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AN APPROXIMATE CALCULATION OF LAMINAR BOUNDARY 
LAYER FLOW OF AN INCOMPRESSIBLE FLUID 

Determination of the Flowfield Compatible 

with a Prescribed Condition 

By Hikoji YAMADA,* Jun-ichi 0KABEt and Masaaki Y AMAMOTOt 

The moment equations are derived from boundary layer equations.as an 
amelioration of Karman-Pohlhausen approximate theory. Defining quantities 
prescribed for the boundary layer are introduced explicitly into the moment 
equations, and the flowfield is determined by solving the system of simultaneous 
ordinary differential equations of the first order thus obtained in terms of the 
field parameters. In this paper, approximation making use of two parameters is 
adopted, which is expected to be satisfactory for practical purposes. 

Key words: Laminar boundary layer flow, Incompr.essible fluid, Moment 
equations, K印man-Pohlhausenapproximate theqry 

1. Introduction 

Recently, the so-called inve冗eproblem for the boundary layer, in which the 

mainstream compatible with a prescribed distribution of, for example, skin friction on 

the surface of a body is to be specified accordingly, comes up for discussion. It was 

shown meanwhile that we are enabled to work out the points of flow separation and 

reattachment, not as singular points, including the flow taking place in the region of 

backflow.1~4l Based upon this fact, a comprehensive computation procedure will be 

disclosed in this paper, which makes possible for us with practically satisfactory 

accuracy not only to solve the inverse problem in a most general manner, but also to 

define the boundary layer flow under arbitrarily given conditions, sufficient for 

determining the flowfield. This is, in fact, an extension of the method proposed by the 

first author about 30 years ago as an amelioration of Karman-Pohlhausen theory, with 

a view to solving the standard problem (these nomenclatures are due to Keller and 

Cebeci1l), namely the computation of the boundary layer out of a given distribution of 

the mainstream.5) The technique then employed was the so-called method of moments, 
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a kind of the method of weighted residuals. It is the purpose of the present paper to 

show that we are now in a position to treat directly the inverse and the i-elated 

problems as well, by transforming appropriately the moment equations yielded from 

the equations of boundary layers. 

After explaining anew the derivation of the system of the governing equations as 

far as necessary for the standard problem, since the original paper is now inaccessible, 

we shall turn to treatment of the inverse and other relevant problems. 

2. Computation formulas 

In the first place, the solution of the standard problem will be explained. Taking 

as usual the x-axis along the su廿aceof a body, x= 0 at the point of attachment of the 

streamline, and the y-axis perpendicularly into the fluid, we are led to the boundary 

layer equations in terms of u(x, y), the velocity component in the direction of x 

mcreasmg: 

D(u) = u au au r y au, I a切
―盃― ayJ。盃dy-Ulul-V奇＝ 0' (1) 

where u,(x) denotes the velocity of the mainstream prevailing outside the boundary 

layer, v the kinematic viscosity of the fluid, and a prime implies differentiation with 

respect to x. It is assumed incidentally that the fluid is incompressible and the flow is 

stationary. The boundary conditions are written as 

and 

u= 0 

u = ui, au/ ay = o ｝
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where o(x) stands for the boundary layer thickness at the station x. Further, if it is 

required that equation (1) holds exactly on the surface of the body, (y = O) and on the 

outer edge of the boundary layer (y = a) as well, then supplementary conditions 

and 
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are added to conditions (2). 

Now, introducing another variable r; defined as 

t7=y/o (3) 

in place of y, we write 

where 

u（ぷ， y)=u1(x)f(x,か，

f(x, r;) =a1(x) r;+a2(x)が十a3(X)が＋…・

、_ー
A
lーノ (4) 
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Assuming that conditions (2) and (2') should be both satisfied, we are led to the 

conclusion that the function /(x, r;) should be expressed in the form 

f(x, 17) =F(17) +wG(17)＋叫H向）＋叫k（か＋…： (5) 

the parameters w,&，cp, ・ ・ ・, where w is defined as 

w=U白炉／6v, (6) 

are associated with the velocity distribution and are all functions of x, whose precise 

forms are to be specified later. F切）， G（が， H(17),K(17), ・・・ are all known polynomials 
of 17. If we are successful in evaluating the parameters w,,9, ([J,…,then all quantities 
pertinent to the boundary layer in question can be determined. 

With this end in view, the moment method is employed in they-direction, namely 

it is supposed that a certain number of conditions 

I J D(U)がd77=0 (n= 0, 1, 2,…） 
゜

(7) 

are satisfied. Then a system of simultaneous ordinary differential equations of the first 

order concerning with w, t9,,:p,... may be derived in the form 

( ~+an) w'+bnダ＋c匹＇＋・・・
Q 

＋ （心国） “l9 An ulrf 
6w 

.".':_l_ - An ::::.:_, = 0 (n = 0, l, 2,・・・），
U1 U1 

(8) 

where An, En and an, b,,, Cn, dn,…are both known integral forms of the second and the 

first degree, respectively, of the variables w, t9,(fJ,…． The boundary layer flow can 

be defined completely, provided, by solving equations (8), w(x), t9(x), <p(x), ・・・ are 

determined in reference to a given u1(x), the velocity distribution of the mainstream.5) 

In pariticular, r。(x),the friction on the surface of the body, and 01(x), the displacement 
thickness of the boundary layer, may be computed in the forms 

and 

T。=μu1(2+w-,9ー①十・・・）I§,

0三（嘉—篇＋烏＋望＋…）， l (9) 

respectively, whereμ denotes the coefficient of viscosity of the fluid and a is given by 

o= (6vw/ u/) 112. (9') 

Incidentally, the momentum thickness and the energy thickness can be calculated in a 

similar manner. 

Since one of the most significant quantities concerning the boundary layer is r0, let 
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us change our parameters in such a way that -z;。mayappear quite conspicuous. 
Namely, when we rewrite the first equation of (9) as 

U1 
てo=μ-A  0.., 

． 
I. e. 入＝

て。 O

p VU1 
， (10) 

入becomesa parameter standing for the surface friction, p being the density of the 

fluid. We shall introduce it in place of r9 through the relation 

入＝2+Q-8-cp+ …• (11) 

Namely substituting for t9 and O'in equations (5) and (8) the relations 

and 

r9=2+w―入一の＋…，

8'= Q'ー入'-¢+…, ｝ (11') 

we shall arrive at the following result: the velocity distribution is expressed in the 

form 

u/u戸 f(x,rJ)＝ff(rJ) +w(x)@（か＋入(x).f)(rJ)＋cp(x)，R'(rJ)＋…，（12)

where行（が， @(rJ),.fj.(rJ)，貸(rJ),…areknown polynomials, which are found to be 

舒(rJ)=lOが一15が十6が，

@(rJ)＝ー3ず(1-7)3,.

むr;)=r;-6が十8がー3が，

『~(1/) ＝ーが(1-1/）3＇

and the moment equations (8) are transformed into 

(~+a叶 bn) w'-bn入'-(bn-Cn)砂＋…

=-(五国）約'+An正
6 Q u19 

(n= O, 1, 2,・・・），
U1 

while the second equation of (9) reduces to 

ふ＝ a(½+ 蓋—嘉＋ぶ＋…）．

(13) 

(14) 

(15) 
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In view of equations (9') and (10), it is readily understood that w and ui'have to 

vanish concurrently and that the same connection is also in existence between入and

T。.Itis more important to notice, as is evident by eliminating o out of (9') and (10), that 
a general relationship holds in the form 

T。 2 9 VU1~U1 1/2 
戸＝（砂）入． (16) 

In order to bring this equation into a simpler form, let us introduce T(x) and v (x) 

defined by 

and 

T= }(9)29 

v= U13}  

in places of ~。 and U1, respectively. Then equation (16) may be written 

T V 
入2＝ 18w 

It is quite easy to transform U1 into v in equations (14). 

3. Computation formulas (continued) 

(17) 

(18) 

After a number of tentative computations performed by the first author, it was 

concluded that quite a high accuracy coul.d be achieved not only in an accelerated flow 

but also in a retarded flow through the approximation in which only two equations 

corresponding to n = 0 and 1 were employed and accordingly all parameters other than 

wand入wereassumed zero. In the followings, therefore, mathematical treatment will 

be confined to this approximation. If, however, more parameters should be adopted, 

essential of our computations would remain unchanged, only the accuracy of approx-

imation would be improved. The form of our fundamental equation (18) does not 

depend upon the number of parameters taken account of; the numerical values of 

wand入willbe modified slightly when parameters more than two are introduced. 
When we put all parameters other than w and入tobe zero and write u1 in terms 

of v, equations (14) are found to be simplified into 

（さ＋偽十b。)w'-b。入'=A。:-D。:'

(*丑＋b1)w'-b1入'=Al-- -V”v'  
Q v, D1 3V' 

(19) 

where Dn= dn/6w +2A叶 En (n = 0 and 1), (19') 

and An, En and an, bn, dn are all polynomials of w and入； thenumerical coefficients 

are shown in Table 1. Solving equations (19) with respect to豆 and入',weobtain 
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'1  
0 =-{ -A。b。v", I Di。hoI v' △(+) | Al b1 |ァ+| Dl bI I訂｝，
1'＝炉{-|1: :力|后＋噂に口：悶I丘｝，l(20) 

where △(＋）=-|A。O―1十凸ん 1=-1... I A。b。|-|凸 b。
A10―1+al bloAi  bl al b1 |． (20') 

The sign (+) attached to△implies the determinant of coefficients taking place in a 

problem of determining the boundary. layer for a given v(x), namely the standard 

problem. 

Table I. Coefficients of fundamental polynomials ~n, Bn, an, bn and dn 
(n=O and 1) (The coefficients of the term w, for example, of A。
through d, are given under the heading w. All the numerical 
values in this table are multiplied by 100.) 

constant 
term ゜

入 m 2 oA 入2

A。 5.41126 -0.54113 1. 73160 -o.19481 0. 74675 -0. 75036 

AI 3.59849 -0.17857 0.77561 -0.14367 0.54221 -0.52056 

B) 71.64502 2.83550 -3.07359 -0.77922 2.98701 -3.00144 

B1 26.89394 1.78571 -1. 89755 -0. 44968 1. 66883 -1. 58225 

a 2.38095 0.71429 -1.50794 

a1 1.40873 0.42262 -o. 78571 

ん -3.46320 -1.49351 3.00144 

bl -2.12843 -0.87229 1.58225 

必

゜ ゜
-100.00000 

d1 -100.00000 

゜ ゜On the right-hand side of equations (20), v is assumed non-vanishing as is usually the 

case and v'appearing in the denominator acquires the form v'/ 6J when connected with 

6) in△c+> and gives rise to no singularity, as shown by equation (18). Further, since△(+) 

is contained in the denominator, we have to scrutinize its zeros. It is proved, however, 

if equations (19) are taken into account, that the terms contained in the braces on the 

right-hand sides of equations (20) also cancel necessarily at these points. We may 

conclude, therefore, that equations (20) have definite solutions in the domain relevant 

to our problem, and raise no essential difficulty from an analytical point of view. 

However, we have to deal with the system of these equations numerically, since they 

are rather complicated. 

With this end in view, we should expect that cases sometimes happen where we are 

necessitated to draw on the (w,入)-planea path of numerical integration across the入ー
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axis (i. e. w = 0; on this axis, it is readily known that v'= 0), or across the curves 

△<+>(w,,l) = 0 (let us call them the△<+>-curves in what follows). The△<+J_curves are 

shown in Fig. 1 with full lines. We can realize that they hold such positions as might 

become an obstacle if the scope of the problem we are interested in is expanded. 

Removal of these difficulties will be discussed later.* 

入

夏
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ー
ー
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＼
 

A 

り

/1 / lII←W 
Fig. 1. Curves△(＋）=0，△1-i=o and△(O)=O 

Note —① :the first branch of the curve△(+l=O,② ：the second branch of 
△(+)=0,③ ：the first branch of△(-）=0，④ ：the second branch of△1-l=O 

(almost coincident with②)and⑤ :the first branch of△101= 0. The second 
branch of△<01=0 and the third branches of△<+1=0 and△(-〉=0are located at 

the right and the bottom, respectively (all outside the picture). The curve 

AB represents the locus of the velocity profile taking place in linearly 

retarded flows. The points A and B situated on the入ー， andthe w-axes 

correspond, respectively, to the leading edge and the separation point. 

* In a previous paper, the first author treated numerically the standard problem for 

Howarth's flow. and arrived at a good agreement with the original solution due to 

Howarth.5・6> In this case, the result of the author's computation showed consistency with 

Goldstein's well-known postulation that the separation point is a singular point. The 

reason of this fact is simply that continuation of the computation beyond the separation 

point did not appear feasible at that time owing to the very existence of the△(＋）-curve in 

the immediate neighborhood of the separation point. In reality, however, in approximate 

integration due to the moment method, the separation point is defined by入＝0and is 

generally an ordinary point ; see (Ill Separation of a decelerated flow of 6 of this paper. 



28 H. YAMADA, J. OKABE and M. YAMAMOTO 

In contrast with the standard problem, in which details of the boundary layer are 

to be worked out corresponding to the mainstream v(x), recently the inverse problem 

becomes frequently a subject of discussions: Let us rewrite the calculation scheme 

adove-mentioned so as to be appropriate to the inverse problem. To this end, ~。(x)

should be introduced as the given quantity instead of u,(x), which is carried out through 

equation (18). Namely, differentiating this equation with respect to x, we obtain 

T'v" w'. -}._' 
T 
=,  ＋ 2.  
v'w 入

(21) 

So that substitution of this relationship for v" /が inequations (19) gives after some 

rearrangements 

叫＋加 w'+(f ふ— bn),l'
T' 

=An-
V 

-D,，―-
T 3v 

(n=O and 1) 

These two equations when combined with equation (18), or 

v'=l8wT/か，

(22) 

(22') 

constitute a system of simultaneous ordinary differential equations of the first order 

with three unknowns: w,入andv. They suffice precisely to form a closed system. If 

we succeed in evaluating the unknowns in terms of x by integrating these equations, all 

the details of the boundary layer can be clarified. 

Solving (22) and (22') algebraically with respect to w'，入'andv', we obtain 

,_ 1 [ ・IA。b。 T'D。2A。入―l_b。 v’¥
w'=△（一） ｛ー―- -A1 れ T I D1 2A1入―1-b1I311]' 

入'=△(-） ｛ l - A。約＋b。 エ十 ID。偽十b。 エ 、

Al a+bl T D! 叩 -b1 3V }, 

and v'=18wTA -,, 

where △(-）＝一
2A。入―l＋約偽十b。
2A,入―l+al a1+bl 

= - A。a。+b。竺― Ia。b。1
Al a□b1 入 al bl. 

(23) 

(23') 

The sign (~) attached to A involves the determinant of coefficients related to the 
inverse problem. Similarly to the case of equations (20), the zeros of T contained in 

the denominators constitute no singularity when combined with入in△(-l,and the zeros 

of△(-l are cancelled.by those of the numerators of equations (23). The curves瓦＝0,

or let us call them the△(-1-curves in the followings, are given in Fig. 1 by dotted lines, 

and it is indicated that if we attempt to treat miscellaneous kinds of problems through 

this procedure, some cases can happen where the numerical integration of equations 
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(23) might not be carried out in the original form. 

Since w'and,l'contained in equation (21) are identical with those given by 

equations (20) and (23), we can eliminate them out of these equations and are led finally 

to a relationship between T'/T and v"/v': 

T'.,_, V ”D。
•(+)--—•(-)~= 
T v' 

D1 

t(~十偽十 b。)-~Iv'
i 位＋aパ）―~ 13v 

(24) 

At an arbitrary point, therefore, intermediate during integration, T'/ T and v" Iv'are 

equivalent to each other in the sense that one may be computed from the other. So 

that it is left to our choice which should be regarded as the unknown. Only in the 
neighborhood of the△(＋）-， or the △<-Lcurve, numerical accuracy of this conversion 

should be deteriorated. 

4. Numerical calculation 

The calculation formulas derived in the preceding sections are quite general. The 

initial values of uJ，入 andv (or T) are determined from the conditions imposed upon 

the given quantity v (or T) in the neighborhood of the front end (x= 0), and accordingly 
computations may be performed downstream. In this paper, out of a number of 

boundary layer flows, cases where the incident uniform flow meets the surface of an 

immersed body tangentially will be taken up with a view to illustrating a practical 

scheme of computations. In any case otherwise, the front end is not likely to give rise 

to any additional difficulty. 

In both of the standard and the inverse problems, the representative dimensional 

quantities in the equations are x, v (= u, 3) and T(＝が／p2v)standing respectively for the 

length, the velocity of the mainstream and the friction on the surface. Reducing these 

quantities non-dimensional by means of their constant values l, l-1。andT。,say,we shall 
denote them byど，万andT, respectively. Then equations (19) and (22) (for n=O and 
1) are now looked upon as non-dimensional preserving the original forms, provided v 

and T therein are understood as万andTrespectively and a prime is regarded in the 

following sections as implying differentiation with respect to ~- Only equation (22') 
which gives the relationship between v'and T becomes 

芦 18Coo詞，｝
(25) 

where C= lTo/v。:

the numerical value of C depends upon the choice of constant quantities l, To and v。•

Since we are now interested only in the case of tangential incidence of flow, taking into 

consideration the situation around the leading edge, we shall make use of the 

expansrons 
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and 

v/V。三万（ど） ＝ l+v1ど十V2が＋…，

TITo汀 (5)＝ど―1砂＋店＋ぽ＋・・・； ｝ 
(26) 

a representative length l will be taken appropriately to define a non-dimensional 

distance 

ど＝x/l. (27) 

Similary to equations (26), also for w and,lthe expansions 

ru= W1ど＋吟が＋・・・，

入＝入。＋屈＋入ず＋・・・ ｝ (28) 

and 

一will be assumed. Substituting equations (26) and (28) for v, T, uJ and入inequations 
(22) and (25), we can obtain the first several terms numerically. Namely, together with 

C= lTo/t1。=0.112449,*

we have also for the coefficients of the expansions 

Vi=0.24708ら， V2=0.16132ti-O.01238t訊：

W1=0.42431ら，し）2=0.55406!1 -0.19217ら2; 

入。＝1.86438, A.1 = 0. 60344 to 

and 入2=0.69157ti-0. 27254fo2. 

(29) 

(30) 

Equations (30) are given as a computation scheme for the case where T(~) is given. 

When 万(~) is given, on the'contrary, we have only to rewrite the formula assuming 

that v,, v,,，… are given constants. 

A calculation procedure in which polynomial approximation: is applied for the 

region next to the leading edge, and is continued ・ further to the second region by 

employing new polynomials, and so on, the method of piecewise polynomials, so to 

speak, is very appropriate to our present problem, from a point of view that the 

procedure allows us without difficulty not only pertinent considerations for the points 

* The value of C determined making use of the exact solution due to Blasius for the flat 
plate boundary layer is 0.11026, yielding discrepancy of about 2 % out of the value 
mentioned here. This error may be regarded as a measure for the approximation in which 
only two parameters w and入aretaken into account. 
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が＝0and T = 0 but also traverse of the△1*Lcurves. However, developments of the 
method will be made in a report to be published in future, because some preparations 

for numerical analysis become indispensable. Here, we take an alternative: numerical 

integrations are started at a point where numerical values of the variables yielded out 

of the series expansions around the leading edge still remain accurate satisfactorily 

Among a number of numerical methods conceivable, integration due to Runge, Kutta 

and Gill was used for the most part; there is no reason for confining ourselves to this 

specific method. In fact, cases may happen, of course, where other techniques are 

necessitated. 

As mentioned above, our problems are now treatments of the zeros of v'and T and 

traverse of the△に1-curvesas well, For the zeros of v'and T, we have only to make 

use of the fact effectively that w and 1, respectively, vanish here concurrently. With 

regard to the traverse of the△に1-curves,on the other hand, it is necessary to convert 

the specifying quantity for the boundary layer in such a way that we have△1-1 in our 

computation formula when we have to traverse the△<+Lcurve, and vice versa. For 

example, in order to remove the obstacle arising from the△<-1-curve, we have only to 

change the specifying quantity from T to v. In doing so, we have to define beforehand 

v" Iv'as a function ofふaccordingto the relation (18) or (21). This conversion, as 

shown already in equation (24), is likely to fail in providing necessary accuracy as the 

△（土）―curvesare approached. It is, therefore, advisable to take another way: to assume 

tentatively through extraporation a formula for v" / v'on the basis of knowledges 

gathered up to the present step of integration we have arrived at, to perform the 

integration making use of it over another step forward or till the traverse of the△(-)_ 

curve is completed, and finally to compare the resulting value of T'/ T from the given 

value with a view to correcting the fonnula itself. 

A method which enables us to deal with the zeros of v'and T and also to traverse 

the△（士）―curvesat the same time is the introduction of a positive function, <I>, say, which 

will be discussed in the next section. 

5. Positive function cI> 

As explained before, the zeros of v'(x) and T(x), if let intact, constitute seemingly 

singular points for the system of equations in the standard and the inverse problems for 

the boundary layer, and it is to be noted that these zeros take place quite frequently 

in the domain relevant to practical applications. These singularities can be removed, 

however, through introduction of cI>(x), a function connecting the given quantity with 

the unknown in the form 

iD (x) = v'/18w (31) 

for the standard problem, and by equation (18) we may write alternatively 

の（ぷ） ＝T/;i._2 (31') 
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for the inverse problem as well. Thus <I> may be understood as resulting from v'or T 

by removing its zeros. According to equations (9) or (10), we have also the relation 

如 X)= VV213o―29 (31") 

and through o contained in this expression, we may adopt the displacement thickness, 
the momentum thickness, or the energy thickness of the boundary layer as a constit-

uent factor for <I>. Besides, the distinctive feature of <I> is that it is always positive and 

non-vanishing. A bar is placed upon <I> in order to indicate its non-dimensional form 

defined by町18Cwor T/,l 2. 
Making use of cl?", we may rewrite equations (22) and (25) in the following forms, 

where the independent variable has been changed from x toど・

否万＇
(an+ bn) w'-b品'=An=:--Dnw ~ (n=O and 1), 

① 3万Q
(32) 

and 万'=lSC研瓦

We have succeeded in this way not only in removal of singular points of the equations 

but also in unified treatment of just the same equations irrespective of the formulation 

of the problem. At the same time,△（01, the determinant consisting from the coefficients 

of equations (32) (for n=O and 1), namely 

△(O)=- °'" b。
a1 b1 I' 

(33) 

becomes △co>=o.18896+0. 03056w -0. 02743入

-0.00785かー0.00417w入＋0.02763入29 (33') 

if the values of the coefficients shown in Table 1 are employed. The curves defined by 

△<01=0, or abbreviated as the△<o1_curves in the followings, are shown in Fig. 1 with 

broken lines; on the (w,入)-planethey lie far away from the domain we are now 

interested in and as a matter of fact are not likely to give rise to any trouble. 

Another feature associated with <D" is that it is very easy to interchange the given 

quantities with each other at an arbitrary point of ~ and to proceed further. For 

example, the boundary layer computed up to a pointど＝ふ，say,with assigned万（ど），the

velocity of the mainstream prevailing outside, may be continued as the boundary layer, 

for which T(~), the skin friction, is assigned over the region ofどexceeding~。 ,simply
through interchanging mutually the given quantities contained in ii> at the pointど＝品

Only one problem is left untouched so far: in <D", which should be a given quantity, 

is contained as a constituent factor an unknown quantity to be worked out as a result 

of the computation itself and that accordingly its derivative exists implicitly in酎0
With a view to scrutinizing a treatment of this problem, equations (32) are solved with 

regard to豆 and入'yielding



CALCULATION OF LAMINAR BOUNDARY LA YER FLOW 33 

, 1 (I A。 b。否'D。b。万'
Q ＝豆 l― Al b] 芯十 IDl bl蒻｝，
l (I  A。ao+b。 cf?', ID。⑭十b。万'

,l'＝回{― A］ 凸十b] ＄+  | Dl a+bl 豆―}，
and v'=18Cw翫

(34) 

Since否ク<Pappearing on the right-hand side may be written, with the aid of equation 
(31) or(31') in the form 

① 1 万”Qr 

冠＝了―戸・ or 
否'T’ 入'

冠＝デ―2T’ (35) 

substituting the value of w'(or入'),derivedout of the first (or the second) equation, for 

the left-hand side of the first (or the second) equation of (34), we can obtain 

or 
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Namely, at each mesh-point in the numerical computation, where the values of w,入，

万and<l?" are assigned,ぷ／<l?"is evaluated in the first place; w'and入'areworked out 

accordingly from equations (34). 

With the aid of the expression 

万''w/v'.ccc万'118Cる， (37) 

valid in the neighborhood of 万~0, or likewise through the relationship 

T'.l/T=Tク(Tる） 1／2, (38) 

where T信） isassumed as usual in the form 

T=（ふーど）20（ど）， (38') 

（ふ denotingthe zero of T, the separation point in other words, and@（ふ）＞0)valid in 

the neighborhood of T=O, it is readily observed that the value of 叩~is determined 
definitely at all points including万'=0or T= 0 and that therefore the existence of the 

extreme value in the mainstream velocity, or the existence of the point of flow 

separation or reattachment on the surface of the body does not give rise to any obstacle 

for the computation. Thus we may expect that our scheme has a considerable merit: 

the system of equations (34) has no singular points in the relevant domain and can be 

employed irrespectively of the given quantity, the only difference being that酎否be

calculated in terms of either given万orgiven T But equations (36) yield a rough or 

even an erroneous value if the curve△(＋）= o or △<->=O is approached or traversed 
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when the first or the second equation, respectively, of (36) is dealt with. Equating, on 

the other hand, both of equations (36) in order to find a relationship between万”／了

and戸Treduces to nothing but equation (24) before-mentioned and is fruitless in 
resolving our difficulty. 

We take an alternative, therefore. Instead of fixing the value of否 containedin 

equations (34) prior to determining those of w'and入',letus regard from now on (w, 

入，~) as a set of the parameters to be detem1ined simultaneously for the boundary 

layer, which means that provided a quantity,万（g)for example, is given which suffices 

to define the boundary layer uniquely, then （豆入，~) is to be determined accordingly. 

Namely, the third equation of (34) becomes the supplementary equation for deterrnin-

ing ~. and the system of equations is closed. In the numerical integrations, by virtue 
of the requirement that the three equations of (34) should hold valid in each step, (w, 

入，~) can be determined. If丁（ど） isassigned, on、thecontrary, equation (31') or 

~=T／だ (39) 

should be added to equations (34) as the fourth equation, and further if the non-

dimensional thickness of the boundary layer，ぷ（ど）， isassigned, we have from equation 

(31") 

る＝万213/CHt

(40) 

where H=Rl/2瓦 and R=lv。113/v, } 

which is to be added to equations (34). The displacement thicknessふ， themomentum 
thickness困， orthe energy thickness瓦 iscorrelated to cf with the known relationship 

where 

H=Hn/EパQ，入）

比＝R立 (n=1,2 and 3)．l 
For instance, according to equation (15), we have 

1 E1=++ 
o A 

2. 20 10 

(41) 

(41') 

By substituting equation (41) for H in equation (40)，<I?° can be evaluated for the case 

where one or the other thickness of the boundary layer is assigned, which might be 

regarded as an extension of the inverse problem. 

Although variation more or less in the technique of numerical computation may 

become necessary according to the kind of a given quantity, difficulties to be encoun-

tered in constructing the solution of the system of these equations have been removed 

by and large. Under the most unfavorable circumstances, the method of successive 

approximation may be necessitated over the whole domain for the numerical solution 
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of the problem, but in cases where v or T is given, use of the method can be confined 

practically to small regions relevent to traverse of the curves△（土）＝0. We might 

expect, however, on the other hand, that for problems in which the curves△（土）＝0have 

to be traversed a number of times, unified use of the successive approximation would 

be rather practical. On the contrary, for problems much simpler in which computation 

procedure for assigned v or T can be employed invariably, the scheme (20) or (23) 

respectively is, of course, more straightfo1ward. 

Use of the scheme incorporated in <Ii-function may be extended further so as to 

enable us to investigate the boundary layer flow for the case where <Ii(x) is assigned for 

the first place over the whole domain. Thus possibility of theoretical study of 

boundary layers having miscellaneous specific features might be expected. In this case, 

the solution valid in the leading edge region are given once again by equations (26) 

through (30) and expansions of c6" or T／い calculatedout of these equations are 
written in the form 

否＝ </J-1~-1+4,。十 ¢lg+ …,

where'P-1 =O. 28769, </,。=0.10146fo,

'Pl =O. 0742611-0.0117H訊，．．．．

(42) 

These ¢,'s are now given quantities, and equations (26) through (30) are solutions of 

equations (32) or (34). It is quite easy to rewrite other expansion coefficients in terms 

of ¢,'s. 

6. Two illustrative examples 

Confining ourselves in this paper to critical survey of our method by means of 

some simple illustrative examples, we shall explain in more detail treatments of 

general problems of practical importance in a paper to be published in near future. 

(I) Flow with assigned boundary layer thickness 

According to equations (40) in the preceding section, in terms of the boundary layer 

thickness H（ど）， wecan write 

る＝万213;CH2; (i) 

we have therefore 

否＇万 'H'
ぃ（拉―叫 (ii) 

Substituting (i) and (ii) for~ and~’/~ respectively in equations (34), we have 



36 

a:nd 

H. YAMADA, J. OKABE and M. YAMAMOTO 

, 1 l2A。省＋（舟＋邸）嘉 b。
0 ＝ 茫’

H'. td ―’ 
2AI 

V 町（す＋邸）戸 bl
H'd。―’
2A。- - V 

入'
1 H +（ 6心）戸
＝ △(O) 
2A母＋（摩＋邸）]

凸十b。

a1+b1 

―’ 
万’=
18万2/30
H2, i.e．点＝占：

’ 

(iii) 

integration of this system of equations can be carried out, provided H（ど）ispresc1ibed. 

The solution in the form of series expansions ・valid for the leading edge region is 

given by equations (26) through (30). Equation (i), or 

H＝戸（Cる）-l/2＝万l/3入(CT)-1/2,

mav be written as 

H＝んど1'2(1+h1ど＋んが＋…），

where ho=S.5598, h1= -0.09397to, 

~=0.04155が一0.07529ti, ・・・, 

if these series expansions are introduced.-

(iv) 

(v) 

The first example is related to the inverse problem for a linearly retarded flow. 

By the use of the numerical table of H（ど） definedas 

H=  {-6叫ど）｝112, i.e. H'=H6J1/2 6J (vi) 

for the standard problem (see also the footnote on p. 27), 5> integration was performed 

starting atど＝0.0300from the initial values predicted by the solution due to series 

expansions up to a point lying in the neighborhood of the flow separation. Values of 

c.J'入and万thusobtained showed satisfactory agreement with the solution yielded from 

the standard problem. 5> This might be understood as a reaffirmation of the fact that 

the solution disclosed here for the inverse problem is exactly the inversed process to 

the computation for the standard problem. In Table 2, numerical values of H and E, 

are given for the case where u;（ど） isassigned. From equations (17), Ui is nothing but 
加13. Ei, the multiplying factor deriving the displacement thickness H1 from the 

boundary layer thickness H, is defined in equations (41) and (41'). 

Our next problem is an accelerated flow defined by 
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H(~) =5.5598ど1/2(1 ー ~/2). (vii) 

In the leading edge region, it is found from equations (v) that 

h,=-0.5, and ~=O, 

ら＝5．3208,and h=15.625. l (viii) 

i.e. 

Making use of these values in equations (30), we are enabled to find the first several 
一terms of the series expansions for v, T, w and入． Connectedwith their values atど

= 0.0300 predicted from these expansions, numerical integrations due to Runge, Kutta 

and Gill were carried out. Table 3 incorporates a part of results out of the compu-

tation. 

In case where the assigned thickness relates to displacement, momentum, or 
energy, H is found to be the combined function composed from the given ll店） and
En(w，入）（た1,2 and 3), as shown in equations (41). It can be treated in the same manner 
as ~. and numerical integration can be done step by step. Or alternatively, since 
variation of En(w,,t) experienced when we enter the next new step is expected to 

remain small in general as seen in Tables 2 and 3, we might integrate throughout the 

whole range of ~ with the use of assumed values of品（ど）， correctthe assumption 

out of the result of the computation, and repeat the integration. This might be a 

simpler way of constructing the solution. 

Table 2 Values of H and E1 for a Table 3 Values of ui and E, for 

linearly retarded flow an accelerated flow H 

Ui =l-ど = 5.5598 ~112(1 ー ~/2)

ど H EI ど “l E1 

0.00 0.0000 0.3136 0.00 1.000 0.3136 

0.01 0.5623 0.3186 0.01 1.004 0.3115 

0.02 0.8053 0.3240 0.02 1.009 0.3093 

0.03 0.9996 0.3295 0.03 1.013 0.3075 

0.04 1.1707 0.3354 0.04 1.018 0.3051 

0.05 1.3289 0.3418 0.05 1.023 0.3027 

0.06 1.4804 0.3489 0.06 1.028 0.3003 

0.07 1.6283 0.3568 0.07 1.033 0.2979 

0.08 1.7763 0.3658 0.08 1.039 0.2955 

0.09 1.9278 0.3762 0.09 1.044 0.2931 

0.10 2.0890 0.3890 0.10 1.050 0.2906 
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(II) Separation of a decelerated flow 

According to our tentative computation for the front part of the boundary layer of 

a linearly retarded flow, so-called Howarth's boundary layer, 6)~(~) for that part of the 

boundary layer may be expressed approximately by the formula 

~=0.28770 ど―1-1.2100. (ix) 

Connecting it at 4=0. 0300 with the solution derived from series expansions in the 

rangeぷ:S::o.0300 for Howarth's boundary layer, we are now in a position to compute 

further the boundary layer developing downstream. The results are summarized in 

Table 4. In fact, the velocity of the maintsream prevailing outside the boundary layer 

is found to obey approximately the relation u;= I-ふi.e．面＝ー1for the range ~ 
~0.10. In the region downstream, however, it is'found that the rate of retardation 
decreases gradually and that the separation takes place midway,;=0.1440 and O.1442 

(Howarth's boundary layer separates at ~=O.120). By means of direct computation 
of△<+> or plot of points on the (w,入）―plane(Fig. 1), it can be verified that the point of 

intersection of the integral curve with the△r+Lcurve lies in the immediate neighbor-

hood ofど＝0.142.

Incidentally, if the computation should be continued further beyond the range of 

Table 4, the rate of deceleration decreases remarkably asどincreasing.It is found that 
the minimum speed（u;'=O, w=O,.l<O) is attained at a point in the neighborhood of 

ど＝0.180and that afterwards the speed is accelerated again gradually, yielding the 

point of reattachment（幻＞0,w>O,入＝0)nearど＝0.200.Thus, it is concluded that the 

Table 4 Values of characteristic quantities of the bound-
ary layer defined by cii" = 0. 28770ど―1-1.2100

ど Q 入 U1 ーU19 

〇.03 -0.17639 1.61298 〇.9689 ~1.062 

0.04 -0. 22321 1. 53513 0.9589 -0.980 

0.06 ~o.36405 1.33135 0.9390 -0.999 

0.08 -0. 51935 1.08600 0.9191 -0. 990 

0.10 ~o.68508 0.79553 0.8996 -0.958 

0.12 -0.83971 0.45551 〇.8814 -0.866 

0.140 -0. 9 1 9 1 2 0.07741 0.8655 ~o.699 

0.142 -0. 91802 0.03907 0.8642 

0.1440 ~0.91449 0.00094 0.8628 

0.1442 -0. 91400 -0.00286 0.8627 

0.15 -0.88672 -0. 1 1 1 0 8 〇.8591

0.16 ~o. 76429 -0.28134 0.8542 -0.416 
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flow pattern corresponds to a simplified model of a separation bubble. 

7. Concluding remarks 

In the preceding sections, a simplified computation procedure for time-independent 

laminar boundary layer in two dimensions of an incompressible fluid was explained in 

some detail. Verification of accuracy of the method and application to practical 

problems were scarcely referred to.* It is hoped, therefore, to have another chance to 

discuss these problems and an extension of the method to three-dimensional boundary 

layers as well. 
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