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Forward-Speed Effects on Hydrodynamic Forces
Acting on a Submerged Cylinder in Waves

By Masashi Kasaiwacr*, Kamlesh VARYANI'
and Makoto Oukusu*

Two-dimensional radiation and diffraction problems are studied of a submerged
circular cylinder moving with forward speed while oscillating under the effects of
incident waves. After a linear formulation of the boundary-value problem, the
numerical solution is obtained by solving the integral equation for the velocity
potential on the body surface. With attention focused on the effects of forward speed
on hydrodynamic forces, added mass, damping, wave-exciting force, resultant
motions, and added resistance are computed. The speed-dependent terms in the body
boundary condition, arising from the interactions between steady and oscillatory flow
fields, are found to exert a considerable influence on the hydrodynamic forces.

The added resistance of a circular cylinder is approximately zero in head waves,
whereas in following waves it becomes positive for U/C < 1/2 and negative for 1/2
< UJC < 1 (where U is the body speed, C the phase velocity of incident wave). It is
also shown by numerical computations that there is no added resistance if a circular
cylinder is allowed to respond to the first-order hydrodynamic forces. We discussed
the method of pressure calculation on the body surface on the premise that the
principle of energy conservation must by satisfied in an inviscid fluid.

key words: Forward-speed effects, Circular cylinder, Radiation problem,
Diffraction problem, Added resistance

1. Introduction

Since ships generally move with forward velocity while undergoing oscil-
latory motions in waves, the presence of forward speed should be taken into
account in the calculations of hydrodynamic forces on and resultant motions of
ships. However, even with present powerful computers, it is not so easy to solve
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a fully three-dimensional problem with the effects of forward speed consistently
included. In the past three decades, the so-called strip theory was developed as
an approximation for the three-dimensional ship-motion problem and has under-
gone a number of refinements. In a conventional strip theory, the forward-speed
effects on the hull boundary condition are approximately taken into account, but
the speed-dependent terms in the free-surface condition are neglected.

Ogilvie and Tuck” presented a systematic perturbation procedure of
examining the approximations involved in the strip theory and obtained some
contributions to the cross-coupling coefficients in addition to the conventional
results. These additional contributions, represented by some integral terms over
the free surface, were calculated by Faltinsen®? and confirmed to give an
improvement over the predictions of conventional strip theory. Since these
additional contributions are essentially due to the term linearly proportional to
the forward speed in the free-surface condition, the employment of the complete
free-surface condition may provide more improvement.

Chapman® initiated a drastically different approach to accomodate the
forward-speed effects on the free-surface condition. The flow at each cross-
section along the ship is analyzed in a quasi-two-dimensional manner, with
interactions propagated downstream by the free-surface condition. The validity
of this method was supported by the impressive agreement between calculations
and experiments for the sway and yaw response of a flat plate. In such a
quasi-three-dimensional method, only the effects of divergent waves are taken
into account. The characteristics of genuine three-dimensional waves are rather
intricate because of the combined effects of forward motion and sinusoidal
oscillation of a body. However the calculations including all of the three-
dimensional wave characteristics will be helpful for a proper understanding of
the forward-speed effects.

Chang® and Kobayashi® obtained the direct numerical solution of a fully
three-dimensional problem by using a source-distribution method. The results
show good agreement with experiments and give an improvement over the
strip-theory predictions. Since such numerical results contain the effects of
three-dimensional interactions among the cross-sections of a ship as well as the
effects of free surface, it is not easy to understand the role played by the
forward-speed terms in the free-surface condition.

In the present paper, in order to obtain a physical understanding of the
forward-speed effects on hydrodynamic forces acting on a body, a linearized
two-dimensional problem is considered, where a long cylindrical body moves in
the direction normal to its axis and oscillates sinusoidally in head or following
waves. The free-surface condition used in this paper is the same as in the
three-dimensional problem and hence the waves generated can be expected to
contain essentially the same characteristics as those of three-dimensional waves.
As will be shown later, in the two-dimensional problem four waves of different
wavenumbers are generated. Thus, with information on the characteristics of
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individual waves, the forward-speed effects on hydrodynamic forces may be
investigated in detail. The two-dimensional study presented here was initially
started for a surface-piercing body. However, as in the steady translation
problem discussed by Ursell®, the unsteady problem seems to have a difficulty on
the nonuniqueness of the solution, which is conceivably due to the singularities
at the intersections of body and free surfaces. In fact, the numerical solution for
the surface-piercing problem turned out not to satisfy the principle of energy
conservation. Before discussing this problem further, we decided to study the
problem for a submerged body, because the submerged-body problem is well-
posed and thus there can be no problem of the kind stated above.

Recently, with an integral equation method, Grue and Palm? solved exactly
the radiation and diffraction problems of a submerged circular cylinder oscillat-
ing in a uniform current and examined the properties of radiated and diffracted
waves. Grue® also computed the time-periodic pressure loading, added mass,
damping, and exciting forces on a submerged circular cylinder in a current. The
present paper deals with almost the same problem as Grue did, but by putting
emphasis on the investigation of the forward-speed effects, we will discuss other
aspects related to the two-dimensional unsteady problem with forward velocity.

Under a linear assumption, the boundary conditions to be satisfied by the
velocity potential are stated in Section2. To obtain a solution, the integral
equation for the velocity potential on the body surface is introduced in Section
3 together with the Green function satisfying appropriate boundary conditions.
In Section 4, after defining the Kochin function and deriving the expression for
the elevation of radiated waves at infinity, the characteristics of speed-
dependent unsteady waves are summarized. In Section 5 the formulae are given
for calculating the first-order hydrodynamic forces (added-mass and damping
coefficients, wave-exciting forces) and for calculating the second-order steady
force (added resistance). The contributions of steady perturbation potential to
the body boundary condition are taken into account. These contributions result
from the interaction between steady and oscillatory flow fields and thus repre-
sent the forward-speed effects on the body boundary condition, which are in this
paper referred to as the m-vector contributions. With regard to the exciting
force, the forward-speed version of the Haskind-Newman relation is derived.
Numerical results and discussion are presented in Section 6. By comparing the
two kinds of calculations including and excluding the m-vector contributions,
the effects of forward speed arising from body and free surface conditions are
separately examined. We discussed the method of pressure calculation on the
body surface on the premise that the principle of energy conservation must be
satisfied ; that is, the damping force obtained by the pressure integral must be
equal to the one evaluated from the amplitudes of outgoing waves at infinity.
The motions of ‘a circular cylinder responding to the first-ordr radiation and
diffraction forces are calculated. With the effects of these motions taken into
account, computations of the added resistance are also made. Numerical results
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presented in this paper have quite good accuracy, since the principle of energy
conservation, the Timman-Newman relation® for the coupling coefficients, and
the Haskind-Newman relation'? in the diffraction problem are all satisfied with
numerical errors less than 0.5%.

2. Boundary Value Problem

We consider a circular cylinder which is submerged under a free surface
with its center placed at depth 4. The cylinder is assumed to translate with
constant forward velocity U and to oscillate sinusoidally with frequency w.

As shown in Fig. 1, we define a Cartesian coordinate system moving with the
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Fig. 1 Coordinate system and schematic representation of radiated waves.

same speed as the body, where the x-axis is positive in the direction of the body’
s forward motion and the y-axis positive downwards with y = 0 taken as the
mean position of the free surface. The fluid domain has infinite depth and
horizontal extent and the fluid is assumed ideal with irrotational motion. Then
a velocity potential can be introduced to describe the boundary-value problem,
which is governed by the Laplace equation of the form

<£:2 +%22>(D(x, v;t)=0. (1)

We decompose this velocity potential as follows
“O(x,y;t) = U{—x+osx, v)} + Re{p(x, y)e'™} . (2)

Where ¢4 (x, y) is the steady-state perturbation potential due to the forward
motion of the body and the second term in the right-hand side of Eq.(2) repre-
sents the unsteady velocity potential. Since the unsteady motions are assumed
sinusoidal in time, the time dependence can be factored out as in Eq. (2). Then
“unsteady” potential ¢(x, vy), which is to be solved, will be given in complex
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form. Re denotes that the final answer can be obtained by taking the real part
of the product of ¢(x,y) and the oscillatory time-dependence e¢™‘. If the
amplitude of incident wave is small in comparison to the wavelength, the
resulting unsteady motions of a body and thus the unsteady potential ¢ can be
all assumed small. Then the boundary conditions on the body and free surfaces
can be linearized by neglecting second-order terms in ¢. With the principle of
linear superposition, we express the unsteady potential in the form

Bz, 9) = E (g1, )+ oolix, I+ B iwbiadix,y) . ()

Where ¢;(x, y) and ¢p(x, y) are respectively the incident-wave and diffraction
potentials ; these are normalized in terms of the amplitude A and the frequency
wo of incident wave. ¢;(x, y) is the radiation potential due to the j-th mode of
body motion, nondimensionalized with the amplitude of motion &, and the radius
a of a circular cylinder, where ; is the mode index, ; = 1 for surge and ; = 2 for
heave. Since no disturbance is expected by the roll motion of a circular cylinder,
the roll motion is not considered here.

By taking account of the contributions of steady perturbation potential,
Timman & Newman® derived the linearized boundary condition on the body
surface for the unsteady potential, which can be summarized as follows:

1) for radiation potential

0¢; U

an = T 5™ G=12, 4)

where
mi+mj = —(n-V)V ,
V =V{—x+odx, )}, ®)
n=mitmnj .

2) for diffraction potential

Q@ _ el
on ~ on’ (6)
" where
pr = e k= wilg . (7N

Here #; in Eq. (4) denotes the component of unit normal directed into the fluid
and the second term in Eq. (4) represents the forward-speed effects, accounting
for the interaction between the steady and oscillatory flow fields. The positive
sign in the exponential function in Eq.(7) is taken for the incident wave
propagating in the negative x-direction when seen from the moving reference
frame. Conversely, the negative sign is for the wave propagating in the positive
x-direction.

The free-surface boundary condition for the unsteady potential becomes
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more involved compared to the body boundary condition, if the contributions of
steady perturbation potential are consistently retained. However in the present
problem, since the body is submerged, the steady disturbances on the free
surface may be small compared to the ones in the vicinity of the body surface.
With this reason, we ignore the perturbation of the steady flow due to a
submerged body and use the conventional free-surface condition given in the
following form

[(iw— Ua—i)z—g(%-m(iw— U%)]tﬁ(x, y)=0,

ony=20. (8)

Where the radiation condition at infinity has been imposed by including an
artificial Rayleigh viscosity x. Unless the bottom condition is imposed, the
boundary-value problem is not completed. For the case of infinite depth, this
condition is stated as

V-0, asy— +oo . (9)

3. Integral Equation and Green Function

In order to obtain a solution satisfying the boundary conditions stated in the
preceding section, the integral equation method is adopted. Applying Green’s
theorem in a fluid domain bounded by the surfaces shown in Fig. 1, we get

#P) = — [ [ 2By )2 e, ar (10)

where
S = SF+SH+Seo+S—m+SB .

Here P=(x, y) is the field point and @ = (&,7) the source point. G = (P,Q)
denotes the Green function satisfying the free-surface condition, the radiation
condition, and the condition of vanishing motion at y = o ; these conditions are
identical to the ones to be satisfied by ¢. Taking account of these boundary
conditions for G and ¢, we can show that the expression (10) satisfies all of the
boundary conditions except that on the body surface. If the field point P is
situated on the body surface, the left-hand side of Eq. (10) is multiplied by 1/2.
Thus we get the following equation

LoP)- [ #@Lc(P, @t =~ [ 2 p Qyar . (1)

The normal derivative d¢/dn on the right-hand side is known from the body-
boundary condition, so that Eq. (11) is the integral equation for the unknown
velocity potential ; this can be solved by direct numerical calculations.

The Green function G(P, Q) for the present problem may be derived by the
Fourier transform technique. The result is written in the form
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Glx,y;&n9)=— %[ln%ﬂLC(x—E,erv)] : (12)

where

~ © —|k|y—ikx
Glx, y) = —f i = dk
o [kl—;(kU+a)—z'/.z)z

- kllfokz {Si(x, y)—Salx, ¥)} + K[EO—,I@; {Ss(x, )= Sulx, ¥)}  (13)

=) e—ky—ikx 3 1

Six, ¥) = A mdk , forj= <2> . (14)
oo e—ky+lkx .

Six, y) = A mdk , forj =34, (15)

ke

k}:—%[l—ZTifl—Iz’] ,
2

k
/:} - %[1+27im] , (16)

_ & Vo "\ T TGE R
K=z, z rl} (x=&)P+(yF79) .

The integrals in Eqgs. (14) and (15) can be transformed into alternative forms
in terms of contour integrals in the complex %-plane. Since s is a small positive
quantity, the contour of integration is deformed to pass above (for j = 1) or
below (for j = 2, 3, 4) the pole at £ = £;. With this information and the residue
theorem, it is relatively easy to show that

Si(x, v) = e M E(— kiz) 2 2miu(F Im.k;z)u(1—27)}
for j = (%) ,an

Si(x,y) = e ** {E\(—k;z)—2miu(—x)} , forj=34, (18)
where
=y+ix, Z=y—ix .

Here u(x) is Heaviside’s unit function and E,(z) is the exponential integral of
complex argument, defined by

) -t
E(z) =/z e—tdt argz< 7 . ‘ (19)

4. Wave Characteristics and Kochin Function

In order to examine the characteristics of radiated waves, let us first
consider the behavior of the Green function at infinity ; in this limit, with the
asymptotic approximation of the exponential integral, it can be shown that the
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Green function has the asymptotic form of

Glr,y; & m~ =D [ty (= )+ o (e - 9)

+i———,1i¢[e"”f u(E—x)—e ™ u(é—x)], (20)

where
t=y+n+ix—8&), {=W+p—ilx—§) .
Substituting this expression into Eq. (10) gives the asymptotic form of the
velocity potential

¢(x, y)~ M—(JI—L—T)H%I? Ye ke a9 x — 400 |

~ u(1—47) ;70 —k1y—ik1X
$(x, y)~i JT—4€ H*(k)e e

+

1+41' [ H—(ka)e—k3y+ik3x+ H—(k4)e—k4y+ik,,x] ,

as x > —

Here H*(k;), j = 1,2, 3, 4, is referred to as the Kochin function and defined by
the following equations

(k) = _aié__ __a_} —kin+ik; R
H (k}) —j; [an on e 7 ‘dl , for ] = ]., 2 , (22>

H k) = [ [92-g-2ommmtar | forj=3,4.

In accordance with the decomposition of the velocity potential in Eq. (3), the
Kochin function can be expressed in the form

_gA

H*(k) Hp(k)+ Z‘. iw&;aHi (k)

A Hs) - 5220 S0} = L, (23)

where H#(k) and H;*(k) are the nondimensionalized Kochin functions associated
with the diffraction and radiation problems, respectively.

Using Eq. (21) and taking account of the equatlons for the phase velocity
given by

c=.,/£=2+0, for j=1,2,

(24)
C= k%: i(%—U) , forj=<i> ,
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we obtain the elevation of two-dimensional radiated wave at infinity, in the form

Ew(x) = -i;(iw— Ua—i)qﬁ(x, 0)

Aje—itex i as x - oo |
~ . . 4 (25)
Are™ 4 Age™ 4+ Ae™ | as x - —oo |
where
ks H*'(Ey) - S
g Wu(l 42') (] =1, 2)
A; = (26)
_ &H_(kj) (] =3 4)
g J1+4r T

From the above equations, it can be seen that for ¢ < 1/4 an oscillating and
translating body generates four waves of wavenumbers £, (; =1, 2, 3,4). To be
more specific, at x = oo there exists k,-wave radiating upstream, and at x =
—oo k-wave propagating in the positive x-direction together with k;- and
k+~waves radiating downstream. For ¢ > 1/4, k- and k,-waves are not generat-
ed and thus there exist only two downstream waves with wavenumbers %; and
kd.

These characteristics of radiated waves may be understood more easily by

A\C

\C

A ki-wave C>U >Cgqg
c2== B; kywave C>Cg>U
Ciks-wave U>C>Cgqg
D; ke-wave C>Cg>0>U

(Cg; group velocity=C/2)

Fig. 2 Relations among body speed (U), phase velocity (C), and group velocity
(Co).
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referring to Fig. 2. Fig. 2 shows the relation of the phase velocity C and the
wavenumber £, in which the parabola represents the dispersion relation given by

2
c=4, 27)
and the straight lines represent the relations expressed by Eq. (24). The four
wavenumbers, ki, ks, ks, and k, are given as the solutions at cross points of
parabola and straight lines. Note that the wave energy propagates with the
group velocity and that, for infinite depth, the group velocity is half of the phase
velocity. Schematically the group velocity is given as the ordinate at the
intersection of the vertical axis and a tangent to the parabola. With these taken
into account, the relations among phase velocity, group velocity, and body speed
for individual waves may be found with ease. The results are shown also in Fig.
2. From these relations the propagating directions of k,-waves (j =1, 2, 3, 4)
can be understood, which are shown schematically in Fig.1 together with
individual wavelengths.

It is confirmed from Fig. 2 or Eq. (16) that in the steady case w = 0, 4, and
k4 vanish, while both 4, and k; are equal to K, = g/U? Therefore it can be said
that %,- and As-waves originate from the steady forward-speed problem. On the
other hand, in the limit of U - 0, w = 0, both 4, and 4, are equal to £ = wi/g,
but %, and 4; tend to infinity. Thus k,- and ks~waves are considered to originate
from the zero-speed problem. It should be noted that in the range of r > 1/4 A
and A, become complex and that for r < 1/2 the second term in braces in Eq. (17)
has a contribution. Therefore, in the range of 1/4 < r < 1/2 there can be waves
propagating as well as decaying exponentially in the immediate vicinity of the
body.

In the diffraction problem, besides the frequency of encounter w, the fre-
quency of incident wave w, is introduced. The incident-wave frequency ws,
which is defined in the space-fixed reference frame, is related to the wavenumber
k by the dispersion relation of the form

Wo = /g—k . (28)

Substituting this relation into Eq. (24), the expressions for the encounter fre-
quency @ are given as follows

2
w
w= a)o———glU , for k-, k=-waves |,

2
0= %U—wo , for ks-wave | (29)

2
w = cuﬁ—%U , for k—wave .

From these equations, it is obvious that there are three types of following waves

depending on the forward velocity of the body, whereas the head wave is only
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the k,-wave irrespective of the forward speed. In following waves, when the
body speed is less than the group velocity, i. e. U/C < 1/2, the wavenumber of
incident wave is equal to 4. For the body speed greater than the group velocity
but less than the phase velocity 1/2 < U/C < 1, the incident wave is the
ki-wave, and for the body speed higher than the phase velocity U/C > 1, the
ks-wave.

5. Hydrodynamic Forces

We consider the unsteady component of the hydrodynamic pressure force,
with the usual assumption that the oscillatory motions of the body and fluid are
small. Using the expression (2) and neglecting second-order terms, the linearized
hydrodynamic pressure is expressed in the form

2z, ) = —of(io+ UV-V)p+-T(a-V) V?} (30)

where
a=&i+&j .
The last term in Eq. (30) gives a force proportional to the unsteady displacement
of the body, and hence an additional buoyancy force to the hydrostatic restoring
force.
5.1. Added mass and damping

Since we are concerned with the unsteady pressure force associated with the
added mass and damping, we will use Eq. (30) without the last term. Then, the
unsteady hydrodynamic pressure force can be expressed as

Fi= = [ e, vmdl = 5 Tty (1 =1,2), (31)

where
Ty = pa [ lio+ UV -Vliag(x, v)ndl (32)
= —(iw){Ag+ Bufio) . (33)

Here A, and B;; are respectively the added-mass and damping coefficients
associated with the force in the ;-th direction due to the j-th mode of motion.
In Eq.(32), the term proportional to the steady velocity vector V can be
transformed by means of Tuck’s theorem?

(V-V)nidl = — | ¢;midl . (34)
L, L,

In view of the body boundary condition (4) for the radiation potential, we devide
the unsteady potential ¢; into two parts, in the form

B(x,9) = oix, )+ 6,(x, 9) . - (39)

11
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Here, from Eq. (4), the potentials ¢; and ¢, must satisfy the body boundary
conditions of the form
) 00 ;
%f{ = n; , af/; = m; . (36)
Substituting Eqgs. (34) and (35) into Eq. (32) and taking into account that the
potentials ¢; and ¢, are in general given in complex form, we get the expres-
sions for the added-mass and damping coefficients

.. 2r
24 = — [ enido
U 2r —_ U 2 2r .
_{W./o‘ [¢jsni—qo,~sm,-]d0+<w> '/0’ (chmz‘dg} , (37)
.. 2n

2

L [ 16— puemdas—(-ZY [ Gumias} 39)

wa Jo

where following notations have been used :

dl = adf . (39)
It is noteworthy that the first line of Egs. (37) and (38) includes no forward-speed
effects on the body boundary condition and the second line represents the
forward-speed effects associated with the m-vector.

The damping coefficients B;; can be associated with the work done to
oscillate the body. This work should be equal to the energy flux of outgoing
radiated waves under the assumption of an inviscid fluid. Based on this princi-
ple, Grue & Palm” derived an equation for calculating the damping force. An
alternative derivation, applying an appropriate limiting operation on the three-
dimensional result, is shown in Appendix A. The result is expressed in the form

B; _ 1 [ |H; () P+ H (Ro)I” —IfL‘(ka)|2+|fL‘(k4)|2] (40)
od*w 2 J1—4r J1+4r ’
It should be emphasized that the value of Eq. (40) must coincide with the value
calculated from Eq. (38).

If the perturbation of the steady flow is neglected, from Eq. (5) V = —i and
m; (j = 1, 2) becomes zero. Then, from Eq. (36), the potential ¢; has no contribu-
tion. Therefore the second line on the right-hand side of Eqgs. (37) and (38) is
identically zero ; this is equivalent to that the pressure on the body surface must
be of the form

p(x, y) = —piwp(x, y) . (41)
However, if the approximation V = —{ is substituted in Eq. (30), the following

@i = Qictigis , ;= Pictivis , }
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result, which is customarily used in a linear ship-motion theory, can be obtained

px, y) = <za) U——) ¢ (x,9) . (42)

Apparently this differs from Eq. (41), and if Eq. (42) was integrated over the body
surface, the second term of (42) would have nonzero contributions. Comparison
of the damping coefficient obtained by Eq. (40) with the corresponding value by
the pressure integration would tell us which is the correct expression, Eq. (41) or
Eq. (42), for the pressure on the body surface. In conclusion, numerical results
which will be presented later support Eq. (41), not the conventional expression.
5.2. Exciting forces

The exciting forces, acting upon the body restrained in its steady-state
equailibrium position, can be calculated by substituting the sum of incident-wave
and diffraction potentials into Eq.(30) as the unsteady potential ¢ and by
integrating it over the body surface. We write the exciting force in the j-th
direction obtained in such a manner, as follows

E, = pgA f (iw+ UV -V){e:i(x, )+ ¢o(x, v)} n,dl

= pgAa* fzn (n, m}>{¢l+¢D}dg (43)

There exists a relation known as the Haskind-Newman relation which gives
the exciting forces with the Kochin function of the radiation problem, without
having to solve the diffraction problem. Following Newman'®, we rederive this
relation here with the present notations. First we note that the factor (;— Um;/
iwa) appearing in Eq. (43) is the same as the right-hand side of Eq. (4) except for
the sign of uniform velocity UU. Thus, if we consider the reverse-flow radiation
problem where the body is moving in the negative x-direction at the same speed
U, the velocity potential of this reverse-flow problem, denoted by ¢(x, v),
satisfies the following boundary condition

s _ U

3 = Y g™ forj=1,2. (44)

With this boundary condition, Eq. (43) can be written as

pgjia :}%); | 7 (o1t o0) ‘fzfde. (45)

By utilizing Green’s theorem and then the boundary condition (6) for the
diffraction problem, the following equation can be obtained

(" oo ¢’a’<9—f 7:%22a0 = — [ 3% a0 . (46)

Substituting this in Eq. (45), we get the Haskind-Newman relation in the form
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%= wo ﬁ <a¢] 2 8n>¢’de

= C%HF(/@) . (47

Where H7#(k) denotes the Kochin function for the reverse-flow radiation prob-
lem, and the last form of Eq. (47) followed from Eq. (7) and the definition of the
Kochin function given by Eq. (22).

Strictly, Eq. (44) is not correct for the body with no longitudinal symmetry,
since the steady disturbance and hence the m-vector of the reverse-flow problem
differ from those of the original problem. Of course, if the body is symmetrical
about x = 0, Eq. (47) follows exactly and H#(k) is related to the Kochin function
of the original radiation problem in the form

15(k) = (—1YH(k) . , (48)

By comparison of the result of pressure integration, Eq. (43), with the Haskind-
Newman formula, Eq. (47), we can check numerical accuracy of the solution for
the diffraction problem.

5.3. Added resistance

The added resistance is the second-order steady force, but of practical
interest to naval architects and ocean engineers. Grue & Palm” studied the
mean second-order force on a circular cylinder. This force is the added resis-
tance considered here, provided the signs in their analyses are reversed. The
formulae derived by Grue & Palm are limited in a sense, since their derivation
took account of the fact that a circular cylinder generates only two diffraction
waves. In the present study, the added resistance not only of a restrained
cylinder but also of a freely oscillating cylinder will be calculated. Therefore it
is necessary to give the general expression for the added resistance.

With the principle of momentum conservation, the following equations can
be obtained. (An alternative derivation from three-dimensional Maruo’s for-
mula'? is presented in Appendix A.)

1) for incoming ks,-wave (head wave)

(e - AP )

2) for incoming k,-wave (following wave)

RAW — L ’: |H3(kl)|2(ﬁ_1>+ |HD_(k3) 2 1+&)
ipgAz 2L V1—4r \ ke J1+4r k2
2
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_H3 (k)P
V1+idr <1+ kz>] (50)

3) for incoming %;-wave (following wave)

Raw _L[ |H3 gk2)|2< k>+|HD(k3)l <1+k>

Logar 2L -t NEzr
_1Ho (k)P
V1+4T <1+ kl)] (51)

4) for incoming ks-wave (following wave)

Raw _ _ %{IHJ(/?J|2<1+ L >+ |HE (k)? <1+ k3>

%pgAz J1—4r J1—4r
| Hp (ks)? ka
+ J1+4r <1 ka):l (52)

For a restrained circular cylinder, Grue & Palm proved that when the
ki-wave or the k,-wave is incident upon the body, both 4;- and k.-waves are not
generated. Conversely for the case of incoming ks- or k,-wave, both 4- and
k-waves are not generated. With these characteristics, above equations (49)
—(52) reduce to Grue & Palm’s formulae. When the effects of body motions are
taken into account, the motion-free Kochin function H#(%), defined by Eq. (23),
must be substituted in place of the diffraction-problem Kochin function H3(%).

6. Numerical Results and Discussion

In practical calculations, the estimations of m-vector and hence of
forward-speed potentials ¢, may be of principal complication. The calculation
of m; requires a solution for the steady perturbation potential ¢s, which satisfies
the linearized free-surface condition (8) with @ = 0, the body boundary condi-
tion, and the radiation condition at infinity. In general, even if such a solution
is numerically obtained, since numerical differentiations are required in twice
for the evaluation of #z;, it may not be easy to keep sufficient accuracy. In order
to investigate the m-vector contributions to the unsteady hydrodynamic forces
without such a difficulty, we use the first-order approximation for ¢;: the
infinite-fluid solution valid for a “deeply” submerged body. As well known, an
analytical solution of ¢, for a circular cylinder is obtained. After a substitution
of it into the definition of m-vector and a straightforward reduction, the
m-vector can be obtained with the results

my=2cos20 , m.=2sin20 . (53)

These approximations of m-vector were used throughout the calculations
presented in this paper.
The integral equation (11) was numerically solved in the following manner.



16 M. KASHIWAGI, K. VARYANI and M. OHKUSU

(A1, Az )/P7raz

3.0r v
S
Circle of radius a

depth d=2a

20 \ WY e T=0.25

with m-vector contribution
------- without

0 0.5 1.0 ga 1.5
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The body surface is discretized with N elements and the velocity potential ¢(x,
y) is assumed constant on each element. With the fact that ¢ is a complex
quantity, a set of simultaneous equations with 2N unknowns are obtained ; this
was solved by the direct matrix-inversion method. To keep sufficient accuracy,
the logarithmic term in the Green function was analytically integrated over the
small individual element. The numerical accuracy was checked by the energy
relation relating to the damping force for the radiation problem, and by the
Haskind-Newman relation for the diffraction problem. With N set equal to 60,
these relations were found to be satisfied with errors less than 0.5%.

The numerical results of the added-mass and damping coefficients are
shown in Figs. 3—6 for a circular cylinder with its center placed at depth equal
to twice the radius (d/a = 2.0). To investigate the forward-speed effects, calcula-
tions were performed for Froude numbers 0.0, 0.2, 0.3 and 0.4, and for respective
Froude numbers, two kinds of numerical results are presented : one including
the m-vector contributions (indicated by solid lines) and the other ignoring the
m-vector throughout the calculations (indicated by dotted lines). The results of
dotted lines are due to the first term on the right-hand side in Eqgs. (38) and (39).
It should be emphasized that the solid and dotted lines are respectively the
results satisfying the energy relation with good accuracy. Comparison of solid
and dotted lines reveals that the forward-speed effects on the body boundary
condition (m-vector contributions) exert a large influence not to be neglected. In
the frequency range higher than the critical frequency (r = 1/4), the effects of
forward speed are relatively small. In our calculations, irrespective of the
magnitude of forward speed, the added-mass and damping coefficients for surge
motion are equal to the corresponding ones for heave motion ; this is different
from Grue’s results® and is possibly due to the approximations of m-vector
given by Eq.(53). The cross-coupling coefficients between surge and heave,
shown in Figs.5 and 6, were numerically confirmed to satisfy the Timman-
Newman symmetry relations® with quite small errors.

The wave-exciting forces for head and following waves are presented in
Fig. 7 and Fig. 8, respectively. Both the amplitude and the phase are shown. We
note that the amplitudes are equal but the phase difference of 90 degrees exists
between surge and heave exciting forces. As seen from Fig. 7, the forward-speed
effects in head waves are small, but the maximum gradually decreases with
increasing Froude number. On the other hand, in following waves (see Fig. 8),
the amplitude of exciting force increases in the low frequency range as the
Froude number increases. However as the frequency approaches the critical
frequency where the velocity of the body is equal to the group velocity of
incident wave, the amplitude becomes small and vanishes at the critical fre-
quency. Similarly the phase difference changes greatly near the critical fre-
quency. In Figs.7 and 8, also included are the results of the approximate
analysis with a simple conclusion that the exciting forces are independent of the
forward speed. This approximate analysis, which is presented in Appendix B,
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Fig. 8 Wave-exciting force for surge and heave motions of circular cylinder in following
waves, amplitude (left) and phase difference (right).
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is an extention of Ogilvie’s approximate method'? for zero-speed problem to the
forward-speed case. In this analysis, the free surface condition is violated.
Therefore the discrepancies between exact and approximate results imply that
the forward-speed effects on the free-surface condition are large, especially in
following waves.

Having obtained the first-order hydrodynamic forces, we can calculate the
motions of a circular cylinder responding to those forces. The cylinder is
assumed to have the same density as the fluid and to be stable. Then, with the
linear assumption, the following equations can be used to describe the coupled
motions between surge and heave :

2
2 [~ o mbu+ A+ iwBole = E: (1=1,9) , (54)
=
o |§1|/A,l§2|/A A Hoaiiavo ::g:g;:_go
] -60r g
——@ L_->U = Fn=0.0
Circle of radius a ’
depth d=2a
o5}
-120f
0 1.0 20 o wag 30 O .0 20 \a_wZasg 30
Fig. 9 Surge and heave motions of circular cylinder in head waves, amplitude (left) and
phase difference (right).
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Fig. 10 Surge and heave motions of circular cylinder in following waves, amplitude (left)

and phase difference (right).
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where m denotes the body mass and §;; the Kroenecker delta function.

The absolute value and phase of the “complex” amplitude of motion &; are
shown in Fig. 9 for head waves and in Fig. 10 for following waves. As is the
same as the first-order hydrodynamic forces, the amplitudes of surge and heave
motions are identical. It is seen from Figs.9 and 10 that in head waves the
forward speed affects the body motion to reduce its amplitude, whereas in
following waves, due to the effects of forward speed the amplitude becomes
large compared to the zero-speed case except in the very low frequency-range.

Following wave
ITLA
N ?

e WS

Circle of radius a

1-0{ Raw/+ pgA?

0.5F depth d=2a
Diffraction f ...... U/C =0.5(T=0.25)
Fn=0.6 @ ------ U/C =1.0 for Fn=0.6
0.4

When motion is free,
I approximately zero

(Fn=0.4) k=k2 Jl k=K1
k=kz | k=k | k=ks
(Fn=0.6) ' o
1 " " i " 1 n N " 1 " A 1 J
0 1.0 20 ya-wZasg 30

Fig. 11 Added resistance of circular cylinder in following
waves.

Fig. 11 shows the added resistance of a circular cylinder restrained in its
steady-state equilibrium position in following waves. The added resistance in
head waves turned out to be approximately zero. (Thus the graph is not shown.)
The reason for this is as follows. As proved by Grue & Palm”, both k- and
k.-waves are not generated for the incoming k,-wave. Thus, from Eq. (49), the
added resistance in head waves results from only k;-wave contribution ; this is
quite small, since the amplitude of k;-wave is almost zero. In relation to the
following-wave problem, Grue & Palm showed that both k;- and k,-waves are
not generated when the incident wave is &,- or k-wave. From Egs. (50) and (51)
it can be understood that the added resistance is positive for the incoming
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k:-wave, whereas it is negative for the incoming k-wave. These analytical
properties can be confirmed by the numerical results presented in Fig. 11. With
the fact that the k,-wave originates from the steady-translation problem, it is
expected that the added resistance for incoming k,-wave increases with the
increasing Froude number ; this may be also confirmed by Fig. 11. We empha-
size that these interesting results on the added resistance may not be true for the
body of general shape.

If the body is allowed to respond to the first-order wave-exciting forces, all
four waves of different wavenumbers &, (j = 1, 2, 3,4) will contribute to the
added resistance. Using the numerical results of the complex amplitude of
motion, we calculated the added resistance from Egs. (49)—(52) with Hz(k;)
replaced by H#(k;), defined by Eq. (23). From numerical computations we found
that there is no added resistance when the motions of a circular cylinder are
allowed. As for the case of zero forward speed, Ogilvie'? showed analytically
that no horizontal steady force acts on the circular cylinder which is free to
respond to incident waves. Thus, the result numerically found in this paper may
be regarded as a generalization of Ogilvie’s result to the forward-speed case.

7. Concluding Remarks

We showed numerical results of hydrodynamic forces acting on a two-
dimensional circular cylinder moving with forward velocity and oscillating
under the effects of incident waves. Then we investigated the forward-speed
effects on hydrodynamic forces.

The effects of forward speed on the body boundary condition, resulting from
the interactions between steady and oscillatory flow fields, turned out to contrib-
ute to the hydrodynamic forces with considerable magnitude.

Due to the effects of free-surface boundary condition, four waves of
different wavenumbers are generated. These four waves affect individually the
hydrodynamic forces on a body to varying degrees, depending on the magnitude
of forward speed and frequency of oscillation of the body. Such complicated
effects were clarified to some extent by the numerical calculations presented
here. We believe that the present study will provide some information to the
three-dimensional problem with forward speed.
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Appendix A
Derivation of equations for damping force and added resistance

Deriving the two-dimensional results from the corresponding three-
dimensional ones may be helpful for a better understanding of the relationships
between two- and three-dimensional problems.

The three-dimensional result for the damping coefficient, which can be
obtained by applying the principle of energy conservation'?, is written as follows

=p_w 37:/2] |H £, CY)IZ
B l:fn/2+f f J1—4rcos @ 4Z'COS£1’K]da

pw [ |H(k, o)
YUx Joo J—drcosa’®® (A1)

where
K K
KZ} e [1—27cos axV1—4rcos ] , (A2)
H(t, @) = [[. 08,2, )ees emismermnags (A3)

_ {0 for r < 1/4 (A1)

cos X (1/4r) for r > 1/4
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Here ¢ is physically the direction in which elementary plane waves propagate,
and ¢ denotes the source strength distributed on the three-dimensional body
surface.

In the two-dimensional case, since the source distributions are confined to
the £-¢ plane, we write as

o(&,7,8) =0(£0,8) =0(§0) . (A5)
Substituting this in Eq. (A3), we get

H(x;, a) = /;H a(&, §e meriscosegl(&, n)-2n8(k; sin @)

= Hop(k;, @)278(k;sin @) , (A6)
where §(x) is Dirac’s delta function defined by
8(x) = % ,/;» e™dy | (A7)

and this function has the following property

S(kx) = 1%fa(x) (A8)

From these equations, we notice that when deriving the corresponding two-
dimensional result from Eq. (Al), the following relation must be substituted :

; a/)|2 - |H20(Kj, a)|25(sin a/) (A9)

The relations of the wavenumbers x (), x(e) to the two-dimensional wave-
numbers k; (j =1, 2, 3, 4) are found to be

k= Kl(O) y kb, = Kz(O) y }
ks = /(1(7[) R k4 = I{z(ﬂ') .

Futhermore, comparison of H,»(x;, @) in Eq.(A6) with the two-dimensional
Kochin function H*(%;) defined by Eq. (22) gives the relations

HZD(KJ'(O)v 0) = H+(k1) 3 f (j = ly 2)
or
" Hoo(ki(m), m) = H (k:) . i=3,4
With these relations taken into account, the two-dimensional result will be
readily obtained from Eq. (Al). The result obtained in this manner certainly
agrees with Eq. (40).
With the same argument, the equation for the two-dimensional added

resistance can be derived from well-known three-dimensional Maruo’s formula
) given by

R _ [ _ao 32 ] .tk cos a— K cos x)
PgAz ,/:n/z f / 1H (k, 2) vl—drcos a da
2

(A10)

(A11)
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1 2r—do 2 k(2 cos a— K cos x)
IR . |H (e, )| —ircos 2 da , (A12)
where
K=-ZT{){S()2—X[1—2TCOS x*y1—4rcos x] . (A13)

Since y denotes the direction of the plane progressive incident wave, y is put to
be 0 or r for the two-dimensional case. Then the wavenumber K given by Eq.
(A13) takes four values corresponding to the four wavenumbers £, ks, ks, ks,
defined in the two-dimensional problem. Therefore applying to Eq. (A12) the
same limiting operation as that in deriving the damping force, we can obtain the
general expression for the two-dimensional added resistance, which is subdivid-
ed into four cases according to the wavenumbers of the incident wave (see Egs.
(49)-(52)).
Appendix B
Approximate analysis for wave-exciting force

We extend Ogilvie’s approximate analysis'? for the zero-speed problem to
the case of nonzero speed.

First let us consider the case of head waves. The complex potential of the
incident wave superposed on a uniform flow is written in the form

folz, t) = — Uz-l—g.—Ae""’”‘“” , (B1)
1Wo
where
z=¢+id , ¢=re? . (B2)

If there were no free surface present, Milne-Thomson’s circle theorem!® could
be used to find the change caused by a restrained circular cylinder. Applying this
theorem, the total complex potential is given by

Az t)=— U(z-l— zfzz'd)

+g_A {ei(kz+wt)_e—kde‘i(%““t)} . (B3)
o

The pressure on the body surface can be calculated in terms of Bernoulli’s
equation of the form

_b _ 1
- D +5( 03+ 0))
_ darf 1 df df
= Re{ A dz} : (B4)

After substituting the derivations of Eq.(B3) into Eq.(B4) and retaining only
terms that are sinusoidal in time with the frequency o, we get
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—% = 2wer""’Re[(%+ Ue‘”) exp (ikae”’)e"""] . (B5)

Where the relation @ = wo+ £U was taken into account. The first-order excit-
ing forces are obtained by integrating this pressure over the body surface. That
is,

X—i¥ =— [ pe“ads (B6)
A )
Substituting Eq. (B5) in Eq. (B6) and taking account of the relations

exp (tkae) = ,go (k)" ino

m!
o (B7)
and [ ede = 2n6m0
we get the final expression for the first-order exciting forces in the form
X—=iYy _ . —kd  iwt
“ogAa = 12mkae™ *e™? . (B8)

This result is independent of the forward speed and thus the same as that for
zero-speed problem shown by Ogilvie. Since Eq. (B3) is correct for sufficiently
large depth ratio d/a, Eq. (B8) is expected to give reasonable predictions for a
deeply submerged circular cylinder.

The approximate analysis for the case of following waves can be performed
in the same manner. Starting with the complex potential for the following wave
in a uniform flow, given by

fia, ) = — Ug—EA gise-av (B9)

the final result corresponding to Eq. (B8) will be obtained in the following form

—%{%};— = —2nkae "™t . (B10)
This formula is also independent of the forward speed. But, as was shown by
exact numerical calculations, the exciting forces in following waves have strong
dependence on the forward speed; this is apparently due to the effects of
forward speed on the free-surface condition, since the approximate analysis
presented here does not satisfy the exact free-surface condition.
(Received July 15, 1987)





