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Asymptotic behavior of solutions to the compressible
Navier-Stokes equation in a cylindrical domain

Yoshiyuki Kagei and Takumi Nukumizu

Abstract

Asymptotic behavior of solutions to the compressible Navier-Stokes
equation around a given constant state is investigated on a cylindrical
domain in R?, under the no slip boundary condition for the velocity
field. The L? decay estimate is established for the perturbation from
the constant state. It is also shown that the time-asymptotic leading
part of the perturbation is given by a function satisfying a 1 dimen-
sional heat equation. The proof is based on an energy method and
asymptotic analysis for the associated linearized semigroup.

Key words : compressible Navier-Stokes equation, asymptotic behav-
ior, cylindrical domain.
1. Introduction

This paper studies the initial boundary value problem for the compressible
Navier-Stokes equation in a cylindrical domain €2 :

(1.1) Op + div (pv) =0,
(1.2) Oi(pv) + div (pv @ v) + VP(p) = pAv + (u + p')Vdiv,

(1.3) vlon =0,  plizo = po(x), vl=o = vo().
Here Q is a cylindrical domain in R? that is defined by
Q={x=(2",2,); 2" = (v1,22) € D, x3 € R},

where D is a bounded domain in R? with smooth boundary; p = p(z,t) and
v = (vi(z,t),v*(z,t),v3(z,t)) denote the unknown density and velocity at
time ¢t > 0 and position x € Q, respectively ; P = P(p) is the pressure ; p
and p’ are the viscosity coefficients that satisfy pu > 0, % ' > 0.

2000 Mathematics Subject Classification : 35Q30, 76N15.



Our main concern is the large time behavior of solutions to problem (1.1)—
(1.3) when the initial value {po, vo} is sufficiently close to a given constant
state {p«, 0}, where p, is a given positive number.

Matsumura and Nishida [15, 16] proved the global in time existence
of solutions to the Cauchy problem for (1.1)-(1.2) on the whole space R?
around (ps,0) and obtained the optimal L? decay rate of the perturbation
u(t) = {p(t) — ps,v(t)}. Kawashima, Matsumura and Nishida [11] then
showed that the leading part of u(t) is given by the solution of the lin-
earized problem. (See [10] for the case of a general class of quasilinear
hyperbolic-parabolic systems.) The solution of the linearized problem ex-
hibits a hyperbolic-parabolic aspect of system (1.1)—(1.2), a typical property
of system (1.1)—(1.2). Its asymptotically leading part in large time is given
by the sum of two terms, one is given by the convolution of the heat kernel
and the fundamental solution of the wave equation, which is the so-called
diffusion wave, and the other is the solution of the heat equation. Hoff and
Zumbrun [2, 3] showed that there appears some interesting interaction of
hyperbolic and parabolic aspects of the system in the decay properties of L
norms with 1 < p < oco. (See also [14].) Such an interaction phenomena also
appears in the exterior domain problem [12, 13] and the half space problem
7, 8].

On the other hand, solutions on the infinite layer R"~! x (0, 1) behave
in a manner different from the ones on the domains mentioned above. It
was shown in [6] that the leading part of the solution on the infinite layer is
given by a solution of an n — 1 dimensional heat equation and any hyperbolic
feature does not appear in the leading part. This is due to the fact that
the infinite layer has an infinite extent in n — 1 unbounded directions and
the remaining one direction has a finite thickness. In this paper we will
prove that an analogues result holds for solutions on the cylindrical domain
) that has one unbounded direction x5 and two dimensional bounded cross
section D. We will show that under suitable assumptions on the initial value,

u(t) = {p(t) — ps,v(t)} satisfies
(14)  Ju@®le =0, Ju(t) —u@@)llz2 = Ot~ logt)
as t — oo. Here u® = {4 (x3,1),0} with ¢(¥(x3,t) satisfying
1
0% — k02,6 =0, 6Oo = o [ (ola' ) = pu) '
’ D[ Jp
where & is a positive constant and |D| denotes the Lebesgue measure of D.
We will also establish the decay estimate ||0,u(t)||z2 = O(t~%/*). As in the

case of the infinite layer, the leading part of u(t) is given by a solution of the
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1 dimensional heat equation and no hyperbolic feature appears in the leading
part. We also note that any effect from the nonlinearity does not appear in
the leading part.

The proof of (1.4) is based on the H? energy estimate and the asymptotic
analysis for the linearized semigroup. The H? energy estimate is obtained
by the energy method in [17], which also gives the global solvability for
the problem (1.1)—(1.3). To prove the asymptotic properties in (1.4), we
analyze the linearized resolvent problem, which takes the form (after some
transformation)

(1.5) (A+ L)yu = f.

Here u = T(p,v) (the superscript T stands for the transposition), and L is
the operator with domain D(L) defined by

0 ~ydiv
L :< ) D(L) = H'(©) x [H(@) 1 HY(@)] .
")/V —VA[g — §lev

where I3 denotes the 3 x 3 identity matrix, and v, v and 7 are suitable
positive constants. The resolvent problem will be considered through the
Fourier transform in x3 variable that leads to the problem of the form :

~

(1.6) A+ Le)a = f.

Here ¢ € R denotes the dual variable, u = u(z’,€) and ]? = ]?(x’,f) are
functions in 2’ € D, and Zg is the operator with 0,, replaced by ¢£ in L. As
in the case of the infinite layer [5], the spectrum of —Zg for [¢] << 1 can be
regarded as a perturbation from the one with £ = 0, and we show that the
spectrum near the origin is given by a simple eigenvalue \g(§) = —k&2+0(&*)
as £ — 0. On the other hand, as for |£| >> 1, an explicit integral formula
for (A + /L\g)_l was used to obtain the LP estimates in the case of the infinite
layer. Such an explicit integral formula cannot be expected to be obtained in
the case of the cylindrical domain €2, and, so, as a first step of the analysis,
we employ an energy method to obtain the L? estimates for |£] >> 1.

This paper is organized as follows. In section 2 we state our main results of
this paper : asymptotic behavior of solutions of the linearized and nonlinear
problems. In this paper we will give a proof only for the linearized problem,
since the nonlinear problem can be treated in a similar argument to that
given in [6], based on the linearized analysis and the energy method in [17].
In section 3 we study the resolvent problem (1.6) for |{] >> 1. Section 4
is devoted to the analysis of (1.6) for |{| << 1. We then investigate the
asymptotic behavior of the linearized semigroup in section 5.
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2. Main Result

We first introduce some notation which will be used throughout the pa-
per. We denote by L?(f2) the usual Lebesgue space of all square summable
functions on Q and its norm is denoted by || - ||o. Let ¢ be a nonnegative
integer. The symbol H*(Q) denotes the ¢-th order L? Sobolev space on
with norm || - || ge. C§(Q) stands for the set of all C* functions which have
compact support in . We denote by H}(Q) the completion of C3(Q) in
HY(Q).

We simply denote by L?(Q) (resp., H(Q2)) the set of all vector fields
v = (v, 0%, v?) on Q with v/ € L*(Q) (resp., HY(Q)), j = 1,2,3, and its
norm is also denoted by || - ||2 (resp., || - ||z¢). We will frequently consider
column vectors T (v!, v? v3), and, for simplicity, the set of all column vectors
T 0% 0v®) with I € L2(Q) (resp., HY(Q)), j = 1,2,3, is also denoted by
L*(Q) (resp., HY()) and its norm is also denoted by || - ||2 (vesp., || - || z¢)-
Here and in what follows T+ stands for the transposition. For u = 7 (¢, v) with
¢ € H*(Q) and v = (v, 0% v3) € HYQ), we define ||ul] gry e by ||ul| grsme =
&l gx + ||0|| gre. When k = £, we simply write ||w| grygr = [|u]| s

Similarly, we define the function spaces on D, namely, L?(D) and H*(D);
and their norms are denoted by | - |2 and | - |y, respectively.

We define L} (R; L*(D)) by

L, (R; L*(D)) = {u =" (6(z', z3), v(a’, 3)); [|[ul2]l 1y < o0},

where
2

1/
w2l 2y :/ ’U(',J?:%)bdl’g:/ (/ ’U($/,$3)’2dl’/) dxs.
s R R \JD

Similarly, we define L} (R; H'(D) x L*(D)) and ||[u|gixr2| 2 -
z3
The inner product of L?(D) is denoted by

/f g@)de, f,g€ L*(D).

Here g denotes the complex conjugate of g. Furthermore, we define (-, -) and
() by X
(F9) = 5 (Feg) and (1) = (f0) = - [ 5
!D! 1Dl Jp

for f,g € L*(D), respectively.
Partial derivatives of a function v in z, ', x3 and t are denoted by J,u,

0w, Oy, u and Oyu, respectively. We also write higher order partial derivatives
of u in z as Ofu = (0%u; |a| = k).



We denote the n x n identity matrix by I,. We define 4 x 4 diagonal

matrices @y, Q and Q' by
Qo = diag (1,0,0,0), Q = diag(0,1,1,1), Q' = diag (0, 1,1,0).

We then have, for u = T(¢,v) € R, v = (v!,v?,0?),

0

~ 1
Qou:(g’), @u:(g), Qu=| ",
0

For a function f = f(x3) (x3 € R), we denote its Fourier transform by ]?
or 7 f:

~

7l6) = (Z1)e) = /R fles)e 5 day (€ € R).

The inverse Fourier transform is denoted by .# ~*:

(F1f)(5) = (27)" /R FE)e€ de (25 € R).

We denote the resolvent set of a closed operator A by p(A) and the
spectrum of A by o(A). For A € R and ¢ € (3, 7) we will denote

S(A,0) = {\ € C; arg (A — A)| < 6}

We next rewrite problem (1.1)—(1.3). We set ¢ = p — p.. Then problem
(1.1)-(1.3) is reduced to finding u = {¢, v} that satisfies

(2.1) 09 +v-Vo+ pdive = 0,
(2.2) p(Oww +v- Vo) — pAv — (p+ p/)Vdive + P'(p)Ve = 0,

(2.3) vlgn =05 ul,_y = uo,
where p = ¢ + p, and

o = {Po,v0}, G0 = po— ps-

Here (1.1) is used to obtain (2.2).



We first consider the linearized problem. Substituting p = ¢+ p. in (2.1)—
(2.3) and omitting the terms O(]|¢|* + |v|?), we have the linearized problem

3t¢ + dive = 0,
o — vAv — vdivVe + p Vo = 0,

Vlpn =0, @li=o = ¢, V|t=0 = o,

where p; = P'(p.). By transforming ¢ — \/p./p1¢, the problem is reduced
to

Ou+Lu=0, ul,_,=uo.

Here u = T(¢,v), ug = T(¢o,v) and L is the operator defined in (1.5) with

v=p/ps, V= (4 )/ ps and v = \/p1/ps.

As for the linearized problem, we have the following result.

Theorem 2.1. The operator —L generates an analytic semigroup e~ on
HY(Q) x L*(Q). Furthermore, if ug = T (¢o,v0) € (H'(Q) x L*(Q))NL*(Q) N
L..(R;H'(D) x L*(D)), then e ""uq is written as :

e Mug = Uo(t)uo + %1 (t)ug + Z (t)uo,
where each term on the right has the following properties.

(1) Zo(t)ug has the form

w10,

where ¢ = ¢(O) (x3,1) satisfies the following heat equation

3t¢(0) — /ﬁ3§3¢(0) =0, ¢(0)’t:0 = (¢0)

with a positive constant k. Furthermore, % o(t)ug satisfies the estimates
105 o (t)uolls < CE™373, £=0,1,2.

(i) %1(t)uo satisfies the estimates

|2 @yuolls < CFF ||| Quol sz |,
10:21(8)Quoll> < Ct1 ||| Quol L
21)[0.Quallls < O+ ||| Quola | | + €7 |0, Quol

1 1
Lg63 Lg63



(i) Z (t)uo satisfies the estimate
12 (t)uoll i < Ce™|uol|mrixr2
for some positive constant cg.

We next state our results on the nonlinear problem (2.1)—(2.3). We will
look for the solution u = {¢,v} € HEOC([O, o0); H™%(Q)) for s = 2,3. We
therefore mention the compatibility condition for the initial value. By the
boundary condition v|sq = 0 in (2.3), we have to require vy € H} for s = 2, 3.
In addition to this, we will require

1 1 1
(24) Vo VU() + —Vp(po) — —IUAU() - —(,u + ,U/)leV Vo € Hé
Po Po Po

for s = 3, where py = ¢g + ps.
We first state the global in time existence of strong solutions.

Theorem 2.2. Let s = 2,3. Let P'(p.) > 0. Assume that ug = {¢o,vo} €
H*(Q) and vo € HY(Q). Assume also that ug satisfies (2.4) when s = 3.
Then there exists a positive number €9 > 0 such that if

. 1
inf py > — 5P ol s < €0,

then there exists a unique solution u(t) = {¢(t),v(t)} € ﬂEOC([O, 00); H¥72(Q))
of (2.1)—(2.3). Furthermore, u(t) satisfies the following estimate:

%{s—l dT S CHUOH%{@

t
Hu@mz«+1;W%m@s+H@p

for allt > 0.

In addition to the assumptions for s = 3 of Theorem 2.2, if uy € L*(2) N
NL,,(R; H'(D) x L*(D)), we have the following asymptotic behavior.

Theorem 2.3. In addition to the assumptions for s = 3 of Theorem 2.2,
assume also that ug € L'(Q) N L (R; H'(D) x L*(D)). Then there hold the
following estimates :

(i) |0fu(t)]l2 = O™ 17%)  (£=0,1),

(id) lu(t) — %o (t)uoll2 = Ot 7 log )



ast — oo, provided that ||uol| gs + ||woll1 +|||wo| g1 <2l ;1 is sufficiently small.
z3

Here % (t)ug is the function given in Theorem 2.1 (i).

Remark. Since [|¢©(t)||; = O(t~1), the estimate (ii) of Theorem 2.2 shows
that the asymptotic leading part of u(t) is given by % (t)uo.

We omit the proof of Theorem 2.2 since it is proved by the energy method
in the same way as given in [17]. Theorem 2.3 is proved by combining the
estimates in Theorems 2.1 and 2.2. We also omit the proof of Theorem 2.3
since it is proved in a similar manner to the argument given in [6], which is
based on the energy estimate and the linearized analysis. Therefore, in this
paper we give a proof of Theorem 2.1 only.

3. Resolvent problem I

In this and next sections we consider the resolvent for the linearized prob-
lem, which leads to the asymptotic properties of the semigroup e~** in The-
orem 2.1.

We will first show that L is a sectorial operator on H(Q) x L?(Q2). We
will then investigate the resolvent in detail by using the Fourier transform
with respect to x3 variable.

Let us consider the resolvent problem

(3.1) A+ L)u = f,

where u = T(¢,v), f = T(f° g), and L is the operator with domain D(L)
defined by

0 ~ydiv
L:( ) D(L) = () x [1%() 1 1}(9)]
")/V —VA[:), — vVdiv

with v = p/p., V= (u+ ')/ ps and v = \/p1/ps.
The following proposition shows that — L generates an analytic semigroup

e~ on HY(Q) x L*(Q).

Proposition 3.1. There exist constants Ao > 0 and 0y € (7/2,7) such that
the following assertions hold: if X € ¥(Ao,0), then for any f =T(f°g) €
HY(Q) x L*(Q), there exists a unique solution u = T(p,v) € D(L) of (3.1),
and u = (A + L)' f satisfies

2
A ALY Flaae + D IATHI05QA+ L) flla < Cllfllar e
k=1
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Proof. In this proof we denote by (f,¢g) the inner product of f and ¢ in
L3(92).

We first give a proof of the estimate for u = (A + L)~ f.

We write (3.1) as

(3.2) Ao + vdive = f°,

(3.3) M —vAv —vVdivo +yVo =g, v |z, =0.

Assume that A # 0. Then it follows from (3.2) that

1 :
(3.4) o= X{fo—”ydlvv}.
Substituting (3.4) into (3.3), we have
(3.5) A —vAv —vVdive = F, v |, =0,

where

2
F=g-— %Vfo + %Vdivv.

Since B = —vAv — vVdiv v is strongly elliptic, there exist constants Ag > 0
and 0y € (7/2, ) such that if A € (Ao, p), then

2
> O]l < Ol F 2.
k=0

Since || Fl2 < C{||fllmixze + [|0%v]]2/|\|}, taking Ag larger if necessary, we
obtain

2
D N0k 0ll2 < Cllf [l e
k=0

This, together with (3.4), gives

C i C
|l < B {1/ + [divolg } < WWHHle2

for A € (Ao, 6p). We thus obtain the desired estimate.

We next consider the existence of solutions. Let us assume A > 1. We
first look for a weak solution of (3.5) for A > 1. Set G = g — YV f°/\ and
consider the problem to find v € Hg () satisfying

(3.6) a(v,w) = (G,w) (Yw € Hy(Q)).

9



Here
2

a(v,w) = ANv,w) + v(Vov, Vw) + (§+ Pyy) (div v, divw).
It is easy to see that

la(v, w)| < Cllol|lm|lwllm,

2
Rea(v. ) 2 Alol} + /ol + (7+ 5 ) v ol = llolfy

for some positive constants ¢ and C'. The Lax-Milgram theorem then implies
that for any G € L*(Q) there exists a unique solution v € Hg(Q) of (3.6).
Since By = —vAv — (U +9?/)\) Vdivu is strongly elliptic for A > 1, we see
that v € H?(Q). For this v we define ¢ by (3.4). Then ¢ € H'(2), and,
therefore, u = T(¢,v) is a solution of (3.1) belonging to D(L). The existence
of solutions for other A € ¥(Ay, 6p) follows from the estimate already obtained
above and the standard perturbation argument. This completes the proof.
O

Proposition 3.1 shows that —L generates an analytic semigroup e~** on

H'(Q) x L*(2), which is represented as
1
e=— | eMAN+L)hd),
27 Jr,

where I'g = {\ € C;|arg (A — Ag)| = 0o} with Ay and 6 given in Proposition
3.1.

To investigate the asymptotic behavior of e=** as t — oo, we consider the
Fourier transform of the resolvent with respect to x3 variable.

In what follows we denote

x:(x ),x’:(xl)eD, V’:(a“’l),A’:aﬁ + 02
T3 T2 Oy ! 2

We also write

B Ul ;L ?)1 B g/ ;L gl
v_(v3)7v_(v2)ag_(g3 y § = g2 .

We take the Fourier transform of (3.2) and (3.3) in x5 to obtain

t

p

Ao+ AV T 4 iy€0® = O,
g | BT T T T ) £V
X0¥ — v NG vg¥5 — (V' i€0°) + 60 = 5,
| Blon = 0.
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For simplicity in notation we omit “~” in (3.7), and so, the problem under
consideration is written as

(3.8) Ap +V" -0 ingv® = f°,

(3.9) M — vV v — oV (V0 i) £V g = ¢,
(3.10) 2P — v AP v —ipE(V 0 i) +iéd = ¢,
(3.11) vlop = 0.

Here f°, ¢/, ¢® are given functions on D with values in C and ¢, v/, v3

are unknown functions on D with values in C. Problem (3.8)—(3.11) is also
written as

(3.12) A+ Leu =

where f = T(f% ¢, %), u =T(¢,v',v®) and Eg is the operator on H'(D) x
L*(D) with domain D(L¢) defined by

R 0 ~IV! ivE
Lg = ")/V/ —VA/IQ -+ 1/5212 — ;V/TV/ —2§£V’ 5
i€ —ivETV’ v\ + (v +1)&E2

D(L¢) = H'(D) x [H*(D) x Hy(D)] .

In the remaining of this section we investigate the Fourier transform of
the resolvent u = (A + L¢) ™' f for || > r > 0, where r is any fixed positive
number. We will show that for any r > 0 there are numbers A; > 0 and
61 € (m/2,m) such that 3(—Ay,6;) C p(—L¢) for |§] > r and that (A +
/L\g)_l satisfies suitable estimates. The proof is given by an L?-type energy
method similar to that for the nonlinear problem given by Matsumura and
Nishida [17]. There are several steps different from the one in [17], since the
computations are done for any fixed £&. Among them, Proposition 3.11 is one
of the key steps. R

In the following we denote by u = (A + L¢)~'f the solution of (3.12)
belonging to D(Zg).

Proposition 3.2 There holds the estimate
v v
(Re -+ cllm AP)uf3 + vEP of3 + 210uel3 + 219" of + i€e’l}
< elof5 + Cel /5 + Clyl3

11



for any e € (0,1].

Proof. Taking the inner product of (3.12) with u and integrating by parts
we have

Mul + v|€P 5 + v|0pvf3 + |V -V +i&?|3
(3.13) +y (V-0 +i&v?, @) — y(¢, V' - v + i)
= (f,u).
Since
YV v +iv? ) — v(p, V- v + i&0?) = 2iyIm(V' - v’ +i&v?, 9),
we see from (3.13) that

(3.14) Re Aul3 + v[E]|v]3 + v|0wv]3 + DIV -0 40?5 = Re (f, u),

(3.15) Im Aul3 + 29Im (V' - 0" 4 iév?, ¢) = Im (f, u).
By (3.15), we have
I ARJuld = [ (f,0) = 29Im (V- o'+ €0, )
< C{IV' v +igo® 3+ | fI3} [ul3,
and whence,
(3.16) T APJu < € {97/ + i€ + | £[3)

It follows from (3.14) and (3.16) that for any n > 0 and £ > 0, there holds
the estimate

(Re + cllmAP)[ul3 + vI§P|o + vI9pvf} + 51V - o' + g’
(3:17) < C{l(f.u)l + 1113}

< Colgls +nlvl3 + Ce[ f13 + elof5.

Since |0,v]3 > C|v|3 by Poincaré’s inequality, we obtain the desired estimate
by taking 1 > 0 suitably small in (3.17). This complete the proof. O

Proposition 3.3. There holds the estimate
(ReA + c|ImA ) ul3 + (ReA + c[ImA| + ¢) {|¢]%[v]3 + |0ov]3} + | AP |vf3
< el + Cel /O + Clyls

12



for any e € (0,1].

Proof. We compute the inner products ((3.9), ') and ((3.10), \v*), and
then add the resulting identities to have

AP + vA(E 0] + [0arv]3)
(3.18) HUAV -0 +i€vd R — A (o, V' - v 4 i)

= Mg, v)-
Assume that A # 0. It then follows from (3.8) that
1
o=+ {V' v +igo'} + 1 f
We thus obtain
< . A P
YA, V' v +iév?) = —y (’)\‘)2 V' +ig? 2—|—”y(’>\‘)2 (f°, V' -0 +icv?).

Substituting this into (3.18), we have

AP[olz + Mple*ol3 + [0v]; + PV +igv’5}

(_) (V)
— WQW, v 4 &’ 2—|—’yw2
It then follows that
(3.19)

IA?|v]3 + ReA {1/]5]2]11]3 + v|0pvf3 + 7|V -0+ 2'51)3]3}

(f°, V' v +iv?) + Ng, v).

— Re{ (’)\‘)2 V' +ig? 2—|—”y(’>\‘)2 (f°, V' -v' +itv )+X(g,v)},
(3.20)
—Im)\{ylé“']Q]v]%—1—V]@x/v]§+§lvl~v'+i£v?’]§}

- Im{ (’)\‘)2 V-0 + igw? 2—|—”y(’>\‘)2 (fO, V' - +ikv )—l—X(g,v)}.

Since
(A\)?

' (!)\\>2 V' +igo® 2+’Y!>\\2(f0 V' 4 i60%) + A(g,v)

< PV 5+ A OV 0 iR + M| gl2|vla

IN

1
C{IEP ol +10w0l5 + 1 £33 + 7API0 L,

13



we deduce from (3.19) and (3.20) that
(ReA + ¢|ImA| + ¢) {v|¢]*[v]3 + v]|0pv]3 + DIV - 0" +i&0°(3} + c|AP|v]3
< C{IEP L5 + 10w0l5 + 1 f15} -

This, together with Proposition 4.2, yields the desired estimate. In case
A = 0, the desired estimate is nothing but the one obtained in Proposition
4.2. This completes the proof. 0

We next establish the estimates for higher order derivatives near the
boundary dD. For this purpose, we introduce a local curvilinear coordinate
system. Let T’ € 0D. Since 0D is smooth, there are an open neighborhood O
of 7, a ball B of R? with center 0, and a smooth map ® = 7(®1,®5) : O — B
with the following properties.

(3.21) det (Vy®) # 0 on O, ® and &~ are C*™ maps.

(3.22) (@) =0, 2DNO) ={y ="(y1,92) € B;yn > 0}, 20D NO) =
{v' ="(y1,92) € B; y1 = 0}.

By the implicit function theorem we may assume that there is a smooth
function v on an open interval w such that ¥ = 7 (¢)(7,),¥,) and ' € dDNO
is represented as @’ = T (¢(y2), y2) (y2 € w) by taking O smaller if necessary.
Set

= Vm/él(x/) ) T
323) alve) = g @ = ) )
| aln) = 223 as(y2) = T (¥ (1), v2)
2(y2) @a(ya)| 2(Y2 2), Ya),

where w = %. Then a;(y2) and as(y2) are the unit inner normal vector and

a unit tangent vector at ' = T (¢(y2),y2) € 0D, respectively. Note that by
the orthonormality of {a1(y2), a2(y2)} there holds the relation

ar(y2) \ _ 0 Kk(y2) \ ( a1(y2)
s (y2) —k(y2) 0 as(ys)
for some k(y2). The tubular neighborhood theorem then implies that there

exists a positive number such that 2’ € D N O is represented as

(3.24) = ylal(yg) + ( w(y?f) ) (y' = T(y17y2) € 6, Yy > 0)
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for some open neighborhood O of 7 = 7(0,7,) by changing O suitably if
necessary. It then follows that

ox'

8—3/ = (a1(y2), J (Y1, y2)a2(y2)),

where J(y1,y2) = |a2(y2)| + k(y2)y1. We may assume that J = J(y1,y2) > 0
by changing O suitably if necessary. We thus obtain

1

r = A "= J(y1, y2)
Vac (ylayQ)Vy al(y2)ay1 + J(?Jla?ﬁ)

az (y2 ) ayz >

and, by using the orthonormality,

Vy = (A1, 42)) " Vo = a1(y2)0a, + J (41, 92)a2(y2) O,
We write )
Ao = (i) i) )
Then a/*(2') is smooth and
Oy, = &’ (2") 0y, + a?*(2)0s, (j=1,2).

We note that 9y, is the inward normal derivative at 2’ = T (¢ (y2), y2) € 0D
and 0y, is the tangential derivative at ' = T(¢)(y2), y2) € dD. In what follows
we denote the normal and tangential derivatives by 9, and 0, respectively,
ie.,

Op = 0y, = a(2')0y, + a'?(2")0y,,

0 =0y, = a**(2')0y, + a**(2")0,,.

If v € H*(D), then v |,, = 0 implies that 9*v |, =0 (k =0,1). We also
note that

with some smooth a®(z’).

In the following we will denote by [A, B] the commutator of A and B,
ie., [, B] = AB - BA.

We fix a function y € C§°(O).

Lemma 3.4. There hold the following estimates.

(1) [(x [0, O] v, xO0)| < ClxDarv5.
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(i) [(x[0,02] v, x0v)| < n|x0w0v|3 + Cy|Owv|72(prey for all n > 0 and
v € H2(D) with 8v|ppno = 0.

Proof. The estimate (i) follows from a direct computation. As for (ii), we
have

(0,02 v = Za%a% 226@ )0y, O

2
= 262@% 22@/ 8ka)
k=1 k=1

= Il“l_IQ.

As for I, we easily see |(xI1, x0v)| < C|xO.v|3. As for I, by integrating by
parts, we have

|(x T2, xv))

IN

CZ |(xO0wra®* (") 00, X0 OV) — 2(Opr xOra®* (") D 0, XOW)|
< U’Xaa:/avb + Cn’ax/vﬁﬁ([)mo)'
This completes the proof. 0
We derive the estimate for Ou similar to that in Proposition 3.2.
Proposition 3.5. There holds the estimate
(ReA + c=fTmA ) xul3 + e {|€"[xav 3 + [xDrdel3)
< e[xd0[3 + Ce {[xf )3 + 1003} + Clxgls
for any e € (0,1].
Proof. Applying 0 to (3.8)—(3.11), we have

(3.25) MOg) + V' - OV + iyéov® = F,
(3.26) A(OV) — v AN (OV) + vE2' — V' (V- Ov' 4+ i0v?) + vV (09) =
(3.27)  A(Ov?) — v N O + v€20w® — ivE(V - O +i0v®) + ivEDd = GP,

16



(3.28) I —y

Here
PO 04 [0, V"0
G =0¢ +v [0, NV +v[0,V'V'|v +ivé[0,V']vd — [0,V ¢,
G =0¢>+v [0, N3 +ivé [0, V' ]v.

In the following we set F'=7(F° G',G*)0 G =1(G',G?).
We compute the inner products (x(3.25), x9¢), (x(3.26), x0v') and (x(3.27), xOv?),
and add the resulting identities , as in the proof of Proposition 3.2, to obtain

Alxdul; + v[¢]*[x0vl5 + vIxOwdvl;
FIIN(V - 00 + €0} + 2iyIm(x V' - D' + i€0v?, xD9)
= (XF, x0u) +7(9¢, V'(x*)ov') — v(V'0v, V'(x)*0v)
—o(V' - OV, +i€dv3, V' (x)*00').
By Young’s inequality, we have
[Im(x (V" 90 +i60v°), xD9)| < = [xDel3 + g {IXV'(0v)]; + €x0v]3}

for any € > 0. Using Lemma 3.4 and Young’s inequality, we obtain

€ C
Im(xF, 0u)| < S96l3 + = { KO + 000l pro |
for any € > 0. Furthermore, by integration by parts, we have
ITm{(xG, xOv) — v(V'Ov, V'(x*)Ov) — (V' - 0v' + £0v3, V' (x*)Ov') }|
< {IXV'(00)3 + €003} + Cy {Ixal3 + 1000 Bagpno |

for any n > 0. It then follows that

| TmA[[xul;
< elx09l3 +n{IxV'(0v)[5 + £|x0v|3}
B TR + o+ IV + 0ot e )
+Cy {’ngg + ’ax/U’%Q(DﬂO)} :
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Similarly, we have
Relxdul} + Z{IXV'(0v)3 + € xdw]3}
(3.30) < elx09l5 + C. {])«9]‘0 S+ ’ax/U’%Q(DﬂO)}
+Cxgl3 + Cylduv[i2(proy + 1 { XV (90)[3 + E[xv]3} .

For 0 < ¢ < 1, adding (3.29) x ev/(4C) and (3.30), we obtain the desired
estimate by taking 1 > 0 suitably small. This completes the proof. 0
We next estimate the normal derivative of ¢.

Proposition 3.6. There holds the estimate

(ReX + ¢|ImA[* + ¢)[xOnd|3 + ¢ { ’)‘ + ul—;

2
L2 + [XOn(V" - v'>r%}
< C{Ix0x 213+ Ixgl5 + NP |xv]3  + & |x0xv]3

+&4xv[3 4 [x0w0v]3 + [xOxv]3} .

Proof. We set ¢(y') = ¢(z) with 2/ € DN O and ' € O N {y1 > 0} given
in (3.24). Then our aim here is to estimate 8,,¢ on O N {y; > 0}.

Let us derive an useful identity for 0y, ¢. We transform v'(z') into ¥'(y/)
as v'(z') = E'(y)v'(y'), where E'(y') is an orthogonal matrix defined by
E'(y) = (a1(y2),as(y2)) with a1(y2) and as(y2) given in (3.23). We also
define ¥3(y') by v*(y') = v*(2’) with y’ and 2’ as above. We will derive the
equations for ¢(y') and T(@'(y'), B3 (y/)).

For a moment, we denote by ¢(z) and v(z) =T (v'(z),v*(x),v3(x)) (z €
Q) the functions satisfying the original problem (3.2)—(3.3).

We make a transformation of the vector field v(x). We transform v(x) as
v(z) = E(y)o(y), where x = (', 23) and y = T(y/, y3) with 2’ € DN O and
y € 50{3/1 > 0} as above and y3 = z3 € R, and E(y) is an orthogonal matrix
defined by E(y) = (e1(y2), e2(y2), e3) with e;(y2) = T(aj(y2),0) (j =1,2) and
e3 = 7(0,0,1). We also define ¢(y) by ¢(y) = ¢(x) with z and y as above.
Under these transformations, problem (3.2)-(3.3) is transformed into the
following one on O N {y; > 0} :

A + ydiv, D = O,
(3.31) AU + vrotyrot,v — (v + v)V,div, 0 + ﬂyvyg =7,
5’60{?/1:0} = 0.
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Here fO(z) = fO(y) and g(z) = E(y)§(y) with z, y and E(y) as above,
and V,, div, and rot, denote the gradient, divergence and rotation in the
curvilinear coordinates y which are written as

Vy¢ = 616y1¢+ €2ay2¢+€36y3¢7

- 1 - - -
divo = i (0y, (JU) + 0, 0% + 0y, (JT?)) |
rot, o = (rot,v)'e; + (rot,0)%es + (rot,v)%es,

where (rot, )" is defined by

1
(I“Oty%;)l = j(ay;&g - ays(‘]%?)): (1”0’%5)2 = 6y351 - ayﬁ;g:

(rot,D)? = % (9, (JT?) — 0,,5") .
(1ot ot @) = {0, (10t,)° — 0y, (T(rot,7))}.
(rot,rot,0)? = 0,,(rot, )" — 9, (rot,v)?,
(rotrot, D)} — %{ayl (T (r0t,5)2) — By, (rot,7)'}.

To obtain (3.31), we used Av = —rotrotv + Vdivw.

We now take the Fourier transform of (3.31) in y3. Then in the resulting
equations we replace the Fourier transforms .# ¢ and T(Fv0', Z03) by ¢( "
and T(¥'(y),v3(y')) to obtain the equations for ¢(y') and 7(7'(y'), v3(y/)) :

(3.32) Ao + 7.7 (divy@) = f°,

(3.33) Mo + v.F (rot,rot,0) — (v + )7 (V,div,0)" + 78y1¢ =g,
No? + v.Z (rot,rot,0)? — (v + )7 (V,div,0)* + 6y2¢ = 7%

MNo® + v.Z (rot,rot,0)* — (v + ). (V,div,0)* + inEd = .

Here 7 (divy0), .Z (rotyrot,v)!, - - - stand for the functions with 9y, replaced
by i€ in the functions div,v, (rot,rot,v)’, - -, respectively. These equations
are the desired equations for ¢(y') and Z(¥'(y/), v3(y/)).

Since equation (3.33) is written as

(3.34) X0 + 1.7 (rotyroty0) — (v + 0)d,,.7 (div,?) + 70,6 = 7',
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we add 0y, (3.32) and —= x (3.34) to obtain

e
(3.35) ( ) By = 0y, f° + h.
Here

(3.36) h = ” _7_ = {g" = X\o' — v.Z (rot,rot,0)' } .

Therefore, considering f@m{y1>o} X X (3.35) x )Z@ylgjdy’ with X(y') = x(2'),
we see that

2 -
()‘+ T3 ) ’Xay1¢’2 (Xawfo Xay1¢> (Xha )?azn@-

This implies that

aapy || Ot < C{IT0L e + Gk + I,
1€KDY T + 1K + K0y, (10, 7))}
and
(ReA+ 1m? + 525 ) 179,013
(3.38)

< C{IX0y, Y13 + X913 + IAPIX013

+E2 X0y, U3 + € XT3 + X0y, ((vot,0)*) 3}
Since .7 (div, D) = (divyv’) + ivE0%, we see from (3.32) that
VF (divyv') = fO — Ap — in€D°.

We thus obtain
(3.39) N
X0y, F (divyv')[3

< c{iR0uFB+ v+ 25 170,30+ 107 + €170,

The desired estimate follows from (3.37), (3.38) and (3.39) by inverting to
the original coordinates z’ and noting d,, = 0. This completes the proof. [

We next derive the estimate for the derivative of V' - v’
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Proposition 3.7. There holds the estimate
(ReA + cg[TmA|)[xOul3 + (ReA + c[ImA|* + ¢)|x0no|3

—1—6{52])(82)]2—1—])(8 Auf2 + )A+V+V

< 5’X8¢’2 + C- {’Xax/fob + ’aac/vb}

O[3 + | (V- v'>r%}

+C {IAPxvl3 + Exdwvl3 + & [xvl5 + [xgl3}
for any e € (0,1].
Proof. By Lemma 3.4 we have
OV - )3 < C{IX(V'- 905+ [x[0, V' ]v'[3}
< C{(V"- )3 + Ixdwol}
This, together with Propositions 3.5 and 3.6, implies that
(ReA + ce|[ImA|)|xdul3 + (Re + c[ImA|* + ¢)|x0nd|3

+c{£2]><8v[2+]><8 Ov|3 + ’)\—l— ’ |xOno|3

(Y )2+ [xOu(V v'>r%}
< 00l + Ce { X0 £ + 1000 aiono) |
+C {IAP|xv]3 + & x0v3 + & xvl3 + [xgl3} -

Since

XOur (V") |3 < C{IXO(V" - V)5 + [XOu(V' - V) 3}

we have the desired estimate. This completes the proof. 0

We next derive the interior estimate for the derivative of ¢. We fix a
function xo € C§°(D).

Proposition 3.8. There holds the estimate

(==

< C{10s 1013+ |gl3 + E1f°13 + | APv]3 + |0wv]3 + Ev]3} -

) (xodrdl2 + E2lxosl2}
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Proof. We compute

(xoV'(3.8), xoV'®) + (x07&(3.8), X0i&9)
+o15 {(x0(3.9), xoV'®) + (x0(3.10), x01{P) } -
By integration by parts, we have
(xo(A"Y" =€), x0V'9) + (xo(A"V* = %), X0i€9)
= (oV'(V' v +i€0%), xoV'$) + (x0i€ (V' - V' + i60%), X0i)
—("V'0@)VY, Vo) + (VU'V'(x5), V'é) — (V'(x5) - V'v°, i)
+H(V'(x3) - i€, i€9),
where V'v' is the 2 x 2 matrix (9yv7). Noting this fact, we see that the term
TH{ V' (V' - 0" +i€0%), xoV'd) + (x0i&(V' - V' + i0%), x0il) }

vanishes. We thus obtain

2
(A+ ) ){rXOVf¢rz+ws¢@}:F.

v+v
Here
Fo= (xoV'f%x0V'®) + (x0i £, x0i€0) + 775 {(x0g, xoV'D) + (x0g”, x0i&D) }
== {00V, xoV'9) + Axov?, x0iéd) + TV () V'V, V')
—(VOV'(x5), V') + (V'(§) - V', i€o) — (V'(x5) - i€v', i€) }-
Since F' is estimated as
IF] < C{[xoV'¢lz + [x0i€d|2}
X {102 f22 + 211012 + |gl2 + [A[v]2 + [0wv]2 + €] [v]2}

4
8(v+7)
+ {102 12 + E1f 1 + g2 + AP + 1020 ] + v}

IN

{IxoV'0|3 + |x0i&0|3 }

we obtain the desired estimate. This completes the proof. 0

We next derive the interior estimate for the derivative of V' - v'.
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Proposition 3.9. For A satisfying ReA + [ImA| + 5 > 0, there holds the

estimate

00 (V') |2 < C {102 [l + E1°13 + AP + 1000 ]; + vl + €¥|0wvl2}

)

Proof. Since 7 > 0, we see from (3.8) that
V' = %{fo—)@—i'yév?’}.
It follows from Proposition 3.8 that if ReA + [ImA| + 3 > 0, then
X00u (V" 0') 3
< C {100 + 1M [xod 813 + €| x00uv*[3 )

)

. (2
s ¢ {’aﬂfc,% * ’)\ + (;YTﬁ) X00x 8]3 + <(u+u ) X00w 8|3 + £2(0: /012}
< C{ow P+ EIfL + g3 + [AP0I3 + 100v]3 + EJ0]3 + €[003} -
This completes the proof. 0

Proposition 3.10. Let X satisfying ReA + |[ImA| 4 3 > 0. Then there

holds the estimate
(ReX + c|ImA[?)|ul? + (ReX + ¢|[ImA| + ¢) {€2|v|2 + |Opul3}

)

red Pl + v+ 5 lowols + 220 |
< ella+ Clf0la+ C {10 O3 + 1015 + l9l3 + EHol3 + €2 0arv3}
for any e € (0,1].
Proof. We see from (3.9) that
—v ANV + V' =g — { ' + vE — DV (V') —ivEVv3Y,
v'|op = 0.

Applying the regularity estimates for the Stokes equations on bounded do-
mains (e.g.,[1]), we have

10215 + 10wl
< C{gB+ IV VIt + P + €0l + €210m0]5 + [0arvf3} -
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This, together with Proposition 3.3, implies that
(ReA + c[ImA|?) |[ul3 + (ReA + ¢|ImA| + ¢) {€%[v]3 + [0xv]3}
(3.40) +e {10503 + 10w¢l3 + AP |vl2}
< elgl3 + Cel Ol + O {lgl + Eol3 + E10wvl3 + V' - V'3 } -

Let us estimate |V’-v'| g1 on the right of (3.40). We take an open covering
{0} _, of D, a partition of unity {xm}~_, subordinate to {O,,}N_,, and
C* maps {®,,}N_, with the following properties.

(i) OoCc D, DNOp 0 (m=1,--- ,N).
(i) SN g xm =100 D, Y € CF(Op) (m=0,1,---, N).

(iii) For eachm =1,--- , N, O,, and ®,,, have the properties as those of O
and @ stated in (3.21) and (3.22) so that there exists a local curvilinear
coordinate system on O,, such as ¢’ = 7 (y1, y2) € O given in (3.24).

Note that the estimate in Proposition 3.7 holds for O = O,, and ¥ = xm
(m=1,---,N) with constants ¢ and C' uniformly in m =1,--- | N.
Combining Propositions 3.7-3.9 with (3.40), we see that if Re\ + [Im\| +

2
W > 0, then

(Re + c|ImA[?)|ul? + (ReX + ¢|[ImA| + ¢) {€23|v|3 + |0ul3}

5 |2
—l—c{’)\—l—yl—; |0 0]3 + |020')3 + P\PM%}
< a|0wdl3 +ldl3 + Cel f215 + Cc, {100 fO13 + |0uv]3}

+C {012 + |gl2 + ol + €[003} -

Taking e; > 0 sufficiently small and estimating |9,/v|3 by Proposition 3.3, we
obtain the desired estimate. This completes the proof. 0

The following proposition is a key step to obtain a dissipative estimate
for |¢la. We make use of an orthogonal decomposition of ¢. We decompose

¢ as
6 = ot b, %zwﬁjaéammc

As for this decomposition, the following relations hold:
|65 = [dols + 013, |¢1]2 < Clowoi]s = ClOwla.
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Here ,the latter inequality follows from Poincaré’s inequality, since ¢, satisfies
[, ¢1(2) da’ = 0.

Proposition 3.11. Letr > 0. Then there are positive constants Cy = C1(r)
and Cy = Cy(r) such that the following estimates hold uniformly for |£| > r.

(ReA+{ImA[*)[@l3+Calols < Co {IAP[v]5 + &¥[v]5 + 10wvl3 + [0 ¢l; + | f15}

Proof. We define an operator A with domain D(A) by Ap = —vA/yp for
v € D(A) = H*(D) N Hi(D). By (3.10), we have

v = — (& 4+ A)TH® =i (V-0 +i&0®) + i — ¢°).
Substituting this into (3.8), we arrive at
(3.41) Ao+ (6 + A) Mg = h.
Here
h=—V v + fO4+iyg(& 4+ A) W —ivg(V' - +i&v®) — ¢°}.
As for A, it is well-known that the following inequalities hold:

(3.42) (Ap, ) = Clol;  (Vp € D(A)),
(349 (a4 A) bl S = fhly (Y 20)
~1/2712 -1 ¢
(3.44) (1 +A)"7"hly = ((n+ A)"h,h) < ﬁ!h!z (Vp = 0).
Taking the inner product of (3.41) with ¢ we have
(3.45) Nel3 + 7€ + A) %l = (h. ).
By (3.43) we obtain
(3.46) |(h, @) < C{A[vl2 + [€l[v]2 + |0wvl2 + | fl2} |62

Using (3.44) we see that
EUE+A) 20l = E{I(& +A)T2hol3 + (&7 + A)T 2013

+2Re((€2 + A)"V2¢q, (€2 + A)71%¢1)}
(3.47)

v

1
SEI(E + )60~ Clonl}

v

1
SE1E + A)7 20l — Clowon ;.
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We now apply the following fact : for any r > 0 there exists a positive
constant C'(r) such that

(3.48) pl(p+ A2 13> Cr) (Y= 1?).

We will give a proof of (3.48) later.
It follows from (3.48) that if |{| > r, then

EIE +A)Pold = Elool?l(&® + A)72 - 113
> C(r)lgol3-

Here we note that ¢ is a constant. From (3.45)—(3.47) and (3.49) we see
that

(3.49)

(ReA + [ImA[*)[ 0[5 + C(r)7*| ol
< Ololz + Clowelz + Cs {IAPIvlz + |00v]5 + € |v]3 + | F13}

for any § > 0. Taking § > 0 as § < C(r)y%/2, we obtain the desired estimate.
We finally prove (3.48). By (3.48), we have

[N

dl(p+ A 1B = pl(p+ A7 -1 1) = (L4 a7 A7 1,1),

Since A is sectorial, we have
(L4 A 1,1) — (1,1) = D] (u— o),

and, therefore, there exists a positive number R such that

1 1
(3.50) plp+A)72 15> 2D|, V>R

Since |(p + A)_% -1]2 is continuous in x > 0, and, furthermore, since
[+ A)7= 135>0, V>0,
we see that there exists a positive number C(R) such that
(3.51) (et A5 1> C(R), 0<Vp<R
Combining (3.50) and (3.51) we obtain (3.48). This completes the proof. [
Proposition 3.12. There holds the estimate
(ReX + ce[ImA )& [ul3 + ¢ {&*|v]3 + £2[Dwvf5 + V" - v/ +i&v?[3}
< e€?|ol3 + C82| L3 + Clals
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for any e € (0,1].

Proof. We see from (3.15) that

C
(3.50) [ImA|E|ul; < e€|lo+—{& 0 l3+E 1000 5+ 17153 +CalglsHn vl

for any n > 0 and £ > 0. We also have
C
(3.51) ERe(f,w)] < Cylgls + il ol + =115 + €10l5

for any n > 0 and ¢ > 0. Combining (3.14), (3.50) and (3.51), and taking
n > 0 suitably small, we obtain the desired estimate. This completes the
proof. O

Proposition 3.13. Let r > 0. Then there exists a positive constant Cy =
Ci(r) such that If |€| > 7 and ReX + c[ImA| + Ci(r) > 0, then

(ReA + ¢|ImA]> + C1(r))|ul3 + (ReA + c[ImA| + ¢) {€2|v]3 + |0xul3}
9 2
+c{)A 22| 0ml3 + 10203 + m%y;}

< C{If 'l + &SI B+ 19l + €' vl3 + €210-v]3}

Proof. By Propositions 3.10 and 3.11, we have
(ReA + c[ImA|*) ul3 + (Re + c[lmA[*)[ @[5 + C1(r)|dol3

+(ReX + c[ImA| + ¢) {&%|v|3 + |Owrul2}

9 |2
+c{)A + 25| 10w el3 + 0203 + m?yvyg}
< elola+ ClfPl + CH{I0w £l + E1F°1 + lgls + €M ul3 + €0w]3} -

Since |0y ¢|3 = |0 1|3 > C|é1|3 by Poincaré inequality, the left-hand side of
(3.52) is bounded from below by

(ReA + c[ImA|?)|ul3 + (ReX + ¢|ImA|> + C1(r))| 9|3
+(ReA + c[ImA| + ¢) {€¥[v]} + |0wrul3}

+c{)A+V1—2;

2
O bl2+ 10203 + w?rvr%} .
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The desired estimate now follows by taking e suitably small. This completes
the proof. O

We now deduce the following two propositions on (A + Eg)_l

Proposition 3.14. Let 0 < r < co. Then there exist constants Ay > 0 and
€ (m/2,7m) such that for any & with |{| > r problem (3.12) has a unique

solution uw € H(D) x [H*(D)NH(D)] for any f € H' (D) x L*(D), provided

that A € X(—A1,0:1). Furthermore, u = (A + Eg)_lf satisfies the estimate

(ReX + e[TmA[? + ¢)|(A + Le)~H f[3
+(ReA + cllmA| + ¢) {2100\ + Le) /13 + 10 (A + L) 13}
+c{’)\+ - [100Qor + Lo £13

HOBQ+ L9~ 13-+ NGO+ T 1}
< CO+EY{If i + 1)}
Here ¢ and C' are some constants depending on r.

Proof. Proposition 3.14 follows from Propositions 3.12 and 3.13. We omit
the details. OJ

Proposition 3.15. Let 0 < r < oo and let Ay > 0 and 6, € (7/2,m) be the
numbers given in Proposition 3.14. Then there holds the estimate

A+ L) i + €I+ L) f3+ D €000+ Le) ™ 13
k4-0=2
< C{flinwee + €113}
uniformly for |£| > r and X € X(—=A1,01) N {X\; |\ > A1/2}. Here C is a
positive constant depending on r.

Proof. Let u = T(¢,v) = (A\+ L¢) "' f. By Propositions 3.12 and 3.13, there
exists a constant C; = Cj(r) > 0 such that if || > r and Re\ + ¢|/Im\| +
Ci(r) > 0, then the following estimate holds :
(3.53)

(ReA + ¢|ImA|> + C1(r))|ul3 + (ReA + c[ImA| + ¢) {€2|v]3 + |0xul3}

v d NPl + [ 25|10l + 0213 + €10l + 10,01}
< 1B+ C{IfB, e + €I
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By (3.8), we have
(3.54) AP0l < C{ENf L+ &IV -l + & 73}
It follows from (3.53) and (3.54) that if X # 0, then

(ReA + ¢[ImA[* 4 C1(r))|ul3 + (ReA + ¢[ImA| + ¢) {€2[v]3 + |0xul3}

+c{m2yv!§+ )A+ -

ool + 020 + 0w + €00
< G @IV B+ €W+ C{ B + (14 3) €108}
Since |A| > A1/2 and X\ € ¥(—A4, 61), taking € suitably small, we have
[ul3 + &2 [v]3 + [Opruld + EH0]3 + €2(02v]3 + [02'[3 + [APP[0]3
< C{f e +E1°B}-
It follows from (3.54) and (3.55) that
163 < C{Ifinere +E1F°B}

We finally consider the estimate for [0%v3o. By (3.10), v* satisfies the
elliptic problem

(3.55

—vANV? = —{M® + v —iDE(V -V 4+ i60”) +inég — ¢°}, vPlap =0,
so, the regularity theory for the elliptic problem gives
050 < CLIAPWE + &' vl3 + €[003 + E21615 + 1913}
< C{f e +EEY
which is the desired estimate. This completes the proof. 0
4. Resolvent problem II

In this section we investigate (A + Eg)_l for |£] << 1. We will show
that if |€] << 1, then p(—Lg) D {A # 0,ReA + Cs|ImA| + Cy > 0} and
a(—ZZ) N{|A] < Cy/2} = {No(§)} for some C5,Cy > 0, where A\g(&) is a
simple eigenvalue of —/L\g, which satisfies

N(€) = =1+ 0 (§—0)
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with some positive constant a;.
We set £ =0 in (3.8)—(3.11) to obtain

(Ao +V' -0 = f°,
A — v ANV —DoV(V )+ Ve =¢,

\v? — v A3 = g3,

\U’aD =0.

Let ¢ = ¢g+ ¢1 be the orthogonal decomposition of ¢ defined in Proposition
3.11. Similarly we decompose f° as

1
) f8=<f°>:W/Dfdx', Jo= o go

It then follows that (4.1) is rewritten as

(4.2) Ao = f7,

(4.3) Ao +V -0 = [,

(4.4) M —v ANV =DV (V) 49V =g, V]ap =0,
(4.5) M — v =g* v3ep = 0.

We consider the solvability of each of (4.2), (4.3)—(4.4), and (4.5).

As for (4.2), if A # 0, then (4.2) has a unique solution ¢y =  f§. We also
see that A = 0 is a simple eigenvalue with eigenfunction ¢y = 1.

As for (4.5), it is well-known that there exists a sequence {\;}32, (A\; <
0, |A1] < |A2] < |As] < -+ — 00) that has the following properties. Each \; is
a semi-simple eigenvalue and for any A ¢ {);}32, (4.5) has a unique solution
v3 € H*(D) N H§(D). Furthermore, if Jarg(A — 1)\))| < 7 —¢ (¢ > 0), then
there holds the estimate

A[0%2 + A 2]00% 2 + [00°]2 < Clg®2.
As for the solvability of (4.3)—(4.4), we have the following result.

Proposition 4.1. There are positive constants C3 and Cy such that If ReA+
Cs|ImA|+Cy > 0, then for any ' (f,¢') € H'(D) x L*(D) with [, f{ da’ =0
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there exists a unique solution T (¢1,v") € HY(D) x [H*(D) N H}(D)] of (4.3)-
(4.4) with [, ¢ dx’ = 0. Furthermore, there holds the estimate

(ReA + Cs[ImA|* + C4) {[nl3 + [V'[3 + [0wru]3 }
—i—(Re)\ + Cg]Im)\\ -+ 04) {](%@]3 + lﬁx/v’b}
e {02 + PR + e A+ 5] (1003 + 100 3}
< C{lfolin +19'13}-
Proof. The existence of solution can be proved as in the proof of Proposition

3.1. It is not difficult to see that the estimate in Proposition 3.10 also holds
for £ =0 and ¢ = ¢;. We thus have

(ReA + Cs[TmA[?) {[ou]5 + [v'[3 }
+(ReA + Cs|ImA| + Cy) {0 |2 + [0/ [2}
e {100 + PR + A+ 5[ 10,613
< Elpils + Celfolin + 19'l5.
Since [, ¢1da’ =0 and v'|sp = 0, the Poincaré inequality gives
0w il = Cléila , |0w'[2 > Clv']s.

Taking € > 0 suitably small, we obtain the desired estimate. This completes
the proof. O

In what follows we represent /L\g as
Le = Lo+ LW + 21O,

Here Ly is the operator with domain D(Ly) defined by

R 0 AV 0
LO = ")/V/ _VA/IQ — ;V/TV/ 0 5
0 0 —vN

D(Ly) = H'(D) x [H*(D) N HY(D)]

and
R 0 0 iy R 0 0 0
LW=10 0 —iov' |, L@ =0 v, 0
iy —ivITV' 0 0 0 v+v
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From the above observations on (4.2)—(4.5), we deduce the following re-
sults on (A + Lo)~%.

Proposition 4.2. (i) There are positive constants Cs and Cy such that
S = {A # 0,Re) + Cs|ImA| + Cy > 0} C p(—Lo).

Furthermore, if A € 31, then

C

o c
|(A+ Lo) ™ flarwze < BIES {1fo1m + lgl2} + W’f(())’%

Q0+ L) o < o (ol ok} (= 1.2)

(|A[+1)'2

(ii) A = 0 is a simple eigenvalue of —Eo, and the associated eigenprojec-

- (9) sora- (%),

tion Py 1s given by
We next investigate the resolvent set p(—Zg) and the spectrum (A+Z§)—1
for | << 1.

Proposition 4.3. There exists a positive number r1 such that if || < 1,
then R
SN {A = Ci/2) € p(~Le).

Furthermore, if X\ € 31 N {|A| > Cy4/2}, then

~ C
A+ Le) ™ flaiwre < m’f’Hle%

~ ~ C
105QN+ Le)H fl2 < W’f’mxm (¢=1,2).

Proof. We have LWy = T(inv®, —0V'v3,ing — iV’ - v') for u = (¢, v).
Setting u = (A+Lo) ' f and noting that |[\| > C,/20we see from Proposition
4.2 that

~ C
’L(I)Ub < C{|ols + vu} £ ————|flarxre,
(IA[+1)2
-~ C
10:QoLMuly < C|00%)2 < [ flarxr2-
(IA[+1)2
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Since L®u = T(0, 1, (v + 7)v?), we similarly obtain by Proposition 4.2

L@y < Cluls < flaixrz, 0wQoL®Pu = 0.

A+ 1
Therefore, there exists a positive number r; such that

1
Hlx 2

(LD + L) (A + Lo)™'f

|flaixee (V] < ).

This implies that 3, N {|A| > C4/2} C p(—zg), and we have the Neumann
series expansion

o0

~ N
(46) A+Lo) =+ Lot Y (-1 [ (€W + 2T@)Y\+ L) Y] |
N=0
and (A + /L\g)_l is estimated as
~ C /Y C
“Hyigre < - 12 < ———|flaisre.
(A Le) ™ |mixr _’)‘H_INZO(Q) | flaixe _P\‘_i_l’f’HxL
Similarly we find that
02QA + L) ™ 2
> N
= QO+ L) Y (-1 [fL(1)+€2L(2))()\+LO) } f
L N=0 2
Ll Z [ f/L\(l) +€2/L\(2))()\ + /L\o)_l}Nf
(’)“ + 1)5 N=0 HlxIL?
c & (1)N C
— S5 s € ———=flmxze,
(’)‘H‘l)ENZo 2 (1Al +1)2
05Q +Le) ™ fl2
~ ~ i ~ ~ ~ N
= 0200+ Lo) ™ Do (=1)N (€20 + L)+ Lo) | S
N=0 2
~ ~ ~ N
(€L + ST+ Lo)™| 1
Hlx[L2
< C|flarxre-
This completes the proof. 0
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Remark. It is easy to see that Propositions 4.1-4.3 are also valid for the
adjoint problem (\ + L*)w = f, since L* has the following form :

Ly =Ly + LW + 2L®* D(Ly) = H (D) x [H*(D) N Hy(D)]

R 0 — IV 0
Li=| Vv —w&NL—wv'Y 0 |,
0 0 —v/N
0 0 iy 0 0 0
LW =1 0 0 —iv' |, I®=|0 v, 0
—iy —ivtV’ 0 0 0 v+v

As for the spectrum of O'(—/L\g), we have the following result.

Proposition 4.4. There exists a positive number ro such that if || < 7,
then there holds

o(—Le) N{|A] < Cu/2} = {M(€)}.
Here Cy is the constant given in Proposition 4.2, and \o(§) is a simple eigen-
value of —L¢, which satisfies

N(€) = =1+ 0(E) (€= 0).

for some positive constant a1. Furthermore, the associated eigenprojection
Py(&) takes the form

~

Py(&) = Py + £Py + Py(6).

Here the right members have the following properties :

nen(9)-(4)

2
|Pru| gz + Z ’aﬁ/Qplub < Clu|gixrz,
=1

Gx/ﬁléu = 0,

2
|Po(©)ultrrz + Y 10LQP(E)uls < C&ul s
/=1
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Proof. By Proposition 4.3 we see that if |A| = C4/2, then A € p<_E§) for
€] < 1. In particular,

—~ 1 —~
P — L)t
0O = 57 | o, A H LA

is the eigenprojection for the eigenvalues lying inside the circle |A\| = Cy/2.
The continuity of (A + L¢) ™ in (A, €) then implies that

dim R(Py(€)) = dim R(Py) = 1.

Therefore, O'(—Zg) N{|A\| < C4/2} consists of only one point, say, {\o(£)},
and A\o(&) is a simple eigenvalue. Furthermore, it follows from (4.6) that

A+ Le) ™ = (A + L)+ RV () + RA(A, ).

Here R R R R
RON) = —(A 4 Lo) 'LO (N + Lo) 7,
RAOMNE) = —+Lo) '"LAO\+ L)
ad N
+A+ L)Y (-1 [51:(1) + L)\ + L)
N=2

We thus deduce that P0(£ ) is written as

Bo(€) = By + EP, + By(€),

where |
P=— RO\ = —SLO Py — BLWS
271 Wjﬂ

with .

5= [(I — B Lo(I - PO)} ,
and .

Py(§) = — RO, €)dA
2(6) 271'2 |)\|:ﬂ ( a€>

Applying Proposition 4.3 we see that

2
[Po(©)ultrrz + Y 10LQP(E)uls < C&ul s
/=1
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Since ﬁo@vu =0 and ax/ﬁou =0, we have
Gx/ﬁléu = —8x/ [ﬁoz(l)é\@u} =0.

We next prove the asymptotic formula for \g(§) as & — 0. By the analytic
perturbation theory ([9]), Ao(§) is written as

M(€) = A0 4 AW 12X 1 B\ L o) (€ —0)

Here A(® = 0. Furthermore, we have )\(ll = A3 = 0. This follows from
a symmetry. In fact, it holds Lie = T 'LyTy for Ty = diag (1,1, 1, £1),
which implies that \g(§) = Ao(—&), Mo (&) € R, since A\g(§) is simple. We thus
see that AV = \®) =0, R R

Let us next compute A\?). Since o(—L}) = o(—Lg) and A = 0 is a simple
eigevalue with eigenfunction u(® = 7(1,0), we see that

A® — 2@y Oy 1 (TOFTTWL© 4Oy,

Since L@u© = 0, we have (L@u©® 4®) = 0. A direct computation shows
LMy =7(0,0,4v), from which we have SLMu® =7(0,0,2(-A")"" - 1),
and ,therefore,

—(=A)
LOSLWO® — | a1
T

We thus conclude that

PN UN a 2
AD = (W GLWyO @y = DT
14

Here a; = ﬁ S (=471 1da’ > 0. As a result we obtain

2
Mo(6) =~ 1+ 0(e).

This completes the proof. 0

5. Proof of Theorem 2.1: asymptotic behavior of e~*£
In this section we prove Theorem 2.1.

Proof of Theorem 2.1. Let x1(§) € C§°(R) be a smooth cut-off function
satisfying 0 < x1 < 1, x1(§) =1 for [¢] < r2/2 and x1(£) = 1 for [¢] > r2/2.
Here 75 is the positive number given in Proposition 4.4.
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We set Yoo = 1 — x1. We then decompose e " as

et = Ui (t) + Uy (t).

Here ~
) = 77" pa(©e

Uselt) = 77 [xoel€)e ]

- 1 ~
e — — | (A + Le)ldA
e 27?@'/156 (A+ L)~ dA,

where Iy = {\ = Ao + ne*® n > 0} with some Ay > 0 and 6y € (7/2,7)
that are taken in such a way that I'y C p(—zg) for all £ € R.

We first estimate Ux(t). By Proposition 3.14, we see that if |{] > ry/2,
then X(—Ay,601) C p(—]ig) for some Ay > 0 and 0; € (7/2,7), and, fur-
thermore, (A + E)_luolHlez < Celug| gy 2 uniformly in A € ¥(—Aq, 6,).
(Here C¢ depends on &.) We can thus deform the contour I'y into Iy =
{A;|arg(A + A1)| = 61} to obtain

~ 1

Uso(t) o Xoo€ (A + L¢) ™ Tig dA

27 Jr,

Furthermore, Proposition 3.15 implies that there exists a positive number C
such that

(1) [(A+ Le) ™ Tolan + [EIOA + Le) o2 < C {[i@] w2 + €]| Qo2 }

for all |{] > 72/2 and X € I'y.
It then follows from (5.1) that

U (B)uollar < C {Hyﬁw(t)aoym

o+ oo, }

C [ At ], + 116 @oola o}
0

Coe™ ™ |uo| |12

IN

A\

for all ¢t > 1.
We next consider Uy (t). By Propositions 4.3 and 4.4, there are constants
Ay > 0 and 6, € (7/2,7) such that if |£]| < ry, then

(s farg(A + Az)| < 6o} N LA A > Ag/2} C p(—Le)
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and
{N Al < Az/2} No(—Le) = {Mo(6)}-

We deform the contour I'y into I'ys = {A; |arg(A + Ag)| = 02} to obtain, with
the aid of the residue theorem,

~

Up(t) = x1(&)e @ Py (€) + QL / M1 (€)X + Le) T dA.
I's

v

We write [71 (t) as

Here
Uo(t) = "By, U (1) = xoo(©e ™' Ry, U (1) = xa ()™ Py,
U7 () = xa(©e ™ Pa(€), U1 (1) = xa()(eM® — e Ry,
090 =5 [ M0+ I

Here £ = a;7?/v. Furthermore, we set
Uo(t)uo = F [@O(t)ao} . U9 (o= # [z?{ﬂ(t)ao} .
U1(5) () can be estimated as U (t), and we have

U (#)uol | < Ce™ 2 fug|| sz

It is easy to see that % (t)ug is the function given in Theorem 2.1 (i) and
satisfies the heat equation, and, thus, it satisfies the estimate |95, %o(t)uo|2 <

Ct_i_gﬂQouoHL Since 9, Pyug = 0, we have 0w o(t)ug = 0.
Let us estimate U®) (t). For £ = 0,1, we see from Proposition 4.4 that

1

0 2
C ( / 526—2'*52'5]@0]%,%2015)
° 1
S 2
0( / 52e—2“52fd5) Sup [To| 1 12
0 ¢

3
< Ot lfuolmrxal s

185U (t)uo|2

IN

IN
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and

52 o0 Ol < ¢ ([T e a)

_5
Ot gl -

A\

Similarly we can estimate U\") () to obtain

(53) IUF (ol < O lJuolrwrel . -

As for UM (1), since Ag(€) = —r€2 + AW (€) with AW (&) = O(£Y), taking

ro smaller if necessary, we have
Al <ogt <2 lel <

This implies that

0
ORI

1
|0 — =€t = ')\(4)(5)156_"5%/ €6>‘(4)(€)td(9'

IN

< Oge 5,

Therefore, as in the estimate of U\”(£), we obtain
(5.4) 10 (ol < CE3 uolrese .y, -
We now set

() =0 () + U070 + U0 + U0 (1)

and
R (t) = U (t) + U (t).

Then we obtain the desired estimates in Theorem 2.1 (ii) and (iii) for || %1 (¢)uo|| g
and ||Z (t)uo|| -

We next consider [|0, %1 (£)Quo|2. Since 8,U™ (£)Qug = 0 and 0,U (£)Quo =
0, we see from (5.2)—(5.4) that

10,2 (1) Quolls < C175 ||| Quol2

L
Lz,
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We finally estimate || %1 (¢)[0:Quo)[|2. We here estimate only U (£)[0,Qua].
In view of the above argument, it is not difficult to see that the other terms

can be bounded by Ct—4 ]&C@uo]g )
Lgl63

Let @ = 7(®,V) € C5°(D). Since P, = —SLOPBy— P, LW S and ByQ = 0,
we have

(ﬁl (Gx/@uo), \If) = —(ﬁoz(l)g(ﬁx@uo), \If) = —(8x/@u0, S\*/L\(l)*ﬁo\lf)

~ -1

Here S* = [(I— PO)Z(’;(I —160) Since LW*R = —iyT(0,0,(®)), we

have
. 0
(5.5) STORw = -2 0
"\ )

Since §*Z(1)*160\11]3D = 0, integrating by parts, we see from (5.5) that

(P05 Quo), ¥)| < |(Quo, D S*LV* PyW)|

A\

< |Quo|2| 0y S* LV Py W,

< C|Quols|¥ls.

By duality we have ]ﬁl(ﬁx/@uo)lg < C|Quy|2, from which we obtain

|02 1) 0uclll2 < Ct7F || Quol| |
z3
Since U\ () [0, Quo) = 85,;3[]1(2) (t)[Quo], we have
105 (5[0, Quolll2 < CE7 | Quols| -
z3
This completes the proof. 0
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