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LUSTERNIK-SCHNIRELMANN THEORY
TO TOPOLOGICAL COMPLEXITY
FROM A.-VIEW POINT

Norio IWASE

ABSTRACT. We are trying to look over the Lusternik-Schnirelmann theory
(L-S theory, for short) and the Topological Complexity (TC, for short) as a
natural extension of the L-S theory. In particular, we focus on the impact
of the ideas originated from E. Fadell and S. Husseini on both theories.
More precisely, we see how their ideas on a category weight and a relative
category drive the L-S theory and the TC.

1. Introduction

In this article, we work in the category of CW-complexes and maps between
them, but we often restrict ourselves into the full subcategory of pointed CW-
complexes. The pointed and unpointed theories are very close in the usual
homotopy theory, but we find that they are far apart, if we discuss the higher
associativity of an H-space fibrewise, or parametrized. Before starting the main
part, we discuss about the higher associativity of an H-space, which is closely
related to both (fibrewise) L-S theory and TC.
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2. Higher Associativity

In 1941, H. Hopf introduced, in [Hop41], a notion of an H-space, as a space
with a multiplication with a homotopy unit. The idea attracted many authors
such as A. Borel, I. James, J. F. Adams, H. Toda, W. Browder, J. Hubbuck,
M. Sugawara, A. Zabrodsky, R. Kane, J. Lin, M. Mimura and many others
including the author. But an H-space such as the unit sphere of Octanions S”
fails to satisfy (higher) homotopy associativity.

In 1957, M. Sugawara gave a criteria for a space to be an H-space or a
homotopy associative H-space in [Sughb7b, Sugh7a]. Refining extensively the
idea employed by M. Sugawara, J. D. Stasheff introduced a homotopy-theoretical
version of the Milnor filtration [Mil56a, Mil56b] as As-forms and A..-structures
in [Sta63] and a few years later in [Sta70] in a more sophisticated form, while
the definitions in [Sta63] and in [Sta70] are slightly different: In [Sta63], an A.o-
form requires a strict unit with higher coherency conditions, while in [Sta70] it
requires only a homotopy unit as an H-space. Because the induction step of the
proof in [Sta70] claiming the equality of the two definitions stops at the stage 3,
it puzzled us for a long time, and finally is resolved in [Iwal2], and so the two
definitions are not the same but equivalent, up to homotopy.

One goal of A, theory must be Theorem 3.5 which is due to J. D. Stasheff.

See Appendix for explanations on Milnor filtrations of the classifying space of
a topological group, definitions of A..-forms and A..-structures for both spaces
and maps, and Ganea’s fibre-cofibre constructions for connected spaces.

3. L-S theory

Let M be a differentiable closed manifold and f a smooth function on M.
Then, one basic question arises: how many critical points does f have? Let us
denote by Crit(f) the number of critical points of a smooth function f on M,
and by Crit(M) the minimum among all the number Crit(f) where f runs over
all smooth functions on M.

In 1934, L. Lusternik and L. Schnirelmann, who worked on variation theory,
gave a lower bound for Crit(M) as their ‘category’ number cat(M) > 1, in other
words, cat(M) < Crit(M) in [LS34]. However, among people working on L-
S theory, it became popular to define cat(X) one less than the original: the
Lusternik-Schnirelmann (L-S, for short) category of a connected pointed space
X, denoted by cat(X), is the smallest integer n >0 such that X is covered by
n+1 categorical open subsets, where a subset U C X is said to be categorical if
the inclusion map U < X is homotopic to the constant map at the base point.
If no such integer exists, we write cat(X) = oo.
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THEOREM 3.1 (L. LUSTERNIK AND L. SCHNIRELMANN). Let M be a man-
ifold. Then we have

cat(M) < Crit(M)—1 < dim M.

In 1939-41, R. H. Fox introduced, in [Fox39, Fox41], a series of new ideas
related to L-S theory. Firstly, for a manifold M, a ball category is denoted by
Ball(M) as the smallest integer n >0 such that M is covered by n+1 open balls
in M. Secondly, for a connected pointed space X, his version of strong category
or a geometric category is denoted by gCat(X), as the smallest integer n >0 such
that X is covered by n+1 contractible open subsets, which is later reformulated
by T. Ganea as his homotopy-invariant version of strong category. We remark
that Ball(M) as well as gCat(X) are not homotopy invariant (see [CLOTO03]).
Thirdly, for a connected pointed space X, a finite sequence {Aq,..., Ap} of
closed subsets of X a categorical sequence of length k, if {x} C Ag C Ay C--- C
A1 C Ax=X such that {4y, A1\ Ay,..., A~ Ar_1} are all categorical in X.
Then catlen(X) is the minimal length of all such sequences, which can also be
reformulated (see [Iwa09]) using Fadell-Husseini relative L-S category which will
be introduced later.

THEOREM 3.2 (R. H. Fox). Let M be a manifold, and X a space. Then we
have

(1) cat(M) < gCat(M) < Ball(M) < Crit(M)—1 < dim M, and

(2) cat(X) = catlen(X) < gCat(X) < dim X.

To determine L-S category, we need some computable lower bound. Let h
be a multiplicative cohomology theory. Classically, the cup-length of X w.r.t. h,
denoted by cup(X;h), is the supremum of k>0 such that there exists a non-zero
k-fold product in the reduced theory h* (X). When h is the ordinary cohomology
with coefficients in R a ring with unit, then we denote cup(X; R) = cup(X;h).
The following theorem is well known, while cup(X;h) is much less than dim X
in a number of examples.

THEOREM 3.3. cup(X;h) <cat(X) < gCat(X) < dim X.

In 1960, I. Berstein and P. J. Hilton [BH60] gave a criterion for cat(Cy) = 2
where Cy is the mapping cone of a map f : X — Y, in terms of their version of a
Hopf invariant Hy(f) € [EX, QXY *QXY] for a map f: XX — XY, where AxB
denotes the join of spaces A and B. In addition, its higher version H,,(f) is used
to disprove the Ganea conjecture on L-S category (see [Iwa98, Iwa02]). They also
introduced a new lower bound called weak category, denoted by wcat(X), which
is the supremum of k>0 such that the reduced iterated diagonal Zk X 5 AFX
is non-trivial. Similarly, we denote by cup(X) the supremum of k>0 such that

—k
the reduced iterated diagonal A" : X — AFX is stably non-trivial. For example,
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M. Mimura and the author showed in [IM04] that AT Sp(n) — A™*2Sp(n) is
non-trivial and cat(Sp(n)) >n+2 for n>3 by showing that At Sp(3) 4 58
512 A*Sp(3) is non-trivial, using Toda secondary composition [Tod62] which
is obtained independently by L. Fernandez-Sudrez, A. Gémez-Tato, J. Strom
and D. Tanré in [FSGTST04].

THEOREM 3.4. cup(X;h) < cup(X) < weat(X) < cat(X).

In 1962, I. Berstein and T. Ganea defined in [BG62] a L-S category of a
map. For a map f from a space K to a connected pointed space X, they defined
cat(f) as the smallest integer n >0 such that K is covered by n+1 open subsets
on which the restriction of f is homotopic to the constant map at the base point.
If no such integer exists, we write cat(f) = co. For an inclusion i : K — X, let
us denote cat(X; K) = cat ().

In 1963, J. D. Stasheff introduced a notion of an A,,-space using A,,-forms
and A,,-structures to amount the higher associativity for an H-space in [Sta63].
The existence of an A,,-structure implies the ‘standard’ A,,-structure which
enjoys the following three properties (see [Sta63]). The advantage to consider
Stashefl’s construction is that the cell structure of his ‘standard’ A,,-structure
is quite understandable.

(z)  PUG)={x},
(F”) G — E"(G) - P""Y(@) is a fibre sequence, m>n>1,
(C) E"(G) - P"!(G) — P"(G) is a cofibre sequence, m>n>1.

When m =00, they enjoys the following three properties (see [Sta63, Sta70], for
details).

(Z) PYG) = {+},
(F) E"(G) - P" }(G) — P>(G) is a fibre sequence up to homotopy, n>1,
(C) E™(G) - P" }G) — P™(G) is a cofibre sequence, n>1.

Using As-maps between A.-spaces (see §B), J. D. Stasheff showed in [Sta63,

Sta70] the following fundamental result saying that his P> gives the inverse
functor to €.

THEOREM 3.5 (J. D. STASHEFF). For a connected CW complex X, Q(X) is
an Ax-space and P® Q(X) ~ X. For an Ax-space G, which has the homotopy
type of a connected CW complex, Q(P>*G) is Ax-homotopy equivalent to G.

From now on, {(E™™!, P" p,i1,in,€n)}n>0 consisting of spaces E"*! and
P", and maps p,yq : E"TY — P" i, : P* — P"t!land e, : P* — X for all

n >0 is called a fibre-cofibre construction for a pointed space X, if it satisfies
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the following three conditions.

(z) P°={x},

€n—1

(F) E" Iry pr=1 205 X s a fibre sequence up to homotopy for n > 1,

(C) Em™ 2 pn-t L P™ s a cofibre sequence up to homotopy for n > 1.

In 1967, T. Ganea introduced in [Gan67] a strong category Cat (X ) as a homo-
topy invariant version of a Fox strong category or a geometric category gCat(X).
More precisely, Cat(X) is the minimum among all the number gCat(Y) > 0
where Y runs over all spaces with the same homotopy type of X. T. Ganea also
showed that Cat (X) is characterized as follows: for a connected pointed space X,
Cat(X) is 0 if X is contractible and, otherwise, is equal to the smallest integer m
such that there is a series of cofibre sequences {K; — F;_1 < F; | 1 <i<m} with
Fy = {*} and F,, ~ X. Such cofibre sequence is called a cone-decomposition of
X, and the smallest integer m is called the cone-length of X denoted here by
Cl(X), which is a similar idea to Fox’s categorical length (see Fox [Fox39, Fox41])
with category replaced by Ganea’s strong category.

THEOREM 3.6 (T. GANEA). Cat(X)—1 < cat(X) < Cat(X) = Cl(X) <
gCat(X).

We know that cat(X) < 1 if and only if X is a co-H-space, while Cat(X) <1
if and only if X is desuspendable, that is, X = X(Y") for some Y. Since there
are lots of co-H-spaces which are not desuspendable, cat and Cat are actually
different, in general. For instance, a series of counter examples to the Ganea
conjecture for a co-H-spaces in [Iwa0l] gives such examples. This reminds us a
result on discrete groups by S. Eilenberg and T. Ganea [EG57].

THEOREM 3.7 (S. EILENBERG AND T. GANEA). Let G be a discrete group.

Then we have cd G < gd G, where the equality holds except for the case when
(edG,cd Q) = (3,2).

Because there is a space X with Cat(X) = cat(X)+1, there could be a group
G with gd G = cdG+1 = 3. But at this moment, the author doesn’t have any
idea on it.

In 1967, T. Ganea gave a fibre-cofibre construction {(E,,Gn, Pn,in—1,€n)}
for a space X as [Gan67, Proposition 2.2], which is often called ‘Ganea construc-

tion’.

PROPOSITION 3.1 (T. GANEA). cat(X) < m if and only if p, has a right
homotopy inverse.
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To examine the existence of the right homotopy inverse of p,, in the above
proposition seriously, it might be useful to give the cell structure of the Ganea

construction.

In 1966-1976, an interesting result was obtained independently by A. S. Svarc
[S66] and by I. Berstein [Ber76] as Theorem 3.8 below in the case when n > 3.
The result was based on the study of I. Berstein [Ber58] in 1958 introducing
the idea of cup-length of the cohomology theory with local coefficients. In 2009,
A. Dranishnikov and Y. Rudyak [DR09] gave a new proof of the result to include
the case when n=2.

For a cell complex X, we denote the universal covering space of X by p : X =
X and Xy = p~ () = m = m(X). Then the group ring Zm acts on C,.(X, X,),
and so we have a cochain group C*(X,*; M) = Homg.(C,(X, Xo), M) of Znr-
homomorphisms for Zr-module M. Let I(w) be the kernel of the augmenta-
tion € : Zr — Z. Then we have the ‘fundamental class’ b € H'(X,*;I(7)) =
Hom(H, (X, Xo), I(r)) = Hom(I(x), I(r)) corresponding to the identity homo-
morphism. The element b = j*b € H' (X, I(r)) is often called the Berstein-Svarc
class, where j : X < (X %) is the canonical inclusion.

THEOREM 3.8 (I. BERSTEIN, A. S. SVARC, A. DRANISHNIKOV-Y. RUDYAK).
For a space satisfying cat(X) =dim X =n > 2, b™ £ 0 in H"(X, I(7)™), where
I(m"=I(r)®- - I(n).

While the definition of L-S category is fairly simple, it is not quite easy to
determine the number of a given space. As for an upper bound, strong category
or cone-length gives a candidate for cat(X). As for a lower bound, the cup-length
gives a candidate for cat(X). If the two candidates are fortunately the same, we
can conclude that is the one we want. But in general, the two candidates are far
apart from each other.

In 1975-76, W. Singhof [Sin75, Sin76] determined the L-S category of a series
of Lie groups by using cup-length arguments together with an open ball covering
as cat(U(n)) = n and cat(SU(n)) = n—1. But unfortunately, this method can
not be applied to other types of compact connected Lie groups, because we do
not have general machinery for obtaining an open ball covering whose cardinality
is one more than the cup-length.

In 1992, E. Fadell and S. Husseini [FH92] introduced a new lower bound for
cat(X) called ‘category weight’ defined for an element in the reduced cohomol-
ogy theory of X depending on the topological structure of X and the subspace
category in X. That means the invariant is topological but not homotopical.
Let h be a cohomology theory.
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DEFNINITION 3.9 (E. FADELL AND S. HUSSEINI).
cwgt(u) = Min{m >0 |VA <, X ula =0if cat(X;4) <m}, wueh*(X),
close

where cat(X; A) = catBE (X, A) denotes the L-S category of A in X, which is
the same as cat (i) the L-S category of the inclusion map i : A — X.

The homotopy invariant version of ‘category weight’ is introduced indepen-
dently by J. Strom and Y. Rudyak, and is applied to determine L-S category
of various spaces (see Y. Rudyak and J. Oprea [RO99], for example) and to
solve Arnold conjecture (see Y. Rudyak [Rud99] and/or K. Fukaya and K. Ono
[FO99)).

DEFNINITION 3.10 (Y. RUDYAK [Rud98] AND J. STROM [Str97]).

(1) wgt(u;h) = Min{m >0 f*(u)=0 if~cat(f)<m}, u € iL*(X),
(2) wgt(X;h) = Max{wgt(u;h) | 0£ueh*(X)}.

Let us denote by wgt(X) the maximum of wgt(X;h) where h runs over all
cohomology theories. Then we have the following.

THEOREM 3.11. wgt(X;h) < wgt(X) < cat(X).

In 1994, E. Fadell and S. Husseini [FH94] introduced a relative version of
L-S category for a pair. The relative L-S category of a pair (K, L), denoted by
cat(K, L) = cat™ (K, L), is the smallest integer n >0 such that K is covered by
n—+1 open subsets Uy, ...,U, and V, where U;s are categorical in K and V is
compressible relative to L into L. If no such integer exists, we write cat (K, L) =
0o. When X D K D LD A, it might be useful to define cat(X ; K,L: A) as the
smallest integer n >0 such that K is covered by n+1 open subsets Uy, ..., U, and
V', where U; s are compressible in X relative to A into A and V is compressible
in X relative to A into L (compare with [Iwa09]). This idea characterizes the
Fox categorical sequence to obtain an upper bound for cat(X) using a cone-
decomposition enhanced with higher Hopf invariants.

In 1994, O. Cornea showed in [Cor94] that cat (P Q(X)) = Min{m, cat(X)}.

In 1998, L-S category is described in terms of an A.-structure of the loop
space of a well-pointed space or a space with non-degenerate base point, using
the Whitehead definition of L-S category, which is performed in [Iwa98]. The

Whitehead definition says cat(X) < m if and only if the m+1-fold diagonal
m—+1 m—+1 k+1
A™tl . X — II X is compressible into the fat wedge T X, where T X,

1<k <m is defined by induction on k as follows:

1 1 k+1 k+1 k k k
(IIX, TX) = (X,%) and (I X, T X)=(ILX x X, TX x X UILX x ).
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m—+1 m+1 Am+1 m+1
The homotopy pull-back of T X «—— II X and X —— II X has the
homotopy type of the projective m-space P™Q(X) of Q(X) and the homo-

m—+1 m+1 m—+1
topy pull-back of T X «—— II X and * — II X has the homotopy type of
E™T1Q(X) the m+1-fold join of Q(X), by using the cube lemma (see [Mat76]).

Here, let us emphasize the difference between two notions — a homotopy
equivalence and an A..-equivalence, because these notions are crucial ideas to
understand the A,.-method on (fibrewise) L-S theory: homotopy equivalent A .-
spaces do not always have the same A -structure. For instance, U(n) and
SU(n)xS* are homeomorphic Lie groups with homotopically different classifying
spaces. In other words, for a space X = BSU(n)x CP* and a Lie group U(n) of
the same homotopy type as the monoid SU(n)x S? = QX there does not exist
a homotopy equivalence from BU(n) to X. So, [CLOTO03, Exercise 2.16] would
be better to be replaced with something similar to the following.

EXERCISE 3.12. For pointed spaces X and Y, let {(E"T, P™, ppi1,in, €n) tn>0
and {(F™", Qny Gni1,dn, fn)}n>0 be their fibre-cofibre constructions, respec-
tively. Then a homotopy equivalence ¢ : X — Y induces homotopy equivalences
d, : E" = F" and ®, : P" — Q", n>0 satisfying Ppoppr1 = qn+1o<i>n+1,
D100y = jnoPpi1 and fr0®, = e, for n>0.

As is claimed in [CLOTO03] for [CLOT03, Exercise 2.16], it is not very hard
to give a proof to the above exercise, and so we leave it to the reader.

Using Exercise 3.12, the standard A..-structure in [Sta63] for an A..-space as
well as the Milnor filtration of the classifying space for a topological group gives
the fiber-cofibre construction. Or, maybe we could say that a Ganea space in
[Gan67] of a space X is nothing but a projective space of Q(X) by the definition
of an A-structure in [Sta63].

THEOREM 3.13. cat(X) < m if and only if the natural map e;x : P™ Q(X) —
X has a right homotopy inverse o in the category of pointed spaces.

In 2007, a stronger version of category weight was introduced to deter-
mine the L-S category of Spin(9) (see [IK07, Iwa07]). Let A, be the modulo
p Steenrod algebra. Then, since the map e,Xn and ¢ in Theorem 3.13 gives an
A,-homomorphism between A,-modules, the image of (eX)* : H*(X;F,) —
H*(P™Q(X);F)p) is a direct summand of H*(P™ Q(X);F,) as an A,-module.
Thus cat(X) < m implies that the image of (eX)* is a direct summand of
H*(P"Q(X);F,) as an A,-module. Let I' be a subset of h*h the algebra of
cohomology operations on h. A direct summand of an h*h-module is called
I'-direct summand, if it is closed under the action of I' C h*h.
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DEFNINITION 3.14. For a space X and a subset I' C h*h, we define
Mwgt (X;T) = Min{m >0 | Im(e;X )* is a T-direct summand}.

For example, it is shown in [TK07] that cat(Spin(9)) = Mwgt (Spin(9); {Sq*})
= 8, while Mwgt (Spin(9); Fo) = wgt (Spin(9); F2) = 6. Let us denote by Mwegt (X)
the maximum of Mwgt (X; h*h) where h runs over all cohomology theories. Then
we have the following theorem.

THEOREM 3.15. cup(X) < wgt(X) < Mwgt(X) < cat(X).

It seems that we need a different idea to solve the following long-standing
conjecture.

CONJECTURE 3.16. cat(SO(n)) = cup(SO(n)) for all n>1.

The conjecture is verified up to n=10, at this moment (see [IKM16]).

4. Sectional Category and Topological Complexity

We all know that the L-S category is representing a kind of complexity of a
given space. From the view point of Robot Motion Planning, we may think it is
actually the same as the complexity for a Robot Motion Planning with a fixed
Robot station.

Let us first recall the definition of a genus (see A. S. Svarc [S61, S62]) or a
sectional category (see I. M. James [Jam78]): In 1959-62, A. S. Svarc introduced
a homotopy invariant for a fibration @ : P — W. Following I. M. James [Jam78],
we denote by Genus(w) the smallest integer n > 1 such that W is covered by
n sectional open subsets; that is, open subsets over which there is a section of
w. For a map f:Y — W, the sectional category of f is defined as Genus(f) =
Genus(f*w) the sectional category of f*w : f*P — Y the fibration induced
from w: P — W by f.

For two fibrewise spaces p: EF — X and ¢ : FF — X over a space X, we can

topologise E xg F' = |J (E, * F,) as a subspace of E x F (see I. M. James
reX
[Jam78]) with a natural projection E xp F — X. Then by taking an iterated

fibrewise join construction, we obtain J™(p) : J™(E) = FE xp -+ xg E - X
(m-fold fibrewise join)

THEOREM 4.1 (A. S. SVARC). Genus(w) < m if and only if the m-fold
fibrewise join J™(w) : J™(P) = W of w : P — W admits a section.

In 2003, M. Farber [Far03] introduced an idea of Topological Complexity for
Robot Motion Planning (without a Robot Station). Let P(X) be the space of
all paths on X and 7 : P(X) — X x X the projection designating initial and
terminal points, which is often called a Serre path fibration. Then the original
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Topological Complexity (TC, for short) of a connected space X, denoted by
TC(X), is defined to be Genus(m).

Just as in L-S category, people working on TC (including M. Farber) have
come to define TC as one less than the original definition as the minimum num-
ber of open sets with sections. To avoid confusion, we denote genus(w) =
Genus(w)—1 and tc(X) = TC(X) — 1 for the new definition. The following
result by M. Farber gave a strong impact not only to algebraic topologists but
also to differential topologists.

THEOREM 4.2 (M. FARBER [Far03]). For all n>1, we have

1 =1
tc = Imm G by =4 " ’?’7
RP") =1 RP") — 6,0
0, otherwise,

where Imm (M) is the FEuclidean immersion dimension of a closed manifold M.

This motivated many people to study TC more seriously. Also the theoret-
ical similarity with L-S theory drew attention of people working on L-S theory
including the author.

In 2008, M. Farber and M. Grant [FGO08] introduced a TC version of ‘category
weight’ called TC-weight, and show its strength determining TC.

DEFNINITION 4.3 (M. FARBER AND M. GRANT). Let h be a cohomology
theory and Z* = ker{A* : h*(X x X) — h*(X)} the zero-divisors ideal.

(1) wegt,(u;h) = Min{m>0| f*(u)=0 if genus(f)<m}, weZr,

(2) wegt, (X;h) = Max{wgt_(u;h) | 0£ue Z5}.

The original motivation of Robot Motion Planning leads us to consider vari-
ous kinds of configuration spaces where robots are moving around. We can also
consider a robot of a special shape which forces us to consider some advanced fea-
tured TCs including sequential or higher versions of TC. More recently, leading
researchers of TC are shifting to a more applied-side, introducing a parametrized
TC (which takes account of obstacles that robots must avoid) and etc.

As for the original TC, there looks still a lot of things to learn from E. Fadell
and S. Husseini. In particular, we want to know about a relative TC and TC
module weight.

5. Fibrewise L-S theory

In 2010, M. Sakai and the author learned a fibrewise L-S theory from I. M. James
and J. R. Morris [JM91] and M. C. Crabb and I. M. James [CJ98], and found
that a fibrewise L-S theory and TC are almost the same. The difference lies
in the motion of a base point: James’s fibrewise L-S category cat? corresponds
to a ‘pointed’ version of TC which we named ‘monoidal’ TC denoted by tcM,
requiring that a robot does not move in the case when the initial and terminal
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states are the same. The original TC corresponds to an ‘unpointed’ version of
a fibrewise L-S category which we named as fibrewise unpointed L-S category
[IS10, IS12]. In other words, the original TC does allow a robot to move around,
even if the given initial and terminal states of the robot are the same.

As is seen in the original paper by E. Fadell and S. Husseini [FH92|, there
is a strong connection between the category weight and the bar resolution of a
group. In fact, [Iwa02, Iwa07] showed the connection can be applied to every
topological space. Going into fibrewise, we see the same idea can be applied to
every fibrewise pointed space.

A fibrewise space is a surjection p : E — X and is denoted by E = (E, p, X),
where E, X, p are called the total space, the base space, and the projec-
tion, respectively. Also a fibrewise pointed space is a pair of a fibrewise space
E = (E,p,X) and a cross-section s of p, which is often denoted by (F,s) =
(E,p,X,s). For a given fibrewise pointed space (F,s), its fibrewise loop space
Q5 (E, s) can be constructed naturally in [JM91], which has a natural fibrewise
Aso-form by [Sakl0]. A section s : X — FE for E = (E,p, X) is said to be
a non-degenerate fibrewise base point, if it is a closed cofibration. A fibrewise
space with a non-degenerate fibrewise base point is called a fibrewise well-pointed
space.

For example, the product space E = XXY is a fibrewise space F = (E, pry, X)
over X. Further, for any given map f : X — Y, we obtain a cross-section
sf: X = Etopr; by sy = (idxf)oA : X — XXY. On the one hand, if Y has a
non-degenerate base point *, then s, is a non-degenerate fibrewise base point for
E where * : X — {*} C Y denotes the trivial map. In this case, the associated
fibrewise loop space of E is nothing but the product space X xQ(Y). On the
other hand, if (Y, X) is a CW-pair with closed cofibration ¢ : X < Y, then
(XxY,AX) is an NDR-pair and s; = (idxi)o A : X — X XY is a non-degenerate
fibrewise base point for F. In this case, the associated fibrewise loop space of E
is nothing but the restriction to X of the free loop space L(Y') over Y.

The Whitehead definition of an L-S category for a well-pointed space can
be extended to that for a fibrewise well-pointed space. The fibrewise fat wedge

m—+1
TgE of a fibrewise pointed space F = (F,s) over X is given by induction on
1 1
k>1by (IIgE,TgE) = (F,s(X)) and
k+1 k1 k k k
( HBE, TBE) = (HBE XB E,TBE xg EUIIgE xp S(X))
Then the Whitehead definition of a fibrewise pointed L-S category cat5(E, s)
for a fibrewise well-pointed space F = (E, s) is given as follows:

m—+1
DEFNINITION 5.1. catB(E,s) < m if the diagonal map A™*! : E — IIgE

is compressible into the fibrewise fat wedge by a fibrewise pointed homotopy.
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The fibrewise Ao-structure associated to the fibrewise loop space is fibre-
wise homotopy equivalent to the fibrewise version of the Ganea construction
[Gan67] as in [Sak10], using the fibrewise version of fibre-cofibre lemma [Mat76,
Iwa98]. More precisely, for a fibrewise well-pointed space E = (FE, s), the associ-
ated fibrewise projective m-space P™ Q5 (E) together with a fibrewise fibration
ERTLQB(E) — PR QE(E) i E and a fibrewise cofibration ™ QB(E) —
PR QE(E) — P QE(E) is nothing but the m-th fibrewise Ganea construc-
tion, up to homotopy, and we obtain the following.

THEOREM 5.2. catB(E,s) < m if and only if e : P2 Q5(E) — E = (E, )
has a right homotopy inverse in the category of fibrewise pointed spaces and maps.

We can define a fibrewise version of category and module weights as well,
while they are more difficult to calculate than the usual category and module
weights. For a space X, we denote by X x X = (X x X, pr;, X) the fibrewise
space over X as in [IS10, IS12]. If the space X is good enough, we see that
sia =A: X < XxX is a closed cofibration, and hence (X x X, A) is a fibrewise
well-pointed space over X.

THEOREM 5.3 (M. SAKAT AND I). tcM(X) = catB (X x X, A).
The following result is recently announced in [AGG21].

THEOREM 5.4 (J. AGUILAR-GUZMAN AND J. GONZALEZ). tcM(X) = te(X)
if X is ANR.

6. Fibrewise unpointed L-S theory

Let us see TC from the fibrewise view point. If there is a section of 7 :
P(X) - X xX on a subset FF C X xX, which gives a motion from the first
point to the second point. By reversing the orientation, we may think that a
section gives a motion from the second point to the first point. Thus by taking
adjoint, we obtain a compression of F' into the diagonal AX C X x X. Now we
assume that the inclusion F' — X x X is a closed cofibration, and we obtain a
deformation h : X x X xI — X x X of the identity whose restriction to F' x I
coincides with the above compression of F' into AX C X x X. In particular, h
gives a motion of an element (x,z) € AX to somewhere in AX.

Let E = (E, s) be a fibrewise pointed space over X. If F is covered by m-+1
closed cofibrations each of which is equipped with a fibrewise compression into
s(X), then we obtain a fibrewise compression H : E xI — mlj[rjl_r;E of the fibre-

m—+1
wise diagonal A™T! into the fibrewise fat wedge TgE, where H is a fibrewise

unpointed homotopy.
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DEFNINITION 6.1. catg(E,s) < m if the fibrewise diagonal map A™*! :

m+41
E = (E,s) — IIpE is fibrewise compressible into the fibrewise fat wedge by a
fibrewise unpointed homotopy.

Then, M. Sakai and the author obtained the following in [IS10, IS12].

THEOREM 6.2 (M. SAKAI AND L.). catp(E,s) < m if and only if eZ :
PR QOB(E) — E = (E, s) has a right homotopy inverse in the category of fibrewise

unpointed spaces and maps.

For a space X, we denote by XxX = (XxX, pry, X) the fibrewise space over
X, and (X x X, A) is a fibrewise pointed space. Then we obtain the following.

THEOREM 6.3 (M. SAKAI AND L.). tc(X) = catp(X x X, A).

It might be possible for us to extend Theorem 6.3 to an equality of the r-
th higher TC of a space X and the fibrewise L-S category of a fibrewise space
(X7, pry, X) with the r-fold diagonal A, : X — X" as its fibrewise base point.

Similarly to Theorem 5.2, we obtain the following.

THEOREM 6.4. tc(X) < m if the natural map eXX @ PROB(X x X) —
X xX = (X xX,A) has a right homotopy inverse in the category of fibrewise
unpointed spaces and maps.

If we look at the fibrewise resolution of £ (BG@) for the fibrewise L-S category,
the cell-structure could be less complicated for a group G than the fibrewise join
for the sectional category. For instance, for a Klein bottle K, D. C. Cohen and
L. Vandembroucq in [CV17] obtained tc(K) = 4 using a hard calculation of the
obstruction produced from a fibrewise join (see A. Costa and M. Farber [CF10]),
while in [IST19], M. Sakai, M. Tsutaya and the author deduce the same result
using a relatively shorter calculation. But the author has come to believe now
that the fibrewise join of a projection is homotopy equivalent to the fibrewise
projective space in some sense, and the fibrewise L-S theory and obstruction
theory due to A. Costa and M. Farber based on a theorem of A. S. Svarc are
essentially the same: the difference is that the fibrewise L-S theory is more
geometric and the obstruction theory is more group-theoretic.

PROBLEM 6.5. Determine tc(M) for a topological spherical space form M.

The answer to the above problem might suggest the way to determine the
exact value of tc(RP™) = Imm(RP") for higher n > 1.

Appendix A. Filtrations of a classifying space
Let A™ be the standard n-simplex.
A" :{(to,...7tn) |t0+"-+tn:1}.
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We can easily see that the above A™ is naturally homeomorphic to
A" = {(ug, ..., up) |0 < ug < --- < upy =1}

A.1. Milnor construction. We will explain briefly the construction in-
troduced by J. Milnor [Mil56b]. For a family of spaces X = {Xy,...,X,}, we
denote

EvX)=AF x Xgx - x X,/ ~

where the equivalence relation ~ is generated by

(to,...,ti,1,07ti+1...,tn;xo,...71'7;,1,"Ei,$i+1,...,xn)
~ oy tio1, 0y tig1 ooy b T1y e 1, T, Tig 1, -, Tn),  0<i <.
k
The class of (g, ..., tk; o, ..., x) is denoted by > t;-x;, in which 0-z; is often
i=0

ignored. So, we may assume that E;(X) C Ep(X') if X is a sub-family of X'
When X is given by X; = X, 0 < ¢ < n, for a fixed space X, we denote

EP(X) = Ep(X), in this section. If further X has a homotopy type of a CW

complex, then EA‘}O(X) = UEA’]Cﬁl(X) is contractible (see J. Milnor [Mil59]).

For a topological group G, E](}[(G) and Ej’w" (G) are free G spaces by the
diagonal G action. Thus we obtain a fibration G < E(G) — P2~1(G) over
PYHG) = E(G)/G which is a subspace of P5?(G) = E33(G)/G. The fibra-
tion is induced from the universal fibration E59(G) — Pg9(G), and we obtain
the following fibre sequences.

(F) ER(G) - PRHG) = PR(G), n>1.

Moreover by definition, we have the following unreduced cofibre sequences.
(2) Py (@) = {+},

(©) Efi(G) » Py H(G) = P(G), n>1.

EXAMPLE A.1. For S°=0(1), S'=U(1) and S®=Sp(1), the following holds.

(1) Pj(S°) ~ RP™ the real projective n-space.

(2) P/1(S') ~ CP™ the complex projective n-space.

(3) Py1(S3) ~ HP" the quaternionic projective n-space.

A.2. Geometric Bar construction. Let G be a topological group with
unit e as the non-degenerate base point. For a right G-space X and a left G-space

Y, we have the bar construction £ (G) and P;}(G) which are reduced versions
of Milnor’s construction £ (G) and Py(G) (see R. J. Milgram [Mil67]):

ERG) = T A x(@GxGY/~, PG = [ A x(xx GY/~

0<k<n 0<k<n

(tos -5 tic1,0,tip1 otk 91 -5 Gis oo+ O)
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(to- - th1:291, 92 - -, Gk), i=0,
~ (ot tigt -t T 1, GiGig s - - GRdY),  0<i<k,
(t07'"7tk*1;x7gl>"'agk71)7 Z:k7

(to, e ,ti_l,ti,t“_l, e ,tk;m,gl, e ,gi_l,e,gH_l, e ,gk) (ISZSk)
~! (tO, e ati—l—i—tiati-l-l cee 7tka TyG1y---y9i—1,9i+15- - - 7gk)
where xg is the group multiplication if X = G, and xg = % if X = x.
Then we have the following relative homeomorphisms.
(A" x GXG™, 0A™ x G x G" U A" x G x GI"ly - (EIY(@G), ER (@),
(A" x G™,0A™ x G"U A" x GI")y — (P(@), P (@),
where GI" = {(g1,...,9,) | 3i gi=e}. The free action of G on EJ,(G) is given
by
h.(t7t17"‘7tk;g7gl7"'7gk7*) = (tutlw"7tk;hgvglv"'ugk7*)'
If further G has a homotopy type of a CW complex, then Ef¥ (G) = |J EA’}[H(G) is

contractible (see J. Milnor [Mil59]). Thus we obtain a fibration G — E}(G) —
P (@) over P H(G) C Pg2(G), which is induced from the universal fibration
E(G) — P2 (G), so that we obtain the following fibre sequences.

(F) Ef(G)—» Py HG) = P(G), n>1.
Moreover by definition, we have the following cofibre sequences.
(2) Py (G) = {+},

(©) E{y(G) » PjH(G) = PJ(G), n> L.

Remark A.2. PP(G) and PP (G) have the same homotopy type. Moreover,
for all n>1, Py%(G) and P;(G) have the same homotopy type as well.

Appendix B. A -forms and A, -structures

B.1. A, -form and A..-structure for a space. First, we denote the as-
sociahedron by K(n), n > 2, which is given by

K(n):{(tl,,tn) GRi |VzO§t1++tz <i1—1, t1+~-—|—tn:n—1},

where R} = [0, 00), which is slightly modified from the original construction by
J. D. Stasheff [Sta63]. Clearly, the above K(n) can naturally be identified with

K'(n) ={(u1,...,un) €ER" | 0=u; <ug <+ <wup_1 <up=n—1, Vi u; <i—1}.
Let A(n) ={(k,r,s) | 1<k<r, 2<s=n+1—-r<n—1}. Then we have maps
Ot K(r) x K(s) - 0K(n) C K(n), (k,rs)e A(n) and
sj: K(n) —» K(n—1), 1<j<n,
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which are defined as follows (see Stasheff [Sta63] or [Iwal2]).
Bk((tl,. .. ,tr), (Ul, e ,us)) = (tl,. . ,tk,l,ul,. . ,u5+tk,. .. ,tr), ].Skg?“,

)= (thy . 1), E(tr, - tn)=(0,th,...,1.), j=1,
o (try oty tty, b)) E(t e t) = (.. th), 1<j<n,

where £ : R 3 (t1,...,t,) — (t],...,1,) € R} is given by

Sj(tl,...

max{0,t;—1}, k=1,
r_
ty = . j k—1,,
min q g, max {Zi:l(ti_l)} — > (t=1) s, 1<k<n.
1<j<k
By definition, they satisfy the following formula for (k,r,s) € A(n) and 1<j<n.
ak—lo(sj(p) X 0)7 ]<ka T>27
o, i=1, k=2 r=2,
Oko(p X s;— o)), k<j<k+s, r<n-—1,
Sjoak(p, 0') _ k (p J k+1( )) j
P, k<j<k+1, r=n—1,
Ok-10(8j-s+1(p) X 0), k+s<j<n, r>2,
o, j=n, k=1, r=2.

An A.-form on a space G is a sequence of maps
ap  K(n) xG"— G
satisfying boundary and unital conditions for (k,r,s)€ A(n) and 1<j<n:
(1) n(Ok(ps0); g1, 90) = r(p3 91, -, s (05 G-+ s Ghts—1)s - -, Gn)-

(2) an(T;gl, e agjflae;gj%»la e 7gn)
- anfl(sj(T);glw .. 7gj717gj+17' .. ug'n)

A space with A,-form is called an A,-space. For an A -space G, we have
E"Y(@G) and P"(G) the standard A.-structure of G, which are inductively
defined by the following relative homeomorphisms

G x (K (n+2)x G™, 0K (n+2) x G"UK (n+2) x GI") o (E"T1(@), E"(G)) and

£ (K(n+2) x G", 0K (n+2) x G UK (n+2) x GI") 2% (P"(G), P"~1(G))
which is defined on X x (OK (n+2)x G"UK (n+2) x G["), X =G or *, as follows
(see Stasheff [Sta63], [IM89] or [Iwal2]): for x = (x;0k(p,0); g2, -, gnt+1) €
X xOK(n+2)xG", (k,r,s)€ A(n),
Gr (032,92, -, )5 P3 Gst 15 - -, Gn1) k=1,
¢n(X): ¢r(x§P§gla--~7as(U§gk>---79k+571>7~-~79n+1)7 1<k<’l°, and
d)T(x;p;glv"',gT*l)a k=r,
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for y = ($;T;92, - 95-1,6, 95415 - - - agn+1) € X x K(Tl+2) X G[n]’ 1<j<n+2a

on(y) = dn—1(2;5;(7); 92, - - -1 9j—1:Gj+1, - - -+ Gnt1),
where o, = a; if X = G, and o, (0;%,g2,...,95) = * if X = .
Then the canonical projection GXK (n+2)xG™ — {*}xK (n+2)xG™ induces

a projection p&¢ : E"t1(G) — P"(G). We also have a contractible subspace
D"(G) of E"*1(G) obtained by the relative homeomorphism

(K (n42) x G", 0K (n+2) x G"UK (n+2) x GI") 2 (D"(@), B*(@))
which is defined on K (n+2)x G"UK (n+2) x GI"] as follows (see J. D. Stasheff
[Sta63], [IM89] or [Iwal2]): for x = (Ok(p,0); 92, -, 9n+1) € OK(n+2) x G",
(k,r,s)€ A(n),

¢7‘(O[S(O.; €,92,. .- ags); Pigs+1s--- agn"rl)v k= 17
11[}7?()(): ¢T(e;p;927'"aas<a;gk¢a"'7gk+sfl)a"'agn+l)a 1<k/’<7", and

or(€5p3 9255 Gr-1), k=r,
fory = (7592, 9j—1,€, 9541, - -, gn+1) € K(n+2) x GI" 1< j<n+2,

Vn(y) = Gn-1(e585(7); 92, -+ Gj—1,Gj41, - -+, Gnt1)-
We obtain the following cofibre sequences, since D™ (G) is contractible:
(2) PO(G) = {+},
(©) E"(G) —» P"Y(G) = P"(G), n>1

Since the fibration p$ : E"(G) — P"~!(G) is a pull-back of the universal fi-
bration E°(G) — P>(G) with E*(G) ~ x, we also obtain the following fibre
sequences:

(F) E™(G) - P"Y(G) < P>(G), n>1,
where the fibre of p$ : E"(G) - P""1(G) is G.

Remark B.1. The projective n-space P"(G) of an A-space G is denoted in
[Sta63] by GP™ and is called the G-projective n-space. For example, RP™ ~
SOpn = Pn(S%) and CP" ~ S1P" = P"(S1), and etc.

B.2. A, -form and A.-structure for a map. Second, we denote the
multiplihedron by J(n), n > 1, which is given by

J(’ﬂ) = {(tl, ‘e ,tn) € Ri ‘ Vi O§t1+ s —&—tigi—l—i—a, tl-l- s —l—tn:n—l—i—a},
where a=1/5. Clearly, the above J(n) can naturally be identified with

J'(n)={(u1,...,up) €ER" | 0<u; <+ <up=n—1+a, Vi 0<u; <i—1+a}.
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Let A'(n) = {(k,r,s) | 1<k<r, 2<s=n+1-r<n}, B(n) = {(t;r1,...,7¢) | 2
<t<n, Vi 1<r;<n, r1+---+r;=n}. Then we have maps
0k : J(r) x K(s) = 8J(n) C J(n), (k,r,s) € A'(n),
0:K(t) x J(r1) x -+ x J(ry) = dJ(n) C J(n), (t;r1,...,7) € B(n) and
dj : J(n) = J(n—1), 1<j<n,

which are defined as follows (see [IM89] or [Iwal2]).

5/{:(’01’---71}7“;”17”-’“3) = (Uh...,’Uk_l,U,h...,US+U]€,..-,U7-), ISkST,
(D 1 (®) t
(1, ..., u;0q 7"'7’07(“1)7"'71}1 ,...71)7(,3)

= (vgl), RIS oM +(1—a)uy, . .. ,v§t), ol v 4 (1—a)uy),

> Yy —19 Yrq ? Pre—10 Uy
d(t b = (thy.ooyth)y E(tr, .. tn)=(0,th, ... t0), ji=1,
ity s tn) = )
(t17...,tj_1+t97...,tln)7 g(tj,...,tn):(t},...,t%), 1<]§TL

By definition, they satisfy the following formulas for (k,r, s) € A’ (n), (t;71,...,7¢)
€B(n)and 1<j<n.

k10 (d;(p) x o), i<k,
°© j <7 _
djo(sk(p,g) = 6k (,OX 33—k+1(0')), k_j<k+$, r<n 1,
P k<j<k+1, r=n—1,

Op—10(dj—ss1(p) X 0), k+s<j<n,

6(T;p17"'7dj—f'k71(pk)7'"apt)a fk—l <j§fk7 rk>1,
6 ; S 1, cee R =1 s :].7 t>2
djo8(73p1s ..y o) = 4 OB P15 Pty it ) J =Tk T ;
02, j=1 r=1, t=2,
P1, j:n7 7"2:1, t:2a

where 7o =0 and 7 =71 + -+ + 1, 1<kt
An A.-form on a map f: G — H of A,.-spaces is a sequence of maps
Bn:J(n) xG" — H
which satisfies the boundary and the unital conditions for (k,r,s) € A’(n),
(t;r1,...,7¢) € B(n) and 1<j<n as follows (see [IM89] or [Iwal2]):
(1) Bu(0k(ps0)i g1, s9n) = Br(p3 915, QS (05 Gk -+ s Ghs—1)s -+ 5 Gn)-
(2) Bu(d(T3p15---. pt); 915 Gn)
= o (138, (1391, 1) -+ Bro (P63 Gt 1, -+ Gn))-
(3) Bn(T5915-++59j-1,€,Gj415- -, Gn)
= Bn-1(dj(T); 9151 9j—1,9j415-- -, Gn), 1<j<nm,

where {a%} and {af'} denote the A, -structures on G and H, respectively.
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A map with an A.-form is called an A,.-map. For an A..-map f, the
associated As-structure (E™(f), P"~1(f)) is a pair of maps given to fit in with
the following natural commutative diagram for n>1 (see [IM89] or [Iwal2]).

\ ) s \ )
) D"(G) L D ()
Py Pn
n—1 qs n—1 qf
. (G)\) JP"W) g (H)\)
P"(G) T P™(H).

Appendix C. Ganea’s fibre-cofibre construction

T. Ganea introduced his (fibre-cofibre) construction to show the character-
ization of the L-S category [Gan67, Proposition 2.2]. Ganea began with (Z)
below and inductively constructed a series of cofibrations (C) and fibrations (F)

concretely.

(2) Eo(X) = {+} > X,

(F) F,(X) is the mapping fibre of p,, : E,(X) = X,

(C) E,+1(X) is the mapping cone of iy, : F,(X) — E,(X).

Here, py41 is the extension of p,, : F,,(X) — X by annihilating whole C'(F,, (X)),
which is well-defined since p,(F,(X)) = {*}. This construction is, however,
depending on the choice of p,,41, since we know there are many choices for p, 41
extending p,. In any case, Exercise 3.12 tells us that such choices does not affect
the homotopy type of fibre-cofibre constructions. But this is not so obvious as
we have seen in the fact that [CLOT03, Exercise 2.16] can not be verified as is.
So, it would be possible to say that the space F, (X), which is often referred
as G, (X) the Ganea space, is homotopy equivalent to € (X)-projective n-space
P"Q(X), which is obtained by using Exercise 3.12 and Theorem 3.5.
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