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Abstract 

Tearing mode instability in the presence of microscopic turbulence is investigates. The effects of mi­
croscopic turbulence on tearing mode are taken as drags which are calculated by one-point renormalization 
method and mean-field approximation. These effects are reduced to effective diffusivities in reduced MHD 
equations. Using these equations, the stability analyses of the tearing mode are performed. It is shown 
that a finite amplitude of fluctuation enhances the growth rate of tearing mode. For very high values of 
turbulent diffusivities, marginally stable state exists. The effects of each turbulent diffusivity on mode 
stability are examined near marginal stability boundary. Parameter dependence of the resistive ballooning 
mode turbulence on tearing mode is analyzed as an example. 

Key words : tearing mode instability, microscopic turbulence, anomalous resistivity, turbulent dif­
fusitity, resistive ballooning mode turbulence 

1. Introduction 

Various types of collapse phenomena are observed 

l) in high temperature plasmas, which sometimes bring 

a serious limitation on the tokamak performance. For 

the achievement of high performance in fusion plasmas, 

it is necessary to understand the physical mechanism of 

collapse phenomena. At the same time, collapse phe­

nomena are challenging issues of the physics for under­

standing the dynamics of nonequilibrium system. The 

characteristic features of the collapse phenomena in high 

temperature plasmas include: 

(i)the sudden growth of symmetry-breaking electro­

magnetic perturbations; 

(ii)bursts of energy, momentum and particles across 

magnetic surface; 

(iii)avalanches, i.e. the propagation of the collapses; 

(iv)the possible periodic occurrences of bursts, and 

also their unpredictability. 

Especially for the investigation of the physical mech­

anism, many experiments related to the sudden growth 

of perturbations have been performed. 

In JET, experiments have been carried out focussed 

on the sawtooth problem 5). It is observed that the 

m=l/n=l perturbation precedes the decay of the cen­

tral electron temperature. In the initial stage of a fast 

temperature crash, this mode grows very slowly. At 
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some instant, the helical deformation abruptly starts 

to grow where the growth rate discontinuously jumps 

to the level of 'Y ~ 105 s- 1
. The similar phenomenon 

is observed in Heliotron-E device 6). Plasmas in the 

torsatron/Heliotron configuration are confined by the 

magnetic field produced by external coils. Therefore, 

the instability is related to the plasma pressure (gra­

dients), not to the internal current if the plasma pres­

sure is not extremely high. In the case of the internal 

disruption, m=2/n=l mode grows abruptly before the 

crash. The maximum value of the growth rate ranges 

about 104 s- 1
. In these experiments, a large amount 

of the pressure and pressure gradient changes does not 

occur, nevertheless the mode rapidly grows associated 

with discontinuous and large change of the growth rate. 

The sudden growth of the collapses has been widely ob­

served which are listed in Table 1. 

In the conventional theoretical models based on the 

linear instability, the temporal change of the linear 

growth rate 'YL should follow the change of the global 

plasma parameters. Namely, the abrupt change of the 

growth rate requires the corresponding changes of the 

global parameters such as safety factor q, pressure gradi­

ent p' and so on. Therefore, a certain mechanism which 

is beyond the linear theory's is needed to explain such 

a mechanism for the acceleration of the trigger mode. 

Theoretical approaches for such problems have been 

proposed based on nonlinear instability. Diamond et 

al. considers that the overlap of magnetic islands gener­

ates the magnetic stochasticity and its magnetic fluctua-
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Observed lime Trigger Precursor 
Name response scale mode mode Note 

Sawtooth Tene <100 µs m/n = 1/1 m/n = 1/1 No MJ. 
6q ~ 0.0S etc (7) reconnection 

q(O) < I 

Partial As above +- +- +- +-
sawtooth 

Disruption Te 10-100 µs m/n a 1/1 m/n = 2/1 Density limit. 
(thermal 'erosion• 3/1 etc q • 2. 3 
quench) 

High•P 
collapse Te (7j) <100 µs n>I m/n = 1/1 p -,:om 
(tolcamaJc) ballooning etc 

Internal 
collapse Te <100 µs m/n = 2/1 m/n = 2/1 
(Heliotron) interchanse 

ELMs Te line 10-100 µs n>I a~a:om 
(type-I) 

X-event XiTi <100 µs Hig ... 7i mode 

BLM VTe <IOOµs m/n • 3/1 Hig ... p, mode 
Infernal? 

MTE vv., <100 ,..., n » I ProJul>its 
VH-mode 

CHS burst ~(r) rew 100 µs m/n •2/2 m/n = 2/1 NBI injection 

IRE li Low-aspect 
radio tokamak 

Table 1 Crash events, precursors and triggering modes. Abbreviations: ELMs(edge-localized modes), 
MTE(momentum transfer events), BLM(barrier-localized mode), IRE(internal reconnection events). 

( cited from Ref. l)) 

tions play a role of anomalous resistivity S). The nonlin­

ear processes are analyzed by one-point renormalization 

method 9) and the effect of background fluctuations is 

reduced to the form of anomalous resistivity. This has 

been applied to the case of major disruption. However 

the abrupt growth of trigger mode which has the single 

helicity has not been explained. 

A hierarchical model has been ~ntroduced to ana­

lyze collapse phenomena where physical phenomena are 

considered to be separated into three scales, i.e., trans­

port's one, MHD mode's one and microscopic turbu­

lence's one lO). Figure 1 shows the schematic illustration 

of the hierarchical model. These three groups interact 

with each other through the nonlinearity even though 

the linear interaction is little. In this study, a part of 

the hierarchical model that is the interaction between 

the MHD and turbulence, is derived as a prototype. 

From MHD class, tearing mode with a single helicity 

is chosen and for the microscopic turbulence, a resistive 

ballooning mode turbulence is considered. The back re­

action from MHD mode to turbulent mode is not taken 

into account. The effect from the microscopic turbu­

lence to the MHD mode is introduced as the transport 

coefficients where the nonlinear interactions are treated 

by one-point renormalization method. The model equa­

tions for MHD mode with the influence from microscopic 

turbulence are derived. Using this model equation, the 

dynamics of tearing mode is examined. 
The organization of this paper is as follows: In 

Chapter 2, characteristic feature of collapse phenom-
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Fig. 1 The schematic illustrate of a hierarchi­
cal model. Physical phenomena are con­
sidered to be separated into three scales; 
namely transport, MHD mode and micro­
scopic turbulence scales. They interact 
with each other. m is a poloidal mode 
number and n is a toroidal mode number. 

ena and the problems of conventional theoretical model 

based on linear instability analysis are reviewed. Theo­

retical approaches which explain nonlinear acceleration 

mechanisms are also reviewed. In Chapter 3, the model 

equations which represent the global MHD mode with 

the effect of the microscopic turbulence are derived. Us­

ing these model equations, the tearing mode is numeri­

cally analyzed in Chapter 4. Summary and discussions 

are given in Chapter 5. 

2. Reviews 

2.1 Collapse Phenomena 

Several examples of fast time-scale phenomenon of 

its occurrence and the nonlinear nature are reviewed in 

this section. These characteristics of collapse phenom­

ena are widely observed and these are widely reviewed 

in Ref l) . Especially, the sudden growth of trigger mode 

is seen at various collapse phenomena as shown in Table 

1. 

The sawtooth is one of well-known collapse phenom­

ena and is characterized by a relatively slow buildup 

of the temperature on the axis which happens in mil­

lisecond time-scale, and followed by a fast temperature 

crash. Also, many experiments at JET have been car-

ried out focussed on the sawtooth problem 5). Figure 

2 shows the electron temperature at the center and the 

topology of a fast temperature crash, which are derived 

from soft X-ray (SXR) emission measurement. The 

crash occurs as a rapidly growing helical perturbation of 

the plasma core, also with m = l/n = 1, followed by a 

flattening of temperature and density profiles across the 

central plasma, the entire event having a time-scale of 

~ lO0µs. This perturbation which leads to the collapse 
event is called a precursor 7). 

#16809 

(au) 

a be d 

(a) (b) 

I 

Fig. 2 The Soft X-ray measurement of the elec­
tron temperature at the center and two­
dimensional reconstruction of the rapid 
sawtooth collapse in JET. It occurs in 
100/mus. (cited from Ref. 5)) 

Figure 3 shows the growth of the trigger mode, as 

deduced from the displacement of the peak of tomo­

graphically inverted SXR profiles (for three sawtooth 

collapses in different discharges) . The initial noise level 

is ~ 1cm and the displacement rises out of this noise 

with a growth rate ~ (25µs)- 1
. Extrapolation of this 

growth backwards in time yields a displacement equal 

to the Debye length, perhaps the smallest realistic scale 

for the instability, on a time-scale of order ~ lO0µs. In 

contrast, conventional models based on the linear theory 

involve in quantities such as safety factor q or beta value 

/3 which would require time-scales~ lOOms to generate 

such large growth rates. In experiments, such a large 
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change of global parameters is not observed. 

100~----------------, 

0.1'---------L..----------' 
Time 

Fig. 3 Displacement of the soft X-ray emission 
peak, derived from two-dimensional tomo­
graphic reconstructions, during fast saw­
tooth collapse. Experimental results for 
three cases are illustrated. The data 
show that a growth rate of (25µs)- 1 is 
achieved even before the displacement is 
large enough to be detected above the ex­
perimental noise. ( cited from Ref. 5)) 

Crash phenomena have been observed on the 

Heliotron-E device 6
). 

Figure 4 illustrates an internal disruption which oc­

curs near the q = 2 surface. An m = 2 mode grows 

abruptly, triggering the internal disruption within about 

100 ~ 300µs. The experimental conditions are Bo = 

l.9T, rfe = 1 ~ 10 x 1019m- 3
, Te(0) = 300 ~ 2000eV, 

and Ti ( 0) = 200 ~ 1 000e V. A two-dimensional recon­

struction for the soft X ray emissivity Esx is obtained 

by a Fourier-Bessel expansion technique with a max~ 

inmm poloidal mode number of 3 and a radial mode 

number of 8. Figure 5(a) shows that them= 2 compo­

nent Esx,,n=2 grows near the q = 2 surface. The time 

evolution of the perturbation amplitude, 

Am=2 CX: €SX,m=2 (1) 

is followed in time. The growth rate ,obs is determined 

as a function of time. It is shown that the m, = 2 mode 

grows abruptly just before the crash within a few lO0µs 

to a few ms. The maximum value of the growth rate 

ranges 104 s - i. Because plasmas in the Heliotron-E de­

vice are currentless and confined by the ·external coil, it 
has been recognized that the plasma pressure (gradient) 

i!~j~il 
150~.h--.......... --i-kilr'""'""........_ti-1r'~m, J:t:1::J~ 

:.;..___,....~ ......... ____,..-,_,, I~-•-··· --~ ---·.-] 

2500 

N-1• 

Detector CH number 

~, m ~ ,, t)!J 

m=2 
........... ....... AR .. tffl~) .. "' ·1 ... MMIN 

Fig. 4 Typical example of an internal disruption. 
integrated soft X ray profiles and tomo­
graphically reconstructed emissivity con­
tours are shown during the crash phase. 
The m=2 component is also shown. Be­
fore the crash it localized close to the mag­
netic axis, and the the location departs 
from the axis, which indicates that the 
q = 2 surface changes at the crash. ( cited 
from Ref. 6)) 

is the primary origin of the dynamical behavior. In or­

der to find an onset condition for the mode to grow, the 

relation between, and ~hsx lq=2 has been investigated 
and the result is shown in Figure 5(b). The result shows 

that there is no critical value for 'vEsxlq=2 for the mode 

to grow and that the hysteresis relation exists between 

the growth rate and the global parameters. 

Fig. 5 Time evolution of ln(Em=2) and robs for 
two typical crash cases (a). The change of 
the growth rate is illustrated in (b). The 
abrupt "increment of the growth rate is ob­
served. ( cited from Ref. 6)) 
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2.2 Theoretical approach 

In the conventional theoretical models based on lin­

ear instability analysis, the temporal change of the lin­

ear growth rate I L is dictated by the transport time 

scale. If one represents the growth rate by the global 

plasma parameters, the time change is expressed as 

The deviates 8,L/aq, 8,L/8/3, etc are finite and ,L is 

a smooth function global parameters. If the resistivity 

is the main cause of the dissipation, the typical time 

scale with which the growth of the island proceeds, is 

estimated as 

(3) 

where TR is the resistive diffusion time and r Ap is the 

poloidal Alfven transit time. 

In the previous section, we review the characteristic 

feature of the sudden growth of symmetry-breaking per­

turbations. These observations most clearly illustrate 

the incompleteness of the picture based on the linear in­

stability analysis. This means that a certain mechanism 

which is beyond the linear theory's is needed to explain 

such a mechanism for the acceleration of the trigger 

mode. Recently the theoretical approach to such prob­

lems has been proposed based on nonlinear instability 

analysis 8• ll). In this section, the theoretical approach 

which explains the nonlinear acceleration mechanism is 

reviewed. 

The nonlinear acceleration of the MHD mode caused 

by the stochastization of field lines is explained in 

Ref ll). In this analysis, the following nonlinear pro­

cesses are considered. The magnetic stochasticity result­

ing from the interaction of the fundamental m=l/n=l 

mode with the mode of other periodicities enhances the 

effective electron and ion viscosities. The enhanced elec­

tron viscosity leads to an increase of the growth rate. 

The temporal evolution of the magnetic perturbation is 

shown in Figure 6. When the stochasticity condition 

is satisfied, the mode has the large growth rate. This 

means that microscopic fluctuations affect the global 

MHD mode and accelerate the instability. 

An analytic theory of turbulence in reduced resistive 

magnetohydrodynamics is developed and applied to the 

major disruption in Ref 8). Figure 7 shows the numerical 

results calculated for the major disruption. Figure 7(a) 

shows the temporal evolution of each magnetic island 

width. At the same time, the growth rate of m=3/n=2 

mode is shown in Figure 7(b). 

The initial equilibrium is chosen to be linearly un­

stable to the m=2/n=l and m=3/n=2 resistive tearing 

modes. These modes grow exponentially in time until 

the width of their magnetic islands becomes compara-

~~·r ( 0.02 

0 I 
(t/;O' r:) 0 0.5 

r/r, lsl....t 

0.5 
Core 

00 0.5 (V10'r1 ) 

Fig. 6 The temporal evolution of the magnetic 
perturbation in the case of the sawtooth 
crash. When the stochasticity condition is 
satisfied, the mode has large growth rate. 
( cited from Ref. ll)) 

ble to that of the resistive tearing layer. The evolu­

tion of the instability enters the so-called Rutherford 

phase 12) where magnetic islands grow algebraically. 

As the m=2/n=l and m=3/n=2 islands grow larger, 

the nonlinear interaction through the m=5/n=3 mode, 

which tends to accelerate the growth of the m=3/n=2 

mode, occurs. Finally, the m=2/n=l and m=3/n=2 

islands overlap, triggering the occurrence of disruptive 

phenomenon due to the stochasticity. The sequence of 

phenomena leading to the final disruptive phase is de­

picted. 

These nonlinear interactions are treated by one­

point renormalization method. The direct interactions 

of the test mode with background fluctuations are re­

duced to anomalous diffusivities, and the anomalous 

tearing mode growth rate is given as 

(4) 

which means that the background fluctuations con­

tribute to the anomalous resistivity and accelerate 

through the nonlinearity. This analytical model is in 

good agreement with the computational results in the 

final phase of the major disruption shown in Figure 

8. This is one of theoretical models which explains 

the mode acceleration mechanism, however, the rapid 

growth of trigger mode with a single helicity has not 

explicitly shown. 
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Fig. 7 The calculations are performed in such 
way that the various physical effects ap­
pears as a sequence of events. (a) The 
radial extent of three of magnetic islands. 
(b) The instantaneous growth rate of the 
m = 3/n = 2 mode. The overlap of mag­
netic islans of m=2/n=l and m=5/n=3 
generates the magnetic stochasticity and 
accelerates the groeth of m=3/n=2 mode. 
(cited from Ref. 8)) 

2.2.1 Hierarchical model for plasma transport 

In high temperature plasmas, there co-exists multi­

scale dynamics, for example, macroscopic dynamics ( ~ 
a) and microscopic dynamics (~ Pi, ~ c5e), where a is 

a minor radius, Pi is an ion gyro radius and c5e is an 

electron skin depth. Empirically, there are observed 

not only 'gyro-Bohm' like transport which is interpreted 

that the transport occurs as the local ( k ~ p; 1 ) and dif­

fusive phenomena, but also 'Bohm' like transport which 

could be caused by the transient, non-local k ~ a, 

and/ or non-diffusive phenomena. The self-organized 

structure in high temperature plasma has the multi­

dimensional nature. Typical examples of one dimen­

sional structure are the electric field bifurcation and the 

interface dynamics, etc and of three dimensional struc­

ture are the island and the vortex and so on. The statis­

tisity of plasma turbulence shows both the determinis­

tic and probabilistic ( chaos, intermittency) nature. To 

treat such problems, there are presently two approaches. 

As an approach from the microscopic view, a direct nu­

merical simulation (DNS) is used which strongly de-

4 
__ l<INETIC ENERGY 

GROWTH RATE 
• 

MAGNE TIC ENERGY s·~- o 
- - GROWTH RATE 

-;f 3 • MODEL 

.: • 
2 
w • .. 2 I <I: 
a: 
:t ./ I-
~ J/ 0 
a: 
Cl • 

0 
2.0 2.1 2.2 2.3 2.4 

I I 10"
3
/THp 

Fig. 8 The growth rate of them = 3/n = 2 mode 
as obtained from the model is compared 
with the numerical calculation. ( cited 
from Ref. 8)) 

pends on 'power computing'. Another one from the 

macroscopic point of view is the large eddy simulation 

(LES) with a hierarchical transport model. In this sec­

tion, we discuss the concept of hierarchical model for 

plasma turbulence 10). 

A large eddy simulation (LES) model which is dis­

cussed here consists of a hierarchy, i.e., three classes of 

time and spatial scales, that is transport, MHD, and 

turbulence. These classes are considered to be catego­

rized by the poloidal and toroidal mode number, (m,n). 

A (0,0) mode represents the global transport, low (m,n) 

modes represent MHD behavior and high (m,n) modes 

represent turbulent fluctuations. Mutual interactions 

between three classes are possible via nonlinearities such 

as a Reynolds stress 13), a renormalized eddy viscosity 

and so on. Figure 1 shows the schematic view of hier­

archical model. 

A typical example of two hierarchical model is the 

one for transport and turbulence such as a transport 

model with a turbulent eddy viscosity and a predator­

pray model 13) . In the latter model, Reynolds stress 

plays an important role, i.e., the shear flow suppression 

of turbulence via Reynolds stress leads to the improve­

ment of transport. 

3. Model equations 

In this chapter, we present theoretical model equa­

tions for the global MHD mode in the presence of mi­

croscopic turbulence i.e. a model with two hierarchies, 
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where the effect of microscopic turbulence on the global 

MHD mode is considered. 

3.1 Reduced MHD equations 

A toroidal plasma of major and minor radii Ro and 

a with an ambient magnetic field Bo is considered in 

the cylindrical coordinates (r, 0, z). Figure 9 shows the 

schematic view of coordinate system. 

Fig. 9 Schematic view of coordinate system. The 
direction of each coordinate in toroidal 
plasma is shown. 

To investigate the interaction between the global 

MHD mode and the microscopic turbulent mode, we 

start from the high-beta reduced MHD equations 14) 

which consist of the equation of motion : 

~Vi¢+V11ViA- µcVi_¢- (bo X ,,;) • Vp + [Jo, A] at 
-[¢,Vi¢]+ [A, ViA], (5) 

Ohm's law: 

:t A + V 114> - 77c VlA = [A,¢], (6) 

and the energy balance equation : 

:tp- XcVip+ [¢,po]= -[¢,p]. (7) 

The variables { ¢, A, p} are perturbations of electro­

static potential, vector potential parallel to bo and pres­

sure. bo is the unit vector which is parallel to the main 

magnetic field Bo. {µc, 7Jc, Xe} are collisional viscos­

ity, resistivity and thermal conductivity. The bracket 

[,] represents the Poisson's bracket which is defined as 

[F, G] = (V J_F x V J_G) · bo. ,,; is the magnetic curva­

ture. The equilibrium pressure and current density are 

represented by p0 and Jo, respectively. These variables 

are normalized as follows; 

EVAt- t, 
a 

_4> __ 4> 
BoEaVA ' 

r 
- - r, a 
A 

---A 
EaBo ' 

z 
Ro -z, 

µo 
-B2 P-P, 

oE 
(8) 

where VA is Alfven velocity, no is particle density and 

E = a/ Ro is the inverse aspect ratio. The right hand 

sides of these equations (5)-(7), which are represented 

by the Poisson's bracket, are the quadratic nonlinear 

terms for the perturbations {¢,A, p }. Through these 

terms, the microscopic turbulence have an influence on 

the global MHD mode. 

(background mode) 

k' 
k 

~est mode) k" ( driven mode) 

-k' 

( background mode) 

Fig. 10 Schematic explanation of nonlinear inter­
action. Interaction of a test mode k with a 
background turbulence k' induces a driven 
mode k". The back interaction drives the 
test mode k. 

4. Renormalization of nonlinearity 

A part of nonlinear interactions are renormalized 

as eddy viscosities based on one-point renormalization 
method 8, 9, 15). In this method, the following nonlin­

ear processes are considered which is shown in Figure 

10. We take a test mode(denoted by k) which repre­

sents a global MHD mode, and calculate an interaction 

with a microscopic background turbulence mode which 

is denoted by k' . This interaction generates a driven 

mode which is denoted by k" (k" = k' + k). These 

wavenumbers have a relation I k" I , I k' I ~ I k I- Then, 

the driven mode interacts with the background mode, 

and this back reaction contributes to the test mode. 

Considering this process of nonlinear interaction, the 

direct interaction of test mode with background tur­

bulence is taken into account and is renormalized. We 

assume that the background turbulence is given, so that 

we do not solve the equations for the background mode 

k'. 
For the simplicity, the basic equations (5)-(7) are 
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symbolically rewritten as 

(lh+£)F=N, (9) 

where Br is an operator which includes the time deriva­

tive. £ is a linear operator which represents the spatial 

structure. F denotes the perturbation. The explicit 

forms are given as follows, 

v'i 
0 
0 

0 
1 
0 

0 
0 
1 

- (bo X ~) · \i' 
0 

-xcv'i 

[A,v'fA] - [¢,v'l¢] ) 
[A,¢] . 
[¢,p] 

In the first step, the equation (9) is solved for the test 

mode. The nonlinear term for the test mode Nk is cal­

culated as 

k' 

+ [ <Pk 1 , \i'}_ <Pk 11 ] + [ <Pk 11 , \i'}_ <Pk 1 ] 

N2k = L [Ak,, <Pk"] - [Ak", <Pk'] 
k' 

N3k = L - [<l>k 1 ,Pk 11 ] + [<l>k 11 ,Pk1 ] 

k' 

This nonlinear term N k is a summation over the prod-· 

ucts of driven modes and background turbulence modes. 

We assume the following parity for variables {¢,A, p} 
from basic equations (5)-(7) 

In the next step, equation (9) is solved for the driven 

mode k". The nonlinear term N k" for the driven mode 

k" is divided into two part; one is a· contribution from 

the nonlinear coupling between a test mode k and a 

to the nonlinear term of the test mode N k. By this pro­

cedure, the nonlinear contribution to the test mode is 

expressed in terms of the background fluctuations. For 

the simplicity, only the diagonal elements of the nonlin­

ear terms of the test mode are kept. Using a mean-field 

approximation, which assumes that the same averaged 

coefficients are used for the nonlinear terms of the back­

ground mode, and the diffusion approximation 15, 16), 

the following model equations for the global MHD mode 

are derived: 

8 2 2 4 
8t \i' .L ¢ + v' II v' .LA - µc \i' .L ¢ + ik0 gp + [Jo, A] 

= µN\i'ief>, (12) 

8 2 2 
8t A+ v'u<I> - f/c v' .LA= 'f/N\i' .LA, (13) 

8 2 2 
8tp- Xe \i' .LP+ [¢,Po]= XNv' .LP, (14) 

where g represents the effective curvature due to the 

magnetic field and is defined as g = 2cos0 in cylindrical 

coordinates (r, 0, z). Here g is approximated as a con­

stant to analyze the tearing mode, which excludes the 

ballooning nature of the mode. The nonlinear terms of 

basic equations (5)-(7) are reduced to the effective tur­

bulent diffusivities, {µN, 'f/N, XN}. They are the renor­

malized viscosity, resistivity and thermal conductivity, 

and are represented by the wave number and the am­

plitude of microscopic background turbulence. Explicit 

forms of these coefficients are given as follows; 

(15) 

(16) 

(17) 

background mode k' and the other non.linear_ interaction with 

is approximated by r k" Fk", where r k" is a nonlinear 

operator which excludes the self-action of background 

mode. Namely, equation of the driven mode is reduced 

to 

Using a local approximation, the equation for the driven 

mode is solved for Fk" of equation (11) and substituted 

1 1 
1 2 1 2 

"Y,,, = "Y + 'f/ck.L + 'f/Nk:.t, 
1 1 

1 2 1 2 
"Yx. = "Y + Xck.L + XNk.L. 

(18) 

(19) 

(20) 

(21) 

Here h = f30 /2E, /3o is the plasma beta value, k0 is the 

poloidal wave number. In a strong turbulence limit, 

these coefficients are proportional to the microscopic 

turbulence level. 
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The further simplification of eddy viscosities are 

possible if we specify the background mode and the 

test mode. In this thesis, we assume that the back­

ground mode which represents the microscopic turbu­

lence has the short wavelength and that the mode is 

quasi-localized.(i.e. with small k
11

) For the test mode, 

we consider the conventional tearing mode which is lo­

calized around the mode rational surface. Taking the 

limiting case of wave numbers as, k~ - oo, k 11 - 0 

and kf
1 

- 0, the following relation is obtained for these 

coefficients 
1 

µN : 11N: XN ~ - : 1 : 1, 
3 

(22) 

where the relation ,: ~ ,~ ~ ,~ is used to derive this 

relation. In this limit, the electromagnetic terms with 

Ak' vanish and the electrostatic terms with <Pk' survive 

in the renormalized viscosities. 

By this procedure, the effect of microscopic turbu­

lence on the MHD mode is reduced to the renormalized 

turbulent diffusivities and a two hierarchical model is 

derived. Using these equations (12)-(14) and (22), we 

investigate the nonlinear growth rate of tearing mode in 

the next chapter. 

5. Numerical analysis of the tearing 
mode 

In this chapter, the stability of tearing mode im­

mersed in a microscopic turbulence is numerically ana­

lyzed by use of model equations (12)-(14). Tearing mode 

is analyzed in cylindrical coordinates (T, 0, z). 
The Fourier representation of perturbation is given 

by 

f ( -, t) _ "'f ( ) (i(mB+n 1{ )+1'm,n t) x, - D m,n T C O , (23) 
1n,n 

where m is the poloidal mode number, n is the toroidal 

mode number, Ro is the major radius and 'Ym,n is the 

growth rate of the tearing mode. In equation (23), 

the periodic boundary conditions are assumed for the 

poloidal and toroidal directions and fm,n(T) satisfies the 

boundary condition; fm,n(0) = 0, J:n, 11 (0) = 0 and 

fm,n (a) = 0. Substituting equation (23) into equa­

tions (12)-(14), coupled eigenvalue equations are ob­

tained. These equations are numerically solved by the 

following procedure; as the first step, we solve them 

by an initial value code to obtain the growth rate, then 

the parameter dependences are investigated by using the 

eigenvalue code. 

Plasma parameters of middle size tokamak are used, 

such as the minor radius a = 0.4m, the major ra­

dius Ro = 1.2m, the toroidal magnetic field B = IT, 

the electron temperature Te = 1.5kev and the density 

no = 2 x 1019m-3
. For these parameters collisional 

diffusivities are estimated 17
) as µc = 3.5 x 10-9 , 

Xe = 1.3 X 10-9
, 77c = 2.2 X 10-s . In this study, a 

single helicity mode with m=2/n=l is analyzed. 

Po q 
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0.8 , 
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0.4 1.5 --------------
0.2 

q(r) 
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0.0 0 
0.0 0.2 0.4 0.6 0.8 1.0 

r/a 

Fig. 11 The equilibrium radial profiles of safety 
factor q(T) and pressure po(T). The ra­
tional surface of m = 2/n = 1 mode is 
located near Ts = 0.7a. 

5.1 Dependence of the growth rate on tur­
bulent diffusivity 

The dependence of the growth rate on turbulent dif­

fusivity is studied in this section. The radial profiles 

of equilibrium safety factor q( T) is chosen as q( T) = 

1.38(1 + (T /0.6a)8
)

0
·
25

, where q(0) = 1.38 and q(a) = 
3.8. In this case, the rational surface of m = 2/n = 1 

mode is located near T = 0.7a. The equilibrium pres­

sure profile is given by p(T) ex (1 - (T/a)2)2. They are 

shown in Figure 11. The equilibrium current profile is 

calculated from the q profile as, 

Jo(T) = --- - . 1 d ( T
2 

) 
T dT q(T) 

(24) 

The profile of turbulent diffusivity as well as that of 

collisional diffusivity are assumed to have a form 

( ) 

A Jo(Ts) 
11N T = 11 Jo(T) , (25) 

where fJ is the diffusivity at the rational surface. This 

profile ensures that the toroidal electric field is uniform, 

i.e., E11 = 17Jo. The same radial profile is assumed for 

the other diffusive coefficients. It should be noticed that 

due to the nature of tearing mode the diffusivities have 

influence on the mode only near the rational surface 

and the profile effect is less important. Figure 12 shows 

typical profiles of m = 2/n = 1 mode perturbations 

{</>,A, p} where the turbulent diffusivities are chosen as 

µN = 1JN = XN = 10-5
• The rational surface of m = 

2/n = 1 mode is located at Ts = 0.7a. The derivative 

of vector potential A(T) is discontinuous at the rational 
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Fig. 12 Typical radial profiles of tearing mode in 
the cylindrical coordinate. Turbulent dif­
fusivities is chosen as µN = 'T/N = XN = 
10-5

• The rational surface of the mode 
m/n = 2/1 is located near rs= 0.7a. The 
derivative of vector potential is discreate 
near rs. 

surface, which is the characteristics of the tearing mode. 

D..' indicates the jump of derivative of vector potential 

A at the rational surface and is defined as 

11., = A
1 

(rs + 0) - A
1 

(rs - 0) 
Li - A(rs) · (26) 

D..' > 0 indicates that the tearing mode is unsta­
ble 1s, 19). 

In our model, the interchange effect caused by the 

magnetic curvature is also included, since there exists 

g in the right hand side of equation (12). The depen-

101 

r 
1 o0 

10-1 

10-2 

10-3 g 

0.0 0.1 1.0 10.0 100.0 1000.0 

Fig. 13 The dependence of the growth rate on in­
terchange effect g. The turbulent diffu­
sivites is chosen as µN = 'T/N = XN = 
10-5

• As g is greater, the mode becomes 
pure tearing mode(g ~ 0), mixing mode, 
and ideal interchange mode(g;, 10). 

dence of the mode growth rate on the effective curva­

ture g is investigated and result is shown in Figure 13. 

The turbulent diffusivities are chosen as µN = 'T/N = 

XN = 10-5
• The growth rate is independent of g in 

the region g ~ 0, which corresponds to the pure tear­

ing mode driven by plasma current. The dependence of 

the growth rate on g indicates 'Y ex g0
·
5 in the region 

g > 10, the mode in this parameter range corresponds 

to ideal interchange mode. The mixing mode occurs for 

0 < g < 10. To analyze the mixing mode which is driven 

by not only plasma current but also pressure gradient, 

g = 2 is used in this section. 
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Fig. 14 The dependence of growth rate of tear­
ing mode on turbulent diffusivity, when 
eqs.(22) is satisfied. 
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Figure 14 shows the growth rate of tearing mode 

versus the turbulent diffusivity µN which satisfies the 

relation (22). This result shows that a finite amplitude 

of microscopic turbulence enhances the growth rate of 

tearing mode. For the typical parameters, we see that 

µN ~ lm2 /s (~ 10-5 as normalized value) corresponds 

to the growth rate "Y N ~ ( 30 µs )- 1 
. This time scale is 

almost the same order as ones observed in various types 

of collapse phenomenal). On the other hand, the linear 

growth rate of tearing mode destabilized by collisional 

resistivity is about 10-2 times smaller and is almost 

zero since the collisional viscosities are too small, which 

are of the order of µc ~ Xe ~ 'f/c ~ 10-s. It should 

be noted that the nonlinear growth rate is much larger 

than the linear growth rate of tearing mode. At very 

high level of turbulent diffusivity, i.e., µN ~ 10-2
, the 

nonlinear marginally stability point, "Y = 0, exists. To 

explore the stability mechanism of this tearing mode, 

the effect of each duffusivity on the mode is studied in 

the neighborhood of marginal stability. 

X Fixed 1JN = 10-3 

N l 0o .,-----,-..-,.-r-,,..........n--~-r--.-,,-r-rTT.t 

stable 
\ 

1 0· 3 ._____,_,..__.~......._......._.....,.__....___._......_. ............... 

10-2 'Y = 0.02 

Fig. 15 The contour plot of the growth rate "Y in 
the case that µN and XN vary indepen­
dently and 'f/N = 10-3 is fixed. 

Figure 15 shows the contour plot of the growth rate 

"Y on the (µN, XN) plane. The case that µN and XN vary 

independently and 'f/N is fixed at 10-3 is studied. The 

solid line indicates the marginal stability condition to 

µN and XN for fixed 'f/N. As the values of µN and XN 

increase, the growth rate reduces. This result indicates 

that µN and XN stabilize the tearing mode. Physically, 

it means that the kinetic energy of fluids is released by 

the turbulent viscosity and thermal conductivity. 

The effect of 'f/N on the growth rate is also stud­

ied. Figure 16 shows the contour plot of the growth 

rate "YN on the (µN, XN) plane in the case that 'f/N and 

XN vary independently keeping the relation µN = XN 

to hold. It is well known that the tearing mode is 

1JN 
,ooc---r--T-.r--r-T"TT-.-.----r,-r--r-........., .................. 

y=0.14_: ; 

y=0.06 / 

I 
I 

I 

I 
stable 

, 0·3 .____....._,,.,;L..,,,_._........, ......... ._____._...._..__._. ............ 
,o·3 

Fig. 16 The contour plot of the growth rate "Yin 
the case that µN and 'f/N vary indepen­
dently and that the relation XN = µN 
hold. 

destabilized by the collisional resistivity 18) . However, 

near the marginal stability boundary "Y = 0, there is 

a parameter region where the growth rate reduces as 

'f/N increase. The region where 'f/N stabilizes the tear­

ing mode is newly found. It should be noticed that 

this is different from the one with the relation (22), 

where only the destabilizing effect of 'f/N exists. Usually, 

turbulent diffuivities are of order lm2 /sec in tokamak 

plasma, therefore it may be not realistic to approach 

this marginal stability point. However, in reversed field 

pinch plasma where a strongly enhanced transport of 

order XN ~ 103 m 2 
/ sec is observed, it could be realistic. 

5.2 Resistive ballooning mode as a micro-
turbulence 

Resistive ballooning mode (RBM) turbulence is cho­

sen as a background micro-turbulence in this section. 

The stability of the tearing mode is examined and the 

parameter dependences are investigated. We assume 

that the background turbulence is driven by collisional­

ity, which ensures the closure of hierarchy. The micro­

scopic turbulence is driven by the collisional resistivity 

and acts on the global MHD mode through the turbu­

lent eddy diffusivity which is larger than the classical 

resistivity by factor of 10 ~ 100 for typical parameters. 

The turbulent diffusivity of RBM 20) is given as, 

a 
XN = Co-'T/c, 

s 
(27) 

where a = -q2 /3' / E is the ballooning parameter, s = 
rq' / q is the shear parameter and Co is a numerical con­

stant. 'T/N and µN are given from the relation (22). Pa­

rameters such as s and a affect the growth rate of tear­

ing mode through the turbulent diffusivities, µN, 'T/N 

and XN. The growth rate of the tearing mode enhanced 
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by RBM turbulence is calculated by 

(28) 

which shows that s has a stabilizing effect and a has a 

destabilizing effect on the growth rate. On the contrary, 

the growth rate of classical tearing mode is given as 

(29) 

which means that the classical tearing mode is destabi­

lized by the magnetic shear s. 
In order to examine the discrepancy between the 

RBM turbulent driven tearing mode and the classical 

tearing mode, the magnetic shear dependence is in­

vestigated. To this end, the safety factor profile, i.e., 

the equilibrium current profile is changed. Other pa­

rameters are fixed as Co = 10 , 'f/c = 2.2 x 10-7
, 

µc = 3.5 x 10-8
, Xe = 1.5 x 10-8

. Shear dependence 

is investigated for the limiting case g = 0 to compare 

with the analytical result of pure tearing mode. Figure 

q safety factor profile 
3.5 ,....,...-r-T"'-r-T""T""T"""T--r-,......,.......--r--r-.c-r--r--r---,--, 

3.0 

2.5 

2.0 

1.5 

1.0 ..__._ ............. __._._.__.__.___._..__._~ .......... __._ .......... ~ 

0.0 0.2 0.4 0.6 0.8 1.0 

% 

Fig. 17 Typical q(r) profiles when s = 0.3, 0.6. 
The location of rational surface of m 
2/n = 1 mode is fixed near rs = 0. 7a. 

17 shows the typical safety factor profiles in cases with 

s = 0.3, 0.6 at r/a = 0.7. The dependence of shear on 

the growth rate is calculated in the range 0.1 < s < 0.6. 

This result is shown in Figure 18. Solid line indicates 

the growth rate of the tearing mode driven by RBM tur­

bulence. Dotted line shows the case of classical tearing 

mode. In the presence of RBM turbulence, as s becomes 

large I reduces for s > 0.13. The magnetic shear stabi­

lizes the tearing mode through the turbulent diffusivi­

ties. This is expected by the analytical estimation (28). 

In the low-shear limit, a region appears where the mag­

netic shear destabilizes the tearing mode through the 

RBM turbulence. This may be understood in the fol­

lowing. The RBM turbulent diffusivities are so large in 

the low-shear limit that the effect of turbulent viscosity 

'Y a.o , 0· 4 ,........,--.--.--r-rrrirrT...,..,...,..,....,r-T'""l'...,..,..'T"T"'".-.-.--.--.-........... 

6.0 10·4 

4.o 10·4 

2.0 ,0·4 _ ••• -·····""''''''''"' •••• ,···· 

classical 
0.0 10° ~~~~~~-~~~~~ ............. 

0.0 0. 1 0.2 0.3 0.4 0.5 0.6 
s 

Fig. 18 The dependence of the growth rate on 
shear parameter with/without the resis­
tive ballooning mode turbulence. Solid 
line indicates the case with RBM turbu­
lence. Dotted line shows the case of clas­
sical tearing mode which is driven by col­
lisional resistivity. 

and turbulent thermal conductivity, which stabilizes the 

tearing mode, can not be neglected. They are not taken 

into account in the analytical estimation (28). 

a dependence is also studied for the finite value of 

g case. g = O.Ol is chosen to clarify the difference be­

tween the classical case and the RBM turbulence case. 

Figure 19 shows the contour plot of the growth rate 1 
on the ( s, a) plane. To analyze the dependence of the 

growth rate on a, beta value at the center i.e. /3(0) 

is changed. The result of tearing mode with resistive 

ballooning mode turbulence is shown in Figure 19(a). 

Figure 19(b) shows the case of classical tearing mode 

which is driven by the collisional resistivity. In the re­

gion s ~ a(s > 0.2), the difference is clear, i.e., there 

is no contour line in this region for the case of classical 

tearing mode 19(b). On the other hand, there are the 

contour lines for of constant I for the case with RBM 

turbulence 19(a). This result shows that the tearing 

mode in the case with RBM turbulence is destabilized 

by a and stabilized by s. 

6. Summary and Discussion 

In this thesis, the nonlinear interaction between a 

global MHD mode and a background microscopic turbu­

lence is considered. A new driving mechanism of global 

MHD mode is presented and analyzed. As an example, 

the stability analyses of tearing mode immersed in the 

microscopic turbulence are performed. The effects of 

microscopic turbulence are introduced as the turbulent 

drags to the tearing mode. These nonlinear effects are 

approximated by the one-point renormalization method. 

Nonlinear terms are further reduced to transport coef-
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Fig. 19 The contour plot of the growth rate on 
s - a plane with the resistive ballooning 
turbulence case (a) and classical case (b), 
where tearing mode is driven by collisional 
resistivity. The effective curvature is cho­
sen as g = 0.01. In the case of RBM turbu­
lence, a destabilizes and s stabilizes tear­
ing mode in wide region comparing with 
classical case. 

ficients by use of the mean-field approximation and the 

diffusion approximation. Model equations for the global 

MHD mode in the presence of microscopic turbulence 

are thus derived. If one considers the limit, k~ - oo, 

k
11 

- 0 and k11 - 0, the relation equation (22) of these 

coefficients is derived. 

Using these model equations, the dependence of the 

growth rate of tearing mode on turbulent diffusivity is 

analyzed. It is shown that a finite amplitude of micro­

scopic turbulence enhances the growth rate of tearing 

mode. For the typical parameters of middle size toka­

mak, it is found that µN ~ lm2 /s corresponds to the 

growth rate "/N ~ (30µs )- 1
. This time-scale is the sim­

ilar order to the fast time-scale of sudden growth ob­

served in various types of collapse phenomena in the 

high temperature plasmas. This result may give an in­

sight for the mechanism of sudden growth of tearing 

mode in a collisionless regime. 

The effect of turbulent diffusivity on tearing mode 

is studied near the marginal stability boundary. It is 

shown that ion viscosity µN and thermal diffusivity XN 

stabilize the tearing mode, while the resistivity T}N gen­

erally destabilizes it. However, a region where T}N tends 

to stabilize the tearing mode is newly found in the neigh­

borhood of the marginal stability boundary. 

Turbulent diffuivities which are observed as the 

anomalous transport are usually of order 1 m 2 
/ sec in 

tokamak plasma, therefore it is not realistic to access 

the marginal stability point. However, in reversed field 

pinch plasma where a strongly enhanced transport of 

order XN ~ 103 m 2 
/ sec is predicted, it could be realis­

tic. 

The tearing mode in the presence of resistive bal­

looning turbulence is studied. The results show that the 

shear parameter s stabilizes the pure tearing mode(g = 
0) in high shear region, where the classical tearing mode 

is known to be destabilized by the magnetic shear. The 

finite g case is also studied to analyze the effect of pres­

sure gradient. The results show that tearing mode is 

destabilized by a and stabilized by s through RBM tur­

bulence in the region where classical tearing mode is 

little affected bys and a. These results indicate that in­

stabilities driven by microscopic turbulence could have 

different dependence on global parameters from the one 

without the turbulent drag. 

This study analyzes the initial phase of the growth 

of tearing mode. Also, the microscopic turbulence can 

have an influence on the magnetic island growth. The 

growth of magnetic island is analyzed in Ref 12), where 

the growth of perturbed flux function {; is given as 

a,J; -1. at ex /j,,_TJ'I/J 2. (30) 

Therefore, the anomalous resistivity could affect the 

growth of magnetic island. The effects of ion viscos­

ity and thermal conductivity are not taken into account 

in this equation 30. In our model, turbulent diffusivities 

µN, T}N and XN are the same order quantities and also 

µN and XN have an influence on the island width. Anal­

ysis of the magnetic island with background turbulence 

in the Rutherford regime is needed and left for a future 

work. 
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