dKz = /fp(rxn)zds
~ [ [ [pexn)tp(rx VO, (0 - VO)dS (58)

Here r is the position vector and the subscript z denotes the z-component of
vector quantities. Note that the first term on the right-hand side of (58) is the
minus yaw moment, because the unit normal is defined positive when pointing
out of the fluid domain.

We take time average of (58). Since the fluid motion is periodic, there

13
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exists no net increase of angular momentum in the control volume. Therefore

we get:
M, = fﬁﬂp(an)zdS

= _/’/s; [p(rxn),+o(rxV®).(n - VO)]dS (59)

Here the pressure of fluid p is given by (25), and it follows from (1) that

(rxn); = xny— ynx
(rx V), = 222 — (@— U>

dy (60)
n°V@——nx<g¢ U)+ yg¢

Evaluating the above equations on the control surface shown in Fig. 1 and
discarding terms higher than O(¢%), eq. (59) can be reduced to

[l TTET B
Loo[T[7E],dx

o Tae ] w22 gﬂ dr+ U/[y§wa¢] Jdzr (6D

where &, is given by (48).
As before, calculating time average and substituting (3) gives the following
expression :

_ 2 '
M, = "iﬂa (N, +N2) (62)

where

2

>+2 09 ﬁ?—]_ydx

N = e [ ] o (1G] +[ 220|550 )+ 2 55

o 2
*%Re(/:m[ x{K|¢|2+%@‘ +z2r¢*%}

+2y{<zz‘¢ +é- 99" )gy}z OT dx (63)

~-Y

dp 0t aqo dps  d¢p dpf
Re/ dzf[ (8.2: oz oz oz oy 8y>

~ dp dpf , dpt dp ]Y
+y<8x 8y+ ox 8y>

_1 - 1 odp opf ( *8¢ 3(00 >}
zRef_ ["‘{KW” K or or [\ or P oy
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(%09 _ B%) 1 <3¢ Op* | dpo* ﬂ)} ]Y
+y{zr<¢o oy ¢3y K or oy + or 0dy/)z=0 _yalz: (64)

In order to apply Parseval’s theorem (32) to the x-integration in (63) and
(64), the Fourier transform of the derivatives of ¢ times the coordinate x must
be obtained. Considering x(d¢/dx) as an example, it follows from (17) that

8¢ _ 1 + vk
28 = o[ en® oyt

_ Z

e—vziie;chu?—k?xe—ikxdk

o VEF iexyNVE—k2 :| o *kE Ak (65)

d + vk
/ d/fl: exH* (/[)m
Therefore the Fourier transform of the above can be readily found:

o) _ d + vk —varicw vi=RE
Fla e} = —igg e 0 e
e d s €k —veiew v

i () S g
_lHi(k)d_C}’f{ exvk —vz}eiiexym

/ kl
iHr(/f) Vk(VV 2 +z€;¢yw (66)
where
P av _ k
v =2 =oc+ k) (67)

Regarding the Fourier transform of d¢*/dx, we have from (17)

a¢* _ + elch —vztiekyJVE—k2
Pl =1 ()= e e s (68)

Similarly, we can obtain Fourier transforms which are necessary in carrying out
the z-integration in (63). According to Parseval’s theorem, we must consider
the integration of the product of (66) and (68) with respect to # and similar
integrations appearing in (63). In carrying out these integrations, we note that
the integrand originating from the second term on the right-hand side of (66) is
pure imaginary and thus does not contribute to the final result. Furthermore
we can confirm that the summation of all the terms linearly proportional to y,
including the contribution from the last term in (66), is precisely zero. Con-
cerning the integration with respect to z in (63), eq. (33) can be used.
Summarizing these reductions, we shall get :

ot [ L () () )
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— (- (OWH(0))* [vd (69)

Using (21), this equation can be rewritten in the form

N = = [ eRe(C (K)S* (k) — CH(k)S ()} valk
= [0 7 [ Rele s * = CH0)S ()vak
(70)
Here from (22), C'(k) and S'(%4) are explicitly given as
C'(k) o a@ _ i —vE+iké
s'(zf)} = [[(G-eqn)e
ey cos(ndvE— kD)
X [ (—v §+Z$){Sin(77 =) }
_ o —k |sin(gVP— K%
ey ”{cos(n«/ 1/2—/62)} ]dS (71)

It is clear from (70) that only the interactions between symmetric and antisym-
metric waves contribute to the N; term, which is the same as the steady sway
force.

Next, we consider the second term, N, defined by (64), which originates
from the interaction of the incident wave and ship-generated waves. Following
the foregoing procedure, the Parseval’s theorem (32) will be used in conjunction
with the Fourier transforms (20) and (66). Then we can put &£ = 4 cos ¥ due
to the property of Dirac’s delta function in (20) and ko sin y = exv/v*— & or ko
sin y = —exv/v?— k% depending on the value of x due to the reasons stated in
transforming (31); thus the relation v = £, holds.

After the x-integration using Parseval’s theorem and the z-integration
using

lwze‘z”zdz = (%)Z (72)

and (33), the interim result will consist of three parts, just like (66): the first
(denoted by Na) includes the derivative of the Kochin function, the second (Nzz)
incudes the terms linearly proportional to y, and the third (Ns) is the remain-
der. After somewhat lengthy calculations, these three parts can be found to be :

Nor = —%siane{ko?-%[Hi(/c)]} (73)
Nz =0 (74)



Calculation Formulas for the Wave-Induced Steady Horizontal Force
and Yaw Moment on a Ship with Forward Speed

Nos = —%siane{(r+%cT(:)Sx>H(/fo, x)} (75)

Here the quantity in braces in (73) should be evaluated at £ = £ cos x and
* e/ v —k* = kysiny, with the complex sign taken according to H*(k) or
H~(k), respectively. Therefore, using the relation 4 = v = (w+4U)*/g and
notation (21), the final result can be written as

Nz = Not+ Naz+ Nos
——Lsinx Re[ (a)+/fU)d—a/;{(a)+kU)Ht(/c)} :|k=koCOSZ (76)

I

29 +erd/VI—kZ=kosiny
= —%siane[ ko{C (o, 2)+iS (ko, 2)}

/toCOSX)
+<z‘+¥Ko H (k, x)] (77)
where C'(ko, x)+17S'(ko, x) is to be interpreted as

[-Zcty+i S Jsztonms

JVE=kZ=kosiny

Substituting (70) and (77) into (62), we obtain the formula for the steady
yawing moment in waves:

AT [_f:”Lerf ]Re{c'(/ﬂs)(/c)%C*(/c)S’(/f)}Vd/c

oga® 4k
——%—siane[ C'(ko, )+7S (ko, x)
1 kocosy
S (o Vo (U8 x)} (78)

This is the result obtained for the first time by the present analysis. In the limit
of vanishing forward speed, r and 1/K, are zero from (11), and k1 = —c0, f =
—K, ks= K, and k= o from (12) and (13). Thus we can confirm that
Newman'’s result? at zero forward speed is recovered from the present result.

6. Concluding remarks

The formulas obtained in this paper permit us to calculate the second-order
sway force and yaw moment, provided that the Kochin function is determined
from the velocity potential on the ship hull. Although there are still a number
of problems to be resolved for a reliable solution by the three-dimensional panel
method, some progress have been made recently in developing a fast algorithm
of the Green function with forward speed and sinusoidal oscillation; for
instance, Iwashita & Ohkusu®. Therefore it will be possible in the near future
to obtain the Kochin function from the “exact” solution of the entire boundary-
value problem. However, from the viewpoint of economical computations with
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relatively good accuracy, the unified slender-ship theory developed by
Newman'® and Sclavounos' may be the first to be tested for the determination
of the Kochin function. The computational work along this line is now in
progress, and the results will be presented in the foreseeable future together
with experiments to verify a part of them.
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