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NOTES ON THE EFFECTS OF DATA LENGTH AND 
SAMPLING INTERVAL UPON THE SPECTRAL 

ESTIMATES FOR WIND WAVES 

By Kunio RIKIISHI*, Hisashi MITSUYAsu** 
and Tadao HONDA*** 

The effects of data length and sampling interval on the spectral esti­
mates have been investigated by analyzing a long equally-spaced wind-wave 
record of a stationary stage. It is shown that, although the autocovariance 
function obtained from a short wave data is considerably different from 
that obtained from sufficiently long wave data, qualitative features of the 
corresponding power spectra are not so different with each other owing to 
the effect of lag window. It is also shown that the folding effect for the 
spectral estimates of wind wave is practically negligible for the frequency 
range 0<J<fN/2 UN: Nyquist frequency). Finally it is concluded that a 
relatively short wave record (for about 100 times as long as the dominant 
wave period) can be reasonably substituted for a longer one and the sam­
pling rates, approximately 8 data points per one dominant wave period, 
are practically sufficient for the ordinary spectrum estimation of wind wave. 

1. Introduction 

The spectral analysis of random time series has been an effective tool for 
studying the statistical feature of wind waves. In practical analysis of wind 
wave data, there are two important factors that may influence on the reliability 
of spectral estimates. These are data length of wave record, TN, and sampling 
interval of successive data points, Lit. They are related to each other by an 
equation TN = N.L/t, where N is number of data points. 

Regarding the effect of data length, it is obvious that longer data provide 
higher frequency resolution and make it possible to produce reliable spectral 
estimates with a high degree of freedom. However, it is not certain how 
qualitative features of autocovariance function and power spectrum are influe­
nced by data length. 

According to the sampling theorem, on the other hand, sampling interval 
should be determined so that Lit may be less than 1/(2/M), where fM is the 
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132 K. RIKIISHI, H. MITSUYASU and T. HONDA 

frequency corresponding to the highest frequency component that the signal of 
wave record may contain. However, fM is uncertain or may be infinitely large 
in the practical situation. Thus spectral estimates can not be free from the 
systematic error due to linear and non-linear folding effect (Rikiishi and Mitsuyasu, 
1973). In studying the spectral structure for high frequency range, the order 
of magnitude of the folding effect should be evaluated carefully. 

In this note, the effects of data length and sampling interval on the estimates 
of wave spectra are investigated by analyzing actual wind wave records me­
asured in a laboratory tank. Besides, will be shown some statistical features 
of laboratory wind waves in the course of numerical examinations. 

2. · Wind wave data 

The time series of wind waves used in this analysis is a part of wave records 
measured for studying the high frequency spectrum of wind waves (Mitsuyasu 
and Honda, 1974). The waves were generated by the wind with speed 12.5 
m/s in a wind-wave channel, whose inside dimensions were 60 cm wide, 80 cm 
high and 851 cm long. The waves were measured by using a resistance-type 
wave gauge at a fetch of 8.25 m, and recorded on a magnetic tape for about 
10 minutes in a statistically stationary state. To portray the actual wind wave 
data, a part of the wave records, digitized at equal sampling intervals of 1/25 
sec, is reproduced in Fig. 1. It can be seen in the figure that wind waves 
measured at the station are roughly stationary in a statistical sense. In Fig. 
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Fig. 1 Time history of wind waves. 
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Fig. 2 The energy of wind waves r; 2 versus duration t. A broken 
line indicates moving average of successive five points. 

2, the energy (variance) of wind waves, defined by the mean square of surface 
displacement over 256 successive data points, are plotted versus duration time 
for every 10.24 sec (solid line). The figure shows that the energy varies irregu­
larly, but there are no definite trend in the data. The broken line in Fig. 2 
shows the moving average of successive 5 points for the solid line. 

3. Effect of data length 

In examining the effect of data length, the original data with length 327.68 
sec (Lit: 1/25 sec, data points: 81926) are devided into 32 segments each of 
which consists of 256 data points. That is, one segment of wave record is 

10.24 sec long or roughly 25 times as long as the dominant wave period (T' ~ 
0.4 sec) in the present experiment. 

First, these segments have been arranged in series of different length, and 
six sets of equally-spaced time series have been prepared by using the first 1, 
2, 4, 8, 16, 32 segments. The numbers of data points of these time series are 
256, 512, 1024, 2048, 4096, 8192 respectively. For these time series, autoco­
variance functions defined by 

1 N-1 

R(,) = N ti 71(t),-;(t+,), (1) 

where 71(N+t) = 71(t), have been calculated at , = 0, 1, 2,.... . And then the 
autocovariance functions have been multiplied by Hamming's lag window, 

d3(,) = 0.54+0.46 cos (:i-,) (2) 

where M is the maximum lag number. The results have been Fourier cosine 
transformed under the condition that M = 64, and devided by the elementary 
frequency bandwidth Llf ( = 1/2 MLlt) to obtain the corresponding spectral den­
sities. 

In the upper portion of Figs. 3(a),...__,3(f), the power spectra obtained by the 
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Fig. 3(a) Power spectra and autocovariance functions (data 
length 10.24 sec). 

above procedures are shown with solid lines. The autocovariance functions 
are shown with solid lines in the lower portion of the same figures. Note that 
in these figures the autocovariance functions are shown beyond maximum lag 
(r = 64) up to r = 125 ( = 5 sec in real time) in order to see their behaviours 
for large lag numbers. 

It should be noted that, since the maximum lag numbers are assigned to M 

= 64 (frequency resolution: 1/ M Jt) equally for those six time series, the equiva­
lent degree of freedom for those spectral estimates are given by 8, 16, 32, 
64, and 128 respectively. However the frequency range over which the raw 
periodgrams are averaged is the same for all of them. 
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Fig. 3(b) Power spectra and autocovariance functions 
(data length 20.48 sec). 

-- : from one record with length 20.48 sec. 
---- : from two segments with length 10.24 sec. 

Another way of analysis has been applied to the same data. In this case, 
the 32 segments of wave records, each of which contains 256 data points, have 
been arranged in parallel, and autocovariance functions R; ('r), i = l, 2,... 32, 
-r = O, 1, 2, ... , 125 have been computed for each segment, and then the covari­
ances have been averaged over the first n segments: 

l n 
R(-r) = - LJR;(-r) 

n i=l 
(3) 

where n's are 1, 2, 4, 8, 16 and 32. After being weighted by Hamming's lag 
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Fig: 3(c) Power spectra and autocovariance functions 
(data length 40.96 sec). 

-- : from one record with length 40.96 sec. 
---- : from four segments with length 10,24 sec. 

window, these six autocovariance functions have been Fourier cosine transform­
ed, and devided by the elementary frequency bandwidth to give spectral de­
nsities. The autocovariance functions and the spectral densities have been 
shown in Figs. 3(a)~3(f) with broken lines. Here again the autocovariance 
functions are shown up to -r = 125 ( = 5 sec). 

It should be remembered that the both result shown with solid lines and 
broken lines in Figs. 3(a)~3(f) are obtained from exactly the same data. 
One may readily see that autocovariances and spectral estimates obtained through 
the two different procedures coincide with each other. The inspective com-
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Fig. 3(d) Power spectra and autocovariance functions 
(data length 81.92 sec). 

-- : from one record with length 81.92 sec. 
---- : from eight segments with length 10.24 sec. 

parison has shown that the differences between the two spectral densities are 
less than 10 % except for the lowest frequency range. Thus it can be concluded 
that the analysis of the ensemble of shorter segments, prepared by deviding 
a long time series, gives almost the same results with those obtained from the 
long time series, provided that both approaches have the same frequency reso­
lution. The former method may be suitable for a small computer. Note that 
the data length of each shorter segments should be moderately long so as to 
retain an assigned frequency resolution. 

From Figs. 3(a),....,_,3(f), one can see the statistical feature of laboratory wind 
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Fig. 3(e) Power spectra and autocovariance functions 
(data length 163.84 sec). 

-- : from one record with length 163.84 sec. 
---- : from 16 segments with length 10.24 sec. 

waves that, although the autocovariance function estimated from small number 
of data points does not seem to tend to zero, it decreases rapidly to zero with 
increasing lag time when the data length is long enough. It is quite likely 
that autocovariance function, not only for laboratory wind waves but also for 
any kinds of random time series, is highly influenced by data length. As for 
spectral density, however, little differences are found among Figs. 3(c),.....,3(f). 
This is largely due to the effect of lag window or corresponding spectral window. 
Figure 3(g) show the comparison of the results obtained from relatively short 
data (broken line), and those from the longest data ( solid line). The upper 
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Fig. 3(f) Power spectra and autocovariance functions 
(data length 327.68 sec). 

-: from one record with length 327.68 sec. 
----: from 32 segments with length 10.24 sec. 

portion of the figure shows the same spectra already shown in Figs. 3(c) and 
3(f) with broken lines, and the lower portion of Fig. 3(g) shows the corre­
sponding autocovariance functions multiplied by lag window (2). It can be 
seen in Fig. 3(g) that the modified autocovariance function of the relatively 
short wave data becomes very close to that of the longest wave data owing to 
the effect of the lag window (2). (Even in the case of the shortest wave 
data, the results are fairly consistent, though the higher order peaks in the 
spectrum are exaggerated too much.) These are the reason why the qualitative 
features of the power spectra have been not so sensitive to the data length as 
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Fig. 3(g) Comparison of the results obtained from a 
relatively short record (broken lines which 
correspond to the broken lines in Fig. 3(c)) 
to those obtained from the longest record 
(solid lines which correspond to the broken 
lines in Fig. 3(f)). Autocovariance functions 
are multiplied by lag window (2). 

compared with the autocovariance functions. 
It may be reasonable to conclude that in describing the spectral structure of 

wind waves, a relatively short time series (for about 100 times as long as the 
dominant wave period) can be well substituted for a longer one. In Fig. 4 
spectral densities obtained from eight relatively short time series (N = 1024, 
TN = 40.96 sec~ 100 x 0.4 sec~ 100 T) have been shown. Each of these spectra 
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Fig. 4 Comparison of the power spectra obtained from eight samples 
of wave data with length 40.96 sec (= 10.24 secX4). 

seems to represent qualitative features that the spectral density from the longest 
time series has contained (see Fig. 3(f)). 

Closer examination of Figs. 3(f) and 3(a) shows that the wave spectrum 
obtained from the sufficiently long wave record is smoother than that obtained 
from the very short wave data (note that both have the same frequency reso­
lution). Since the former (Fig. 3(f)) is more reliable than the latter (Fig. 
3(a)) in a statistical sense, it can be said that the power spectra for the wind 
waves have fairly smooth forms. 

One more important feature of laboratory wind wave spectrum can be seen 
in Figs. 3(a),---3(f) that the spectral density is clearly marked by the primary 
peak, the secondary peak, the tertiary peak and so on. If we denote the fre­
quency of the primary peak by Im, the corresponding frequency to the secondary 
or tertiary peak is given by 2lm or 3 Im approximately. This feature was also 
reported previously by one of the present authors (Mitsuyasu 1969). These 
secondary and tertiary peaks are still distinct in the case where the data length 
is the largest (Fig. 3(f)). It is probable that the higher order peaks do exist 
whether the data length is short or not. 
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4. Effect of sampling interval 

In estimating wave spectra, sampling interval Lit is usually determined so 
that fm = (1/3 ~ 1/4).t:v, where J,, is the frequency corresponding to the primary 
spectral peak and IN(= 1/2 Lit) the Nyquist frequency. This means the continu­
ous records are digitized at 6 or 8 points per one dominant wave. In order 
to study the spectral structure for higher frequency range, however, closer sam­
pling intervals are required (see, for example, Mitsuyasu and Honda 1974). 
Besides, attention should be given to the influence of folding effect of frequency 
components higher than Nyquist frequency. The investigation of the effect of 
sampling interval on spectral estimates is mainly concerned with the examination 
of the folding effect. 

According to the previous work of the presenLauthors (Rikiishi and Mitsuyasu 
1973) raw power spectrum obtained from a finite and equally-spaced time series 
is given by 

P. = i [a1,+f;(a;N-k+amk) r + 1 [bk+~(-b;N-k+b)Nik) r (4) 
}=1 

(k = 0, 1, ...... , ~) 

and not by 

(k=O, 1, ...... ,~) 

where a. and bk are Fourier coefficients obtained from the time series, and JN 
±k(J= 1, 2, ...... , co) correspond to higher frequencies outside the Nyquist fre-
quency. Generally, the non-linear coupling between two components such as 
a,•a;,v-•, bjN-•"bJNH can not be eliminated, though may be effectively reduced 
by the averaging process of these raw spectrum over the neighbouring frequen­
cies. In order to evaluate the relative magnitude of this non-linear folding 
effect to the linear one represented by eq. (5), wind wave records have been 
analyzed in the following way. 

First, an equally-spaced time series 1(t) (N = 2048, Lit= 1/100 sec) has been 
Fourier transformed by the use of the fast Fourier transform (FFT). Then 
Fourier coefficients for higher frequencies such that J> O. 75 f'I ( = 37 .5 Hz) 
has been reduced to zero, and the inverse Fourier transform has been applied 
to this modified Fourier coefficients producing a modified time series 1 1 (t) (N 
= 2048, Lit= 1/100 sec) which may have no higher frequency components such 
that J> 37.5 Hz. 

The modified time series 1 1 (t) has been thinned out leaving one for two to 
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<P1; f N = 50 Hz (At= 1/100 sec). 
¢2; fN = 25 Hz (Lit= 2/100 sec). 

produce an another time series 12(t) (N = 1024, Lit= 2/100 sec). Both 11(t) 
and 12 (t) include frequency components such that O < f ;;;;;_ 37.5 Hz, but for 12 (t) 
frequency components in the range 25 Hz < f < 37 .5 Hz are folded over the 
frequency range O < f < 25 Hz and inseparable from intrinsic frequency com­
ponents. Spectral densities ¢1(/) and ¢2(/) obtained from 771(t) and 12(t) 
respectively by using the FFT and a rectangular spectral filter (half width: 
4L1f, frequency bandwidth: 4L1f, L1f = 1/NL1t) are shown in Fig. 5(a). Because 
the sampling time Lit is 2/100 sec for 77 2(t), spectral analysis of 12 can not 
distinguish frequency components such that 25 Hz <J< 37.5 Hz. Therefore 
spectral density ¢2(/) is subjected to the folding effect represented by eq. (4). 
On the other hand spectral density subjected to the linear folding effect, ¢ 3 Cf), 
can be calculated by using eq. (5), because Fourier coefficients for 771 (t) are 
known. For comparison, both ¢2(/) and ¢s(/) are shown in Fig. 5(b). One 

_ may readily see in the figure that ¢2(/) and ¢ 3(/) coincide with each other 
approximately. Detailed comparison of spectal estimates between the two has 
shown that the ratio of (¢2-ef>s) to ¢ 3 is roughly 10 % and 25 % at most. 
The same procedure has been applied to some other time series, and the results 
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Fig. 5(b) Comparison of the power spectra ¢ 2 and ¢ 3 • ¢ 2 is a power spectrum 
affected by linear and nonlinear folding effects. ¢ 3 is a power spe­
ctrum affected only by linear folding effect. 

have been consistent with the above result. Thus, it may be concluded that 
the non-linear folding effect is negligible for wind wave records. 

The above concluison makes it possible to evaluate roughly the folding effect 
by assuming the form of spectral density for higher frequency. As an example, 
we assume that true spectral density is represented by <Hf) = aJ- 4 for f> fm 

(Toba, 1974). Owing to the folding effect, spectral density <l>oU) = aJ- 4 for f 

> fN is folded over the lower frequency domain. The folded spectral density 
is given by </>6(1) = a(2fN-f)- 4

• In the practical situation,· of course, </>Cf) 
and </>6Cf) are unknown but </>'Cf) (= </>Cf) +</>6Cf)) is obtained by the spectral 
analysis. The ratio of </>6Cf) to <f>(f), in the present case, is given by 

<p6(f) = (2fN -1)- 4 

</>Cf) f . 
(6) 

The spectral density to be modified, </>6Cf), is 1.23 % of </>Cf) at f = 0.5 fN, 

12.96 % at f = 0.75 fN, 44;8 % at f = 0.9 fN, and 100.0 % at f = IN• Mitsuyasu 
et al. (1973) previously proposed to improve the estimated spectrum by subtract-

ing ¢6Cf) from </>'Cf) on the assumption that <l>oU) = ~ </>'UN) f5,, J- 5 for 

f>fN• 
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Fig. 6 Schematic representation of the linear folding effects. 

Although the above discussion is based on the assumption of the linear 
folding effect and the "-4 power law" or the "-5 power law", it may 
represent the effects of sampling interval, particularly the order of the magni­
tude of folding effect on the spectral estimates in general. Qualitative support 
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is given by the following analysis. 
Four sets of equally-spaced time series have been prepared from a closely 

sampled wave record by thining out the original data points. Their numbers 
of data points (N) and the sampling interval (At) are (1) N = 2048, Lit= 1/100 
sec (2) N = 1024, Lit= 2/100 sec (3) N = 512, Lit= 4/100 sec (4) N = 256, Lit= 
8/100 sec. Spectral densities have been obtained from these time series using 
the FFT and a rectangular filter (halfwidth: 4L1f, frequency bandwidth 4L1f, 111 
= 1/NLJt). The results shown in Fig. 7 indicate that spectral density for the 
lower frequency O <1;;;. 0.5 IN are not influenced significantly by sampling inter­
val, and that the sampling interval .dt = 8/100 sec is practically sufficient for 
estimating the energy containing part of the present spectrum. Since T = 1/1,,, 
=0.4 sec for the present wave data, the above sampling condition corresponds 

roughly to 8 data points per one dominant wave period f. 

5. Conclusion 

The effects of data length and sampling interval on the spectral estimates 
have been investigated by using laboratory wind-wave data. 

The results are summarized as follows : 
1) The autocovariance function and the power spectrum obtained from an 

ensemble of shorter data segments differ little from those obtained from a long 
time series which consist of the same data segments in series. 

2) The autocovariance function estimated from short data does not seem to 
tend to zero with increasing lag time. But, when the length of data is long 
enough, it decreases rapidly to zero. 

3) Qualitative features of the power spectra are not influenced so much by 
data length, and this is largely due to the effect of lag window or corresponding 
spectral window. The results may lead to the conclusion that a relatively 
short wave data (for about 100 times as long as the dominant wave period) 
can be effectively used for estimating the qualitative feature of wind wave 
spectrum. 

4} One-dimensional spectra of wind waves are fairly smooth and the irregu­
lar zigzag form overlapped some times on the dominant spectral form is 
largely attributed to the statistical inaccuracy due to the short length of the 
wave data. 

5) The secondary and tertiary peaks of wind wave spectrum seem to exist 
whether the number of data points is small or not, though their order of magni­
tude decrease with increasing data points (length). 

6) The non-linear folding effect is practically negligible for wind wave 
spectrum. 

7) Spectral estimates for lower frequencies such that O <I< 0.5 IN are little 
influenced by sampling interval ,dt if .dt is taken roughly as 1/8 Im• Therefore, 
8 data points per one dominant wave period are sufficient for the ordinary 
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spectrum estimation. That provides the reliable estimation of the wave spectra 
in a frequency range O < f < 2 fm. 

Acknow Iedgements 

The authors are much indebted to Mr. K. Eto for the measurement of labo­
ratory wind waves and Miss S. Koide for typing the manuscript. Numerical 
computations were done on the FACOM 270-20 system of the Research Institute 
for Applied Mechanics, Kyushu University. 

References 

1) Mitsuyasu, H.: On the growth of the spectrum of wind generated waves (11), Rep. 
Res. Inst. Appl. Mech. 17 No. 59 (1969) 235. 

2) Mitsuyasu, H., et al: Laboratory simulation of ocean waves, Bull. Res. Inst. Appl. 
Mech. No. 39 (1973) 183 (in Japanese). 

3) Mitsuyasu, H. and Honda, T.: The high frequency spectrum of wind-generated waves, 
J. Oceanogr. Soc. Japan. 30 (1974) 185. 

4) Rikiishi, K. and Mitsuyasu, H.: On the methods of computing power spectrum, Bull. 
Res. Inst. Appl. Mech. No. 39 (1973) 77 (in Japanese). 

5) Toba, Y.: Local balance in the air-sea boundary process III, J. Oceanogr. Soc. Ja­
pan. 29 (1974) 209. 

(Received December 8, 1975) 

147 




