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THE RESONANT INTERACTION BETWEEN A LONG
INTERNAL GRAVITY WAVE AND A SURFACE
GRAVITY WAVE PACKET

By Masayuki OikawA* and Mitsuaki FUNAKOSHI**

The long-short wave interactions between an internal gravity wave
and a surface gravity wave packet in a two-layer fluid are investigated.
When the phase speed of the internal wave coincides with the group
velocity of the surface wave packet, a strong interaction occurs. The
equations describing this interaction are derived both for a shallow (in
comparison with a length scale of the long wave) fluid layer and for a
deep one. Numerical solutions to these equations are also presented.

Key words: Long-short wave interaction, Internal gravity wave,
Surface gravity wave, Soliton

1. Introduction

It is well-known that a strong interaction between long and short
waves occurs when the phase speed of the long wave and the group
velocity of the short wave are matched, and can be interpreted as a
limiting case of the three-wave resonant interaction.®? This inter-
action between a long gravity wave and a capillary-gravity wave was
investigated by Benney? for water of infinite depth and by Djordjevic
and Redekopp® for that of finite depth. Djordjevic ‘and Redekopp®
obtained the coupled equations

iA.+AA..=BA, (1a)
B.=—a(l4]%)., (1b)

where A and B are proportional to the envelope of a capillary-gravity
wave and to the amplitude of a long gravity wave, respectively and 1
and « are positive constants. This resonance is related to the singu-
larity of the coefficient of the nonlinear term in the nonlinear Schré-
dinger equation describing the long-time evolution of a capillary-
gravity wave packet. The stretched coordinates &, r are chosen so as
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to fit this fact.

The same equations as egqs. (1) were derived by Grimshaw? for
long and short internal waves. The model equations for the inter-
action of a Langmuir wave with an ion-sound wave in a plasma

{E,+ E../2=nE, (22)
ne+n,=—(|E|?),, (2b)

which are reduced to egs. (1) through the transformation ¢>=»Ee’<§t ">,
E=x—t and r=t, were solved exactly by Yajima and Oikawa® by
using the inverse scattering method and shown to have the N-soliton
solutions. The equations (1) were also solved by Ma® in the similar
way. Ma and Redekopp” gave some another solutions to egs. (1).

The long-short wave interactions in certain general model equation
were discussed by Benney® for some different combinations of the rela-
tive magnitudes of three relevant dimensionless parameters. Newell®”
presented and analysed a' model equation for long-short wave inter-
action which is solvable by the inverse scattering method.

In this paper, we investigate the interaction between a long internal
wave and a short surface wave in a two layer fluid. When the fluid
depth is sufficiently small in comparison with the wavelength of the
internal wave, the equations describing the interaction become the
same form as egs. (1). On the other hand, the equations are modified
by the term representing the dispersion of the internal wave when the
fluid depth is sufficiently large in comparison with the wavelength of
the internal wave. The uniform amplitude periodic solutions to egs.
(1) are unstable for modulational perturbations with small wavenum-
bers®”. For the case of a deep fluid a similar modulational instabil-
ity is found. Though we cannot find simple analytical solutions to
the equations in a deep fluid, numerical solutions suggest that there
exist solitary wave solutions to the equations and they appear in
asymptotic states for a wide class of initial conditious.

2. Formulation and Reduced Interaction Equations

We consider the wave propagation in a two layer fluid which
consists of the upper layer with the density p,=p,(1—4) and the
thickness &, and the lower layer with the density p, (Cp,) and the
thickness A,. The fluids are assumed to be inviscid and -incompressible.
If the disturbed free surface is specified by z=h,+¢,(x,1), the disturbed
interface by z=(,(x,7) and the velocity potentials in the upper and
lower layers by ¢:(x,z,t) and ¢,(x,z,¢), and there is the flat rigid
boundary at z=-—h,, the basic equations and the boundary conditions
are written as
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Bx2 + 32 =0, C2<Z<h1+c1, (33)

acl a¢1 aC1 a¢l _ —_
5t Tox ox 8z 0 At z=htly, @

2 2

3¢, 1/9¢:\ , 1 (3¢, _

s +gcl+7(a—) +7(az) —0 at z=h+C, (30)
aZ 82

afzz + a?;z =0, —hz < 4 < Cz (Sd)

o¢, @_(ﬁ_zag 00, _ _
Bt + 3x Bx Bz =0 at z=(,, (3e)

0%,  ©0¢.98, 0¢; —
5t Toxox o7 0 At =G @D

2

w(Greser 3 (50) +3(32) ) -3t +ee

R EE)) 0 e e e

3
g’; —0  at  z—=—h, (3h)

where g is the gravitational acceleration. Since we consider weak
nonlinear effects, it is convenient to expand the boundary conditions
at z=h;+¢, and z=¢{, about z=h, and z=0, respectively. The result is
given in the appendix A. Linear approximation of egs. (A.1) yields
the dispersion relation

D(w, k) =w'[1+ (Q—4)0, 0;] —gk @*(o,+0,) +dg? k* 6, 0,=0, 4
where o,=th (kh,), o,=th (kh,). The equation (4) gives the surface
mode and the internal mode. For A,—>oco, h,=Hh, eq. (4) reduces to

(mz—gk)(wzf T?‘g—k_—"d)—a)=o, o—th(kh). (5)

2.1. Shallow fluid
We consider the interaction of a surface wave and an internal wave
in the shallow fluid. We assume that e=a/A<L&1, A/h~1, hy/h;~1 and
A/l<L1. Here a and 1 are a characteristic amplitude and a characteristic
length scale of the surface wave, respectively, and / is a characteristic
length scale of the internal wave. We expand the solution in the fol-
lowing form:
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B =6 PO +ep® +e¥2 PP + 62 O 4 2 713 O -3 O 1 ., (6a)
Cime? LO el e, (6b)
Go =P +e® + e, (6¢)
Com e P 4 ebP 4 oo, (6d)

The variables ¢{®, ¢ (and ¢, ¢i»), (n=0,1,2,---) are regarded as func-
tions of the stretched coordinates

E=e"*(x—c,t), T=e', €2)

as well as x,¢ (and z). Substituting egs. (6a, c) into egs. (A.1) and
equating the coefficients of like powers of ¢, we obtain a linear boundary
value problem for ¢{®, ¢ from the terms of O(e"*?53),

Both for ¢, ¢ and for ¢®,¢P, the equations and the boundary
conditions are given by the linearized forms of egs. (A. 1). We assume
that ¢, ¢ consist of a long wave alone and ¢®, ¢® a short wave
alone. Therefore, we take

(o) =0 (s T), (0) 02(5 z-)
{ ®
(O =C0=
and
¢(l)__ - A(g r)e“’{shk(hl'—Z) — Ch k(hl—z)} +c.c.,
(M =A(E, v)e+c.c.,
®

8=~ o (ch = S shkh, )ace, yerch k(z+h) +c.c.,

o = (ch Eh,— )A(e, e +c.c.,

where 0=kx—owt, k, o satisfying the dispersion relation of the surface
mode and c.c. denotes the complex conjugate of the preceding term.
It is noted that the long wave given by egs. (8) gives rise to a hori-
zontal velocity of O(¢*®). In the next order, we obtain

PP=00(5.7), GP=00 (&, 1),

¢, 00, l: o0,

(10)
0L 801]

EP = P = (1 A)
The equations and the boundary conditions for ¢®, ¢ are inhomo-
geneous and the  inhomogeneous terms are proportional to e'”. The

condition for no-secularity yields
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oD (9D do
c‘="—€5k_/—* aE b
That is, ¢, is the group velocity of the short wave. Then, we obtain
04
;s)_[‘;e’ S¢ (=2 {chk(hl—z)— shk(hl—z)}

+ 52 Be, o [shr(h

_Z)}

04
+ ( Zf)fg — %%)_8"5 chk(hl—z):l e’+c.c.,, etc.

Though the inhomogeneous terms in the equations and the boundary
conditions for ¢, ¢¥ include the second harmonic terms as well as
the long wave terms, it is sufficient here to consider the long wave
terms alone. In order that the boundary value problem for the long
wave component of ¢, ¢ have a solution, @, and @, must satisfy the
relations

o0, 0’0,

(gh—cD) g + ghi—5g =0, (12a)
(dgh—cp) Zgr + - 30 —o. (azb)

The compatibility condition for these becomes
(.‘2,=C";,, (13)
where ¢, is the phase speed of the internal wave in the long wave

limit and given by

1

& =[§ Ut by GrF Y —1dHE) | . (14)

We assume k to satisfy the resonance condition ¢,=c,. Then,

2 2 2
¢§4)______% aa?; 2+ hy (1— —cf‘) %gl z+ 0P (&, 1),

2 s
39 == 1 20 erhyropce, o,

except for the second harmonic terms.

The inhomogeneous terms in the equations and the boundary
conditions for ¢, ¢ are also proportional to e, The condition for
no-secularity leads to



212 M. OIKAWA and M. FUNAKOSHI

d*w
dkz ’

. 0A _]; 9’4 e "o
az'+2 P8 = alPA, o=

(16)

where «a is given by eq. (B. 1) in the appendlx B. In deriving eq. (16),
we have used the relations

@ __ Ci’ @ 8@1 8¢ @ 8@2_& @
C = h1 2 aE ghl_cz 2 86 _hZCZ ’ (17)

which can be obtained from eqs (10) and (12) under usual boundary
conditions.

From the equations and the boundary conditions for the long wave
component of ¢, ¢, we obtain as the compatibility condition

NIk

where eqs. (17) have been used and B is given by eq. (B. 2) in the
appendix B.

The equations (16) and (18) give the desired coupled set of equations.
Numerical computations show that a>0 and 8>>0. As shown easily,
@'’ < 0. Since gh,—c:>0, the signs of {® and {{ are opposite each
other. The equations (16) and (18) are equivalent to egs. (1) and also
to egs. (2) which are exactly solvable by using the inverse scattering
method®®. The soliton solutions to eqs. (16) and (18) are

A =< ——;oﬁ;’p )mq sech g(§—pr—&p) exp[i{ﬁ,—&-&- %( "g? a‘lj,z,) r+00} ],
(19a)
&P = 2 g sech? q(§—pr—£o), (19)

where ¢, & and 6, are arbitrary real constants and p is an arbitrary
positive constant. The equations (19) show that the soliton travels
with the velocity larger than ¢, and it is accompanied by the depres-
sion of the interface. The N-soliton solutions were obtained by Yajima
and Oikawa® and by Ma®. The equations (16) and (18) also have the
envelope-hole solitary wave solutions with negative velocities and the
breather solutions”.
2.2. Deep fluid

In the preceding subsection, we supposed that the length scale of
the long internal wave is sufficiently larger than the fluid depth. There-
fore, the preceding analysis is not applicable to the case that the
fluid depth is sufficiently larger than the length scale of the long
internal wave. We consider here this case and assume that e=a/2 <&
1, Ahy~1, 2/I<1 and h,=co. From now on, we omit the subscript
from A,. The vertical length scale of long wave component in the
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lower layer is the same as the horizontal one. This suggests that it
is necessary to introduce the stretched coordinate Z=¢**z in addition to
&, 7. In the linear approximation, the boundary condition (A. 1d) means
continuity of the vertical velocity, which suggests that the leading term
of the velocity potential of the long wave component in the lower
layer is O(e*®) because the vertical velocity of the long wave component
in the upper layer is O(e?). Therefore, we assume that the solution is
of the form

¢= 52’3(}5{‘” + e¢{1) + s"3¢{” + e, (20a)
$1= B+ BBP + e, (20b)

Introducing Z = ¢’z as well as the variables £&,7 given by egs. (7),
we regard the long wave component of ¢{® as a function of &, Z, 7.
We assume that ¢{® consists of a long internal mode alone and ¢{,
L consist of a short surface mode alone. Therefore, we take

=0.(§,7), ¢&"=0, (€2))
0=~ 4e yeverem e, (m=1,2),

l CP=A(E, e +cc., (P—CPe ™, (22)
0=kx—wt,

where k, o satisfy the dispersion relation of the surface mode w=(gk)¥%.
In 0O(¢*®), we obtain

$P=00(8,7), ¢P=02(8 Z,1),

20, (23)
BE "

pfe OB Lo a-

In O(%#), the condition for no-secularity yields ¢, =dw/dk=w/2k, and
then we have

@ _ {— %% (z—h)+B(E, z‘)} elerem e, (m=1,2). (24

In O(e?), from the compatibility condition we obtain
cg=4gh=c} (25)

where c¢,=(d4gh)"”? is the phase speed of the internal wave in the long
wave limit, /[/hA—oco. The relation (25) is satisfied by taking %k o so
as to satisfy the resonance condition ¢,=c,. Then,
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B =— 5 BgE [ DO, D),
¢(4)_.m(4)(&" )
and
ren=[9] —a-op%l, o0 (zo-c).

In O(g"?), the condition for no-secularity leads to

94 1,04 (1-Dk(l—e™) 20,
I5e T2 58 — T i—da—ey “A%E

In O(¢*®), we obtain from the compatibility condition

0 0°0: [aza);m a|A|

25857 T o =0,

] +dor(1—e) 2L

and also

az@m azwm
St + B =0, Z<0.

From egs. (30) and (27), we have

orop A-Hh o 1 , ’
[ og? :|z=o T oF PI E—F 35'2 D.(&", T)dE

(26)

@n

(28)

(29)

30

where P denotes the Cauchy principal value. Substituting this into

eq. (29) we obtain

20, (1—dhe, > (" 1 ? ) , .
otor T~ 2n @Pjnnm‘gg (8, T)dE + 2407 (1— e~ ) — 1~

‘By using ¢ in place of @;, eqgs. (28) and (31) are written as
.04 1 ,0°4

iy T 55 —— a4
Cle 8|A|2
or +7 652 H(Cm) = —a‘_s Ty

where H represents the Hilbert transform

a|A|

1)

(32a)

(32b)
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and

o = %QL—S:;;Z? >0, B=010—-Do(l—e*)H>0,

(33)
1 A "vo___9
T =§—(1—A)h/4gh>0, ' = 15 <.
From eq. (23),

The equations (32) are to be compared with the egs. (16) and (18).
The extra term in eq. (32b) represents the dispersion of the internal
wave in a deep fluid.

3. Numerical Solutions and Some Remarks

The equations (32) can be reduced to the forms

lﬁ—_é?:—lls' (353)
L ch EINE
o7 oyt HL =% (85b)

by an appropriate scale transformation. The coefficient § is a positive
constant. The equations (16) and (18) also can be reduced to the egs.
(85) with §=0. In the case =0, the egs. (35) have an infinite set of
conservation laws®®. On the other hand, in the case §=~0, they seem
to have only the following four conserved quantities,

L=[ Lax, n=[ ispax, n=[ {-i(s+25 -5 25 )} ax,

- —o0

(36)

I, =J;{%£2+L[SV—%L%H(L)} ax.

Therefore, we cannot expect the egs. (35) with non-zero ¢ to be
completely integrable.

The uniform amplitude periodic solutions to eqs. (35) with 8=0
are unstable for modulational perturbations with small wavenumbers®?.
The similar instability occurs in the case 6 0. The uniform amplitude
periodic solutions to eqgs. (35) are given by

S=S,e't?  L=L, (S, Ly: real constants). 37

We consider the following perturbed solution
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S=(S,+ea) exp ({L,T+ief), L=Ly+eb, (38)
where ¢ is a small parameter. Substituting these into egs. (35) and
assuming the solution of the form

(a,0,b) =(a,0,5) expli(kX—yT)], (x>0,

we obtain as the condition for instability

k<2782 [(*+3) (V' *+3—8)+128] . (39)

The numerical solutions to egs. (35) are shown in Figs. 1 and 2.

These are calculated under the periodic boundary condition with the

period 80. In this case, the Hilbert transform in eq. (35b) must be
replaced by

s &9 AL TIME=0. 00
1.07 40.0 80.0
-t.0l V ! )
1 A TIME=1.00
T A
1 N
1 A TIME=3.01
T Ot
. CN
1 A% TIME=S.02
1 o
T
1 A0 TIME=7.03
T
1 N
Fig. 1 Time development of solution for the initial data
(41). —:10=1,.-- :0=0."
1
T(L)=2llPJ L(X',T) cot 5 (X'~ X)dX', (40)
-1

where 2/ is the period. The initial data in Fig. 1 is
S=1"2sech(X—30) exp (—iX/2), (41a)
L=— 2sech?(X—30), (41b)

which is the value at T=0 of a soliton solution to egs. (35) with =0
and to propagate with the velocity p=1. The solid lines show the
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solution for §=1 and the dotted lines that for §=0. Figure 2 shows
the generation of an internal wave by a surface wave. The initial data
in Fig. 2 is given by S in eq. (4la) and L=0. Figure 2 (a) shows the
solution for =1 and Fig. 2 (b) that for §=0. In the case =1, an
oscillatory tail of L spreads behind owing to dispersion, but it seems
that a coupled solitary type of wave is formed asymptotically. It is in-
teresting to note in the case =0 (Fig. 2 (b)) that the positive phase
of L remains there without propagating and the value of |S| at cor-
responding location tends to zero, while the negative phase of L forms
‘a coupled soliton to propagate ahead.

st (‘,:SL /\ ~ TIME=0.00 T AN . TIME=0.00
1.07 40.0 80-0 T 40.0 80.0
_1.01 T 1 J. T al
1 /Li TIME-1.00 T N\ : TIME=1. 00
T— Ao T A
L I \ve
T I TIME=3.01 1 ‘__/¥ TIME=3.01
I A, lL j\v. .
1 . TIME=5.02 T A TIME=5. 02
T P T I\
l 4 —~—— — J. ~A
T /l\nnsﬂ.oa T Mnsﬂ-os“
| SN . L A
(a) (b)

Fig. 2 Time development of solution for the initial data (4la) and L=0.
(a) 6=1, (b) &=0.

Acknowledgements

The numerical calculations were made by means of the FACOM
M-200 of the Computer Center of Kyushu University and the MELCOM
COSMO-900 of the Research Institute for Applied Mechanics in Kyushu
University.

This work was supported by the Grant-in-Aid for Scientific Research
from the Ministry of Education, Science and Culture.

References

1) Phillips, O. M.: The Dynamics of the Upper Ocean, 2nd ed. (Cambridge University
Press, Cambridge, 1977) pp. 80-81.



218 M. OIKAWA and M. FUNAKOSHI

2) Benney, D. J.: Significant interactions between small and large scale surface waves, Studies
Appl. Math. 55 (1976) 93.

3) Djordjevic, V. D. and Redekopp, L. G.: On two-dimensional packets of capillary-gravity
waves, . J. Fluid Mech. 79 (1977) 703.

4) Grimshaw, R. H. J.: The modulation of an internal gravity-wave packet, and the reso-
nance with the mean motion, Studies Appl. Math. 56 (1977) 241.

5) Yajima, N. and Oikawa, M.: Formation and interaction of somr-Langmmr solitons—
inverse scattering method—, Prog. Theor. Phys. 56 (1976) 1719.

6) Ma, Y. -C.: The complete solution of the long-wave — short-wave resonance equations,
Studies Appl. Math. 59 (1978) 201. :

7) Ma, Y. -C. and Redekopp, L. G.: Some solutions pertaining to the resonance inter-
action of long and short waves, Phys. Fluids 22 (1979) 1872.

8) Benney, D. J.: A general theory for interactions between short and long waves, Studies
Appl. Math. 56 (1977) 81.

9) Newell, A. C.: Long waves-short waves; a solvable model, SIAM J. Appl. Math. 35
(1978) 650.

(Received November 30, 1981)

Appendix

A. After expansion of the boundary conditions at z=h,+¢; and z=¢,
about z=h, and z=0 and elimination of &£, and &{,, the equations and
the boundary conditions (3) are reduced to

? )
20 1 0% 0, 0<i <y, (A.1a)
0%, | ,081_ _,0¢: O’ _,0¢, O,
or "8z T %%x Brox  “ oz ofoz
1 O [O¢(0%: , 0O¢ -

+Ea“[ (azz te az)] at  z=h, (A.1b)
o', | o
a,‘f: + af;z =0, -4 <z<0, (A.1c)

S S L (50-%0) (a-a S - 5)

»%‘;((14) %ﬁl—%’;ﬁ)(%ﬁz - a,c:;‘;l) at z=0, (A.1d)

122

2 a3 --a-0 S[(3) ()]

B1E (208 -2 38

ox 2z Ox ofox ' 9z otoz
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~Zg el (-0 F - ) (a0 G - ae e - S

at z=0, (A.1le)

o¢, _ —-
3z =0 at z= hz. (A. 1f)

The free surface and interface displacements ¢, and £, are given by

cA-PIEIE AR aw

z=hy

=g a0 Br g (a0 B - ) (-5 - 53h)

2 2
o¢, °¢:\ 1 _1{/0¢, ¢, ]
Lama(()+(2))-HE ()] wm
Here we have retained up to the quadratic terms, these alone being
required in the present problem.

B. The coupling constants « and B in egs. (16) and (18) are given

by
Vel /h3 K.Q[ ( )(02—0'1)—!— ‘3;1 (!I; 41_1)
" 55{(-2) (o tor=do(1+ gra)) =gy (A= DQrae
r (=g )}]/[4“*(1“")“1”2)* 2K (oo ] (B.1)

/f/hl - zcdaa— ) [a-av.(e-5)-

—20 V;(l—é)( ) (shK~ 5 chK)

(e VAV:~1)<%—1)+%(V§—A) }(ehk— X shK)} (B.2)

where

K=Ekh, RQ=wv'h]g, Vi=c/v'gh,, O=hy/h, o,=thK, o,=thKk.





