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EXPERIMENTAL STUDY ON THE PHASE VELOCITY
OF WIND WAVES
PART 2 OCEAN WAVES

By Yi-Yu Kuo*, Hisashi MITSUYASU**
and Akira MASUDA***

Ocean waves are measured at an oceanographic research tower using a
triangular array of wave gauges. The propagation direction and the phase
velocity of spectral components of waves are determined from observed
cross spectra. It is shown that observed phase velocity and coherence of
spectral components of ocean waves are consistent with a linear theory of
two-dimensional random waves. Slight differences between the linear
theory and the observations are attributed approximately to the effects of
weak opposing waves reflected from coastal area.

Key words: Ocean waves, Phase velocity, Angular distribution, Ref-
lected waves

1. Introduction

In a series of our recent papers, we have studied phase velocities of
spectral components of wind-generated waves (Masuda et al. 1979, Mitsuyasu
et al. 1979 and Kuo et al. 1979, hereinafter referred to as I, II and III).
In I, a theoretical framework was given, upon which to examine the disper-
sion relation of random gravity waves; a weakly nonlinear theory was deve-
loped to the third order for a statistically stationary and homogeneous field
of random gravity waves.

The papers II and III were concerned with experimental studies on the
dispersion relation of wind-generated waves. In II, random waves were
generated by wind in the first half of a wind-wave flume and the latter half
of the flume was kept free from the wind to measure the waves unaffected
by the wind and wind-generated drift current. The phase velocity and
coherence of spectral components of random waves in the latter area were
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determined by a usual technique of the cross-spectral analysis. The data
showed good agreements with the nonlinear theory developed in I, and ob-
served characteristics of the phase velocity and the coherence of the spectral
component were attributed to the effects of the nonlinearity and angular
spreading of random waves. Particularly, in a dominant frequency range
0. 7fn<f<1.6f») near the spectral peak frequency fm, observed data agreed
also fairly well with the linear theory. In III, wind-generated waves were
measured in a generation area of the wind-wave flume which was the same to
that used in II. The phase velocity and the coherence of the spectral com-
ponent were determined with the same technique as that in II and were
compared with the predictions of a linear theory where the effects of the
angular spreading and the drift current were taken into account. Fairly
good agreements between the linear theory and the experiment were obtained
again in the dominant frequency range 0.7fn~1.6fn, where most of the
spectral energy was contained. However, due to difficulties in the nonlinear
theory of random waves co-existing with the drift current, we reserved the
theoretical analysis of the observed data in a high frequency region f>1.6fn,
where the nonlinear effects are remarkable.

The present study is a sequel to those studies mentioned above. The
phase velocity of the spectral component of ocean waves is studied through
the analysis of wave data measured at an oceanographic research tower.

Due to the technical difficulties, quite a few studies have been made on
the phase velocity of ocean waves. As far as we know, Yefimov et al.
(1972) is the only study which is similar to our present study. Their data
obtained in an open littoral area of the Black Sea show remarkable deviations
from the predictions of the linear theory for high frequencies, which are
similar to our previous results in a laboratory flume (I and III). In
detailed points, however, their results are slightly different from ours pre-
sented in II and IIL

In the measurement of the phase velocity of ocean waves, some diffi-
culties arise from the fact that the dominant direction of the wave field is
not known heforehand and depends on the generating conditions of the waves.
Therefore, we have to determine the wave direction and the phase velocity
simultaneously. Yefimov et al. (1972) used one pair of two wave gauges
aligned to the direction of the mean wind and the visible direction of wave
propagation. However, if the wave direction is different from the visible
direction of wave propagation, some errors will be introduced into the mea-
sured phase velocity. In the present study we use three pairs of wave data
measured simultaneously with triangular array of wave gauges. The pro-
pagation direction and the phase velocity of spectral component are simulta-
neously determined from three pairs of cross spectra. This problem will be
investigated first, and then measured phase velocities and coherences of
spectral components will be discussed.


library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked


PHASE VELOCITY OF OCEAN WAVES

2. Wave observation

Ocean waves were measured at an oceanographic research tower located
2km northwest of Tsuyazaki port, which faces on the Tsushima strait
(Figure 1). The water depth at the station is 15.5m and the slope of the
sea floor around the tower is relatively gentle (~1/300).
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Figure 1 Location of -oceanographic research tower

The observation tower is a simple equilaterally triangular platform which
is composed essentially of three vertical piles (diameter 0.8m) driven into
the sea bottom at 7m distances from one another. Waves were measured
by three capacitance-type wave gauges fixed to each pile of the tower with
arms 1m long so as to reduce the effects of the disturbances from the verti-
cal piles. The wave gauges form an equilaterally triangular array of side
7m and can detect directional properties as well as the surface elevation.
Wind speed and wind direction were measured by a wind vane located at the
top of the tower, the height of which is 12.5m above the sea surface. The
details of the observation facility and equipments have been described in
another paper (Tasai et al. 1977).

Waves were measured simultaneously with the three wave gauges and
recorded on a tape-recorder of caset-type in a digital form with sampling
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frequency 10Hz. In routine observations, measurement is controlled auto-
matically; with time interval of 2 hours, the system records waves for 20
minutes only if the wind speed is larger than an assigned value (usually
7m/s). In some cases, wave records of the same length are obtained at an
assigned time interval irrespective of the wind speed in order to study swells
or waves under very weak wind.

Wind speed and wind direction are recorded on a multipoint strip-chart
recorder for every two hours. Measurement of the wind and wave at the
observation tower has been made since 1975.

In order to study the phase velocity of ocean waves we have analysed
about 30 wave data. In the present paper, however, only three typical data
including the wind-generated waves and swell are mainly discussed, because
the other data show the similar properties.

The meteorological conditions and the characteristic properties of these
three wave data are shown in Table 1. Wave data No. 1 and No. 3 corres-
pond to waves generated by the wind which had been blowing steadily over
ten hours before measurement. On the other hand, wave data No. 2 seems
to be those of the swell, because it has low spectral peak frequency in spite
of the very low wind speed.

Table-1: Meteorolological conditions and properties of ocean waves.
fm: spectral peak frequency, H}: significant wave height,
E: total wave energy, L,: wave length corresponding to
the frequency faum.

Wind Wind
Wave . B b2 H} E
Date |Time| speed |direction . o |H%/Ly | Remarks
No. (m/s) N®) (Hz) (m) (m?) £
Oct. 29, . ° Wind .
1 1976 2:35 8.7 327 0.15 1.72 0.186 | 0.0238 wave

2 | 9t:30 | 1437 1.0 | 278 | 0.08 | 0.75 | 0.036|0.0031 | Swell

1976
Dec. 9, . o Wind
3 1977 5:35 7.8 288 0.21 1.07 0.072 | 0.0304 wave

3. Analysis of the wave data
3.1 Analysis of power spectra and cross spectra

The wave data recorded on caset tapes were transferred to magnetic
tapes for computer use. In the present analysis, the data corresponding to
the initial 5 minutes were discarded in each case and remaining data of 15
minutes were used. As mentioned previously, the sampling frequency of the
data is 10Hz and the Nyquist frequency of the wave spectra is 5Hz. Each
of the wave data was divided into 4 sub-samples of 204.8 sec which con-
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PHASE VELOCITY OF OCEAN WAVES

tained 2048 data points. Since the spectral density of ocean wave varies
very rapidly in the low frequeny part of the spectrum, we used the data
window of the type of cosine bell in order to avoied the leakage error in the
discrete Fourier transformation.

The spectral analysis of the wave data was done on a FACOM 230-48
computer using a standard program based on fast Fourier transform proce-
dures. In order to calculate the phase velocity of the spectral component,
cross spectra were also computed for each pair of wave gauges. Then, the
three wave gauges give three cross-spectra. Final data of the power spectra
and the cross spectra were obtained by taking sample mean of four sub-samples
of raw wave spectra and taking moving average of successive five line
spectra. Therefore, equivalent degrees of freedom of the measured spectra
are approximately 40.

From the cross spectrum of waves

Cri,j (@) =C043(w) —iQUu;(w), @
we obtain the phase lag 8(w) and the coherence Coh(w) as

04,5(w) =tan [ QU;,; (@) /CO4j(w) ], @
and Cohi,i () ={[QU%,;(w) + CO%,;(w) 1/ pi(w) pi(w)} z, €))

where o is the (angular) frequency. The suffix “i,j” corresponds to the
wave data obtained respectively with the wave gauges ¢ and j, and ¢: is the
power spectrum of waves measured with the wave gauge 7.

3.2 Method for determining the phase speed

The central problem is to find the phase speed of wind waves by use of
three observed cross spectra Cr;;(w). These informations are too few to
give the dispersion relation, so that they must be supplemented by a simple
model which necessarily contains several assumptions.

First, consider an ideal model in which all waves of a frequency « pro-

pagate with a phase speed C(w) in one direction a(w). Then we have three

equations
C(w) =wl cos(Bii—a(w)) [0s1(w), @

where Bi,; denotes the direction from the wave gauge ¢ toward the gauge j
and ! (=7m) the distance between them. For the determination of the two
unknowns C(w) and a(w), two independent equations are necessary and
sufficient. We may take any two of equations (4) for this purpose. Although
there are three pairs of equations on which to calculate C and a (we call
them “basic couples”), any of them will give the same solutions.

However, waves may propagate with different phase speeds and in
various directions, so that equations (4) are not exact any more, When we
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dare to determine C and « in the above mentioned manner, we will find, in
general, three different results dependent on the basic couple. Even in
such a situation, if approximately the same C and « are obtained irrespective
of the basic couple, the ideal model might not be invalid. More strongly,
let us suppose that if the three basic couples yield nearly equal C and «,
the model holds at least in the approximate sense: waves of this frequency
propagate with the phase speed C(w) in the direction a(w). For such fre-
quencies as give inconsistent C or «, we refrain ourselves from determining
the phase speed and the wave direction. This is the fundamental procedure
by which we obtain approximate solutions of this difficult problem using only
three cross-spectra.

Now we extend the ideal model and make a more reasonable and realis-
tic one by introducing the directional distribution. That is, we suppose that
for a fixed frequency , waves propagate with a phase velocity C(w) in
various directions but the directional distribution takes the form

1 I'A4+m/2)

== AT L) | as™ i — — il
SCo, 0) =V Ta21mD cos™(@—a(w)) for |0 a]éz

®)

=0 otherwise,

where a(w) means the main direction, I' denotes the gamma function and
m is assumed appropriately, We call this model as the “realistic” one. If
a(w) is known, it enables us to define “pseudo” phase speeds by

Cori (@) = ol cos (Biyj—a(w)) /g ®)

in the analogous form to (4). It must be kept in mind that “pseudo” phase
velocities Ci,;j(w) are not equal to the “true” phase C(w) even if the model
holds exactly®, and that C;;(w) may differ from one another. Appendix A

shows this situation.  Moreover, it reveals that N(i-,;-(w)(#C(w)) approxi-
mately agree with one another when k(w)! is small, where k() is the “true”
wavenumber defined from the “true” phase speed by £(w)=w/C(w). There-
fore we may adopt the same procedure as in the ideal model for small &7

Once the main direction a(w) is determined in that way, the realistic
model permits us to calculate “theoretical” “pseudo” phase speeds and “theo-
retical” coherences if the “true” phase speed C(w) is assumed appropriately.
Then, they are compared with “observe” “pseudo” phase velocities and
“observed” coherences. Thus we can examine the validity of the model
though indirectly.

In what follows, we investigate only the realistic model with the linear

* This is the reason why we have introduced a new word “pseudo” phase speed.
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Figure 2 Comparisons of three solutions for the main direction
of wave propagation «(f) based on the three basic
couples of equation (6).
(a) wave data No.1 (b) wave data No.2
(c) wave data No.3
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dispersion relation C(w)=C,(w)*. Namely, the usual two-dimensional model
of random linear waves with the directional distribution of cos™f-type (See
Appendix A for details). The terms “pseudo” and “true”, are omitted
hereafter for simplicity and for consistency with our previous papers, unless
it becomes necessary to distinguish between them.

4. Results and discussions
4.1 Main directions

Three solutions of the main direction a based on the three basic couples
are shown in the same figures (Figure 2) as functions of the normalized
frequency f/fm, where fn denotes the spectral peak frequency. They agree
with one another within a frequency range from 0.6f» up to 0.3Hz for each
case. Note that the lower bound (0.6f») of this consistency range depends
on the spectral peak frequency, while the upper bound (0.3Hz) not. Outside
of this range, the main direction « is not determined consistently by our
method. For lower frequencies (<0.6f») inconsistency probably arises from
such low spectral densities as are comparable with electric noises and make
data analysis inaccurate. For higher frequencies the disagreement of the
three solutions perhaps comes from the method in use. As shown in Appendix
A, our procedure does not assure the unique « independent of the basic couples
for large k(w)l=wl/c(w). Appendix A also tells us that if we assume the
linear dispersion relation and moderate directional distributions (m=4), f.
roughly corresponds to 0.3Hz, where f: is such a critical frequency that the

present method does not yield consistent C or « for frequencies larger than
fe. For ordinary directional distributions f. depends mainly on the distance
I, which is constant in our observational conditions. The above argument
suggests that a smaller array of wave gauges may allow a broader consistency
range.

It is to be noticed that within the consistency range, a(w) in each case
takes an almost constant value & with deviation of 15° at most. This is
likely to occur, since the main- direction a(w) of waves usually agrees with
that of winds. Observationally, the representative main directions & differ
from mean wind directions shown in Table-1 by amount of about 20° for
data No.1, 45° for data No.2 and 0° for data No.3. The discrepancy
found except in the last case seems to bring no serious problems; for data
No.1, though & does not coincide to the mean wind direction observed at
the time of wave measurement, it agrees with that observed two hours
before; the second case corresponds to swells, which originate in the far
distance and have no direct relation with the very weak wind blowing around

* Here, C, is the phase velocity of long-crested linear waves of wave length L in a
/3
finite depth #, which is given by Co(a) =% tanh( 7).
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Figure 3, Power spectrum (normalized), coherence and phase velocity (normalized) obtained

with wave gauges 2 and 3 (rugged curve). Smooth curves marked with 2,4,8 are
the predictions of the linear theory where the angular distribution function is
assumed as S(f)~cos™f, m=2,4,8.
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the observation point.

Thus we reasonably assume a(w)=a(2rx0.3) for o>27x0.3 when it is
necessary to determine the observed (pseudo) phase speed or to calculate the
theoretical (pseudo) phase speed and theoretical coherence for those fre-
quencies.

In the following, we examine often only the data based on the pair of
wave gauges 2 and 3 for simplicity. This pair is selected because it has
the direction closest to the representative wave direction & and consequently
shows the highest coherence for every case of the data. (See Appendix A

for another reason.)

4.2 Power spectrum

At the top of Figures 3a,b and ¢, the normalized spectra ¢ifm/E(i=2,3)
are shown as functions of the normalized frequency f/fm. It can he seen
that the two power spectra ¢, and ¢; almost coincide with each other. The
spectral form in 3a (wave data No. 1) is fairly close to the Pierson-Mosko-
witz spectrum, and that in 3c (wave data No. 3) to the JONSWAP spectrum
with y=2.0.  However, the spectral form in 3b (wave data No.2), which
corresponds to swells, has little resemblance to the both standard forms.

Generally, the steepness of ocean waves is not as large as that of labo-
ratory wind waves and the nonlinearity of ocean waves are considered not
so large. However, since the phase velocity measured by the cross-spectral
technique is sensitive to the nonlinear forced waves (Mitsuyasu et al 1979),
it is better to estimate the order of the magnitude of forced wave compo-
nents for the case of wave data No. 3, which has the largest wave steepness
among the present data. Following the method described in our previous

¢, (f)
|

|
O ' 2 f/fm 3

Figure 4 Normalized power spectra of free wave @; and forced wave @,

10° !
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PHASE VELOCITY OF OCEANW AVES

paper (Masuda et al 1979), we calculate the power spectrum of forced waves
by taking the angular distribution function of the form cos*f. As shown
in Figure 4, the spectral density of the forced waves is negligibly small;
about 1% of free waves. The effect of forced wave components on the
phase velocity will be discussed later in §4.4.

4.3 Coherence

The coherence of waves measured at two wave gauges decreases with the
increase of kI, where %k is the wavenumber. If the distance / between two
wave gauges is fixed as in our case, the coherence decreases with frequency
J under the condition that f increases with 2. (See Appendix A for details).
A knowledge of these general features are indispensable in understanding
the following behavior of the observed coherences.

Figures 5a,b and ¢ show the observed coherences (rugged curves) for
wave data No.1, No.2 and No. 3 respectively. The top, middle and bottom
figures correspond respectively to the pairs of wave gauges 1-2, 2-3 and 3-1.
The coherences based on the wave gauges 2 and 3 have been shown also at
the middle of Figures 3a,b and c. The coherence is approximately unity
near the frequency f» and gradually decreases with increasing f. The
decrease begins at smaller f/fn» in the order of data No.3, No.1l and No. 2,
namely the order of increasing fm, in accordance with the general features
of coherence mentioned first in this section.

The theoretical values of coherence are also shown in the same figures
(smooth curves). As regards the directional distribution, we assume m=2,
4,8 to compute the cross spectrum and coherence. Figure 5 shows that the
coherences predicted by the linear theory are fairly close to the measured
ones for each pair of wave gauges if we select an adequate value of .

It is difficult to determine the most suitable value of # for the measured
ocean waves from Figure 5. Longuet-Higgins et al (1963) has proposed
the following form of the angular distribution function;

Recently, Mitsuyasu et al (1975) have determined an empirical formula for
the parameter s in (7) as

s=11.5(2LY) 25 for 1>, ®)
g
where U is wind velocity. By taking an approximate relation

m=0. 46s, ©))
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Comparison of the observed coherence (rugged line) with the prediction of the linear
theory (smooth line), where the angular distribution function is assumed as S(f)~
cos™f, m=2,4,8. The top, middle and bottom figures correspond respectively to the
pairs of wave gauges 1-2,2-3, and 3-1.
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PHASE VELOCITY OF OCEAN WAVES
into account, we obtain
m=5. 29(2%:[]—)-2-5, 10)

except for very small values of s(s<<{4). The peak frequencies fm of the
present spectra give m=8 for data No.1l and m=4 for data No.3, which
are consistent with observations. Since data No. 2 corresponds to the swell,
m can not be estimated from (10), which has been determined for ocean
waves in generation area. According to Figure 5b, the measured coherence
is very close to the theoretical one estimated by assuming m =8,

4.4 Phase velocity

The normalized (pseudo) phase velocity E/ C, is shown at the bottom of
Figures 3a,b and ¢ as a function of the normalized frequency f/fm. The
phase velocity predicted by the linear theory is also shown in the same
figures, where the angular distribution functions is the same to those used
for the computation of the coherence. Figure 3 shows a fairly good agree-
ment between the theory and observations. However, near the spectral
peak frequency, observed (pseudo) phase speeds are a little smaller than
theoretical values calculated under the assumption of moderate directional
distributions m=2~8.

Now, let us consider the reasons why the realistic model holds rather

well, and why (’?'/C0 are slightly smaller than the theoretical values. For
that purpose, we must discuss several factors which may invalidate the rea-
listic model and consequently affect the phase velocity of wind waves.

Surface drift current induced by the wind

The phase velocity of laboratory wind waves is much affected by the
drift current (Kato 1974, Kuo, et al. 1979). However, for ocean wind
waves such as wave data No. 1 and No. 3, the surface velocity of the drift
current of the order U,=0.03U (U: wind velocity) is at most 3% of the
phase velocity of linear waves. As for the swell, the drift current becomes
less important partly due to low wind speed and partly due to large phase
speed of the swell. Therefore, we conclude that the effect of the drift
current on the phase velocity of ocean waves is negligibly small.

Nonlinear forced waves

In our previous papers (Masuda et al 1979, Mitsuyasu et al 1979), we
have studied the nonlinear effect on the (pseudo) phase velocity for random
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waves. According to those studies, nonlinear forced waves have a large
effect on the (pseudo) phase velocity, if their spectral densities are com-
parable to or greater than those of free waves. However, as shown in
Figure 4 the spectral densities of the nonlinear forced waves are much smal-
ler than those of the free waves. Therefore, referring to our previous
study (Mitsuyasu et al 1979 Appendix), we can say that the effect of non-
linear forced waves on the phase velocity is negligible in our present wave
data.

The current

The current was not measured when the present data were obtained.
According to a measurement made in other times at this platform, the cur-
rent is mainly of tidal origin with maximum speed of the order of 0.20m/s.
The speed is only about 3% of the phase velocity of linear waves with fre-
quency 0. 3Hz. Consequently, we can neglect the effect of ocean current
on the phase velocities of ocean waves for the present data

Reflected wave

At a distance of approximately 2km from the tower, there are natural
beach and fishing-port facilities. Some portion of the wave energy may
be reflected from them.  Therefore, the effect of the reflected waves need
to be considered when we investigate the phase velocity of the ocean waves
measured at the observation tower.

The method for determining the effects of reflected waves on the phase
velocity is described in Appendix B¥. As shown in- Appendix B, the effect
of reflected waves on the phase velocity depends not only on reflection coef-
ficient but also on the phase lag between incident waves and reflected waves.
Following the method described in Appendix B, we estimate the reflection
coefficient and the phase lag from the wave data measured by two separate
wave gauges. Then we estimate the phase velocity of wave system co-
existing with the reflected waves. The reflection coefficients of the wave
components near the spectral peak frequency are estimated approximately as
1.5% for wave data No.1l and No.3, and 5% for wave data No.2. If we
consider these reflection coefficients, the apparent phase velocities of the
spectral components near the spectral peak are approximately 929 of the
phase velocity C, for wave data No. 1, and approximately 839 of C, for wave
data No. 3. Here, C, is the true phase velocity of linear waves. For

* Since we have no informations on the directional properties of reflected waves, the
formulation in Appendix B is made under the assumption of long-crested waves.
Therefore, the results will be used only for the order estimation of the effect of

reflected waves.
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wave data No.2, effect of the reflected waves on the apparent phase velo-
city is found to be negligible, which is due to the values of the phase lag
between the incident waves and the reflected waves.

If we consider these effects of the reflected waves on the measured
phase velocity, the agreements between the theory and observations shown
in Figure 3 are much improved.

Finally, some remarks are added on the measured (pseudo) phase velocity

shown in Figure 3c. In a dimensionless form ’\C//Co takes smaller values
than 1.0 in the low frequency side (0.8fn-fn») of the wave spectrum. Since
we have used the data window in the spectral analysis, this discrepancy can
not be attributed to the leakage effects in the spectral computations. The

similar behavior of (,N‘//C0 is found in Lake & Yuen (1978). This problem is
left for future study.

5. Conclusions

The main conclusion of this study is stated as follows: Observed (pseudo)
phase velocity and coherence of the ocean waves presented here are well
described by the realistic model of two-dimensional random linear waves.
Slight disagreements between them seem attributable to the effects of oppos-
ing waves reflected from the shore.

There are two reasons why we can expect the validity of the linear
model for ocean waves. First, the steepness of wind waves in the ocean
is not so large as that of the laboratory wind waves, and their nonlinearities
are weaker. Secondly, the wind-generated surface current can not have a
large effect on the phase velocity of ocean waves, because the former is
much smaller than the latter.

In one example of the data, a notable discrepancy is found between the
linear theory and measurements in the low frequency side of the spectrum.
Further studies are required to clarify this phenomenon.

Finally it should be noted that the present conclusions based on data of
deep water waves must be reserved for ocean waves in shallow water such
as shoaling water where the nonlinearity is not necessarily small.
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[Appendix A] Coherence and “pseudo” phase velocity predicted by the
“realistic” model. ’

Consider a wave field described by the “realistic” model introduced in
§3.2. Then, the cross spectrum based on two wave gauges turns out to be

Cr(a)) ECO—iQU:(p(w)Ji S(a), ﬁ)e—ik(m)wos(a—ﬁ)da’ (A—l)

where ¢(w) denotes the power spectrum and k(w) the wavenumber defined
by k(w)=w/C(w) with C(w) the “true” phase speed. Here B is the direc-
tion of the two wave gauges and [ the distance between them.  The direc-
tional distribution S(w, 6) is of cos™@-type with the main direction a(w).
Rewriting (A-1) we have

C, () 1 I'+m/2) J"/Z cos™fe e ieosto—s-n1gdp  (A-D)

p(@) z IA2+m/2)

-%/2

Next let us define the “pseudo” phase speed E(w) by

Clw) =wl cos(8—a) /tan—l(%j ) (A-3)

which is not determined uniquely by the wave field but depends on the ex-
perimental conditions p and /. Normalization by the true phase speed C(w)
gives

gEZ; —k(w)] cos(8-a) /tan‘l(%). (A-4)

Equations (A-2) and (A-4) indicate that the coherence Coh=|C,(w)|/¢(w)

and normalized pseudo phase velocity 6(w)/C(w) are functions of k(w)/,
the normalized distance of the wave gauges and (8—a), the direction of the
wave gauges relative to the main wave direction.

Figures A-1 and A-2 respectively show Coh and 5/ C for |p—a|=0°,20°,
40°, 60°, 80°. The figures (a), (b), (¢c) and (d) correspond to m=o0, m=3_,,
m=4 and m=0 (square distribution) respectively. Note that if m=oco, the
realistic model is reduced to the ideal one. Dimensional frequencies f are
added to the figures for comparison with observations, where £(w)I{(/=7m)
is translated into f under the assumption of the linear dispersion relation
Clw)=Co(w) =g/ 2rf).

The contents of the “realistic” model are summarized in these figures.

A glance tells us many features: (1) for m=o0 (the ideal model), ’E‘/C and
Coh are unity irrespective of k(w)! or |f—al; (2) for finite m, ’E/C and Coh
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Figure A-1 The normalized “pseudo” \phase velocity 6/(3 predicted
by (A-4) versus kI or f. |B-a| is taken as a parameter.
(a) m=o0, (b) m=8, (¢c) m=4, (d) m=0

depend on both k(w)! and |B—a|; (3) departure from the ideal model

becomes remarkable for smaller m, larger k(w)! and larger |B—al; (4) As

functions of A(w)l, ?f/C and Coh are almost constant (E/c>1, Coh=1) for
small 2(w)! even in case of small m and large |B—a|; (5) For any |f—a

the limit value of E/C as k(w)l—0 is equal to 1.0 when m=oco, increases
monotonically as # decreases and attains the maximum 7/2 at m=0.

Finally a remark is stated about the error of the pseudo phase speed oC
produced when a slightly wrong value of the main direction a+da is used
in the definition (A-3). We easily find, to the second order,

9C (3 tan(B—a) —%(éwz) 2 (A-5)
C

It shows that the smaller the quantity |@—al|, the smaller the error 5:5
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Figure A-2 Same as Figure A-1 except for coherence.

expected. Therefore experimentally the most reliable estimation of Cis
likely to be obtained with a pair of wave gauges parallel to the main direc-
tion.

[Appendix B] An effect of the reflected waves on the determination of
wave velocity.

We consider a wave system which consists of two waves propagating to
oposite directions, an incident wave and a reflected wave;

2(x, 1) =a,cos(wt—kx+e,) +a, cos(wt+kx+e,), (B-1D

where a@; and e; are the amplitude and phase angle for the incident wave,
and a, and e, for the reflected wave. The cross-spectrum of waves (%, ¢)
and 7»(x,+1,t) measured at two stations separated by [ in the x-direction can
be determined by the Fourier analysis of the measured wave profile. From
the cross spectrum the phase lag 6 is obtained as
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tan §=2Y = (a’—a®) sin kl
~ CO™ (a’+a,)cos kl+2a;a, cos(2kx,—e;+e,+ k)

=R(ar/ai7 2kx0_3i+erv kl)y (B'—Z)

where CO is the Co-spectrum and QU is the Quardrature spectrum.
It is easily seen that when the reflected wave is absent, the phase lag
0 becomes simply

G=~Fl. (B-3)

We define an pseudo phase velocity C as
C=wl/tan™'R. (B-4)
Its normalized value is given by
C_ H ]
¢, Tt R (B-5)

where Cy=w/k.

The unknown quantities a,, @, and (2k,x—e;+e,) in (B-2) can be deter-
mined through the Fourier analysis of the measured wave profiles after Goda
(1975) as

aiz:m[(Az—Al cos kl— B, sin kL) +(B,-+ 4, sin kl—B, cos ki) )
(B-6)

2= Z—S—élTkl[(Az—Al cos I+ B, sin &1) +( B,— A, sin kl— B, cos kl>2}.
B-7

and cos(@kx,—e;+e,)

{ainrarz_(Az—_z;liinc]gls kl)2+(Bz-—sli3111 ;;(l)s kl>2}‘ (B-8)

~ 2a,a,

Here A, and B, are the Fourier coefficients of cosine component and sin
component respectively for the waves measured at station #,, and so are 4, and
B, for the waves measured at station x,-+/. Also for random waves, we
can determine in the same way the reflection coefficient @,*/a;? and the

normalized apparent phase velocity E/ C, as the functions of the frequency w.
Although equations (B-6), (B-7) and (B-8) have singular points at sink/=0,
we can eliminate the term sin &/ and avoid the singular point as far as
the reflection coefficient @,?/a;? and the normalized phase velocity C/C, are
concerned.
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