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EFFECTIVE THERMAL EXP ANSI ON COEFFICIENTS OF 
COMPOSITES REINFORCED BY TWO-DIMENSIONALLY 

MISORIENTED SHORT-GLASS-FIBERS 

BY Yoshihiro TAKAO* 

Tl--tis paper examines the theぃnalexpansion coefficients of composites 
containing two-dimensionally misoriented isotropic short fibers. The analy-
sis is based upon the Eshelby's equivalent inclusion method and average 
induced strain approach, which can take into account the interaction among 
all fibers at different orientations. Non-dimensional thermal expansion 
coefficients of Glass/ Epoxy composite system are obtained as the function 
of fiber orientation distribution limit /3. The effects of material constants 
on thermal expansion coefficients are also presented. 

Keywords :Thermal expansion, Thermal strain, Misoriented fiber, 
Random distribution, Glass, Fiber aspect ratio 

1. Introduction 

Discontinuous-fiber reinforced composites are attractive in their versatility in 
properties and relatively low-fabrication cost. They consist of relatively short, 
variable length, and imperfectly aligned fibers distributed in matrix. The orien-
tation of short-fibers depends on the processing conditions employed and may vary 
from random to nearly aligned1'. Thus it is imperative to take into account the 
effects of the bias in fiber orientation and variation in fiber aspect ratio on 
composite thermoelastic properties. The effective Young's modulus of misori・
ented short-fiber composites was well studied in recent literatures21・3'. Thus we 
will study the thermal expansion coefficients ac of composites reinforced by 
misoriented isotropic short-fibers. 
These effects have not been discussed except for the completely random 
distribution41-61. Chou and Nomura41 and Craft and Christensen5> used the so・

called classical lamination analogy, where the interaction between all fibers at 
different orientation is not considered. The work by Takahashi et al6'. was 
based on the Eshelby's equivalent inclusion method7H1, which can take into 
account the interaction between all fibers and will be used in this paper. 
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16 Y.TAKAO 

The general approach was already presented10> for the case of the hybrid 
composites reinforced by anisotropic fibers such as Carbon or Kevlar. Though 
theoretically this paper treats the special case of Reference 10, the numerical 
results itself are new and practically useful for the Glass-fiber composite cominu-
nity. Non-dimensional results of ac・ & (ac-am)/ (af-a』 inthe case of Glass/ 
Epoxy composites are computed for two-dimensinal distribution of fiber orienta-
tion with the parameter of distribution limit /3. The effects of fiber distribution 
patterns (uniform or cosine-type), aspect ratio, volume fraction, and material 
constants are presented. 
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Fig. 1 A calculation model. 

2. Basic Equation 

Our analytical model consists of misoriented short-fibers which are isotropic 
and embedded in an infinite isotropic matrix as shown in Fig. 1-a. All fibers are 
modeled as prolate spheroids. Let the domain of the infinite body and fibers be 
denoted by D and Q, respectively. Hence the domain of the matrix becomes D 
-Q. Note that Q can represent a particular inhomogeneity(fiber) or all inhomo-
geneities. The elastic constants of the matrix and fiber are denoted by Cm and 
Cf, respectively, and thermal expansion coefficients of matrix and fiber are 
denoted by am and af, respectively. The bold face letter stands for tensorial 
quantity. The internal stress <5 will be induced in the composite due to the 
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mismatch between幻 andaf under the temperature change』T,and is a 
function of a position. The volume average of 6 in D-Q defines the volume 
averaged disturbance of strain in D-Q, e, due to the presence of all fibers as 
follows, 

く(5〉(＝員＿，i直 (5dV)= C冦 (1) 

where〈〉 denotesthe volume average of a quantity in D-Q and VD-Q is the 
volume of matrix. Now a single fiber is introduced into the field where e was 
applied. The orientation of fiber is defined by angle 0 as shown in Fig. 1-b. To 
apply the Eshelby's equivalent inclusion method to this single fiber the local 
coordinate system xi'x2'x3・ is also adopted, where the x3'axis coinsides with the 
fiber axis. In D -Q and Q, the thermal expansion am』Tand afL1 T are applied, 
respectively. Without losing generality we take』T= 1. Then 

が＝ af-am (2) 

in.Qis related toびinD and the Eshelby's equivalent inclusion method1l~9l yields 

6, = C五(e'+e·-a•'-e*')

= C/(e'+e'-a*') 

and 

e'= S'(a*'+e*') 

(3-a) 

in Q 
(3-b) 

(4) 

where a・ is the disturbance of stress due to this single fiber,S'is the Eshelby's 
tensor9l, and e*'is the fictitious strain called "eigen strain" or "transformation 
strain" and has some value in Q but vanishes in D-Q. Here the prime indicates 
tensorial quantity refered to the local coordinate system. Since the added single 
fiber can be regarded as any fiber in the composite eq. 3 can hold for any inclusion 
in D. The fact that the volume average of 6 in D vanishes9) leads to 

e+---b-;_LTc(S'-I')(a*'+e*')dV = 0 VD)f/ 
(5) 

where Vo, I, and Tc denote the volume of D, identity tensor, and transformation 
from the local to global coordinate system x心 X3,respectively. Here we use that 
TcC五Tc―1= Cm and Cm is constant in D. Tc―l denotes the transformation 
from the global to local coordinate system. From eqs. 3 and 4 we obtain 

a*'+e*'= {(C/-Cm')(S'-I')+ C/}-1x 

{C位＊＇ー (C/-Cm')Tc―1e} 

A substitution of eq. 6 into eq. 5 yields 

(6) 
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where 
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1 (I- fTcG[Te―ldV)6= -
VDJg l fTeGぶVDJg dV (7) 

GI'＝ （S'-I){（Cf'-Ci)（S'-I)＋ c/}-1(C/-C五）

G/ = (S'-J'){(C/-Cm')(S'-J')+ C/}-1C/ (8) 

The volume average of the induced strain in D due to a* and e*,加， isobtained 
as follows凡

1 
”=  VD炉＊十e*dV (9) 

Substituting eq. 6 into eq. 9 after the transformation to the global coordinate 
system, we finally obtain ac as the sum of am and加：

where 

ac=am-冗`G3'Tc―1dVe
+if;J TcG.'a*'dV 

Gs'= {(C/-Cm')(S'-J')+C/J-1(C/-Cm') 

G.'= {(C/-Cm')(S'-J')+C/}-1C/ 

(10) 

(11) 

Let the density function, volume of the single fiber, and fiber volume fraction 
be denoted by p(0), vf, and/, respectively. Then eqs. 7 and 10 are written as 
follows with the use of the relation dV = vfp(0)d0 for two-dimensional distribu-
tion of fiber orientation on X2X3-plane and the fact G/a*'is not the function of 0 
but constant, 

{I-ffが TcG,'Tc-'p(0)d0(1~(0)d0t'}e 

= _ ;1, Tcp(0)d0Gぶ (f,J;（O)d0)-10 (7') 

ac=年 -ff#Tふ 'Tc-'p(0)d0(1"p(0)d0)-1 e ［ 
+ t[JTcp(0)d0Gぷ '(fgp(0)d0)-l (10'） 

Here it is assumed that fibers are distributed within o:;:;: 0:;:;:13 as shown in Fig. 2-
a. Eq. 7(7') represents, in general, six linear algebraic equations with six unknow 
components of e and provides a solution of e, which is substituted into eq. 10(10') 
to obtain ac. It is shown after some calculation that e has only three unknown 
components, i. e.，贔， e22,ande33, with zero shear components. 
With the use of a* = af-am, we can formally obtain the following equa-
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Fig. 2 Fiber orientation limit /J and the type of distribu-
tion. 

tions : from eq. (7') 

e = A(af―妬）

and inserting eq. (12) into eq. (10') finally yields 

ac = am+B(af―妬）

(12) 

(13) 

where A and B are 6 x 6 matrices. As our target material is isotropic, that is, af 
= af(l,1,1 Y and am = am(l,1,1)t, the normal components of ac, (ac1,ac2,aC3)t, are 
obtained as follows, 
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(14) 

where Bij is the (i,j) component of the matrix B. B or ~ Bij has no relation 
J = I 

to the thermal expansion coefficients of both matrix and fiber, and it will be 
plotted as the non-dimensional results of the present analysis, (ac -am)/ (af 
-am). 
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3. Numerical results 

The comparison with previous works was carried out in Reference 10 by the 
present author. 
In Figs. 3-6 we will present the thermal expansion coefficients ac of Glass/ 
Epoxy composites as a function of distribution limit /3. Material constants are 
given by Table 1. The effects of the type of distribution in fiber orientation on 
ac are shown in Fig. 3, where fiber aspect ratio f/ d = 100, and fiber volume 
fraction I = 0.4. Here Cle; is the normal component of ae along the X; direction. 
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Fig. 3 Effects of distribution-type on thermal expansion 
coefficients of Glass/ Epoxy composites ac with 
distribution limit/3forf/ d = 100 and f = 0.4. 
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Table 1 Material Constants of Glass-Fiber and Epoxy1> 

Young's Modulus Ratio Ef/ E行i
Poisson's Ratio of Fiber ））f 
Poisson's Ratio of Matrix ））m 
Thermal Expansion Coefficient of Fiber af 
Thermal Expansion Coefficient of Matrix am 

*:(xlO―61 ℃) 

76/3.5(=20) 
0.2 
0.38 
4.9 
＊ 

66.0 
＊ 

The solid and dashed curves correspond to the uniform-type of distribution (p (8) 
= constant in Fig. 2-b) and the cosine-type (p(B) = cos (8//3）in Fig. 2-c), respec-
tively. The value of ac for the cosine-type is obtained roughly by shifting ac for 
the uniform-type to the right side as expected. Then ac2 IS higher for the cosine-
type than the uniform-type. And年 aof the cosin-type is higher at small values of 
/3and lower at large values of/3due to the fact that there is the minimum for aca-
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Fig. 4. Effects of distribution-type on non-dimensional 
value (ac-am)/ (af―am) with(3for f/ d = 100 and 
f = 0.4. 
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Fig. 5 Effects of fiber aspect ratio f/d on (acam)/ 
(aram)with (] for uniform-type distribution and / 
= 0.4. 

This phenomena was more significant in the case of the Carbon/ Epoxy composite 
system10'・1ll. The non-dimensional representation of Fig. 3, (ac-am)/ (af―Clm) in 
eq.(14), is given in Fig. 4. In this figure the upper curves correspond to Clc3 and 
the lower one to ac1, which is directly opposite to Fig. 3. The non-dimensional 
value is negative for Cle,＞四 andlarger than 1.0 for a c, < af. The effects of fiber 
aspect ratio t/d on (ac-am)/ (af-am) are shown in Fig. 5 for/= 0.4. The solid 
and dashed curves are for t/d = 30 and 1000, respectively. The fiber with t/d 
= 100りcorrespondsto the infinitely long one in this calculation. In this and 
following figures we consider the uniform-type of distribution. The value pf aca 
for t/ d = 1000 is smaller than the one for t/ d = 30 due to the efficient reinforce-
ment of the long fiber. To compensate the above phenomena aぃfort/d = 1000 
is larger than the one for ti d = 30. Then, Clc2 for ti d = 1000 is smaller than the 
one for ti d = 30 at large value of /3 and larger at small value of/3.The effects 



THERMAL EXPANSION OF MISORIENTED GLASS-COMPOSITES 23 

a-a , c m 
a -a 
f m 

1.0 

f = 0-3 

0.5 

o.5 

----------・ -----------
a.c3 ---、ミ三＿ご―-＝＝一

“ 
‘” 
ヽ

‘’ 
，，， 

，，， 、9
，，， ヽ

，，，， 
，，，， 

，，，， 

，，，， 
，，，， 
，，，， 

，，，， 

‘’ 
，，， ‘’ 

乙'
乙O‘’ --一＇ --= ------``
 --`  ` ` ヽヽ｀ ` ` ` ` ` 一一-----------

a.c1 

゜oo 30° 9O° 

Fig. 6 Effects of fiber volume fraction/ on (ac-am)/ (af 
-am)with /3 for uniform-type distribution and f/ d 
= 100. 

of fiber volume fraction f on (ac-am)/ (af―am) are shown in Fig. 6. The value 
of釦 forhigher volume fraction of I = 0.5 (dashed curve) is smaller than the one 
for I = 0.3 (solid curve) in each component. The values for/ = 0.4 are plotted 
in Fig. 4 by solid curves. 
We have computed the values of釦 bychanging the material parameters of 
the matrix and fiber within the practical range to assess the degree of the effects 
of them and it is shown in Figs. 7-9 as a function of /3. In this calculation t/ d 
= 100, I = 0.4, and the data given by Table 1 are used if not mentioned other-
wise. The effects of Young's modulus ratio Ef/Em on (ac-am)/(af―am) are 
shown in Fig. 7 with Ef/Em = lO(solid) and 50 (dashed curves). The results for 
島/Em=20 are plotted in Fig. 4 by solid curves. The larger value of Ef/Em yields 
the smaller value of aca and larger value of ac1, which is same to the case of fiber 
aspect ratio in Fig. 5. The value of aca is smaller than af at /3 = 30°~ 50° for Ef 
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/ Em = 50. Practically we can not find the minimum in ac3 at around (3 = 40° for 
£1/Em = 10. In Fig. 8 are shown the effects of Poisson's ratio of matrix Vm on 
(ac-a□I (af―四）， Thesolid and dashed curves correspond to Vm = 0.3 and 
0.45, respectively. The results for Vm = 0.38 are plotted in Fig. 4 by solid curves. 
The matrix with larger Poisson's ratio shows larger value of釦 'sespecially in the 
case of aci. It follows from Fig. 9 that the effect of Poisson's ratio of fiber is 
small within the calculated range. The larger value of v1, 0.3 by dashed lines, 
yields the smaller ac's, which is same to the case of fiber volume fraction in Fig. 

6. The values for v1 = 0.1 are plotted by solid curves and those for v1 = 0.2 are 
shown in Fig. 4. 

We can divide the effects of parameters into two groups : those are same for 
all components as in the cases of fiber volume fraction /, Poisson's ratio of 
matrix Vm, and Poisson's ratio of fiber v1, and those are different in components 
as in the cases of fiber aspectratio -f!/d and Young's modulus ratio £1/Em. In the 
latter case, ae1 has higher values to compensate lower values of ac3. 
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Fig. 7 Effects of Young's modulus ratio E f/E m on (a:c 
-am)I (af-am) with /3for uniform-type distribu-
tion, f/d = 100, and/= 0.4. 
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Fig. 8 Effects of Poisson's ratio of matrix Vm on (ac 
-am)/ (af-am) with /J for uniform-type distribu-
tion, f/ d = 100, and / = 0.4. 

4 . Conclusion 

(1) The effects of the distribution limit of fiber on thermal expansion 
coefficients are obtained for the two-dimensional distribution of fiber orientation 
with both uniform-type and cosine-type fiber density functions, using the theory 
which is based on the Eshelby's equivalent inclusion method and average induced 
strain approach and takes into account the interaction among all fibers. 
(2) Glass/ Epoxy composites with misoriented short fibers are studied and 
it is pointed out that the effects of each parameter are devided into two groups : 
(a) higher values of both fiber volume fraction and Poisson's ratio of fiber and 
smaller values of Poisson's ratio of matrix yield smaller thermal expansion 
coefficients for all components and (b) larger values of fiber aspect ratio and 
Young's modulus ratio yield smaller知 andlarger a c 1, which is true for any 
distribution limit/3． 
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(af―am) with (J for uniform-type distribution, f/ d 
= 100, and/ = 0.4. 
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