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ON THE HYDRODYNAMIC FORCES AND MOMENTS 
ACTING ON THE TWO DIMENSIONAL BODIES 
OSCILLATING IN SHALLOW WATER* 

By Mikio TAKAKI** 

This paper presents the solutions of radiation problems and the diffr-
action problems in water of finite depth. The hydrodynamic forces and 
moments acting on the cylinders of the arbitrary cross sections are calculated 
precisely by adopting the close fit method. 
In the next place, the forced oscillating tests for heave, sway and roll 
are carried out by using three cylinders of Lewis form cross section. It 
becomes clear from the comparison with the experimental results that the 
two dimensional hydrodynamic forces and moments acting on the arbitrary 
cross sections without bilgekeel can be precisely obtained by the close fit 
method. 
Finally numerical examples for submerged circular cylinder are shown. 
And the effects of water depth and the viscous effects for roll are discussed. 

1. Introduction 

Because of increasing dimensions of ship in recent years, several sea de-

pths of her trade routs and her working area have been becoming relatively 

shallow. The reduction of sea depth may lead to hit or grand the bottom 

of sea. It therefore has been becoming a great important problem to predict 
the ship motions and the hydrodynamic forces acting on the ships in water 

of finite depth, in which the ships can operate safely. 

When the strip method is available for predicting the motions of ships in 

water of finite depth, the two dimensional hydrodynamic forces and moments 

acting on the body of ship are required according to the assumption of the 

strip theory. As for the calculating methods of the hydrodynamic forces 

and moments acting on the two dimensional oscillating body in water of 

finite depth, Porter discussed about the hydrodynamic forces acting on the 

heaving cylinder ii. Yu and Ursell calculated the added mass and the wave 

* This paper is translated from two papers which have been published at the Society 
of Naval Architects of West-Japan on May 1975 and 1976. 
** Research Associate, Research Institute for Applied Mechanics, Kyushu University 
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amplitude ratio of the heaving semi-circular cylinder and confirmed the 
availability of their calculated values by the experiment of the wave ampli・ 
tude ratio for heave 2i. Sayer and Ursell obtained the added mass coeffici-
ents of heaving semi-circular cylinder at(J)→0 by numerical calculations 3i. 
C. H. Kim 4J and H. Keil 5) independently calculated the hydrodynamic forces 
and moments acting on the Lewis form cylinder for heave, sway and roll by 
adopting the method of multipole expansions which was an extension of the 
method of Grim si and Tamura 7i of the water of infinite depth to that of 
the water of finite depth. Black & others si and Ijima & others 9) solved 
the radiation problem of the rectangular cylinder by using the method of 
dividing the fluid domain. These methods above mentioned contain a weak・ 
point, by which is limited the shapes of sections of the ships or the struc・ 
tures. There exist on the contrary the finite element method and the close 
fit method which do not limit the shapes of cross sections to calculate the 
hydrodynamic forces and moments acting on those. As for the finite element 
method, K. J. Bai 10,ui, Seto & Yamamoto 12,13) and Takashina & others 14i 
solved the radiation problems. As for the close fit method, Maruyama 15), 
Kan isi 17) and Ikebuchi 18) obtained the two dimensional hydrodynamic forces 
and moments in water of finite depth. 
As mentioned above, especially there have been few experimental results. 
Consequently the correlation works between the theoretical and the ex:peri・ 
mental investigations have been scarcely performed. 
In this paper, firstly we shall extend the relations 19) among the hydrody• 
namic forces in the case of water of infinite depth to those in the case of 
water of finite depth using the potential 20> of water of finite depth, and 
solve the radiation problems and the diffraction problems on arbitrary two 
dimensional cross section using the close fit method in which singularities 
are distributed on the surface of the cylinder. The hydrodynamic forces 
and moments acting on an arbitrary cross section are calculated precisely 
by using the above method. 
In the next place, the forced oscillating tests are carried out by using 
three cylinders of Lewis form cross section, and the experimental results 
concerning added mass coefficients, damping force coefficients and wave 
amplitude ratios are compared with the theoretically calculated results obtained 
by the close fit method. The availability of the theoretically calculating 
method is confirmed experimentally. 
Finally we shall discuss the effects of water depths as for the hydrodyna・ 
mic forces and moments. 

1. 1 Notation 

L Length of cylinder 
B Breadth of cross section C 
T Draft 
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tJ Volume displacement of cross section 
ふ Waterplane area 
ら Blockcoefficient 
⑳ Metacentric height 
kt Radius of transverse gyration for roll 
b丘x. Breadth of bilge-keel 

C Submerged part of cross sectional contour in rest position 
ds Li ine segment along cross sectional contour 
n Unit normal to cross section C 
H。 Beamdraft ratio (=B/2T) 
11 Sectional area coefficient (=tl/ BT) 
g G ・ravitational acceleration 

KT Non-dimensional frequency( = ~T) 
g 

p Density of fluid 
h Depth of fluid 
(J)Circular frequency of wave 

a) K Wave number in water of infinite depth(＝一：
g 
） 

m。 Wavenumber in water of finite depth (a real root of 

equation: 
(J)2 
-＝m。tanhm。h)
g 

n,, (j=l, 2, 3・・・） (J)2 
Imaginary roots of equation: ~=m。 tanh m0h 

ら Am~litu;e of inciden~ wave g 
刀(x,y;t)，力（ふy)

Amplitude of outgoing wave 

Y; Oscillation amplitude in the j-th mode 
釘（北y;x', y') Velocity potential normalized by velocity amplitude in the 

j-th mode motion (j=l, 2, 3) 
Velocity potential normalized by amplitude of incident wave 
(j=O, 4) 

如(x,y;x', y') Stream function corresponding to velocity potential 
釘(x,y) Density of source singularities distributed on sectional con-

tour 
CJ Integral constant for the j-th mode equation 

F,k,j五 Hydrodynamicforce or moment of the k-th mode by the 
j-th mode of motion 

Ej，e, Wave exciting force or moment of the j-th mode in beam-
sea condition 

P1 Pressure of the j-th mode 
和島島 Addedmass coefficient for heave, sway and added mass 

moment of inertia coefficient for roll 

N”'芯，NR Damping coefficient for heave, sway and roll 
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4 M. TAKAKI 

Am As,心 Waveamplitude ratio for heave, sway and roll 
(Amplitude of radiation wave normalized by amplitude 
of oscillation) 

伍 Leverof added moment of inertia 
l w Lever of damping moment 
み Massmoment of inertia for roll 
e1 Phase lag on the j-th mode 
Subscripts 
c Real part 
s Imaginary part 

A Symmetric motion 
B Antisymmetric motion 
1 Motion alongか axis(swaying mode) 
2 Motion along y-axis (heaving mode) 
3 ・ Rotation around the origin O (roHing mode) 
4 Diffraction wave 
0 Incident wave 

2. Formulation of fundamental problems 

2. 1 Coordinate systems 

Consider a cylinder, whose cross section C is symmetrical about a center 

x
 

X',y') 

y 

Fig. 2. 1 Coodinate system 

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked



HYDRODYNAMIC FORCES IN SHALLOW WATER 5
 

line, which is forced into a simple harmonic oscillation with a small ampli・ 
tude in water of finite depth as shown in Fig, 2. 1. Let a horizontal axis, 
which coincides with an undisturbed free surface, be x-coordinate axis and 
a virtical axis be y-coordinate axis, which is measured downwards, and a 
normal direction n on hull surface be directed into fluid. Considering the 
motions of fluid with a constant depth h to be linear and two dimensional 
phenomena, it is assumed that the fluid is invisid, imcompressible and irrota-
tional, and the effect of surface tension is negligible. 

2. 2 Fundamental equations 

Let the velocity potential (J), the pressure P and the displacement of free 
surface 7J be represented as follows: 

<JJ(x,y;t) =Re{ </>(X, y)eiwt}, 
P(x,y;t) =Re{p(x,y)ei°'t}, 
刀（兄y;t) =Re{ f) (x,y)e'"'}. 

(2.1) 

and we have the relation between wave frequency w and wave number m。
in fluid of finite depth: 

(l)2 

k=--＝m。tanhm。h.
g 

(2.2) 

Furthermore, let the unite velocity potential cf>1(x,y) with respect to radi-
ation potential cp (x,y) oscillating with the amplitude Y1 be put as follows: 

¢心，y)=i砂 Y,,(j=l, 2, 3), 

where </>1 satisfies: 
[L] the Laplace equation, in the fluid domain: 

四 j 的 J
＋ 和 f)y2=0, 

[SJ the dynamic free surface condition: 

k釘＋ 砂言い＝0,
[BJ the water bottom condition: 

砂巧い＝0,
[RJ the radiation condition: 

皿（倍士im。叫～0,
[NJ the ship hull condition: 

(2. 3) 

(2. 4) 

(2. 5) 

(2. 6) 

(2. 7) 

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked



6
 

M. TAKAKI 

術｝J
茄＝Vr.J, on C, (j=l, 2, 3) (2. 8) 

where vn1 are normal components of velocity on ship hull and can be eヰ ressed
as follows: 

紅 x8y 
V正＝y而―菰v汎2=

8y 
fin' 

8“ Va= --
8n 

(2. 9) 

Rewriting the equation (2. 9) by using the stream function如 conjugated
with the velocity potential <Pi, 
we have 

少1=-y+c19 </，2=X+c2, 
1 

少3＝万―(が十y2)+ca, 

和 (x,y)＝子・</>。,心，y),

where a is wave amplitude, and then we have 

゜fJn (</>。十如）＝0, 

(2.10) 

where c,(j=l, 2, 3) is unknown constant. 
The velocity potential of incident wave and reflective wave can be put as 
follows: 

(2.11) 

(2.12) 

on the hull surface C. The pressures with respect to the radiation potential 
and the diffraction potential can be expressed as follows: 

P=-P(J)2y沖j, (j=l, 2, 3), 

P=-pga(<f>。+¢ふ

(2.13) 

(2.14) 

and the displacement of free surface with respect to the radiation potential 
can be expressed as follows: 

.Aj=立-＝K剣ツ＝o,
Y1 

(j=l, 2, 3). (2.15) 

2. 3 Velocity potential and stream function 

When a periodic source with a unite strength is put at an arbitrary point 
(x',y') in water of finite depth, the velocity potential, which satisfies condi-
tions (2. 4)~(2. 7), at the point P(x,y) have been given by Thorne 19> as 

G(x,y; x',y')=G心，y;ふy')+iG,(x,y; x',y') 

=log舟＋2•P.V.「｛ coshK(h-Y) cosh K(h-Y'） 
。てKcoshKh-k sinh Kh) cosh Kh 
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_ e―kh sinh ky sinh ky' 
~} cos k(x-x')dk (2. 16) 

+1 
,4万 coshm。(h-y)cash m。(h-y')

2m。h+sinh2m。h cos m。(x-x'),

where r戸✓u-X'）2+ （y-y'）叫れ＝✓Gごx‘)2+ （ Y+y'）と

And the stream function, which is conjugated with equation (2. 16), can be 
expressed as 

S(x,y; x',y')=SべX,y; x', y')＋筵(x,y; x', y') 

=(j三＋ 2•P.V.「｛ー三 k(h-y)cosh K(h—立
o l (K cosh kh-k sinh kh) cosh kh 

+e―Kh cosh kysinh ky' 
k cosh kh }sin k(x-x')dk 

+z . 4冗 sinhm。(h-y)cosh m。(h-y')
2m。h+sinh2m。h -sin尻 (x-x').

(2. 17) 

3. ・ Two dimensional boundary-value problems 

3. 1 Integral equations and solutions 

Distributing line density of source 1J1(j=l, 2, 3) on the surface of cylinder, 
the velocity potential and the stream function at an arbitrary point P(x, y) 
in fluid can be expressed as follows: 

砂，y)＝［いx',y'),G(x,y;x',y')ds(x',y'), (j=l, 2, 3), (3.1) 

紐 y)＝［叫',y')・S(x,y;x',y')ds(x',y'), (j=l,2,3). (3.2) 

Solving these integral eqations and evaluating the line density of source 
!JJ, the velocity potential function can be obtained. It is, however, com・ 
plicated to perform the numerical calculations of equation (3. 1) involving 
differentiations on these velocity potential. So we should evaluate the line 
density of source !JJ (-t:, y) by using the stream function (3. 2). Rewrite 
equation (3. 2) by dividing into a real part and an imaginary part, the fol・ 
lowing equations can be obtained: 

伽 (P)=I匂 (Q)•Sc(P, Q)-tJi,(Q) •S.(P, Q)}ds(Q), 

伽 (P)＝ ［%（Q) •Ss(P, Q) ＋叫Q)•SC(P,Q)｝ds(Q), (j=1, 2, 3)．I(3.3) 
One can evaluate /Jjc and tJi, by solving these two sets of integral equations, 
but in the case of symmetrical cross section of cylinder, one can symplify 
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the numerical calculations as follows 21i. 
The case of symmetrical motion (j=2, heave): There are following rel-
ations given by 

a2(x',y')=a2(-x',y'), S,(x,y; x',y')=S,(x,y; -x',y'), 

and the imaginary part of stream function can be obtained as 

ふ(P,Q)= 4r: sinh m。(h-y)
2m。h+sinh2m。hsin m。X•cosh m。(h-y')cos m。x'. (3. 4) 

The case of anti-symmetrical motions (j=l, sway; j=3, roll): There are 
following relations given by 

/Jj(ぷ，y")=-aj(-x',y'),(j=l,3), S,(x,y; x',y')=-S,(x,y; -x',y'), 

and the imaginary part of stream function can be expressed as follows: 

S,(P,Q)＝一
如 sinhm。(h-y)
2m。h+sinh2m。h-• Cos m。xcosh m。(h-y')sin mぷ・

(3. 5) 

We consider the following functions given by 

p2c〕
P1c 

=I〔年(X',y'） •cosm。X'cosh m。(h-y'）
c年 (X'，y'）・sinm。X'〕 coshm。h ds(x',y'), 

灼〕＝［〔：鷹：り：盟::：9,〕coschos勺゚ご。iy'）ds(X'，y'），（j=1, 3)9 ] 
(3. 6) 

and 

叫礼y')= 6j, (x', y') +--;7,(51s (x', y'), 

1 
<ljBは',y')=--i,<J1,(x', y')' 

Pjc 
(j=1, 2, 3)，l (3. 7) 

and so equation (3. 3) can be transformed into the following forms: 

玖；：l＝［(：；：g:：;：}〕Sc(x,y;x',y')ds(x',y'), 
4冗 sinhm。(h-y)cosh m。h ((-sin m。~)
2m。h+sinh2m。h • cosm。”尺い＝
鳳髯：召〕ふ(x,y;x',y')ds(x',y') (j=l,3). 

(3. 8) 
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，
 

Solving the above equation (3. 8), we can evaluate the values of(jiA and(jjB 
(j=l, 2, 3). In the next place, we take the following functions given by: 
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(3. 9) 

The above equations (3. 9) can be rewritten by the values of(JJA and(JJB, 
(j=l,2,3) as follows: 

佐〕＝l（(Ja(X',y:)Cosm。X'〕翌h叩o(h-y'）
C (JjAは',y')sin m。x') cosh m。h ds(x',y'), 佐〕＝［〔：；髯，＇塁］悶~;：〕 coschos悶゜悶0;y'） ds(¢, y'）， （j=1, 3)． l 

(3.10) 

Substituting these relations into equations (3. 9), we have: 

Pゎ＝ p“ 
l+P五'

pjs=Pjc.pjm (i=1, 2, 3)] 

(3. 11) 

Furthermore the distributions of sources densities a1(x', y') oscillating with 
the j-th mode can be obtained by the relations of equations (3. 7) and (3. 11) 
as follows: 

/Jjふ',y')=111A (x', y') -Pい国(X'，y'）

叫',y'） ＝肛・国(X'，y'），（i=1,2, 3)．］ (3. 12) 

Substituting these values (3. 12) into equation (3. 1), the radiation potential 
functions can be obtained. 

3. 2 Integration of pressures 

Since the hydrodynamical force of the k-th mode by the j-th mode of 
motion may be defined as Fike竺 theforce normalized by the velocity am-
plitude can be represented as follows: 

fjk= Pa)り行＝ー［噂:~1,2,3). ] 
fjk=fhc+ifiks, (j, k=l, 2, 3). 

(3. 13) 

These coefficients of hydrodynamical forces are shown in Table-3. 1 and 
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10 M. TAKAKI 

defined as follows: 
In the case: j=k 
the coefficient fi,0 expresses the added mass or the added mass moment 
of inertia, 
the coefficient駈 expressesthe damping force or the damping moment. 
In the case: jキK
the coefficient力kcand f;k, express the coupling force or the coupling 
moment. 

Table 3-1 Hydrodynamic force & moment and the non-dimensional 
coefficients 

＋ I Heave (j=2) I Sway (j=l) | Roll (j=3) 

』Inertial force | MH=Pf22c I M,=Pfi.10 I M¢ヮ＝pf3le
Damping force I NH=-p鴫． INs=-P0)f1" | N¢,＝-P鴫 s

咤

8 Inertial moment I M”=pfi.3c M丑＝pf8dC

足 Damping moment I | N,¢=-Pof13s | NB=-Pofa3S 
I 

Added mass coeff. 

Added mass m. t. of 
inertia coeff. 

S
1
u
a
I
3
t
}
F
3
0
3
I
e
u
o
窃
u
3
日
!
P
-
U
O
N

Damping force coeff. 

Wave amplitude ratio 

Added moment arm 

Damping moment arm 

I 
l心＝仰心p4 

翌犀tngmoment l 
l 
l 
I 

3.3 

Mn=M砂 4

I
 

I
 

AH＝も／Y2
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T
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4

―
―
―
―
_
-

―-
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s
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“
-
正

^
A
-

＾lB
^
l

Ẑ 

M̂ 
―

―

 

g
 

鱈＞
 
醤―― N̂S 

Ms=Ms/P.A 

＾ As＝な／Y1

＾ 伍＝ M” Ms•T 

？w =辛
Ns•T 

Wave amplitude ratio 

A group velocity of wave in water of finite depth can. be expressed from 
the relation (2. 2) as follows: 

U =-i{-~tanh m,h }.{ l+~。h2にtanhm。h)•(1+ sinh 2m。h)． (3.14) 

Since the average total energy per unit surface area are expressed to be 
}pgが， theaverage total energy of propagating wave per unit time E。can
be expressed as 
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1 

E。 =½-pgゲ(』~tanh m。hr•(1+sd冒h), (j=l,2,3). (3. 15) 

Since this energy is equal to the average amount W。ofwork performed by 
the wave damping force acting on the cylinder, which is given by 

W。=1 2 P0)3 四 fjj89

the following equation can be obtained 

Aげ＝ ザYl =KらF(m。h)lfjjsl,

I 

:.AFK{F(m。h)・lh]戸， (j=l, 2, 3), 

where 

F(m。h)= 2 cosh2 m。h
2m。h+sinh2m。h ・

(3. 16) 

(3. 17) 

(3. 18) 

With aid of equations (3. 13) and (3. 17) the relation between the wave am-
plitude ratio Ai and the damping force coefficient Ni can be obtained as 

^ 2 

I, (j=l, 2, 3) Nj=1  IA』
pa)-F(m。h)I K (3. 19) 

This is the so-called "Haskind-Newman Relation" in water of finite depth. 

3. 4 Wave exciting forces and moments by lateral waves 

The wave exciting forces and moments of the j-th mode are defined as 
恥e竺 thenaccording to equations (2. 8) and (2.14), the forces and the 
moments normalized by the amplitude of the incident wave are defined as 
follows: 

Ej  

ej = pga =-JC (¢。十釦）
8</Jj 
an ds, 

免＝万凸＝―JC（り。囚闘ds.

(J. = 1, 2) 9 ] 
(3. 20) 

The velocity potential of incident wave with a unit amplitude is given by 

¢げ＝
cosh m。(h-y) が加心
cosh m。h e ゜

Since the function (/J4 and (/Jパj=l,2, 3) satisfy Laplace's equation, 
to Green's theorem, there is a following relation 

(3. 21) 

according 

11 
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12 M. TAKAKI 

ICり4位ds=f少 ~ds, (j=l, 2, 3). (3. 22) 

And we have 蒻 4 砂。
＝一on f)n from equation (2. 12). Furthermore, substitu-

ting these relations into equation (3. 20), the following expression can be 
obtained 

ej±=-H戸(m。h), (j=l, 2, 3), (3.23) 

where 

II,•(m。h) ＝［（位―砂嘉） Coschos”̀0;y) e士戸 ds,l 
H戸＝H夕,+iHゥ" (j=l,2,3). 

(3. 24) 

On the other hand, the velocity potential at infinity can be represented by 
using of equation (2. 16) as follows: 

ef>j~iF(m 。h)•H 手 (m。 h) ・釘． (3. 25) 
ぁ→士OO

It is clear from this equation (3. 25) that the function H/ is proportional 
to the amplitude of the wave propagating to the positive direction of x-axis, 
and that the function Hj― is similarly proportional to the amplitude of the 
wave propagating to the negative direction of x-axis. Suppose that the 
cross section of cylinder is symmetrical, we have 

IH/(m。h)I＝直j-（m。h)I =Hj(m。h), （た1,2, 3). 

The wave amplitude ratio can be expressed as follows: 

ふ＝K・F(m。h)•Hj(m。h), （た 1,2,3) (3. 26) 

and by equation (3. 25) the phase lag cj can be written as 

eJ= tanー！（位），（j=l,2, 3). 
Js 

(3. 27) 

Substituting the above relations into equation (3. 23), the wave exciting 
forces and moments can be represented by the wave amplitude ratio and the 
phase lag as follows: 

＾ ej = i Ai 
K・F(m。h)e匂，（j=l,2, 3) (3. 28) 

On the other hand, by the natures of the continuity of velocity potential and 
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of the discontinuity of its first order derivative the relation between the 
function H.戸 andthe source densities distributed on the surface of cylinder 
can be given as fo11ows: 

町 (m。h)= 211:J(J・ cosh m。(h-y)J 
c UJ cosh m。h eが匹げds, (j= l, 2, 3). (3. 29) 

And from equation (3. 6) we have the following relations: 

H20(m。h) P2c 凡(m。h)〕＝2冗•〔ーPjc〗

屈霊腐〕＝2冗•〔化，（た1,3). ] (3. 30) 

Furthermore by eliminating the function Hj from equations (3. 17), (3. 21) 
and (3. 30), the following equation can be obtained: 

KらF(m。h)I/ii,I =4冗'•KらF'(m。h) ・ (PJ,+Pjふ

. •. | fj山/{F(m。h)・(PjC + PJ 8)} = 4ず，（j=l,2, 3). (3. 31) 

This formula is a convenient equation to examine the accuracy of numerical 
calculations for hydrodynamic forces and moments acting on the cylinder. 

3. 5 Coefficients of reflective waves and transmissive waves 

We extend the relations of water of infinite depth according to [19] to the 
case of water of finite depth. With aid of Green's theorem by using (2. 16) 
the radiation potential in finite depth of water is represented as 

¢j= 2し［（悶―q>j贔）G(x,y; x', y') ds, (j= I, 2, 3). (3. 32) 

Taking into account the symmetrical cross section of cylinder, the radiation 
potential can be expressed by dividing into a real part and an imaginary 
part as follows. 
In the case of釦(x,y) =rpパーx,y)

転(x,y) ＝¾L( 岱—</>2c¾)cc ds 
cosh m。(h-y)

-F(m。h)Hわ(m。h)~0~cos m。x,
cosh m。h

伽 (x,y)=2し［（岱—¢28羞）G0 ds 

+F(m。h)•H!.(m。 h)
cosh m。(h-y） 
cosh m。h cos m。X.

(3. 33) 
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14 M. TAKAKI 

In the case of <1>1(x, y)＝釘(-x,y),(j=l, 3) 

転(x,y) ＝心［（詈—転命）G0 ds 
cosh m。(h-y)

+iF(m。h)•Hわ (m。h)~sinm。“'cosh m。h

転(x,y) ＝¾L(~ 一¢Js羞）G0 ds 
cosh m。(h-y)

-iF(m。h)•Hむ (m。h)--―sin m。左
cosh m。h

(3. 34) 

蒻j昂Furthermore, from the condition ~=0, (j=l, 2, 3), and equations (3. 33) 
珈

and (3. 34) by taking into account the singularity of the function G. the 
condition for an arbitrary point P(x,y) on the surface of cylinder is repre-
sented as follows: 

十転(x,y）＝¾L〔岱—¢2c贔〕G0 ds 
cosh m。(h-y)

-F(m。h)•Ht.~cos”゜x,cosh m0h 

十転(x,y)＝己l．釦．嘉G0ds 
+F(m。h)•Hむ

cosh m。(h-y)
cosh m。h cos m。“'

丑C(x,y) ＝叫（岱—蛉ic曲）Ge ds 

+iF(m。h)•Ht.
cosh m。(h-y)~: 
cosh m。h sm m。X,

(3. 35) 

+<fa1s(x, y）＝己IC的j羞G0ds-iF(m。h)•Hむ• COScts己岱げ sinm。x.
(3. 36) 

In the nex:t place, since a diffraction potential </>4 is given by 

釦＝¢44+i¢4B

where the function </>u and <l>,B are complex: valued functions. From equ-
ations (2. 12) and (3. 21) it follows 
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HYDRODYNAMIC FORCES IN SHALLOW WATER 15 

国 Ocoshm。(h-y)
an =―加{ cosh m。h-cosm。X}, 
蒻rn_ 8 (cosh m。(h-y)
an =―玩{ cosh m。hsinm。X}. 

‘

’

 (3.37) 

The diffraction potential can be written with aid of Green's theorem as 

¢4 ＝¾L( 悶— ¢4土）G・ ds= ― 2し［（位＋釦 ~)Gds, (3. 38) 

and similarly the incident wave potential can be expressed as 

¢。一—喜［（位ー応嘉）G•ds=O. (3. 39) 

Substituting (3. 39) into (3. 38), we have 

炉—土fe(¢。団）嘉 G•ds. (3. 40) 

Since it is possible to recognize that the function ef>4A and c/>rn are independent 
each other, the following equations can be obtained: 

如＝― 2し[{ coschos『゜~cosm。x＋吋：n G•ds, 

如4B=―2しIc{ coschos瓢゜~sinm。x＋吋&G-ds.

And the function町 canbe expressed as 

H4"'(m。h)=L(-¥n4ーゅ°)cosh m。(h-立
c ¥ an'f'4 an j cosh m。h e士im評 ds

=-l“パ） a cosh m。(h-y)On'cosh m。h e士国。'"ds 

=Hわ十iHゎ．

、

）

(3. 41) 

(3. 42) 

Furthermore, since the function H4"'has a symmetric relation and an antisym-
metric relation, we have the following expressions: 

叫 m。h)=H⑳;1(m。h)=-f（釦＋¢心 8 cosh m。(h-y)
C On cosh m。h cos m。x,

知 (m。h)=-H凶B(m。h)= -if（如＋¢4B)O cosh m。(h-y) ．
C 8n cosh m。h smm。x.

(3. 43) 

、

/
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16 M. TAKAKI 

Now we divide the function r/>u and如 intoa real part and an imaginary 
part as follows: 

r/>u=r/>uo+ir/>us, rf>,B=rf>,Bo+irf>,Bs• 

From the above equations and (3. 37) we have the following expressions: 

a. a 
而；如o= ―而；如＝—一•

8 cosh m。(h-y)
珈 coshm。h cos m。ふ

8 
加如.s=O,

a. a 
菰¢4Bo= ―而；知＝—―•

f) cosh m。(h-y)
8n cosh m。h sin m。x,

(3.44) 

8 
茄いs=O.

According to the above equations and (3. 41), we have the following integral 
equations satisfying the boundary conditions (2.12): 

1 1 8 
了（如＋伍）＝＋己（い＋如c)茄 G0ds 

C 

＋ 
cosh m。(h-y)
cosh m。h cos m。x{1-F(m。h)•Ht...s(m。h)},

1 1 I Ocosh  m。(h-y)
万如s= ―盃― /4AS盃-G0ds+F(m。h)•Ht...o(m。h) cosh m。-J(-Lcosm。“'

(3.45) 

｝（い＋如c)＝一占lC（い＋如c)嘉G.ds 

＋ 
cosh m。(h-y)
cosh m。h sin mぶl+iF(m。h)•HtBs(m。h)},

1 1 8 
2如 s=

cosh m。(h-y)．- -孟［いs茄似s-iF(m。h)•Hho(m。h) cosh m。~sinm。x.

(3. 46) 

Since these equations (3. 35), (3. 36), (3. 45) and (3. 46) are the second kind 
of the integral equations of Fredholm Type,.,it is able to recognize that 
these equations have solutions respectively anq the dependent relations among 
these solutions can be obtained as follows: 

Hts(m。h)_ Htas(m。h)
Htc(m。h)=Ht△c(m。h)' (3. 47) 
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HYDRODYNAMIC FORCES IN SHALLOW WATER 17 

H}s(m。h)_Hい(m。h)
”丘(m。庁恥己m。-h)-:(j=l,3) (3. 48) 

similarly 

(¢。A+¢4Ac) ・ F(m。h),Ht,to=¢4A,~{1-F(m。h) •Ht As}, 

(r/)oB+r/),Bc)・F(m。h),HtBo= ir/)488{1 + iF(m。h),Hhs}.

From the above equations and (3. 43) the following equations can be obtained 
as 

H!,is=F(m。h){(Ht,10)2+ (Ht,1s)2}, 

叫＝F(m。h){(Hい）汀(Hい）2}. l 
By putting on 

仰＝tana19 仰＝tana2, 

from (3. 47) and (3. 48) the function H! can be represented as 

H← 1 F(m。h)(ei•2 sin a汗ei•1 sin aふ

(3. 49) 

(3. 50) 

(3. 51) 

Concidering that the functions H!o and Hts are imaginary and the functions 
Hむ andH! s are real, we have 

冗
al＝釘ー冗， a2=：e2----． 

2 
(3. 52) 

The function H! can be rewritten according to the above relations as follows: 

1 
H,士＝（ie主 cos1':2干e屯 sine1). 
F(m。h) (3.53) 

The outgoing wave amplitude at infinity, according to the diffractin potential 
虹 aregiven as 

i; ~iH,*. F(m。h)cosh m。(h-y)e '!'，'”しお
゜工→か。 coshm。h ． (3. 54) 

When the incident wave with an unit amplitude incomes to a rigid body 
from a possitive direction of x-coordinate axis, the wave amplitude at infi-
nity, X→士oo, can be expressed as follows: 
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18 M. TAKAKI 

い～｛l+iH,・F(m。h)}coschOST°i[hy)e+tm。&.l 加oo~iH4+.F(m。h)cosh m。(h-y) →？しお
cosh m。h'e o 

(3. 55) 

When there is a rigid body in water of finite depth, the coefficients of 
reflective wave and transmissive wave can be consequently expressed as 
follows: 

CR= liHt(m。h)・F（叩。h)I, 

Cr= I l+iH4(m。h),F(m。h)I. 

(3. 56) 

(3.57) 

4. Comparison experimental results with numerical results for two dimen・ 
sional hydrodynamic forces and moments 

4. 1 Numerical method to find Green's function and stream function 

Since it is very difficult to solve analytically the integral equations in the 
previous sections, we suppose that the source densities on the cross section, 
where the surface of cylinder are divided into N-parts, are constant respec-
tively, and solve two system of linear equations with (N + 1)-unknown 
variables which are unknown source densities(Jic and(Jis and integral constants 
Cic and Ch (j=l, 2, 3). Thus the distribution of source densities can be 
evaluated by the above method. 

in 

B
 

c
 

A
 
m 

D
 

Fig. 4.1 Line of integration in the complex plane 
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HYDRODYNAMIC FORCES IN SHALLOW WATER 

In this case the numerical method to find Green's function and stream 
function are as follows. 
The term of logarithms in (2. 16) is transformed to the expression of infi-
nite integral 22> and the principal value integral taking the line of integration 
in complex: plane shown in Fig. 4. 1 is carried out and is transformed to the 
infinite series given by 

GC 
4冗 coshm。(h-y)cosh m。(h-y')
＝ 2m。h+sinh2m。h sin m。Ix-X'|

-4万区~ cos n1(h-y) cos n1(h-y') ~-,.,,,,ーぶ'I
1--;;'1 2n,h+sin 2幻h

e,.  
(4.1) 

In the next place, as for the stream function corresponding to the above 
Green's function we consider similarly the following two domains, we have 

S.= -sgn(x-x') { 
, 4冗 sinhm。(h-y)cosh m。(h-y')

2m。h+sinh2m。h cos m。(x-x')

co 

+4冗こ
J=l 

sin”j(h-Y) Cos nj(h-y'） -?  l出―”’l
2叫＋sin2nih e i }-2冗， (4.2) 

for x-X'＜O, y-y'く0,

and 

Sc=-sgn(x→)  ｛ , 4冗 sinhm。(h-y)cosh m。(h-y'）2m。h+sinh2m。h cos m。(X-X'）

00 

+41e L] 
i=l 

sin n1(h-y) cos n1(h-y') ー冗 lエーぶり
玩h+sin2nihe  i }, (4. 3) 

except for the above one. 

It is necessary to calculate the infinite series G0 and S0. 
errors of the sum with N-terms in infinite series GER, 
the functions GER and SER are represented 23> as 

Now putting the 
SER respectively, 

GER= 

[ --½log(l-2e-'cosa+e-2') (1-2e―TcosB+e-2T) 
8冗

N 
COS} . a+8.  a-B COS) 
こ

(~)cosj(~) 
eず

1=1 [i COS約(h-yアcosn雌ー；＇） e~町 13J-3J91
i=1 2nJh+sin 2nih- | 

(4. 4) 

19 
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20 M. TAKAKI 

I _1  e-rsin a 
4元 (tan-11-e―r cos a + tan-1 

e―r sin {3 
1-e―rCOS B) 

SER= 

+1i  sinj(“；門cosj(デ
2万 i=1
.)  e―が

[ i sinnj(hー四 cosnj(h二；＇） e刃 Iかい
J=1 2njh-I-sin 2nih|  

where a=+(y+y'), S＝テ（y-y'), r=+lx-x'j. (4.5) 

B 
The errors GER and SER for instance lx-x'I/―-=0. 2, KT=O. 5 are shown 

2 
in Table 4-1. According to this table it is obvious that the errors GER and 
SER become large as the depths of water become deep. In order to calcu-
late the values of the Green's function and the stream function within 0. 1% 
with maximum error, we calculate those taking the number of terms N=20 
in infinite series. 

B Table 4-1 Errors of infinite series (I x-x'I/— =0.2, KT=0.5) 
2 

N □仄～／］ 1．1 1 1.5 1 2.0 4.。l6.0 
10 GER I 0.88x10-4 I 0.24x10-2 I 0.54x10-2 I 0.76x10→ 0. 63x10-1 

SER I 0.76x10-3 I o.2sx10-2 I 0.59xl0ー1I o. 95 X 10-1 I 0. 30 X 10-1 

20 GER O.29X10ー51 °. 10x10-4 0. 19X10-8 0.62x10-3 0. 45x10-2 
SER o. 14x10-5 0. 28X10-4 0. 85 x10-4 I。.27 x10-2 0. 97 x10-2 

30 GER I 0.35x10-5 I 0.27x10-s I 0.33x10-5 I 0.88x10-3 I 0.12x10-2 
SER I 0.21x10-5 I 0.44x10-s I 0.56x10-• I O.lOxlO→ 0.21 x10-2 

- -

50 GER O. 35x10-5 0.30x10-5 1 °. 95x10-5 0. 33x10-4 0.21x10ー3
SER I 0.2lx10-5 I 0.56xl0ー5I 0. 15 X 10-4 I 0. 70 X 10-5 I 0. 72 X 10-4 

100 GER I 0. 35 X 10-s I 0. 30 X 10-5 I 0. 95 X 10-4 I 0. 87 X 10―6 I 0.68x10-4 
SER I 0.2lx10ー5I 0.56x10-5 I 0.15x10-4 I 0.20x10-6 I 0.17xl0-5 

In the next place, the error of GER and SER become large because of a 
slow convergence if the number of terms N are not taken to sum up much more 

B 
in the case [x-x'[ /—<0. 2. And so we transform the equations (2. 16) 

2 
and (2. 17) to the following forms in order to reduce the computing time. 
The velocity potential is written by 

G(x,y; x',y') =G0(x,y; x',y') +iG,(x,y; x',y') 

=log+,-+2•P. V. r--~―k （ッ＋~cos k(x-x')dk 
た。 K-K
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HYDRODYNAMIC FORCES IN SHALLOW WATER 

+2•P.v.J:~—) 。 k(K-k)(K cosh kh-k sinh kh) 

x cos k(x-x')dk 

+1 
. 4冗 coshm。(h-y)cosh m。(h-y')

2m。h+sinh2m。h cos m。(x-x')

r1 =log--:;1---
r2 
+I豆卜Ih,+iGS (4. 6) 

lim Ih→0, 
h→~ 
lim GS→2冗e~K（臼 cosK(x-x'). l (4. 7) 

h→~ 

The stream function is represented by 

S(x,y; x',y')=Sc(x,y; x',y')+iS,,(x,y; x',y') 

=(J1-(J2+2•P.V. ［誓二’)sin k(x-x')dk 

+2 • P. V. r-~—KIi(k si_nh Kこ Ecosh ky'）（K cosh ky-［ sinh ky) 
。 k(K-k)(K cosh kh-k sinh kh) 

xsin k(x-x')dk 

: 41t sinh m。(h-y)cosh加 (h-y')
+1 

2m。h+sinh2m。h

=({}1-{}2) ＋J歪九几十iSs.

Iim fn→0, 
h→〇 ］ Jim Ss→211: e-K（加町） sinK(x-x'). 
h→~ 

sin m。(x-X'）

(4. 8) 

(4. 9) 

The third terms I1i in (4. 6) and Jh in (4. 8) become to zero as the depths 
of water become infinitely deep, and the function G (x,y; x',y') and S (x,y; 
x', y') coincide with the Green's function and the stream function in the case 
of infinitely deep water respectively. Namely by adding the third terms 
Ih and Jh to the equations of infinitely deep water, these equations satisfy 
the conditions of water of finite depth. Making a computer program of 
equations (4. 6) and (4. 8), the computer program to calculate the hydrody-
namic forces in water of finite depth is completed and at the same time the 
computer program in the case of water of infinite depth is completed. On 
the other hand, if we have a computer program to calculate the hydrody-
namic forces of infinitely deep water by the so-called "close fit method", 
we can make easily a computer program to calculate the hydrodynamic forces 
in water of finite depth by adding the third terms Ih and Jh to the eqations 
in water of infinite depth. Therefore these (4. 6) and (4. 8) are very con-

21 
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22 M. TAKAKI 

venient equations. 
The calculating methods of the first term and the second term of (4. 6) 

and (4. 8) in water of infinite depth have been studied by many researchers21), 

2'), we omit the calculating methods of those and deal with the method of 
calculation of the third terms In and ]1; in each equation. We use the fol-
lowing notations in Fig. 2. 1. 

V=Kh, u=kh, 

Y1i1 =y/ h, Y1i2=Y'/h, 

rhl= （が十y")v2 I h, 

、
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(4. 10) 

The third terms 111, and ]1,, are transformed to the following double series 
which involve the singular integrals F,,+i(V), F2,.3(V) respectively. 

I戸こ F2,^ I•1 (V)｛-V2ヱrh128-2t+1.r/9,22t+1 cos(2s-2t+1)紅 cos(2l.-I-1)B2
s=0 ヽ＝~ (2s-2t+l) ! (2t+l) ! 

+V区
S rh,22S-2t+1• rh22t cos (2s-2t+1) 81 • Cos 2t凡

,~o (2s-2t+l) ! (2t) ! 

+V因
Sー・-r五1叫 rh,22S-2t+1.cos 2低• COS(2s-2t+1)凡
t=o (2S-2t+1)！ （2叩

―こ
S rh,12S-2t. rh,22t•COS(2s-2t)和cos 2低
t=0 ----― (2s-=-2冗 (2t)！ } 

＋言F2sg(V) {-V2土rh,12S-2t+2.rh22じ42•sin(2s-2t+2) 紅sin(2t+2)82 _ 
,~0 (2s-2t+2) ! (2t+2) ! 

+V2:J 
S rh,12S-2t+2•rh,22t+1•sin(2s-2t+2)81•sin (2t+1)B2 
t=o (2s_:_2i+2)！ （2t+1)！ 

+V凶
S rIし12t+1.rh,22S-2t+2•sin(2t+1) 因sin(2s -2t+ 2) 02 

,~o (2s-2t+2) ! (2t+l) ! 

こ
- s fh,12S-2t+1 ・ rh,22t+1•sin(2s-2t+1)和 sin(2t+1)氏

t=o (2s-2t□-! -(2t+1)！}，  
(4. 11) 

Jh, ＝工F幻＋1（V) V2区
S rh,12S-2t+1•rh22t+1•sin(2s-2t+1)趾 cos(2t+l)S,

s=。｛ t=3 (2s-2t+1) ！ （2t+1) ！ 

-V心
rh12t 。 r柱~o_s空色• sin(2s-2t+2)凡

,~o (2s-2t+2) ! (2t) ! 

-Vこ］
S r□_S-2t+1. rh,22t. sin (2s-2t+1)的 cos2低

~o (2s-2t+l) ! (2t) ! 
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+V~ 
S rh12ヽ． r,.z2•-m1 • cos 2tS1 • sin(2s-2t+l)S2 
,-='o (2s-2t+l) ! (2t) ! 

＋ミF28+3(V){V i五12C+1.rh22S-2t+2•COS(2t+1)紅 ~2s-2t+2)ふ
8=o t=o (2s-2t+2) ！ （2t+1) ！ 

-V図
~ r,.i2•-2t+2,r,.z2m.sin(2s+2t+2)S1 •cos(2t+ l)S2 

ヽ＝~ (2s-2t+2) ! (2t+l) ! 

＋こ
8 rh12S-2C+2. rh22t. sin (2s-2t+2) 81• Cos 2to2 
,";"o (2s-2t+2) ! (2t) ! 

ーこ—―
~ r,.i2•+1.r,.22•-2m•cos(2t+l)S1• sin(2s-2t+l)S2 
t=o (2s-2t+1)「（2t+1)! }. 

(4.12) 

in 

B
 

゜ mo A
 

m 

Fig. 4. 2 Line of integration in the complex plane 

where the singular integrals F2,+1(V),F2,+3(V) involving the non-dimensional 
frequency parameter V only can be represented by taking the line of inte-
gration in the complex: plane shown in Fig. 4. 2 as follows 25>: 

恥 (V)=P.V. I oo e• ‘•U28+1.du 
o (V-u) (V cosh u-u sinh u) 

fOON 
。D2s+1~db. 

(4.13) 

b2S+1 
N年 1=―2S+2〔叫いsin子＋sin(了-b)}

＋叫cos(子-b)-sin(子-b)}
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＋茅忙 cos了一cos(了ーb)｝〕.

D2s+1＝収v2-bV＋り）｛V2(coshb+cos b)-bV(sinh b-sin b) 
b2 

2 
＋ー(cashb-cos b) }. 

2.，+3db. 髯 (V)=P.V. f:cV=u)Tl —u•U2S+3du=[co N 
0 (V-u)(V cash u-u sinh u) 。D2s+3

b2S+3 
N2s+3=―密す〔叫e―bCOS 了＋cos（号—b)}

-bV {cos(T-b)+sin（予—b)}

ー訂e-bsin 予— sinげ—b) ｝〕.

D2s+3=D,,+1• 

(4.14) 

(4. 15) 

(4.16) 

(4. 17) 

(4. 18) 

In the numerical calculating equations (4.13) and (4.16) with aid of Simp-

son's rule, it is necessary to determine the mesh size of Simpson's rule, 
because the behavior of F2.+1 (V) for the mesh size b=O. 02, 0. 05, 0. 1 and 
0. 5 are shown in Fig. 4. 3 as the functions of frequency V and it is seen 
that the effect of mesh size of Simpson's rule depends on the accuracy of 
the singular function F2.+1 (V) in low frequency range and it leads to the 

wrong calculated results consequently. 

S=O 

S=l 

S=2 

S=3 

Table 4-2 Mesh size b for Simpson's rule 

Frequency (V=(J)2.__h 
g 

0 名v;;;:::o.015 

0. OlS<VsO. 04 

0. 04 <Vs0.10 

0.10 <V 0.20 

0.20 <Vsl.O 

1.0 <V<oo 

o svs::1.0 

1.0 <V<oo 

0 <Vs0.2 

0.2 <V<oo 

〇 :S::V<oo

） Mesh size (b) 

b=O. 001 

b=O.Ol 

b=O. 02 

b=0.05 

b=0.10 

b=O. 50 

b=0.10 

b=0.50 

b=0.10 

b=0.50 

b=O. 50 
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F年9(V)b•O
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F,s.,(V)/S•2 

-2.0 

-3.0 

-4.0 

-5.0 

b= 0.5 

b•0.02 

Fig. 4.3 Behavior of the singular function F2s+1(V) 
for varying b at low frequency 

C. H. Kim also has recently corrected his numerical results by taking into 
account this effect 26). The mesh size b used in our calculations are shown 
in Table 4-2. And the limits of integrations by using Simpson's rule are 
determined within 0.1% with maximum error. The number of suffix: S 
in double series l1,, and Jk are taken from S=O to 7 because the numerical 
results obtained by taking S=7 coincides with the ones obtained by S=8 up 
to five significant figures. 

4. 2 Accuracy of the numerical calculations 

The accuracies of numerical calculations become good as the numbers of 
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dividing the surface of cylinder become much. The accuracies of the numeri-
cal calculations of the hydrodynamic forces for heaving semi-circular cylinder 
with the valuable dividing number of surface of one side N=4, 8, 12, 16, 
20, 30 and 40 are shown in Table 4-3. It is obvious that the accuracies of 
numerical results become good as the dividing numbers become much and 
the depth of water does not depend on the accuracies of numerical results too 
much and the hydrodynamic forces of very shallow water h/T=l. l also can 
be obtained with a good accuracy due to this table. Since the maximum 
error for calculating with N=20 is no more than 0. 2% at the most, we 
think the accuracies of results obtained with N=20 to be enough and have 
calculated with the dividing number N =20 hereafter. 
Sayer and Ursell have recently calculated the added mass of heaving semi-
circular cylinder in water of finite depth at the low frequency KT=O. ai 

こ
‘ 逗
I. 3 II 

＜逗

l 
I. 2 

I. I 

I. 0 

＼ I ， 
0.9 

0.8 

Semi-circular 

Sayer & Urse/I (KT,.0)」

e Takaki (KT=0.005~ 

0.7 

0.6 

0.5 

2
 

5
 

．
 

4

、五゚ 3 4 6 /0 

—% 
Fig. 4. 4 Mil: Added mass coeff. of heave for semi-circular 
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Table 4-3 Accuracies of hydrodynamic forces for heaving semi-circular cylinder 

NI"~ 
It/T| 

KT ¥ ! 1. 1 I 1. 2 • L 5 ! 2. o : 4. o I 6. o I 10. o 

4 
0. 50 I 1. 0208 I 1. 0036 I 0. 99770 I 0. 99758 I 0. 99755 I 0. 99720, 1. 0026 
1. oo I 1. 0152 I o. 99488 I o. 98890 I o. 98907 I o. 9828 I o. 98760 I o. 99361 

8 
0. 50 I 0. 99966 i 0. 99952 I 0. 99975, 0. 99987 I 1. COOl I 0. 99992 I 1. 0036 
1. 00 I 0. 99755 I 0. 99754 I 0. 99829 0. 99874 I 0. 99891 I 0. 99798 I 1. 0072 

---• - - -- - --. 

12 : 0. 50 | 1. 0001 1. 0000 1. 0001 1. 0002 | 1. 0002 0. 99910 0. 99883 
'1. oo I o. 99980 I o. 99958 I 0. 99989 I 1. 0002 • 1. 0002 ! o. 99878 I 1. 0017 

16 0. 50 I 1. 0002 I 1. 0001 I 1. 0002 I 1. 0002 I 1. 0003 • 1. 0003 I 1. 0004 
1. oo I 1. 0006 i 1. 0002 : 1. 0003 I 1. 0005 I 1. 0008 1 1. 0011 I 1. 0011 

~~-~.-·-~~---···-~---~-.. -

20 o. 50 I 1. 0003 I 1. 0002 I 1. 0002, 1. 0002 I 1. 0002 ・ 1. 0011'1. 0004 1. 00 I 1. 0008 I 1. 0004 I 1. 0004 I 1. 0006 I 1. 0006 1. 0028 0.99806 
一三

o. 50 I 1. 0001 I 1. 0001 I 1. 0002 I 1. 0001 i 1. 0000 I 1. 0003 I o. 99748 3 0,  
1. 00 I 1. 0007 I 1. 0005 ! 1. 0004 1 1. 0005 • 1. 0002 I 1. 0013 I o. 99597 

40 
0. 50 1 1. 0003 I 1. 0002 I 1. 0001 1 1. 0001 i 1. 0002 I 1. 0008. 1. 0003 I 1. 0002 I 1. 0001'1. 0001 I 1. 0002 I 1. ooos I 1. 0012 
1. oo I 1. 0011 I 1. 0005 I 1. 0004 i 1. 0005 I 1. 0004 I 1. 0008 I 1. 001s 

Their results and our results (our results are not KT=O but KT=O. 005) 

are shown in Fig. 4. 4. It is seen from this figure that we obtained good 
numerical results at such a very low frequency range by this calculated 

method. 

4. 3 Analysis of forced oscillation test 

The forced oscillation test was performed in the small experimental tank 
(L x Bx D =60 m X 1. 5 m x 1. 5 m) of the Tsuyazaki Sea Safety Research Labo-

ratory belonging to the Research Institute for Applied Mechanics of Kyushu 
University. Photo 4-1 shows the condition of forced heaving test and Photo 

4-2 shows the condition of laterally forced oscillation test. Three model ships 

used in this experiment have the two dimensional Lewis form cross section 
shown in Fig. 4. 5, and the lengths of models are all 1. 45 m in order to 

keep the two-dimensional test condition. The forced heaving test and the 
laterally forced oscillation test (swaying and rolling) were carried out in the 
different test conditions respectively. Namely, the forced heaving test was 

performed in four kinds of water depth (h= 130. 0 cm, 59. 2 cm, 31. 4 cm and 
21. 5 cm) by using only the model with a rectangular cross section. On the 

other hand, the laterally forced oscillation tests were carried out in various 
.cle.pths of water (h=124. Sc m, 66. 5 cm, 32 cm, and 22. 5 cm) by using three 

ship models shown in Fig. 4. 5. In these experiments the test of the rect-
angular model was carried out with a bilge-keel of 10 mm  breadth and the 
tests of semi-circular model were carried out with and without a bilge-keel. 
We measured the displacements of the cylinders, the hydrodynamic forces 

and moments acting on the ship models and the amplitude of outgoing waves. 

27 
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28 M. TAKAKI 

Photo 4-1 Condition of forced heaving test 

Photo 4-2 Condition of laterally forced oscillation test 

The swaying force, the rolling moment and the coupling force acting on 
the ship model were composed with three forces which were measured by 
the three strain-gauge dynamometers 271. The amplitude of the outgoing 
waves was measured by the wave height meter which was set at the point 
from the ship model by 5m. Thus the forces and the wave height measured 
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Rectangular 
cylinder 

B/2 
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cylinder 

← B/2 -

＿
↑
ー
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↑
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Semi-circular 
cylinder 

B/2 

（
 

T
 

び•/. 0 a• 0.7854 
Ho•/. 2 5 

B •0.40m 

T•0./6m 

be.K.ー10mm

Fig. 4.5 C ross sectional forms of models 

6. 07854 

Ho• /.25 

B • 0.40m 

T•0./6m 

Ho• /. 0 

B•0.40m 

T•0.20m 

were analyzed with aid of Fourier expansion, and we compared the numerical 
results with the experimental results of the first order with the circular 
frequency m. 
Now, the heaving equation and the coupling equations between swaying 
and rolling about O (shown in Fig. 2. 1) are represented as follows: 

(p」+MII芦＋NH(+pgAwこ＝ZAsin（叫十ez), (4. 19) 

〔
(p」+M虞＋N諄十(M,刀-pLl叩減＋N灼¢=YA sin(cut+ey), 

(J戸m)ぶ＋N屈＋pgLl•GM¢+(M?ゅ-pLlOG)ガ＋叫＝LAsin(cut＋疇

(4. 20) 

where the direction of moment is crockwise, 

M~1=M9~= -p,d・lsR, N1,:,=N的=-N叫

ZA: Heaving exciting force, ez: Phase lag between heaving displacement 
and heaving hydrodynamic force, 

凡： Swayingexciting force, ey: Phase lag between swaying displacement 
and swaying hydrodynamic force, 

LA: Rolling exciting moment, eL: Phase lag between rolling displacement 
and rolling hydrodynamic moment. 
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30 M. TAKAKI 

(i) The forced heaving test 
The origin of two-dimensional model ship O is forced to a harmonic oscil-
lation C=ZA sin(J)t. Then the coefficients of hydrodynamic forces with 
the first order of circular frequency a》canbe obtained from equation (4. 19) 
as follows: 

叫＝一
ZA cos ez -p..d+ pg Aw. 研 Z4 (J)2 : Addedmass of heave 

心＝ ZA (J) sin A ez : Damping force of heave9 ] (4.21) 

ZA=l.5cm: Heaving amplitude. 

(ii) The forced swaying test 
The origin of two-dimensional cylinder O is forced to a harmonic oscil-
lation 1J=YA sin(J)t. Then it means thatぶ＝ifJ=Oand the relations between 
the coefficients of hydrodynamic forces and moments with the first order of 
circular frequency a, can be oatained from equation (4. 20) as follows. 

Ms=-
兄 COSEly 
砒 YA
-p.d: Addedmass of sway, 

Ns= 
兄 siney. ． 
0) YA 
: Damping force of sway, 

、

、 (4. 22) 
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釦＝5°,10°, 15° Rolling amplitude. 

4. 4 Comparison the experimental results with the calculated results 

The calculated results and the experimental results obtained by the above 
mentioned method are shown in Fig. 4. 6~Fig. 4. 35. 
（． . (i) Added mass coefficient for heave: MH 
MH increases in the full frequency range as the depth of water becomes 
shallow. This tendency is agreement with the Tasai and Kim's result 28i 
which shows that the heaving natural period of ship becomes large as the 
depths of water become shallow. In the range of low frequency MH of 
infinite depth increases in a logarithmic way, but和 offinite depths for 
KT→0 yield finite values respectively according to our calculations and ex-
periments. Sayer and Ursell have calculated MH of semi-circular at KT=O 
as for this characteristic 3i. The calculated results are larger than the 
experimental results at very shallow water, but the tendencies of both are 
in good agreement. (Fig. 4. 6) 

<
d

Hヽ
W

<f., I. 0 

Ho== 1.25 

゜
2
 

"
H
W
“
 

<
 

妥次及X没が姜

妥 ~x

喝 --磁てi
,.ot:.::.,.::.;：：：： 4 す百談 8 

◇ 一^i-主母心夕が函咲――
で；；―△ーざ。

・--A h/T•l.344 

Cal. Exp. 
メ

h/T•l.962 - --◇  

h/T•3.70 —--- △ 

h/T • 8.125 ----- s 

/. 5 

-KT 

Fig. 4. 6 MH: Added mass coeff. of heave for rectangular cylinder 
゜

0.5 1.0 

(ii) Damping coefficient for heave:心 andwave amplitude ratio: AH 
心 increasesin the full frequency range as the depths of water become 
shallow. The wave amplitude ratiosふalsohave similar tendencies. Since 
the damping coefficient obtained by the potential theory is all compose of 
the wave damping f~rce, the damping coefficient心 a!KT=O has to yield 
to zero because of AH=O. But since the gradient of AH at KT=O becomes 
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32 M. TAKAKI 

large as the depths of water become shallow shown in Fig. 4. 8, NH does 
not yield the zero value near at KT=O shown in Fig. 4. 7 that is different 
from one of other oscillating mode. This characteristic is comfirmed by 
calculating very near at zero frequency KT=O. The calculated results of 
the damping coefficients and the wave amplitude ratios are in good agre-
ement with the experimental results. 

侭 rf =I. 0 

Ho= 1.2 5 
Cal. 

点,.okパヤや
＼ x :ぶ＼x x :；： ••3バ゜5ロニ
＼ 
＄、

•‘‘ 
、人

0.5ピg55

hlT•/,344 

h/T・1.962―-―
Exp. 

X 

◇ 

•~ 

゜

゜
0.5 1.0 I. 5 

-KT 

Fig. 4. 7 NII: Damping coeff. of heave for rectangular cylinder 

(iii) Added mass coefficient for sway: M8 

島 decreasesgenerally as the depths of water become shallow, but increases 
coversely in the range of low frequency as the depths of water become 
shallow. The above tendency is independent on the cross sectional form of 
cylinder and appears unifor叫 y. As shown in Fig. 4. 9, 4. 10 and 4. 11, the 
numerical results agree well with the experimental results. 

(iv) Damping coefficient for sway: N, 
N, increases in the range of low frequency as the depths of water become 
shallow but has a tendency decreasing conversely in the range of high 
frequency as the depths of water become shallow. The rectangular model 
especially of which beam draft ratio H,。andthe sectional area coefficient(J 
are larger than those of semicircular model shows intensely the above tendency. 
Because the wave amplitude ratios become large in the range of high frequency 
as the depths of water become shallow (Fig. 4.17), when H,。anda of the 
cross section become large. The theoretical calculations coincide with the 
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experimental results shown in Fig. 4. 12, 4. 13 and 4. 14. 

(v) Wave amplitude ratio for sway: A, 
The tendency of A, with respect to the depths of water is completely 
similar to that of the damping coefficient composed of the wave damping 
force which increases in the range of low frequency and decreases conversely 
in the range of high frequency as the depths of water become shallow. 
The experimental values show a little scattering, but the calculated results 
are in fair agreement with the experimental values shown in Fig. 4. 15, 4. 16 
and・ 4.17. 

(vi) Added mass moment of inertia coefficient for roll: MR 
Since the virtual mass moment of inertia U1'+M辺composedof the mass 
moment of inertia f1> and the added mass moment of inertia MR has been 
measured by the forced rolling test, it is better to indicate the virtual mass 
moment of inertia (f,叶叫） thanthe added mass moment of inertia MR 
because of involving the analytical error. So the figures show the virtual 
mass moment of inertia coefficient (}¢＋紅砂
Fig. 4. 18 shows the virtual mass momement of inertia coefficients of 
semi-circular cylinder. In the case of the semi-circular cylinder without a 
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。

1.0 

bilge-keel rolling about the center of the circular 0, the added mass moment 
of inertia obtained by the potential theory is equal to zero and then the 
virtual mass moment of inertia for roll coincides with the mass moment of 
inertia of the cylinder. The experiments of the conditions with a bilge-keel 
(bBx. = 10 mm) and without a bilge-keel have been carried out. The virtual 
mass moment of inertia of the semi-circular cylinder without a bilgekeel 
obtained by the experiments agrees almost with that obtained by the poten-
tial theory in the water of deep depth (h/T=6. 225). The virtual mass 
moment of inertia of the semi-circular cylinder with a bilge-keel, however, 
increases rapidly in the range of low frequency as the depths of water 
become shallow. In the forced rolling tests by Vugts 29i, it has been seen 
that when the rolling amplitude釦 ischanged, the added mass moment of 
inertia MR decreases in the case of the small rolling amplitude, on the 
other hand, in the case of the large rolling amplitude MR increases in the 
range of low frequency. He has explained these phenomena to be caused 
by his experimental error. But it seems that these phenomena caused by 
the viscous effect of the fluid, because the radius oi transverse gyration 
and the center of gravity of this cylinder are constant at the variable depths 
of water in our experiment and the above tendency appears more strongly 
in the case that the bilge-keel is set and the depths of water become sha-
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How much more. it however seems to be problem which we ought to-study 
hereafter. 
The tendency that the added mass moment of inertia MR increases.in the 
range of low frequency as the depths of water become shallow appears in 
the experiment of the elliptical ・cylinder and the rectangular cylinder in 
shown Fig. 4. 19 and 4. 20. But the theoretical calculations are in agreement 
with the experimental results in the range of high frequency. ・ ・ It is seen 
that MR increases as the depths of water become shallow and the cross 
sectional form becomes full according to these figures. ・ _ The added mass 
moment of inertia of the rectangular cylinder especially increases in overall 
range of oscillating frequency as the depths of water become shallow. The 
above phenomena coincide with those of Iwai's experiments aoi -in which the 
natural period of rolling becomes large as the depths of water be~ome shal-
low and the block coefficient of ship body becomes large. 

(vii) Damping coefficient for roll: N R 
As the example of the condition without a bilge:-keel.the. wave amplitude 
ratios of the rolling elliptical cylinder are shown in Fig. 4. 21. The tendency 
as for the effect of depths of water is the same as that of the swaying: the 
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wave amplitude ratioふ becomeslarge in the range of low frequency and 
becomes small conversely in the range of high frequency as the depths of 
water become shallow. The theoretically calculated values are in good 
agreement with the experimental values as shown in Fig. 4. 22. Since 
the damping coefficient of the rolling elliptical cylinder without bilge-keel 
ふ isalmost composed of the component of wave damping force and does 
not involve almost the component of viscous effect of fluid in the range of 
low frequency, it can be estimated by the potential theory. The viscous 
damping component, however, becomes much as the oscillating frequency 
becomes to the range of high frequency, and the rolling damping components 
become to be composed of the components of the wave damping force and 
the viscous damping force in the range of high frequency. And the rolling 
damping values obtained by the experiments are much more than the theo-
retically calculated values obtained by the potential theory and the effect of 
water depth does not appear clearly in the experimental values at the same 
time. 
In the neヰ place,in order to study the effect of the bilgekeel the forced 
rolling tests have been carried out by using the semi-circular. cylinder with 
the bilge-keel (b瓦x.=10mm). At the first time the wave amplitude ratios 
of the rolling semi-circular cylinder without a bilge-keel are shown in Fig. 
4. 23. According to the potential theory, the wave amplitude ratio of the 
rolling semi-circular cylinder is equal to zero, but there are outgoing waves 
actually with aid of the viscous fluid. Krap and Kotick 31> have obtained 
the following experimental formula which expresses the amplitude of the 
outgoing wave, when the semi-circular cylinder is rolling about the center 
of the cylinder O in the water of infinite depth written by 

令＝4(Kr)2✓う厄•釦

where r: radius of semi-circular cylinder, 
,.,: fluid kinematic viscosity. 

(4. 26) 

The values of the above formula (4. 26) are represented in Fig. ~4. 23. 
According to this figure it is seen that the wave amplitude ratios AR become 
larger in the range of low frequency and conversely smaller in the range of 
high frequency than that of the above formula as the depths of water become 
shallow in water of finite depth. 
As shown in Fig. 4. 24, the wave amplitude ratios of the rolling semi-
circular cylinder with the bilge-keel become larger than that without a bilge-
keel and the order of the wave amplitude ratios take a figure up one place. 
And so it is seen that we can't neglect the outgoing wave amplitl;!de by the 
effect of the bilge-keel and the effects of water depths as for AR become 
generally large as the depths of water become deep. 
The roling damping coefficientsふ ofthese two conditions with and 
without the bilge-keel are shown in Fig. 4. 25. It is seen from this figure 
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that theふ withoutthe bilge-keel are not affected very much the effect of 
water bottom. We suppose that we neglect the wave damping force without 
the bilge-keel above mentioned as the small component and the rolling dam-
ping forces are completely composed of the frictional damping component. 
Namely we consider the oscillation of the semi-circular cylinder about the 
center of the cylinder O and the flat plate in the uniform flow as the same 
condition and obtain the frictional resistance acting on the flat plate using 
Hugh's frictional resistance coefficient 32> given as 

C1=l. 328R氾-0-5+0.014R氾―0.114. (4. 27) 

LV where R□ :Reynolds number, L: Length of plate, 
),i 

戸 1.01 10-6面／sec(20°C), V: Speed of fluid. 

We transform the term of the square of the velocity to the equivalent linear 
equation as follows: 

1 1 
Rf=― .CrS· 『＝--p•CrS・ Ir炒 1 ・パ
2 
p 

2 

1 8 
手―-p•CrS•一面が釦2 cos o>t. 
2 3冗

(4. 28) 
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HYDRODYNAMIC FORCES IN SHALLOW WATER 

where S=n:rL: Surface area of cylinder. 

The frictional resistance moment N臼 obtainedby the above equation are 
expressed as 

4 
N→=LI r•dRf= pCf lV渇；が Lcos叫，

C 3 

:.N戸
4 
3 
pC匹釦がL, (4.29) 

心＝ P〗厨B/2i=½CL 328Rn-0・5+0. 014 Rご・11')✓KT, (4. 30) 

where T=r: Radius of semi-circular, 
V=(J)和r, 釦＝15°:Roll amplitude. 

It has become obvious that the values obtained by the formula (4. 30) are in 
good agreement with the experimental values. The rolling damping mo-
ments of the semi-circular cylinder with the bilge-keel are not significantly 
affected the effect of water depth shown in Fig. 4. 25. It is necessary to 
take into account the direct pressures acting on the bilge-keel because the 
応 withthe bilge-keel are larger by taking a figure up one place than thai: 
without the bilge-keel. 
Fig. 4. 26 shows the wave amplitude ratios AR of the rectangular cylinder 
with the bilge-keel (bB.x.=10 mm). The wave amplitude ratios AR of the 
rectangular cylinder without the bilge-keel, which are shown with a mark 
（●） in Fig. 4. 26, are sufficiently estimated by the potential theory, but 
the wave amplitude ratios with the bilge-keel become larger than the theore-
tically calculated values because of the outgoing wave occured by the bilge-
keel. The tendencies ofふ asfor the various depths of water become 
small constantly as the depths of water become shallow. The rolling damp-
ing moment coefficients応 ofthe rectangular cylinder are shown in Fig. 
4. 27. The order of the rolling damping moment without bilge-keel obtained 
by the experiment is almost equal to that obtained by the potential theory. 
On the other hand the order of the rolling damping moment with the bilge-
keel takes a figure up one place. Furthermore it is an interesting problem 
that the rolling damping moments are not affected very much the effect of 
water bottom until the ratio of water depth and draft h/T becomes to be 
equal to about twice, but theふ increaserapidly and the values with the 
rolling amplitude <l>A=l0° are equal to those with the rolling amplitude ¢>A= 
15° as the depth of water becomes very shallow h/T=l. 406. 
The effects of water depth as to the rolling damping coefficients obtained 
from these experimental results may be summarized as follows. 
(a) The component of the wave damping force is affected significantly 
the effects of water depths, and it is not able to neglect the wave damping 

45 

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked

library2
ノート注釈
library2 : None

library2
ノート注釈
library2 : MigrationNone

library2
ノート注釈
library2 : Unmarked



46 M. TAKAKI 

a.．,1. o 
Ho= I. 25 

ヒ
苓
2
"
u
g

↑
|

0.6 

0.5 

0.4 

0.3 

0.2 

0. I 

Cal. 
h/T • 1,406 

h/T■2.00 

h/T •4.1-56 - --— 
h/T•?.781: ------

6 
g
 

Exp. 
x (with B.K.J 

（，'）  ， ◇

1̂ 
み・

o
.
 

゜

(')  

令=10° 
(without B.K.J 

。̂-
◇

x
 ◇

 

◇

x
 

◇ 
メ /ク

.,,., ••••• ✓, ’’/  

＆ ◇ グる
／ 0 / 

A 兌，

゜
。
l̂

F゚ig. 4.26 

I. 5 
► KT 

心： Waveamplitude ratio of roll for rectangular 
cylinder with bilge-keel 

0.5 1.0 

7
 ゜゚

協
＂
芝
↑
ー
|

芝

く

藍 0.08 

0.06 

0.05 

<f = I. 0 

Ho=l.25 
Exp. 

hlT • 1.406 X （改 •I 0°} 
hlT •2.00 • 

h/T •4./56 • 

h/T•7.78I e • 

念

女

＄
◎
受

0

◇
△

oe

§

X

0

会．

g

〇
令

X

0

令

0
父〉

0

令
X

0

^

a

0
令

0
x
Q訟
念

稔
交
怠
念
念
息」
．
 。゚

o
x△
 念

A

公
）
△ ゜゜

~. ―― 屯
．

、

◇
O
A
]
 

0.04 

8
A
 

0
◇
^
 

ox̂
1 

O

A

 

e
(
A
 

x
 
△ 

合

11松＝ 15°

<o.Jt=5° 

(with B.K.) 

(bs.K.•IOmm) 

0.03 

0,02 

．． 
＇ 

゜
． 

令

hlT•4.156,7.781 

／ 
hlT•2.00 

hlT•/.406 

・臼三二

念

g
 

欣＝ I0°(without B.K.) 

1.5 
► KT 

心： ])3:mptngcoeff. of roll for rectangular cylinder 
with bilge-keel 

1.0 

Fig. 4.27 



HYDRODYNAMIC FORCES IN SHALLOW WATER 47 

force occured by the bilge-keel. 
(b) The firictional damping component and the direct pressures acting 
on the bilge-keel within the viscous components are not affect the effect of 
water depth at all. 
(c) The pressure distributions on the surface of the cylinder occured by 
the bilge-keel do not change until the ratio of the water depth and the 
draft is equal to twice (h/T=2. 0) and then change very much and produce 
a large pressure damping force as the depth of water becomes very shallow 
(h/T=l. 4). 

(viii) Cross coupling terms：防，¢=恥"'N,げ＝ふ，
Firstly the symmetric relations of cross coupling term紅ヮ<,=M,,and N,,;,= 
心 ofthe elliptical cylinder without a bilgekeel are satisfied and the nume-
rically calculated results almost agree with the experimental results shown 
in Fig. 4. 28, 4. 29, 4. 30 and 4. 31. The tendencies of cross coupling terms 
as to the various depths of water are similar very much to those of the 
added mass and the damping coefficients for the swaying elliptical cylinder 
respectively. 
In the next place, the symmetric relation of cross coupling term Mヮ¢=M的
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Fig. 4. 35 N,,: Coupling moment coeff. of sway into roll for rectangular 
cylinder with bilge-keel 

of the rectangular cylinder with the bilge-Keel • K.＝10 mm) is satisfied 
in comparatively shallow water. But the theoretically calculated values 
do not coincide with the experimental values as the depths of water become 
very shallow shown in Fig. 4. 32 and 4. 33. 
The experimental results without the bilge-keel satisfy the symmetric 
relation心＝心 andare in good agreement with the theoretically calcul-
ated results. But the absolute values of the experimental results with the 
bilge-keel are larger than the numerically calculated absolute values. 
Especially the coupling terms心 ofthe rolling into the swaying become 
large. The bilge-keel affects very much not only the rolling damping mo-
ment but also the coupling terms which are proportional to the velocity 
shown in Fig. 4. 34 and 4. 35. 

4. 5 Examples of numerical calculations 

(i) Comparison with Kim's results 
C.H. Kim has calculated the hydrodynamic forces and moments acting on 
the rectangular cylinder 4>, which has a Lewis form cross section with the 
sectional area coefficient G=L O and the beamdraft ratio H。=1.0, by using 
the method of multipole expansions. The results comparing our values with 
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52 M. TAKAKI 

Kim s values are shown in Fig. 4. 36~Fig. 4. 43. 
As for the heaving added mass coefficients MH shown in Fig. 4. 36 Kim's 
results are very different from ours in the range of low frequency, because 
Kim has mistaken the mesh size to calculate the. infinite integral equations 
(4.13) and (4.16) in the previous section. There is no great difference 
between our results and Kim's ・results, which are. the wave amplitude ratios 
ふ exceptfor the case of h/T=2. 0 as shown in Fig. 4. 37. 
As for the hydrodynamic force and moment ・ of the swaying, the rolling 
and the cross coupling, there are little difference except for the coupling 
moment lever lsR which is proportional to acceleration as shown 1n Fig. 4. 
42. 
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(ii) Semi-circular cylinder fl_?ating on a free surface of water _ 
The added mass coefficients MH and the wave amplitude ratios AH for the 
heaving semi-circular cylinder are represented in Fig. 4. 44 and 4. 45 respec-
tively, where the values in the water of infinite depth h/T=oo are obtained 
by the so-called "Ursell-Tasai's method." 
The added mass coefficients MH decrease in the range of low frequency 
as the depths of water become from the infinite depth to twice the draft of 
cylinder, and increase rapidly in the overall range of frequency on water 
d!pths smaller than twice the draft of cylinder. The wave amplitude ratios 
AH become large throughout the range of frequency as the depths of water 
become shallow. 

(iii) Submerged circular cylinder 
According to this calculating method the hydrodynamic forces acting on 
the submerged cylinder can be obtained by the same method as the floating 
cylinder on surface of fluid. As the numerical examples the hydrodynamic 
forces acting on the submerged circular cylinder are shown in Fig. 4. 46~ 
Fig. 4. 50. Non-dimensional coefficients of the hydrodynamic forces are 
expressed as follows. 

恥，凡＝応， F8/2pgc,.rL

欣m 島＝MH,MsfP冗戸L

Fig. 4. 46 shows the wave exciting forces obtained by Prof. Tasai acting 
on the submerged circular cylinder. It is seen from this figure that the 
theoretically calculated values are in good agreement with his experimental 
results. ・ 
The added mass coefficients MH and島 forheave and sway increase 
respectively as the depths of water become A shallow A as shown in Fig. 4. 47 
and 4. 49. The wave amplitude ratios AH and A8 for heave and sway 
become small in the range of low frequency and large in the range of high 
frequency as the depths of water become shallow, where the values in 
water of infinite depth have been obtained by Maeda.33> The tendency above 
mentioned is completely contrary to that of the floating cylinder. 
It has been proved by Ursell that the heaving forces and the swaying 
forces acting on the submerged circular cylinder in water of infinite depth 
agree precisely,34> Both hydrodynamic forces, however, do not agree because 
of the effect of water bottom in water of finite depth according to these 
calculated results. 
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5 . Conclusion 

The principal purpose of the present investigations is to calculate precisely 
the two dimensional hydrodynamic forces and moments acting on the cylin-
ders of arbitrary cross section in water of finite depth. The principal 
conclusions obtained from the results of this paper may be summarized as 
follows. 
(1) We established a numerically calculating method for two dimensional 
hydrodynamic forces and moments in water of finite depth. 
(2) It becomes clear from the comparison with the experimental results 
that the numerical calculations obtained by the above method are in 
good agreement with the experimental results for a naked hull without 
bilge-keel. 
(3) It is necessary to take into account the viscous effects for added 
mass moment of inertia of roll in the range of low frequency as the 
depths of water become very shallow. 
(4) The wave damping moments of rolling damping moments are affected 
significantly by the depths of water, however the direct forces acting 
on bilge-keel and the frictional damping moments are scarcely affected 
by the effects of water depths. 
(5) The pressure distributions on the surface of the cylinder occured by 
the bilge-keel do not change until the water depth draft ratio is equal 
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to twice (h/T=2. 0) and change very much and produce large pressure 

damping moments as the depth of water becomes very shallow (h/T= 
1. 4). 
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