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THE RESONANT INTERACTION BETWEEN A LONG 
INTERNAL GRAVITY WAVE AND A SURFACE 

GRAVITY WA VE PACKET 

By Masayuki OIKAWA* and Mitsuaki FuNAKOSHI** 

The long-short wave interactions between an internal gravity wave 
and a surface gravity wave packet in a two-layer fluid are investigated. 
When the phase speed of the internal wave coincides with the group 
velocity of the surface wave packet, a strong interaction occurs. The 
equations describing this interaction are derived both for a shallow (in 
comparison with a length scale of the long wave) fluid layer and for a 
deep one. Numerical solutions to these equations are also presented. 

Key words: Long-short wave interaction, Internal gravity wave, 
Surface gravity wave, Soliton 

1. Introduction 

It is well-known that a strong interaction between long and short 
waves occurs when the phase speed of the long wave and the group 
velocity of the short wave are matched, and can be interpreted as a 
limiting case of the three-wave resonant interaction.1>•> This inter-
action between a long gravity wave and a capillary-gravity wave was 
investigated by Benney2> for water of infinite depth and by Djordjevic 
and Redekopp3> for that of finite depth. Djordjevic and Redekopp3> 

obtained the coupled equations 

lAr + AAu=BA, 

B←-a(IAl2)ぃ
(la) 

(lb) 

where A and B are proportional to the envelope of a capillary-gravity 
wave and to the amplitude of a long gravity wave, respectively and A 
and a are positive constants. This resonance is related to the singu-

larity of the coefficient of the nonlinear term in the nonlinear Schr5-
dinger equation describing the long-time evolution of a capillary-
gravity wave packet. The stretched coordinates ~. t'are chosen so as 

* Associate Professor, Research Institute for Applied Mechanics, Kyushu University. 
,..* Research Associate, Research Institute for Applied Mechanics, Kyushu University. 

2CJT 



208 M. OIKAWA and M. FUNAKOSHI 

to fit this fact. 

The same equations as eqs. (1) were derived by Grimshaw4l for 
long and short internal waves. The model equations for the inter-
action of a Langmuir wave with an ion-sound wave in a plasma 

iE叶 E.n/2=nE,

n叶 n,=-(IEド）m

(2a) 

(2b) 

(t 
which are reduced to eqs. (1) through the transformation </>=Ee'~t —x)' ） 

き＝x-t and て＝t,were solved exactly by Yajima and Oikawa5i by 
using the inverse scattering method and shown to have the N -soliton 
solutions. The equations (1) were also solved by Ma6i in the similar 
way. Ma and Redekoppn gave some another solutions to eqs. (1). 

The long-short wave interactions in certain general model equation 
were discussed by Benney8i for some different combinations of the rela-
tive magnitudes of three relevant dimensionless parameters. Newel19i 
presented and analysed a・ model equation for long-short wave inter-

action which is solvable by the inverse scattering method. 

In this paper, we investigate the interaction between a long internal 
wave and a short surface wave in a two layer fluid. When the fluid 
depth is sufficiently small in comparison with the wavelength of the 
internal wave, the equations describing the interaction become the 
same form as eqs. (1). On the other hand, the equations are modified 
by the term representing the dispersion of the internal wave when the 
fluid depth is sufficiently large in comparison with the wavelength of 
the internal wave. The uniform amplitude periodic solutions to eqs. 
(1) are unstable for modulational perturbations with small wavenum-
bers'in _ For the case of a deep fluid a similar modulational instabil-

ity is found. Though we cannot:find simple analytical solutions to 
the equations in a deep fluid, numerical solutions suggest that there 
exist solitary wave solutions to the equations and they appear in 
asymptotic states for a wide class of initial conditions. 

2. Formulation and Reduced Interaction Equations 

We consider the wave propagation in a two layer fluid which 
consists of the upper layer with the density ()1=＝釦(1-A) and the 
thickness h1 and the lower layer with the densityか(>p,) and the 
thickness h2. The fluids are assumed to be inviscid and incompressible. 
If the disturbed free surface is specified by z==h,十ら(x,t), the disturbed 
interface by z＝ら（x,t) and the velocity potentials in the upper and 
lower layers by c/>,(x, z, t) and・ ¢,(x, z, t), and there is the flat rigid 

boundary at z= -h,, the basic equations and the boundary conditions 

are written as 
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が¢1.a冷l詞＋万ァ＝0, らくz<h叶ら， (3a) 

3ら 0¢10C1 0¢1 
百r＋志志―百;=0 at z=h1十ら， (3b) 

誓 gい耀）2叶（碧）2=0 at z=h叶 Ch (3c) 

a涌2 3涌2
＋ ax2 az2 =0 ， —h2 <zくら (3d) 

ac. 3¢2ac2 3¢2 —+----ot ・ ox ox oz =0 at z＝ら， (3e) 

3C2 3¢l ac. 3¢I —+----ot'ax ox oz =0 at z＝ら， (3f) 

噌糾gら＋団（隠） 2叶（碧）•い｛筈＋gら

＋只（特）〗只（碧） 2}=0 at z=ら, （3g) 

a¢2 
oz ＝ o at z=―似 (3h) 

where g is the gravitational acceleration. Since we consider weak 
nonlinear effects, it is convenient to expand the boundary conditions 
at z=hげら andz＝ら aboutz=h1 and z=O, respectively. The result is 
given in the appendix A. Linear approximation of eqs. (A. 1) yields 
the dispersion relation 

D(w,k)声州l+(l-J)a1a』-g如が(ai+a2)+Jg2k2 <71 <J2=0, (4) 

where a1=th (kh1), <J2=th (kh2). The equation (4) gives the surface 
mode and the internal mode. For h2→co, h1=h, eq. (4) reduces to 

4gk(1 
(m2-gk)(m2三1+（1-4)(1）＝0,(1＝th(kh). (5) 

2.1. Shallow fluid 

We consider the interaction of a. surface wave and an internal wave 
in the shallow fluid. We assume that e苧 a／入く1,J/h1~l, hdh1~l and 
入／l< 1. Here a and A are a characteristic amplitude and a characteristic 
length scale of the surface wave, respectively, and l is a characteristic 
length scale of• the internal wave. We expand the solution in the fol-
lowing form : 
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cb1=e幻3cp秤＋c¢i1)＋e‘/3¢i”+e5/3¢秤十e2¢{‘)+e7/3¢秤十e8/3¢秤十..., • (6a) 

ら＝e”守＋el;I11+..., (6b) 

<P2=e2/3¢押十e岬＋•••, （6c) 

ら＝e”守＋e守＋…・ (6d)

The variables C炉，CP(and ¢炉，cbi"1),(n=O, 1, 2,…)are regarded as func-
tions of the stretched coordinates 

;=e213(X-C6t)，て＝四t, (7) 

as well as x, t (and z). Substituting eqs. (6a, c) into eqs. (A. 1) and 
equating the coefficients of like powers of e, we obtain a linear boundary 
value problem for </Jl'I), </J炉 fromthe terms of O(e<•1+2)グ）．

Both for </J陀，¢押 andfor ef,把<fJ!1>,the equations and the boundary 
conditions are given by the linearized forms of eqs. (A. 1). We assume 
that ef,や，<fJf>consist of a long wave alone and <fJ?>, </Ji1》 ashort wave 
alone. Therefore, we take 

and 

¢秤ー01(tて）， ¢押＝02(~. て），

｛守＝守＝0，

io gK 
¢f)＝ーA(t-r)e"{shk(h1―z)-―ch k(h1—z)} +c.c., k..,.., •.1- l--··v•1 -✓ cu2 

C:f1>=A(~. -r)e"+c.c., 

岬＝一益(chkh1—苔sh 砒）A(t-r)e"chk(z+h2)+c.c., 

gk 守＝（chkh1ー --S-sh 絋）A(~.-r)e"+c.c., 

(8) 

(9) 

where 8=kx-rot, k, ro satisfying the・ dispersion relation of the surface 
mode and c.c. denotes the complex conjugate of the preceding term. 
It is noted that the long wave given by eqs。(8)gives rise to a hori-
zontal velocity of O(e'/3）.In the next order, we obtain 

{ ¢i2)＝岬(e.T), ¢i2)＝岬(E,T), 

研号翌，守＝芸［醤ー(1-4)翌］．
(10) 

The equations and the boundary conditions for cf,秤，岬 areinhomo-
geneous and the. inhomogeneous terms are proportional to e1'. The 
condition for no-secularity yields 
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3D 8D d(/) 
Cg=―頭／芦＝韮. (11) 

That is, Cg is the group velocity of the short wave. Then, we obtain 

卵＝［舟悶 (hl―z){chk(h,-z)-：↑ shk(h,―z)} 

+~戸(t-r) { shk(h, -z)-!}chk(h,―z)} 

＋ （予—心）翌 chk(h,-z)］砂＋ c.c., etc. 

Though the inhomogeneous terms in the equations and the boundary 
conditions for ¢1'>, ¢j•> include the second harmonic terms as well as 
the long wave terms, it is sufficient here to consider the long wave 
terms alone. In order that the boundary value problem for the long 
wave component of ef>f'>, ¢i•> have a solution,(j)l and (j)2 must satisfy the 
relations 

(gh1-C;） 
32(!)1 32(!)2 
+ gh2--=0, 弩 2 翁 3

(.Jgh1-c;) 
32(!)1 
+ c: 32(!)2 弩 2 g詞＝o.

The compatibility condition for these becomes 

c!=ci, 

(12a) 

(12b) 

(13) 

where Cp is the phase speed of the internal wave in the long wave 
limit and given by 

ら＝［§ （h1十い(h1+h2Y-44hふ）］½_ (14) 

We assume k to satisfy the resonance condition Cg=Cp. Then, 

岬＝ー1或が十h1(1—叫 32(j)l z＋岬（5，T)，
2 oが gh1 3が

1 32(j)2 
</ii'>=-~~ (z+h2)2+(j)i4)(5，て），
2 ae 

except for the second harmonic terms. 

(15) 

The inhomogeneous terms in the equations and the boundary 
conditions for ¢罠 ¢~5i are also proportional to e'0. The condition for 
no-secularity leads to 
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. oA. l かA
し一— +--(i)”-- ＝ -aこ戸A, (i)”= 

d2(i) 
3て 2 3ど2 dK2 9 (16) 

where a is given by eq. (B. 1) in the appendix B. In deriving eq. (16), 

we have used the relations 

C こ炉＝一 g こ(2) 3(j)［ 
gh1-C; 2' 弩

―-=_ gcg ⑫,~=~五(2)
gh1-c；弩 l122, (17) 

which can be obtained from eqs. (10) and (12) under usual boundary 

conditions. 
From the equations and the boundary conditions for the long wave 
component of ¢四，¢炉， weobtain as the compatibility condition 

鴛炉 3|AI2 
=0 3て 3さ'

(18) 

where eqs. (17) have been used and E is given by eq. (B. 2) in the 
appendix B. 
The equations (16) and (18) give the desired coupled set of equations. 

Numerical computations show that a>  0 and E >O. As shown easily, 
似 '<O. Since gh, -c; > 0, the signs of切 and切 areopposite each 
other. The equations (16) and (18) are equivalent to eqs. (1) and also 
to eqs. (2) which are exactly solvable by using the inverse scattering 
method5)6). The soliton solutions to eqs. (16) and (18) are 

A=(―a(J)；’f!_) 112q sech q(~-p-r 一~.) exp[i{、~+½((J)”ずー!,,)て十 0。}］，
(19a) 

w" 
こ『＝ ずsech2q(~-p, ーも），
a 

(19b) 

where q,名。 and(j。arearbitrary real constants and p is an arbitrary 
positive constant. The equations (19) show that the soliton travels 
with the velocity larger than Cg and it is accompanied by ・ the depres-

sion of the interface. The N-soliton solutions were obtained by Yajima 
and Oikawa5> and by Ma•>. The equations (16) and (18) also have the 
envelope-hole solitary wave solutions with negative velocities and the 
breather solutionsn. 

2. 2. Deep fluid 
In the preceding subsection, we supposed that the length scale of 
the long internal wave is sufficiently larger than the fluid depth. There→ 
fore, the preceding analysis is not applicable to the case that the 
fluid depth is sufficiently larger than the length scale of the long 

internal wave. We consider here this case and assume that e旱 aIA< 
1, ;l/h1 ~ 1, il/l < 1 and h,=co. From now on, ・ we omit the subscript 
from h1. The vertical length scale of long wave component in the 
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lower layer is the same as the horizontal one. This suggests that it 
is necessary to introduce the stretched coordinate Z=e213z in addition to 
ど，て． Inthe linear approximation, the boundary condition (A. ld) means 

continuity of the vertical velocity, which suggests that the leading term 
of the velocity potential of the long wave component in the lower 
layer is O(e413) because the vertical velocity of the long wave component 
in the upper layer is O(e'). Therefore, we assume that the solution is 

of the form 

¢1=e213¢四十e¢i1)＋c4/3¢i2)＋・・・，

¢2= 瑾り＋e4/3¢炉＋・・・・

(20a) 

(20b) 

Introducing Z = c21'z as well as the variables ~.て given by eqs. (7), 
we regard the long wave component ofゆ砂 as a function ofど，Z,1".

We assume that ¢翌 consistsof a long internal mode alone and ¢仇
り炉 consistof a short surface mode alone. Therefore, we take 

¢i°’=(J)1（さ，て），こJ"'=O, (21) 

鉗＝—り A(~, て） e;•e<z-h)+c.c., (m=l, 2), 

こ四＝A（さ，て）ei°+c.c.， ⑰＝呼e-Kh, (22) 

{}＝Kx-(/)t, 

where k, w satisfy the dispersion relation of the surface mode w= (gk)112. 
In O(e413), we obtain 

¢i2)=(1){2)（E，て）， ¢i2)=(1)戸（さ，Z,て），

切＝丘3(/)!, (l'l= -* (1-,,:J) ~(/)1 
g a~, 切＝一ら4g ~ (1-,,:J) 3き・

(23) 

In O(c:513), the condition for no-secularity yields Cg= dQ)/dk=Q)/2k, and 
then we have 

ば＝｛一塁賛 (z-h)+B （さ， T）｝ざ0e•<z-h)+c.c., (m=l,2). (24) 

In O(c2), from the compatibility condition we obtain 

c;=J gh=c; (25) 

where Cp= (£1gh)112 is the phase speed of the internal wave in the long 

wave limit, l/h→=. The relation (25) is satisfied by taking k,(J)SO 
as to satisfy the resonance condition Cg=Cp. Then, 
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l::)→誓＋f（ど，r)z+(J)l"(<,r), 
¢i4)=(J)i‘)（ど，z,て），

and 

J(I;,て） ［ a(J)i” が(J)1 a(J);” =—-] ＝（1-J)h―- -—• 0 (Z→-co). az Jz_。 a1;2 • az 

In O(e7ゲ）， thecondition for no・secularityleads to 

, oA, 1 がA_(l-J)k(l-e-2"") 
ヽ——+ c"ー＝

a(J)1 
A-

街•2 - aざ 1-4(1-e-2”) 翁'

d2(l)0 
c’'＝叩＝一布・

In O(e8/3）,we obtain from the compatibility condition 

and also 

2空;+c11[~(J)i幻］ 3|A|2 
aeaて 3が z_。+4J(l)2(1-e-2") ＝0, ae 

a喝 2) が岬
弩 2'aza=0, Z<O. 

From eqs. (30) and (27), we have 

［立］ （1-4）h a- l a2 卵 z一o=~ 記[-戸諾心（か）d~'.

(26) 

(27) 

(28) 

(29) 

(30) 

where P denotes the Cauchy principal value. Substituting this into 
eq. (29) we obtain 

a2CD1, (1-.d)hcg a2 n (1  a 
＋ 

a1Al2 
蜘 2冗芽Pf_。口諾紐’,T)d~'+2年(l-e-2鼻,.)~=0.

By using守 inplace of(/)i, eqs. (28) and (31) are written as 

.oA. 1 がA
— +-(l)”-- ＝-a守A,t 
8て 2 0が

欲fl.__ a2 
aて＋r命 -H（守）＝8

a1Al2 
a~, 

where H represents the Hilbert transform 

1 .. H(f)=½PJ f(E'） 冗 --d~'
-oo ~'-~ 

(31) 

(32a) 

(32b) 
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and 

2.J kw (1-e-2u) 
a=  1-4(1-e-2") > 0, 0=(1-.J)(i)（l-e-20)> 0, 

1 r = ¼(1-J)h✓磁＞ 0,
2 

0"＝一土4k3 <o. 

From eq. (23), 

守＝一二1-4 
Ci2)' am1 2.Jc 苺―=― 1-4守．

(33) 

(34) 

The equations (32) are to be compared with the eqs. (16) and (18). 
The extra term in eq. (32b) represents the dispersion of the internal 
wave in a deep fluid. 

3. Numerical Solutions and Some Remarks 

The equations (32) can be reduced to the forms 

. as がS
iifi,ー百=-LS, (35a) 

aL a2 
苛＋か司'.'TH(L)=

a1s12 
ax' (35b) 

by an appropriate scale transformation. The coefficient a is a positive 
constant. The equations (16) and (18) also can be reduced to the eqs. 
(35) with 8=0. In the case 8=0, the eqs. (35) have an infinite set of 
conservation laws5161. On the other hand, in the case 8 =I= O, they seem 
to have only the following four conserved quantities, 

11 = f .. LdX, 12-［こISl2dX, lsー［こ{E-i(S＊器—s醤り｝ dX,

I• 一［こ{|器(+LISドーが贔H(L)} dX. 
(36) 

Therefore, we cannot expect the eqs. (35) with non-zero a to be 
completely integrable. 
The uniform amplitude periodic solutions to eqs. (35) with a=O 
are unstable for modulational perturbations with small wavenumbers3>7>. 
The similar instability occurs in the case a =I= O. The uniform amplitude 
periodic solutions to eqs. (35) are given by 

S=S。e'LoT, L=L。,（S。,L。:realconstants). (37) 

We consider the following perturbed solution 
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S=(S。十ca)exp (iL。T+ic()）， L=L。十e:b, (38) 

where c is a small parameter. Substituting these into eqs. (35) and 

assuming the solution of the form 

＾ ^ ^ 
(a,(}, b) =(a,(}, b) exp [i(1,,X-vT)], (1,, > 0), 

we obtain as the condition for instability 

炉く27S8[ （が＋ 3）（✓i¥+3-a)+12 aJ-1. (39) 

The numerical solutions to eqs. (35) are shown in Figs. 1 and 2. 

These are calculated under the periodic boundary condition with the 

period 80. In this case, the Hilbert transform in eq. (35b) must be 

replaced by 

ISi 01 • • O OI △ 
110＇ . 0 

L I• Or 

V 
l 

-1. 0 

TIME=0°00 

T 

＾ 
TIHE= 1• OO 

I ツ^

T -... -―l TIHEコ3•Ol 

I /へ/̀ ヽ l

T -T IME=S• 02 

I へしぺ、1
~ TlME=7-03 

I―ー―-～~―望

I 

eo.o 
I 

Fig. 1 Time development of solution for the initial data 
(41). ~: lJ=i,•00•••: lJ=O. 

1 
2l I_l 

l 冗

T(L) = i,P I L(X', T) cot-ii, (X'-X)dX', 
2l 

where 21 is the period. The initial data in Fig. 1 is 

S=✓百sech(X-30) exp (-iX/2), 

L= -2 sech'(X-30), 

(40) 

(41a) 

(41b) 

which is the value at T=O of a soliton solution to eqs. (35) with 8=0 

and to propagate with the velocity p=l. The solid lines show the 
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solution for 8=1 and the dotted lines that for 8=0. Figure 2 shows 
the generation of an internal wave by a surface wave. The initial data 
in Fig. 2 is given by S in eq. (41a) and L=O. Figure 2 (a) shows the 
solution for 8=1 and Fig. 2 (b) that for 8=0. In the case 8=1, an 
oscillatory tail of L spreads behind owing to dispersion, but it seems 
that a coupled solitary type of wave is formed asymptotically. It is in-
teresting to note in the case 8=0 (Fig. 2 (b)) that the positive phase 
of L remains there without propagating and the value of I SI at cor-
responding location tends to zero, while the negative phase of L forms 
a coupled soliton to propagate ahead. 

ISl b: 8T 八 TIHE=o.oo I 
I ＇ 1. OI 40.0 80• O } 
＇ ＇ L -1. 0 

T △ TJl1E=1-00 I 

I ＾ 
I 
I 

-`-T 乙ミ→• iIME=3• 01 I 

I ヽ ＇ I ヽ I

T -= llHE=S. 02 I 
I ー^、9ヘ --T  I 

I 

T ~ TIME=7-03 I 

I ...... ー^、-/・―̀―― ＇ I ——↓一

(a) 

△ ぃo.o
1 

TIHE=O. 00 

＇ 80••O 
l 

△ TIHE=l• 00 

％ 

亡
TlHE=3-01 

ご
TIME•S-02 

1'TIHE=7•O3, 

ジ^(b) 
Fig. 2 Time development of solution for the initial data (41a) and L=O. 

(a) cJ=l, (b) 6=0. 
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Appendix 

A. After expansion of the boundary conditions at z=hサら andz＝ら
about z=h1 and z.;,O and elimination of t:1 and (z, the equations and 

the boundary conditions (3) are reduced to 

が¢l a渇l
OX2'OZ2 + =0, 0<z<hh 

32¢l a¢1 3¢l a2¢l a¢l a2¢1 
詞十g~=-2志 3t3x -2否声

＋わ晶［恰（恐＋g碧）］

唸＋唸＝0, -h. < z<  0, 

at z=h1, 

a¢2 8¢1 13¢2 ac/>l a2c/>l a2c/>2 寄―否＝互丘—志）（（1-4） 3tax ―詞サ

(A. la) 

(A. lb) 

(A. le) 

—土((1-4)碧—碧）（器—翌） at z=O, (A. ld) 

(1-疇存ー4g翌—唸＝ー(1-..d) 嘉［（碧） 2＋（碧） 2]

吋斎［（腔）2+（罰］誓塁；＋碧認
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ー土晶[((1-4) 翌誓）（（1-4）誓¢l-4g翌—翌）］

a¢2 
az ＝ ゜

at 

at 

Z=O, 

Z=-h2, 

(A. le) 

(A. lf) 

free surface and interface displacements (1 and (2 are given by 

ら＝｝［一誓囁）口合（翌）2＋ 1 3¢1 3渦1面釘謁}] (A. 2a) 

zー・1
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ら＝土[(1-4) 符—翌＋土((1-4) 筈—符）（（1-4) ；；心認）

心 (1-4)｛園）2＋（覧）2｝-H（翌）2＋（翌）2}]z~O• (A. 2b) 

Here we have retained up to the quadratic terms, these alone being 
required in the present problem. 

B. 
by 

The coupling constants a and 0 in eqs. (16) 

✓五;f=KSJ[J(1-信）如ーび1)＋乱（ぶい）

and (18) are given 

＋晶｛（1-ぷ）（dげ a2王（1＋心吋）ーん ((1-J)(l＋年）

誓憂い））｝］／［4(1+(1-J)臼誓(a叶 a,)], 

占冗=-2(4三 [(1-4)V心—信）ー2(1-4)ザ

-2叩(1-~)(chK-½shK) (shK—羞chK)

-｛92 凡(V;—1)(¼-1)＋門 (V;-A) }(chK—券 shK)2],

where 

K=kh1, 9=0✓尻万， Vg=Cg/✓函， か＝h2/h19 01 =thK, 

(B.1) 

(B. 2) 

a,=th a K. 




