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VWjkT;�kNcQ}X�Y3VkNGjJQ^XCVJd}nJNGQ^N�~%½�Vkh¹RUn\_Ad,�5Pid5NGVkXijJfCn¹Y]XCQ!RUnkN
OkQ^Ncd^NGVpR�OkjJQ^O�Xid^N¹X�Y5d^NtqANGatR^_AVkf4_eVJh\_��p_AhkjJP�qAd X�Y�n\_AfCnJNGQ��kR^z
VkNcd^do~3w5nJN,T�XbhW_���aGP�R^_eXiV�X�YJRUnkN,XiQS_Af�_eVJP�q���NG�J�\_APCV qANGPiQ^VkNGh
T�P�RUQS_ «�_Ad.T�PChJN%XiVWqvx*d[qv_AfinbR^q�xb¡�PiVkh��5N�Ntq�_AT;_eVJP�RlN�RUnkN�d^X�qAj\z
R^_eXiV�X�YJq�_eT;_�R�atxkatqAN��\x*y\NGNcO\_AVkf}h\_APifiXiVkP�qJNoqeNcT�NGVbRUd3X�YLaGXiV\z
VkNcatR^_eXiV�T�P�RlQS_v«�ºGNGQ^XW~,½�d�hkNGdlaGQS_A�LNGhsPi��X��bN�¡J��nJNGVsd[RUP�RUNGd
X�Y�VkNGjJQ^XCVJd�PiQ^N¹jkO�hJP�RlNchL¡%P�VkNcjkQ^XiVH_ed;d^NoqeNcatRUNGh�XCVJaGN>_eV
P.H dSRUNGOkd PiaGacXCQ^hW_eVJfsRUX RUnkN¹OkQ^Noz�Pid^dS_AfiVkNGhHXiQ^hkNcQo~�m\X4_vY
P�qvqkRUnkN5VkNGjkQlXCVJd�hkX VkX�R�atnJPCVJfiN%RUnkNt_AQ�dSRUP�RUNGd�_AV�RUn\_Ad�atxkatqAN�¡
RUnkNtx��5_�qvqkVkX�R�atnJPiVkfiN�P�Y�RlNcQS�5PiQ^hkdo~.Z[VJhkNGNchL¡C_vYJRUnkN,VJjkT ��NcQ
X�Y�VJNGjkQ^XiV4��n\_Aatn4atnJPiVkfiN�_�RUd}d[RlP�RUN*P�RdHsz]RUn�dSRUNGO _Ad�ºGNGQ^XW¡
XiQo¡i_�Y�RUnJN,V\jJT;�kNcQ�P�R!¶�Hsz]RUn"dSRUNGO;_ed%XCVJN�¡b�5N�aGPiV�Nt�bP�qejJP�RlN
RUnkP�R�RUnkN}dlX�qejWR[_AXiV>_ede0\j\_�RUN�d[RUPC�WqeNC~%½�VJh"RlnW_ed���XiQ^yCNGh��5Ntq�q
RUX+�²Vkh�d^X�qAj\R^_AXiVkd¹X�Y n\_Afin��kRUVkNcd^d"_AV�XijkQ¹fiNGVJNtR^_ea�P�qAfiX�z
QS_�RlnJT ~%w5nkNGQ^NoY|XiQ^N,�5N,dlNtR%_�R�RlX;¶�HH¡p_¾~ NC~�´iµ�_AV"RlnW_ed%OkPiOLNGQo~
��N>T;jJdSR�VJX�R^_AaGN�¡3nJX��!Nt�\NGQo¡rRlnJP�R*��N"VkNcNGh�PCVJX�RlnJNGQ���Pcx
X�YL�kRUVkNcd^d�Nt�bP�qAjkP�R^_eXiV;_eV"RUnJN,aGPid^N}X�YØQ^PiVJhkXiT;qvx>fiNGVkNGQ^P�RUNGh
aGXiVkVJNGatR^_AXiV T�P�RUQS_v«H·�¢�¶�¸]~

���2f F 4 6�B 6�?|�7	ÇB
		I C @C�FE1Ec�LgL�b@
w5nkN�_AVkh\_��\_ehJjkP�qed���n\_Aaon¨nkP��bN�n\_AfCnJNGQ��JRUVkNGd^dÇOkQ^XWhkjJaGN
X�RUnkNGQØ_eVJh\_��p_AhkjJP�qAdØRUX,T�PiypN	RUnkN�VkNt«\R.fCNcVkNGQ^P�R^_eXiVÊ~.Z[V*T�Piybz
_AVkf}X�ÉÊd^OJQS_eVJfidÊ�5N�jJd^NGh�RUnkN�Y|X�q�qeX��5_AVkf5dSxWd[RUNGT©X�YJT;j\RUP�R^_eXiV
PiVkh4aGQ^Xid^dlX��bNcQo~

½�d%RUnJN�T�jWRlP�R^_AXiVL¡p�5N}PihJh XiVkN�P�R,RUnkN�Q^P�RUN�X�Y,¢(?W¢GËiË
RUX*RUnkN}�bP�qAjkN}X�Y.P�qvqANtqAN�¡W��nW_eaon"_Ad�No_vRUnJNGQ�ó*¢�¡JË�XiQ�¢�¡kPiVkh¹_vY
RUnkN�P�qvqANtqAN��bP�qAjkN��LNGacXCT�Ncd}¶��}N�aonkPiVkfiN}_�R5_AVpRlXsó�¢�~

½�VkhÅRUnkNcV�aGQ^Xid^dlX��pNcQ�_Ad>Pid"Y|X�q�qAX���do~�w!��XEatnJQ^XCT>X�z
d^XiT�NGd ��NGQ^N>aonkXid^NGVHQ^PiVJhkXiT;qvx�Y]Q^XCT�RUnkN¹jkOkO�NcQ"¿iËp¤ X�Y



RUnkN¹OLXiOkj\qAP�R[_AXiVL¡3��n\_AaonE_ed;Q^NGPiQ^Q^PiVkfiNGh�_AV�No�pNcQSx+fiNGVkNcQ^P�z
R^_eXiVH_AVHhkNGdlaGNGVkhW_eVJf�XiQ^hkNGQ X�Y5RlnJNt_AQ��JRlVJNGd^d �bP�qAjkN�¡.PiVJh�P
VkNo��atnkQ^XiT�Xid^XiT�N¹_ed7OkQ^X\hJjkaGNch��pxHRUPiyi_AVkf�Nt_�RUnkNGQ>P�q�qANtqAN
�bP�qejJN*X�Y3RlnJN*R^�!X>OJPCQ^NcVbR�aGnJQ^XiT�XCdlXiT�NGdo¡²P�q�qeNtqAN �\xsP�qvqANtqAN�~
w5nkNcV+RUn\_Ad _ed;Q^NGOWqePiacNGhH�5_vRUnHRlnJN>XCVJN�_AVHRUnkN>qeX��,NGQ*ÄiËp¤
X�Y}RUnJN7OLXiOkjWqeP�R^_AXCVÊ~Hw5nW_ed;OkQ^XWaGNGdld�_Ad;Q^NGOLNGP�RUNGh�jkV\R^_�q�P�q�q
RUnkN>atnJQ^XiT�XCdlXiT�NGd}_AVERUnkN"qeX��,NGQ�ÄiËb¤�X�Y!RUnkN>O�XiOkjWqeP�R^_AXCV
PiQ^N�Q^NGO\qAPiaGNGh��,_�RUn¹VkNt��acnkQ^XiT�Xid^XiT�NGdo¡C_AV¹X�RUnkNcQ��}XiQ^hJdo¡pP
jkVW_vY]XiQ^T¨acQ^XCdld^X��bNGQo~.�ÇN}d^nJX���RUnkN�dlaGnkNcT�P�R^_Aa}h\_APifiQ^PCTëX�Y
RUnkN�jkV\_�Y]XCQ^T$aGQ^Xid^d^X��\NGQ�_AVsÂ._AfijkQ^N�§W~

��N�PCQ^N�RUQSx\_eVJf>X�RUnkNcQ�R^xWOJNGd�X�Y3acQ^XCdld^X��bNGQo¡J�kjWR}jkO4RUX
VkX��Á�5N Xi�\RUP�_eV�RlnJN��LNGd[R�Q^Ncd^j\q�RUd}��nkNcVs�5N jkd^N*RUnW_ed�jJV\_�z
Y|XiQ^TéaGQ^Xid^d^X��bNGQo~

��N¹hkNtRUNGQ^T;_AVkNch+RUnkXidlN OkPiQ^PiT�NtRUNGQ^d;Pi�LX��\N�RUnkQ^XijJfCn
d^XiT�N¹RlQS_AP�q}PiVkh�NcQ^Q^XCQ;RlNcdSRUd"PiVkhÇd^NtR"RUnkNcT��W«JNGh�_AV�RlnJN
dS_AT;jWqeP�R^_eXiV4X�Y.RlnW_ed�OkPiO�NGQG~

��N}d^nJX���RUnJN�X��\NcQS�p_ANt��X�Y.XijkQ!fCNcVkNtR^_Aa�P�qAfiXiQS_vRUnJT�_AV
Â._AfijkQ^N4¢�~�½�d���N�hkX4VkX�R�f�_��\N�PiV\x�VkX�_edlN�RUX7_AV\_�R^_eP�q�OJP�R[z
RUNGQ^Vkd;_AV+RUn\_Ad�OkPiOLNGQo¡�NGPiatn��kPidS_AVH�WX�qAjkT�N¹nkPid;VkX�R>�LNGNGV
Nt�bP�qAjkP�RUNGh>xWNoRG~

100%

60%

0%

parent  chromosomes

child  chromosome

higher performance

lower performance

replace

.

.

.

.

.

.

uniform
crossover

Â._AfijkQ^N�§Wð�m\aGnJNGT�P�R[_AaHh\_APifCQ^PiT X�Y jkV\_�Y]XCQ^T aGQ^Xid^d^X��\NGQo~
w!�5X�atnJQ^XiT�XCdlXiT�NGd	�5NcQ^N,atnJXCdlNGV"Q^PiVJhkXiT;qvx�Y|Q^XiTªRUnkN,jJO\z
OLNGQ}¿iËp¤(X�Y3RlnJN�O�XiOkjWqeP�R^_AXCVÊ¡LPiVJhsP>aGnJQ^XiT�XCdlXiT�N�_Ad}OJQ^X�z
hkjJaGNGhH�Wx�RUPCyb_AVkfsNo_vRUnJNGQ*P�q�qANtqAN;�bP�qAjkN"X�Y!RUnkN"R^�!X4OkPiQ^NGVWR
atnJQ^XiT�XCdlXiT�NGdo¡%P�q�qeNtqAN¹�\x+P�q�qANtqeNC~Hw5nW_ed _Ad�Q^NcOLNGP�RUNGh�jkV\R^_�q
P�qvq.atnkQ^XiT�Xid^XiT�NGd�_AV¹RUnkN}qeX��,NGQ�OLXiOJj\qAP�R^_AXiV¹PCQ^N�Q^NGOWqePiaGNchL~

� ��î �\±����W�Å� ® °���³[�\�L±��\�\³[¯ ® �

��N¹PiOkO\q�_ANGhHRlnJN¹fCNcVkNtR^_Aa7P�qAfiXCQS_�RUnkT PC�LX��\N"RUXsRUnkN¹��XiOWz
��Noqeh>VJNtR��}XCQ^y�¡pPiVJh>Xi�\RUP�_AVkNch"R^�5_eacN,Pid�T�jkaUn"Pid^dlX\at_AP�R[_��\N
T�NGT�XiQSx"aGPiOkPiat_�R^xC~.Z[V;RlnW_ed%d^NGaoR[_AXiV���N!PCQ^N5hkNGdlaGQS_A�\_AVkf�RlnJN
Q^NGdlj\q�Rld5X�Y%XCjJQ,dS_AT�j\qAP�R^_eXiVkd��5_�RUnsdlXCT�N�h\_Ad^acjkd^d[_eXiVkdG~

B���� � � 		�i@iBL�����pB 6 4 @C���	�Y6 D ����gÊ�F� 4 6�?��F	
w3XHfCQ^Pid^OÇRUnkN�X��\NGQS�\_eNo� X�Y XijkQ>Nt�kX�qejWR[_AXiVL¡�qeNoR jJd>dSRUPiQSR
Y|Q^XiT�RlnJN>fCNcVkNGQ^P�q�Y]NGP�RUjkQ^N¹X�Y5RUnkN>Nt�kX�qAj\R^_eXiVHX�Y5��NG�k�W_ePiV
qANGPiQ^VkNGh4T�P�RUQS_eacNGdo~

B����7��� FH?��|I�F��ØI.?2O C BR6�?|�7	
½�d>�5NshJNGd^aGQS_A��Nch�Pi��X��bNC¡5XijkQ>T�NtRUnJX\h�T�Xph\_�YAx�XCQS_Af�_AVkP�q
aGXiVkVJNGatR^_AXiV�T�P�RlQ[_ «+ñ ò �bx�T;j\q�R^_eOWqvx\_AVkf>ºGNcQ^X7PiVJh�ó�¢�P�R
P,�kNGQSx�dlT�P�q�q\Q^P�RUN�~.Z[V RlnW_ed.dS_�RUjkP�R^_eXiVL¡CXiVWqvx�P,Y]Nt��NoqeNGT�NcV\RUd
X�Y�ñ�ò7PiQ^N>T�X\h\_���NchHNt�\NGVEP�YARUNGQ�qAXCVJf�fiNGVkNcQ^P�R^_AXiVkdo~ w5nkN
Y|X�q�qAX��5_eVJf*_Ad,PiV4NU«JPiT�O\qAN�X�Y.RUnkN�T�X\hW_v�²aGP�R[_AXiV4X�Y.acXiVkVkNGaoz
R^_eXiV4T�P�RUQS_ «Ê~


 RUX�RUP�qrVJjkT���NGQ,X�Y%NtqANGT�NGVpRUdoð%¿i´ I �ª¶�¿iËJ¢

 VWjkT;�JNGQ}X�Y3T�X\hW_v�²NGh4NtqANGT�NGVWRldGð3§k¢GÄ�Í^¢G§W~ ¶i¤�Î

 VWjkT;�JNGQ}X�Y3OkQ^jJVkNGh�aGXiVkVkNcatR^_eXiVJdoð%Äp¶4Í¾¶p~�Äp¤�Îlð

w5n\_Ad!_ed�PiV Nt«kPiT�O\qAN�Y|XiQ�RUnJN*T�XidSR}dljkaGaGNcd^dSY]j\qraGPidlN���nJNGQ^N
¢GÄ>OkP�R^RlNcQ^Vkd�PiQ^N f�_v�kNGV¹RUX�RUnkN VkNoR[�,XCQ^y�¡²PiVkh�P�q�q	X�Y�RUnkNGT
PiQ^N,d^jJaGaGNcd^dSY]j\q�qvx"T�NGT�XiQS_AºGNGh�P�Y�RUNGQ�Nt�\X�qv�\_AVkf;¢GËpÈ�´p£�fiNGVJNGQSz
P�R^_eXiVkdG~ ¢G§W~ ¶i¤�X�Y�RUnkN���nkX�qAN"aGXiVkVJNGatR^_AXiVkd�PiQ^N"T�X\hW_v�²NGhL¡
PiVkhÇ¶p~ Äp¤»PiQ^N7OJQ^jkVkNchERlnJQ^Xijkfin�No�pX�qAj\R^_AXiVL~4w5nJXCjJfin+�}N
�5_�qvqØhkNGd^acQS_e�²N5RUnW_ed!T�XiQ^N�OkQ^Ncat_edlNtq�x;qAP�RlNcQo¡JnkNGQ^N,��N}nJP��bN,RUX
VkX�R^_AaGN�RlnJP�R5�5N�XC�Jd^NGQS�\N}RUnkN�d^PiT�N�RlNcVkhkNcVkat_ANGdo¡��²N}_�R}d^jJatz
aGNcd^dSY]j\q}XiQ�VkX�R>d^XW¡%RUnkQ^XijkfinkXij\R>XijJQ�dS_AT�j\qAP�R^_eXiVkd�_AV�RlnW_ed
OkPiOLNGQo~��ÇN¹nkP��\N�RUXEP�qAd^XHVkX�R^_eacN7RUnkP�R>P�qvq,RUnkN4h\_APifCXiVJP�q
NtqANGT�NcVbRUd�X�YLacXCVJVkNGaoR[_AXiV>T�P�RUQS_ «�Q^NGT�P�_AV"ºGNcQ^X*hJjkQS_AVkf�Nt�\X�z
qAj\R^_eXiVÊ¡Ø�LNGacPCjJd^N�RUnkXid^N"PiQ^N"dlNtR�RUX¹ºGNcQ^X �\x���NG�k�W_ePiVEQ^jWqeN
�LNtY]XCQ^NENo�pX�qAj\R^_AXCVÊ¡�PiVkh©aGPiV¥VkX�R���NHatnJPCVJfiNGh¥�bx¥��Nt_AVkf
T;jWqvR^_AO\q�_eNchÅ�Wx�PiVpxP9(����~�w5nkNcQ^NtY|XiQ^N ��N4hkXHVkX�R¹P�qvqAX�� P
VkNcjkQ^XiV�RUX�nJP��bN>Y]NGNGhk�JPiaGy�RUX�_�RldlNtqvYS~+Z[V�RUn\_Ad"dlNGVkdlN�¡%RlnJN
T�X\hW_v�²aGP�R^_eXiV4T;_AfCnpR}��N d^P�_eh¹RUX>��N��pNcQSx T;_vqAhL~
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Â._AfijkQ^Ns¿Wð��3«kPiT�OWqeNcd>X�Y��kRUVJNGd^d"�\NGQ^dljkd�fCNcVkNGQ^P�R^_AXCVÊ¡!Y|XiQ
¢�¶p¡r¢GÄ\¡Ê¶�ËW¡²¶�¿W¡L¶�µ"PiVJhs§p¶�OkP�R^RUNGQ^VkdG~

B����7�2� � gØ�7�2gkB ��?$�26)M
w5nkN�dS_AºGN�X�Y.RlnJN�VkNGjkQlP�qØVkNtR^�!XiQ^y�jJd^NGh¹_AV>RlnW_ed5dS_AT�j\qAP�R^_eXiV
�5Pid4¿i´�VkNcjkQ^XiVkdo~$½�VJh��}N�d[_eT"j\qAP�RUNGh��5_�RUn�RlnJNHVkjkT;z



�LNGQ4X�Y�_AVW_vR^_AP�q�OJP�R[RUNGQ^VJd RUX��²N+T�NcT�XCQS_AºGNch�Y]Q^XiT ¢�¶�RUX
§p¶p~Hmp_AVkaGN¹RlnJN7acXCVJVkNGaoR[_AXiV�T�P�RlQS_AaGNcd�_AV+RUnW_ed�OkPiO�NGQ;nkPih
qANGPiQ^VkNGh�RUnkXidlN�OJP�R[RUNGQ^VJd4�\x���NG�J�\_APiV�Q^jWqeNE�LNoY|XiQ^NGnkPiVJhL¡
Nt�\NGV>P�R�RUnkN}��Q^dSR!fiNGVkNcQ^P�R[_AXiV>RlnJN,�kRUVkNcd^d��bP�qejJNGd�PiQ^Nd0pjW_vRUN
n\_AfinE��nkNGVERUnkN>VJjkT �²NGQ*X�Y5OJP�R^RUNGQ^VJd*PiQ^N>d^T�P�q�q�NcVkXijkfinL~@,j\R,d[R[_�q�qÊ�5N�aGPiV¹Xi�kd^NcQS�WN,RUnkN��kRUVkNcd^d�_AVkaGQ^NGPidlN�~3�ÇN}d^nkX��
d^XiT�N�Q^NGd^jWqvRUd5_eV4Â._AfijkQ^N*¿W~

B����7�2B C �7	 gL�i@
�²� 	 C �
u�P�RljJQ^P�q�q�xb¡ RUnJN�d^T�P�q�qeNcQ�RUnkN�VWjkT;�JNGQEX�Y7OkP�R[RUNGQ^VJdo¡;RUnkN
Y|Pid[RlNcQsRUnkNE�kRUVkNGdld�P�R^RlP�_AVkd�RlXÇRlnJN�nW_efinkNcdSR��bP�qejJN�~���N
d^nJX���RUnkN�fiNGVJNGQ^P�R^_eXiV>P�R���nW_eaon"RUnkN}Ntq�_�RUNGdSR�_AVJh\_��p_AhkjkP�qLP�R[z
RUP�_eVJNGh�RUnkN*�JRlVJNGd^d�X�Y�¢�~ ËiËiË7_AV�w%Pi�\qAN>¢�~�ÂLXiQ}T�XiQ^N�RUnkPiV
¢GÄ>OkP�R^RlNcQ^Vkdo¡J�5N�nkP��\N�VkX�R�Xi�\RUP�_AVkNGh4RUnkN��JRlVJNGd^d�X�Y,¢�~�ËiËiË
x\NtRc¡�RUnJXCjJfin*��N�aGXij\qAh"Xi�\RUP�_AV"n\_AfinkNGQ3aGPiOkPiat_�R^x��5_�RUn"T�XiQ^N
OLXiOkj\qAP�R^_eXiV4PiVkh7?�XiQ,T�XiQ^N fiNGVkNGQlP�R^_AXiVL~
w3Pi�\qAN�¢�ð g�NGVJNGQ^P�R^_eXiV�V\jJT;�kNcQ"P�R���n\_AatnHRUnkN¹Ntq�_vRUNGd[R�_eVWz
h\_��\_ehJjkP�q._AVsRUnJN�fiNGVkNcQ^P�R^_AXiV�P�R^RlP�_AVkd5�kRUVkNGdld�X�Y�¢�~�ËCËiËW¡ÊY|XiQ
¢�¶p¡r¢G§\¡	¢G¿W¡r¢�£"PiVkh+¢oÄ>OJP�R[RUNGQ^VJdo~
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��N�d^jJaGaGNGNchkNGh4_eV4hJXCjJ�\q�_eVJf"RUnkN*Pid^dlXbao_eP�R^_��WN�T�NGT�XiQSxsaGP�z
OkPiat_�RSx X�Y3��XiOW��NtqAh4VkNtRS�5XiQ^y;�5_�RUn7RUnJN�fiNGVJNtR^_ea�P�qAfCXiQS_�RUnkT
T�NGVpR^_eXiVkNch�Pi�LX��\N�~+w5n\_Ad�d^NGatR^_AXiVÅNt«kO\qAXiQ^N7RUnJN7_AT�OkQ^X��\Ntz
T�NGVpR}X�Y.RlnJN*aGPiOJPCao_vRSx7_AV4hkNtRUP�_�q]~

B��2����� �RgL�b@
�|B 3
Z[V4XijkQ�d[_eT�jWqAP�R^_AXiVkdo¡p�}N5�²Q^dSR}fiNGVJNGQ^P�RUN�dlXCT�N�OJP�R^RUNGQ^VJd

�
�

Q^PiVkhJXCT;q�xb¡rPiVkh�RUnkNcVEhkNtRUNGQ^T;_AVkN"acXiVkVkNcatR^_eXiVET�P�RUQS_ «�ñ ò
PiaGaGXiQ^hW_eVJf�RUX*RUnkN�OkP�R^RlNcQ^Vkd!�bx¹��Nc�k�\_APiV¹Q^j\qAN�~�w	X;d^NGN}RUnkN
NU«WRUNGVbR	RUX}��n\_Aaon*XijkQ3T�NtRUnkX\h _AT�OkQ^X��\N�T�NGT�XiQSx acPiOkPiat_�R[xi¡
�5N!Nt�bP�qejJP�RlNch*RUnkN,T�NcT�XiQSx;aGPiOJPCao_vRSx�X�Y�RUn\_Ad�XiQS_Af�_eVJP�qWacXiV\z
VkNcatR^_eXiVET�P�RUQS_v«�ñ�òC~�u�NoRS�5XiQ^y¹�5_�RUn+acXiVkVkNcatR^_eXiVET�P�RUQS_ «
ñ ò PiQ^N�f�_��kNGV"RUnkN�OkP�R^RlNcQ^Vkd

�
� PiVkh4jkO²hkP�RlNch4´Cµ�dSRUNGOkd!_AV

RUnkN4d^PiT�N �5P�x�Pid"_AV�RUnJNsfiNGVkNoR[_Aa P�qAfiXiQS_vRUnkT ~�½�Vkh�RUnkN
X��\NGQSqAPiOkO\_AVkf;Q^P�RlN hkNt�²VkNGh4�\x
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PiQ^N,aGP�qAaGj\qAP�RUNGhL¡C��n\_AaGn _ed%P�qedlX�RUnkN!d^PiT�N,Pid	RUnJN��kRUVkNcd^d�hkNoz
��VJNGhHPi��X��bN�~;�¥nJNGVEPiVHjkO�hJP�RlNchHdSRUP�RUN S �� Í]´iµpÎ�X��\NGQSqAPCOJd
�5_�RlnE_�RUd�_eVW_vR^_AP�q�dSRUP�RlN S �� Í]ËpÎU¡.RUnkN>OkQ^XphkjkaoR�X�Y!RUnkNGT»_Ad�¢�¡
��n\_�qAdSR�ó�¢,X�RUnkNGQS�5_Ad^N�~%mWXW¡i_�YLP�q�qWRUnkN5jkO�hJP�RUNGh�dSRUP�RlNcd�X��bNGQSz
qAPCO;�5_vRUn RlnJNt_AQ�aGXiQ^Q^NGdlO�XCVJh\_AVkf�_AV\_�R[_AP�qkdSRUP�RlNcdo¡CRlnJN,X��\NGQSqAPiO\z
O\_AVkf¹Q^P�RUN*�5_�qvq�N'0\jkP�q	RlX¹jJV\_�R[xi~�½�Vkhs_�Y�RUnkN;nkP�q�Y�X�Y�RUnkNcT
X��\NGQSqAPiO>�,_�RUn¹RlnJNt_AQ%_AV\_�R^_eP�qrd[RlP�RUNGdo¡kRlnW_ed!�5_�qvqr��N�ºGNcQ^XW~�w5nJN
Q^NGdlj\q�Rld Xi�\RUP�_AVkNGhHPiQ^N>d^nJX���V�_AVHw3Pi�\qAN¹¶b¡.Y]XiQ>¢�£p¡,¢GÄW¡,¢�È
PiVkhÇ¢Gµ4OkP�R^RlNcQ^Vkdo¡r�5_vRUn�RUnkN"�kRUVkNcd^d��bP�qAjkNGd�X�Y�RlnJN"Ntq�_vRUNGd[R
_AVkh\_��\_ehJjkP�q�Nt�\X�q��pNch�Y|Q^XiT�RUnkN>d^PiT�N>XiQS_ef�_AVkP�q�acXCVJVkNGaoR[_AXiV

T�P�RUQS_ «�ñ ò ~
��N�aGPiV;P�q��5P�xkdØXC�WRUP�_AV RlnJN%nW_efinJNGQ	T�NGT�XiQSx*aGPiOJPCao_vRSx

P�YARUNGQ�T�Xph\_�YAx\_eVJf7RUnkN�aGXiVkVkNcatR^_eXiV�T�P�RUQS_v«E�\x RUnkN"fiNGVJNtR^_Aa
P�qefiXiQS_�RUnkT ~

��NGQ^N*�5N T�jkdSR�VJX�RUN RlnJP�R�ËW~�µCËJ¢*_AV�w%PC�WqeN;¶p¡�Y]XiQ�NU«\z
PiT�O\qAN�¡3dS_AT�OWqvx+T�NcPCVJd�Í]¿C´ & ¢�£�ó�È�§ & ¶CÎ��WÍ]¿i´ & ¢�£iÎl~ w5n\_Ad
_AT�O\q�_eNcdrRUnkP�R	RUnkN�RlX�RUP�qJX�YÊÈ�§�jkO�hkP�RUNGh;dSRUP�RlNcd�PiQ^N�hW_vÉÊNcQ^NGVpR
Y|Q^XiTëRlnJN�acXiQ^Q^NGd^OLXiVkhW_eVJf�_AV\_�R[_AP�qrdSRUP�RlNcdo~%w5nkNGdlN��²fijkQ^NGd!_AV
w3Pi�\qAN}¶�dlNGNGT�d3RlX�_AVkh\_AaGP�RUN�RUnkP�R�RlnJN}aGPiOkPiat_�RSx;X�Y²RlnW_ed�dSxWd[z
RUNGT(acXij\qAhs��N7¢GÄ"OkP�R^RlNcQ^Vkdo~

w3Pi�\qAN�¶pð�è}�\NGQSqAPiOkO\_AVkfHQ^P�RUN�X�Y�RUnkN�dSRUP�RUNGd>jJOLhkP�RUNGh�´iµ
dSRUNGOJd	�5_�Rln RUnkNt_AQ�aGXiQ^Q^NGdlOLXCVJh\_AVkf�_AV\_�R[_AP�qkdSRUP�RlNcd��LNtY]XCQ^N!PiVkh
P�YARUNGQ�fiNGVJNtR^_ea}P�qAfiXCQS_�RUnkT ¡pY]XiQ�¢c£p¡L¢oÄW¡Ø¢cÈ�PiVkh�¢Gµ OkP�R^RlNcQ^Vkdo~
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Z[V���XiO\�²Ntqeh�VkNtRS�}XCQ^y�¡J��nkNGV�RUnkN�VWjkT;�JNGQ�X�Y�OkP�R^RUNGQ^Vkd�RlX
�LNET�NGT�XiQS_AºGNGh�_Ad4d^T�P�q�q�NGVkXijkfinÊ¡�P�q�q*RUnkNEOkP�R^RUNGQ^Vkd4PiQ^N
fijkPiQ^PiVbRUNGNch7RUX"�LN�T�NGT�XiQS_AºGNGh�Pid,P"�k«kNch OLX�_AVbRc¡W_¾~ NC~v¡

S � Í-T[Î5� S � Í]ËbÎU¡ Y|XiQ$#FTl~
w5nkN d^PiT�N*hJXbNcd}VkX�R�nJX�qAh4Y|XiQ,RUnkN OkP�R^RlNcQ^Vkd}fiQ^NcP�RUNGQ!RUnkPiV
RUnkN¹aGPiOkPiat_�R^xC¡%PiQ^XijkVkhÇNt_AfinbR�_AVHRUn\_Ad"aGPidlN�~+w�PiyCN¹PiV�Nt«\z
PiT�O\qAN>X�Y5XCjJQ*acPCdlN�Y|XiQ7¢GÄsOkP�R^RUNGQ^Vkdo¡	��n\_AatnENU«JaGNcNGhkd�RUnkN
aGPiOkPiao_vRSxp~3½5q�RUnkXijkfin4P*Y]Nt�¥OJP�R[RUNGQ^VJd,PiQ^N�dSR^_�q�qrT�NGT�XiQS_eºcNGh
Pid�P��W«JNGh"OLX�_AVbRc¡bT�XidSR�X�Y�RUnkNGTªhJX*VJX�R�acXCVp�\NGQ^fiN�~.½�V"Nt«\z
PiT�O\qAN�X�Y²P}OkP�R^RUNGQ^V*��nW_eacn�hkX\Ncd	VJX�R�acXCVp�bNGQ^fiN�_ed3d^nJX���V�_AV
w3Pi�\qAN,§>Í]PpÎU~3w5n\_Ad�_Ad�P�R^_AT�N,d^NcQS_eNcd�X�Yr��PiT�T;_AVkf h\_AdSRUPiVkaGN
�LNtRS�,NGNGV�RUnJN5_AV\_�R^_eP�qLdSRUP�RlNcd�PiVkh>NGPiaon"jkOLhJP�RUNGh7dSRUP�RUNGdG¡i_¾~�N�~
RUnkN>VWjkT;�kNcQ�X�Y5VkNcjkQ^XiVkd h\_�ÉÊNGQ^NcVbR�Y|Q^XiT»_vRUd aGXiQ^Q^NGdlOLXCVJh\z
_AVkf�_AV\_�R[_AP�q,dSRUP�RUNGdo~��¥nkNcV+RUnW_ed�OkP�R^RlNcQ^V�_Ad"f�_��\NGVHRlX�RUnkN
VkNoRS�5XiQ^yJ¡WX��bNcQSqePiOJO\_AVkf�d[RlP�RUNGd�_AVkaGQ^NcPCdlNGd!�5_vRUn>R^_eT�N�X�Y.jkOWz
hkP�RUN�~7½}YARUNGQ�PiOkOWqvx\_eVJf RUnkN"fiNGVJNtR^_Aa�P�qAfiXiQS_vRUnkT ¡	nkX��5Nt�bNcQo¡
RUn\_Ad�OkP�R^RUNGQ^V���Pid3T�NGT�XiQS_eºcNGh"Pid�P��k«kNGh�OLX�_eVpRc¡inJNGVkaGN!RlnJN
��PiT�T;_eVJf�hW_ed[RlPiVJaGNGd�Q^NcT�P�_AV"ºcNGQ^X�Y|Q^XiTÁRUnkN}��Ncf�_AVJV\_AVkf*Pid
d^nJX���V7_AV4w�Pi�\qAN�§�Í]��ÎU~

Z[VERlnW_ed d[_eT"j\qAP�R^_AXiVL¡ØRUnkN>T�P�RUQS_ «+��n\_AatnEnJPCd�RUnkN"�JR[z
VkNcd^dØX�YØ¢�~�ËiËiË�_AT�O\q�_eNcdÊRUnkP�R.P�q�qCRUnkN�OkP�R^RUNGQ^VkdL_AV\_�R^_eP�q�q�x*f�_��\NGV
RUX�RUnkN VkNtRS�5XiQ^y�PiQ^N T�NGT�XiQS_eºcNGh4PCd�P��k«kNGh4OLX�_AVbRc~

w3Pi�\qAN7¿Wðsw,nJN acXCT�OJPiQS_edlXCVÇX�Y}RUnkN4VkjJT ��NGQ�X�Y�OJP�R^RUNGQ^Vkd
T�NGT�XiQS_AºGNGh�Pid>P+�k«kNch�O�X�_AV\R>��NtY]XiQ^N�PCVJh�P�YARUNGQ>fiNcVkNtR^_Aa
P�qefiXiQS_�RUnkT ¡WY|XiQ ¢�£p¡r¢GÄW¡	¢cÈ;PCVJhH¢Gµ"OJP�R[RUNGQ^VJdo~
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w3Pi�\qAN"§\ð�½�VHNU«kPiT�OWqeN"X�Y!R^_AT�N"d^NGQS_ANGd X�Y5��PiT�T;_eVJf hW_ed[RlPiVkacNGd ��NtR^�!NcNGV�_AV\_�R^_eP�q�dSRUP�RUNGd PiVkhHNcPCaonEjkO²hkP�RUNGhHdSRUP�RlNcdo¡Ø_¾~�N�~
RUnkN�VWjkT;�JNGQ�X�Y�VJNGjkQ^XiVJd�h\_�ÉÊNGQ^NcV\R}Y|Q^XiT _�RUd,_AV\_�R[_AP�q�dSRUP�RUN�P�R�NGPiaGn4R^_eT�NC¡LjJOsRUX4¶C¶�Ë>R^_eT�N;dSRUNGOkdG~�w!_eT�N*_Ad}Y]Q^XiT RlXiO4qANtYAR
RUX��5PiQ^hkd5QS_efinpRc~�Í]PpÎlð���XiQ^dSR}acPCdlN*Xij\R�X�Y}¢GÄ>OkP�R[RUNGQ^VJd}�LNoY|XiQ^N*fiNGVJNtR^_ea P�qefiXiQS_�RlnJT ¡²PCVJhHÍ]��ÎUð,P�Y�RUNGQ}fiNGVJNtR^_ea P�qefiXiQS_�RlnJT(Y|XiQ
RUnkN�d^PiT�N*OJP�R[RUNGQ^VÊ~
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w5nkNHVWjkT;�kNcQsX�Y�OkP�R^RlNcQ^Vkd���n\_Aatn¥PiQ^N+T�NcT�XiQS_eºcNGh©PCd�P
�W«JNGh�O�X�_eVWRld � ò5aGXij\qAh"P�qAd^X��LN�RUnJN�aGQS_�RUNGQS_AXiV�Y|XiQ	RUnkN!T�NGT;z
XiQSxsaGPiOkPiat_�R^xC~%Z[V�w3Pi�\qAN�¿W¡J��N�d^nkX�� RlnJN�VWjkT �²NGQ}X�Y�OJP�R[z
RUNGQ^Vkd�T�NGT�XiQS_AºGNGh�PCd�P"�W«JNGh�OLX�_AVpR���NtY|XiQ^N PiVkh�P�Y�RlNcQ,RUnkN
fiNGVkNoR[_Aa�P�qefiXiQS_�RlnJT ¡cY|XiQ�¢�£p¡k¢GÄW¡W¢�È!PCVJh7¢oµ�OkP�R[RUNcQ^Vkdo¡c��nW_eacn
P�qedlX"d^NcNGT�d,RUX�_AVkhW_eacP�RUN7¢oÄ�OkP�R^RlNcQ^Vkd}PiQ^N�RUnkN aGPiOkPiat_�RSxC~

Â²Q^XiTÁRlnJN,h\_Ad^acjkd^d[_eXiVkd%Pi�²X��\NC¡��5N!aGXiV��lNGatRUjkQ^Nch"RUnkN,aGPiOJPCaoz
_�RSx;X�YØXijkQ�T�NoRlnJX\h"_AV"RUn\_Ad�OkPiOLNGQ�RUX*�²N ¢oÄ OkP�R^RUNGQ^VkdG¡pRUnkP�R
_Ad,§i§p¤¨X�YØRUnkN�VkjJT ��NcQ�X�Y3VkNGjJQ^XiVkdo~%Z[V>RUnkN���XiOW��NtqAh4VkNtR^z
�5XiQ^y�¡�XiV�RUnkN X�RUnkNcQ"nkPiVkhÊ¡�RUnkN¹aGPiOkPiao_vR^x+X�Y�PCdld^X\ao_eP�R^_��pN
T�NGT�XiQSx�_Ad�Pi�LXij\R�¢c£i¤æX�YLRUnkN�V\jJT;�kNcQ�X�YØVJNGjkQ^XiVkd!Pid!hkNoz
d^acQS_e�LNGh+NGPiQSqv_ANGQo~�½�d���N;NU«kO²NGQS_eT�NcV\RUNGhs�5_�RUnE¿i´sVJNGjkQ^XiVkd
nkNcQ^N�¡²RlnJN*Nt_Afin\R�OJP�R^RUNGQ^Vkd�PiQ^N�PiQ^XijkVkh4RUn\_Ad}q�_eT;_�Rc~�w5nkNGQ^Noz
Y|XiQ^N���N�T�P�x7aGXiVkaoqejJhkN�RlnJP�R5��N�acPiV hJXCjJ�\qAN�RUnkN�Pid^d^XWat_AP�z
R^_v�\N�T�NGT�XiQSx X�Y���XiO\�²NtqAh VJNtR^�!XiQ^y�~

B��2B � �pB 6 4 @C�RE��	�Y6 D � C �F	�		� C 6�?|�7	�F�B 6G@C? C �RE
w3Xs_AVb�\NGd[R[_AfiP�RlN"��nkP�R"_Ad;NGd^d^NcVbR^_AP�q�Y|XiQ*RUnkN¹_AT�OkQ^X��\NGT�NGViR
_AV"T�NGT�XiQSx>aGPiOkPiat_�RSxC¡C��N�acnkNGaUybNGh Rç�}X�OkPiQ^PiT�NtRUNGQ^d	_AV"RUnkN
Ntq�_�RlNcdSR�acXCVJVkNGaoR[_AXiVHT�P�RlQS_v«E_AVHNGPiatn+fCNcVkNGQ^P�R^_AXCVÊ¡._]~�N�~7RUnkN
hkNcfCQ^NcNEX�Y;d[xWT�T�NoRlQSx�PiVkh�RUnkNEV\jJT;�kNcQ X�Y;aGXiVJVkNGatR^_AXiVkd
OkQ^jJVkNGhÊ~

B��2B���� I.�R�k@C�\���	� E)M.FHF�� 6c@QM
��N acP�qeacj\qAP�RUNGh�RlnJNshkNGfiQ^NcN�X�Y*dSxkT�T�NtRUQSx���X�Y�RlnJN

T�P�RUQS_eacNGd5�\x
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½,R�RUnkN���NGf�_AVkVW_eVJf"X�YØRlnJN�No�\X�qAj\R^_AXiVL¡pRUnkN�aGXiVkVJNGatR^_AXiV7T>P�z
RUQS_eacNGd�PiQ^N>dSxkT�T�NtRUQS_ea"�LNcaGPijkd^N;RlnJNtx+PiQ^N"hkNoRlNcQ^T;_eVJNGhE�\x
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degree of symmetry

Â._AfijkQ^N�£pð�½1RSxWOW_eacP�qrNt«kPiT�OWqeN X�Y3RUQ^PiVkdS_�R^_eXiV�X�Y�hJNGfiQ^NGN*X�Y
dSxkT�T�NtRUQSx�P�R�PiVENGPiQSq�x�dSRUPifiNGd�X�Y�No�WX�qAj\R^_eXiVÊ¡�Y]XCQ�¢�£>OkP�R^z
RUNGQ^VkdG~ Í]w5n\_Ad�_Ad�RUnkN�h\_�ÉÊNGQ^NGVpR"d^PiT�OWqeN4Y|Q^XiT2RUnkN4XCVJN7_AV
Â._AfijkQ^N*ÄpÎU~��ÅN�acPCV�d^NGN Q^PiO\_AhshJNGaGQ^NcPCdlN�_AV�NGPiQSqv_ANGQ}fiNcVkNGQSz
P�R^_eXiVkdG~



��NG�k�W_ePiVEQ^jWqeNC~;½�VkhEPid�d^nJX���V�_eV+Â._efijkQ^N7£�RUnkN"acXCVJVkNGaoz
R^_eXiV�T�P�RUQS_ «�aGnJPiVkfiNGd 0\j\_�RlN¹Q^PiO\_Ah\q�x�Y|Q^XiT2d[xWT�T�NoRlQSx+RUX
PidSxkT�T�NtRUQSx�Pid�nW_efinkNcQ*�kRUVJNGd^d^Ncd�PiQ^N¹P�R[RUP�_AVkNGhÊ~4�ÇN>P�qedlX
d^nJX���NU«JPiT�O\qANGd	X�YJRUQ^PiVkdS_�R^_eXiV;X�YJRUnkN!hkNGfiQ^NGN!X�Y�d[xWT�T�NtRUQSxp¡
Y|XiQ�¢�£p¡%¢GÄW¡�¢�È7PiVJhÇ¢Gµ OJP�R^RUNGQ^Vkd�_eVEÂ._AfijkQ^N"ÄW~;Â²XiQ}RUnkNGdlN
OkP�R^RUNGQ^Vkd!RUnkN��bP�qAjkNcd!aGXiV\�bNGQ^fiN�RlX�PiQ^XCjJVkh�È�Ëp¤

�!XiVkd^N'0\jkNcVbR^q�xb¡%��N7T�P�xÅaGXiV��lNGatRUjkQ^N4RUnkP�R7Pid[xWT�T�Ntz
RUQSx�_AVbRUQ^XphkjkacNGhE�\x�ËsPiVkh�ó�¢;_AV�RUnkN>aonkQ^XiT�Xid^XiT�N"nkP��\N
d^XiT�NtRUn\_AVJf*RUX�hkX �5_vRUn>RUnkN�NtÉØNGatR^_v�kNGVJNGd^d�X�YØRUnkN}qANGPiQ^V\_AVkfW~
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16-patterns

15-patterns

17-patterns

18-patterns

degree of symmetry

Â._AfijkQ^N�Ä\ð�w3Q^PiVkdS_�R^_eXiV4X�Y.RlnJN�hJNGfiQ^NGN�X�Y�dSxkT�T�NtRUQSx X�Y.RUnkN
aGXiVkVJNGatR^_AXiV¹T�P�RUQS_AaGNGd!jJO7RUX¹¢�¶�ËiËiË�Rln¹fiNGVJNGQ^P�R^_eXiVL~ �3«JPCT;z
O\qANGd%X�Y	¢�£p¡²¢GÄW¡J¢�È�PiVkh ¢Gµ�OJP�R[RUNGQ^VJdo~3w5nkN!�bP�qAjkNcdracXCVW�bNGQ^fiN
RUX"PiQ^XijkVkh�È�Ëb¤

B��2B��2� @CB 6���� � 3 @ 4 		�pI C �7	�		� C 6�?|�7	
�¥nJNGV¹��N�dSRUPCQSR5RlnJN*fiNGVJNtR^_ea�P�qefiXiQS_�RUnkT ¡WRUnkN�h\_APifCXiVJP�q	Ntq�z
NGT�NcVbRUd�X�Y�RUnkN"XiQS_Af�_eVJP�q3�5Nt_AfinbR�T�P�RUQS_v«Hñ ò PCQ^N�P�q�q%ºcNGQ^XW~
Z[V�Pihkh\_�R^_eXiVL¡3��nJNGV�RUnJN7OJP�R^RUNGQ^VJd�f�_��pNcVERlX�RUnJN7VJNtRS�5XiQ^y
PiQ^N}Nt�\NGV�V\jkT"�kNGQo¡kd^XiT�N}X�YLX�RUnkNGQ�NtqANGT�NcV\RUd	aGXijWqeh>P�qAd^X ��N
ºGNcQ^X\¡\��n\_�qed[R�_AV"RUnkN�aGPid^N�X�YØX\hJh>VkjJT ��NGQ�X�Y.OkP�R^RUNGQ^Vkd�RUn\_Ad
hkXid^N!VkX�R	nJPCOJOLNGVL~3½�Vkh�RUnkNcd^N�NoqeNcT�NGV\RUdØX�Y�ºcNGQ^X�hkX}VJX�R�P�q�z
RUNGQ,hJjkQS_AVkf;Nt�WX�qAj\R^_AXCVÊ~.Z[V4OkQ^X\hJjkat_AVkf _eVJh\_��p_AhkjJP�qed!_AV NcPCaon
fiNGVkNcQ^P�R[_AXiVL¡Jd^XiT�N�X�Y.RlnJN�VJXiV\z�ºGNcQ^X"NtqANGT�NGVWRUd�X�Y.RUnkN�XiQS_ef�z
_AVkP�q	��Nc�k�\_APiV�T�P�RUQS_ «��LNGacXiT�N*ºGNcQ^X7�px �LNt_AVkf>T�jWqvR^_AO\q�_eNch
�pxÇºGNcQ^X+_AV�aonkQ^XiT�Xid^XiT�N�~©w5nW_ed7_eT�OWqv_ANGd>RUnkP�R>RUnkN�aGXiVWz
VkNcatR^_eXiVkd�PiQ^N*OkQ^jJVkNGhÊ¡LPid��}N�hJNGd^aGQS_A�LNGh���NtY|XiQ^NC~���NGQ^N���N
hkNo��VkN}RUnkN}Q^P�RUN�X�YØOkQ^jJVkNGh¹aGXiVJVkNGatR^_AXiV�� Pid < RUnkN�V\jJT;�kNcQ
X�Y!VkXiVHºGNcQ^X NoqeNcT�NGVbRUd�T;jWqvR^_AO\q�_ANGhE�px�ºGNcQ^X _AVEOkQ^XWhkjkao_eVJf
_AVkh\_��\_ehJjkP�qed'>,h\_��p_AhkNch*�Wx < RlX�RUP�qkV\jJT;�kNGQ3X�YkacXCVJVkNGaoR[_AXiVkd'>C~
½�d d^nkX���V�_AVHÂ._AfCjJQ^N¹Èp¡ØRUnkN>Q^P�RlN>X�Y5OkQ^jJVkNGhHacXCVJVkNGaoR[_AXiV
_AVkaGQ^NcPCdlNGde0pjW_vRUN�Q^PiO\_Ah\q�x7jkVpR^_vqLn\_AfinkNGQ��kRUVkNcd^d�_Ad�Xi�WRlP�_AVkNGhÊ¡
PiVkh©hkXWNGd�VkX�REP�qvRUNGQ�hkQ^PidSR^_AaGP�qvq�x1P�YARUNGQS�5PiQ^hkdG~���NEP�qAd^X
d^nJX�� PiV¥NU«JPiT�O\qANsY|XiQ+¢�£b¡"¢GÄW¡�¢�È�PiVkhª¢Gµ�OkP�R^RlNcQ^Vkd¹_AV
Â._AfijkQ^N*µW~!�ÅN�acPCV�Xi�kd^NcQS�WN�RUnkN Q^P�RUNGd�aGXiVp�pNcQ^fCN�PiOkOJQ^Xc«\_�z

T�P�RUNtq�x7RlX"RUnkN��bP�qejJN�X�Y3§p¤7~
��NGVkaGNC¡��5N�T�P�x�aGXiV��^NGaoRljJQ^N�RlnJP�RsOkQ^jJVkNGh¥aGXiVJVkNGatz

R^_eXiVJd,P�qAd^X"OWqeP�x7PiV¹_AT�OLXCQSRUPiVpR}Q^X�qeN�RUX�_AT�OkQ^X��bN}RUnkN�PCdld^X�z
at_AP�R^_v�\N�T�NGT�XiQSx aGPiOkPiat_�R^x7X�Y���XiO\�²NtqAh VJNtR^�!XiQ^yJ~
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15 patterns

rate of pruned connection

Â._AfijkQ^N4Èbð7½�V ��PCQSq�x�dSRUPifiN7X�Y5RUnkN¹Q^P�RlN¹X�Y�OkQ^jkVJNGh�aGXiV\z
VkNcatR^_eXiVL~%½�V4NU«JPCT>O\qAN�X�Y,¢�£*OJP�R^RUNGQ^VJdo~3�ÇN}aGPiV4d^NGNd0\j\_�RlN
P"Q^PiO\_Ah4_eVJaGQ^NGPid^NC~

B��2B��2B @C�7�|� E�� ���HBL		I�� � ?$	 6 D � C
D @C�²FH�7Ec�²FH�
½�d�hJNGd^acQS_e�LNch�NcPCQSq�_ANGQo¡�ó�¢�_AVHRUnkN aonkQ^XiT�Xid^XiT�N>Q^Nt�kNGQ^d^Ncd
RUnkN>Q^X�qeN>X�Y�NU«Jat_�RUP�R^_AXiV7?�_eVJn\_A�\_�R^_eXiVHX�Y!RUnkN>�5Nt_AfinCRc¡3PiVkhHË
OkQ^jJVkNGd�RUnkN>aGXiVJVkNGaoR[_AXiVL~sw	X4Pid^aGNcQSRlP�_AVHRlnJN>NtÉÊNGaoR�X�Y*ó�¢
PiVkh�Ë"_eV�RlnJN�atnJQ^XiT�XCdlXCT>N�¡J�5N*T�PihkN RlnJN�Y]X�qvqAX��5_eVJf"RS�!X
NU«JOLNGQS_AT�NGVpRldG~�è�VkN¹_ed;�5_vRUn�aGnJQ^XCT�XidlXCT�Ncd�aonkXid^NcV+Y]Q^XiT< ó�¢ ! ¢�>sPiVkh�RlnJNsX�RlnJNGQ�_Ad�Y]Q^XiT < Ë ! ¢�>i¡��,_�RUnÅX�RUnkNcQ"OkP�z
Q^PiT�NtRUNGQ^d.Q^NGT�P�_AV�NU«JPiatR^q�x�RlnJN�d^PiT�N�PidrRUnkXid^N�aGnJXid^NGV�Y]Q^XCT< ó�¢ ! Ë ! ¢Q>¹Pi�LX��pNC~;��N"d^nJX��!NGh�RUnkN"Q^Ncd^j\q�RUd�_eVHÂ._AfijkQ^N>´W~
½�d��5N�acPCVEdlNGN�_AVEÂ._AfCjJQ^N�´W¡.P�q�RlnJXijkfin�RUnkN�acnkQ^XiT�Xid^XiT�N
atnJXid^NGV;Y|Q^XiT�Í]PpÎUð < ó*¢ ! Ë ! ¢�>}�5XCQ^ybNch"T�XidSR!NtÉÊNGaoR[_��kNtqvxi¡CRlnJN
atnJQ^XiT�XCdlXiT�N�aGnJXCdlNGV Y]Q^XiT Í|�²Îlð < ó�¢ ! ¢�>�P�qAd^X¹�5XiQ^yCNGhL~*Z[V
RUnkN�aGPid^NHX�Y�RUnkN�atnkQ^XiT�Xid^XiT�NHatnJXid^NGV¥Y|Q^XiT/Í]a�ÎUð < Ë ! ¢�>i¡
nkX��}Nt�bNGQo¡�_vR��5Pid7RUQ^PiOkOLNch�_AV¥PÅqAX\aGP�q�T;_AV\_AT;jJT P�R�PiV
�\NGQSx�NcPiQSqvx�d[RlPifiN�X�Y;Nt�\X�qAj\R^_eXiVL~¦w,nJNEV\jJT;�kNGQ4X�Y �W«JNGh
OLX�_eVpRUd!XC�WRUP�_AVkNch7_AV¹RUnkN*Nt«kO�NcQS_eT�NcV\R�Í|�²Î3�5Pid�¢G¿W¡J�}nJNGQ^NGPid
´�_AV+RUnJN NU«JO�NGQS_AT�NGVWR�Í]a�ÎU~+w5nkN¹Q^X�qeN4X�Y�ó�¢ d^NcNGT�d RlXE�LN
T�XiQ^N*_AT�OLXiQSRlPiVpR�RUnJPCV�Ë\¡r�kjWR��}N�P�qedlX7VJNGNGh�Ë�RUX4Xi�\RUP�_eV
¢GÄ��k«kNch¹O�X�_eVWRld3_eV>RUnkN}Nt«kOLNGQS_AT�NGVpR�Í|PpÎU~3½�Vkh"_AV¹Pihkh\_�R^_AXCVÊ¡
ó�¢�nkNtqAOkd5RUX"P��bX�_Ah4��Nt_AVkf"RUQ^PiOkO�Nch _AV4P"qeXpaGP�q	T;_AV\_AT;jkT ~

��_�RUn�RlnJXid^NEQ^NGd^jWqvRUd4hkNcd^aGQS_A�LNGh¥nkNcQ^N���N�T�P�x�aGXiVJatqejJhkN
RUnkP�R��LX�RUnsY]j\q�q�aGXiVkVkNcatR^_v�\_�R[xsPiVkh�dSxkT�T�NtRUQSx�X�Y�RUnkN;aGXiV\z
VkNcatR^_eXiV�T�P�RUQS_AaGNGd�OkQ^Nt�\NGVpRUNGh RUnkN;VkNtRS�5XiQ^y\d!Y|Q^XiT�P�R[RUP�_AV\z
_AVkf�n\_Afin"T�NcT�XCQSx�aGPiOJPCao_vR^x�_AV"��XiO\��Noqeh;VkNtR^�,XCQ^y�¡�RUnkXijkfin
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16 patterns

18 patterns

15 patterns
17 patterns

rate of pruned connection

Â._AfijkQ^N"µWð�w%Q^PiVkdS_�R^_AXCV�X�Y!Q^P�RlN>X�Y!OJQ^jkVkNchEaGXiVkVJNGatR^_AXCVEjJO
RUX�¢�¶�ËiËiË�RUn fiNGVJNGQ^P�R^_eXiVL~ �3«kPiT�OWqeNcd}X�Y,¢�£b¡	¢GÄW¡r¢�È"PiVkh+¢oµ
OkP�R^RUNGQ^VkdG~¥w5nJNs�bP�qAjkNcd"aGXiVW�bNGQ^fiN RUXHPCQ^XijJVkh�§HRUnkQ^Xijkfin
¿p¤7~
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(c) chromosome chosen from {0, 1}

(b) chromosome chosen from {-1, 1}

(a) chromosome chosen from {-1, 0, 1}

number of patterns memorized as a fixed point

(a) : 15 ,  (b) : 14 ,  (c) : 9

15 patterns are given initially

at 12000th generation

(trapped in a local minimum)

Â._AfijkQ^N>´Wð w5nkN>Nt�\X�qAj\R^_AXCVEX�Y!RUnkN;�kRUVkNGdld��5_�RUnERlnJN>atnJQ^X�z
T�Xid^XiT�N�aonkXid^NGVÇY|Q^XiT'Í]PbÎUð < ¢�¡}Ë\¡�ó*¢�>i¡*Í]��ÎUð < ¢�¡�ó*¢=>
PiVkhÇÍ]a�ÎUð < ¢�¡.Ë >i~;Z[V�RUnkN>aGPidlN"X�Y�Í|a�Îl¡rRUnkN"Nt�\X�qejWR^_eXiV��5Pid
RUQ^PiOkOLNGh¹_AV P"qAXpaGP�q	T;_eVW_eT;jJT ~

�5N�VkNGNch7Y]jkQSRUnkNcQ}PiVkP�q�xWdS_Ad!RlX7NU«kOWqeP�_AV¹RlnJNGd^N OknkNcVkXiT�NGVJP\~

B��KJ � � 		�i@iBL�|?26)MÅ�	�Y6 D �FEc� Ec?|F 4 �|B 6�?|�7	"E
Z[V�NGPiaGnHVkjJT ��NcQ�X�Y�OJP�R[RUNGQ^VJd�Pi�LX��\N�¡.��N>Q^NGOLNcP�RUNch�d[_eT;z
j\qAP�R^_eXiVkd �5_�Rln�¶�Ë�Í]XiQ T�XCQ^N�Î*h\_�ÉÊNGQ^NcVbR�dlNGNGhJd�X�Y5Q^PiVkhJXiT
VWjkT;�kNcQ^d��5_vRUn�X�RUnkNcQ�OkPiQ^PiT�NtRUNGQ^d�Q^NGT�P�_AV��W«JNGhÊ¡ØPiVkh���N
�5NGQ^N Pi�\qAN*RUX¹XC�Jd^NGQS�kN�RlnJN�fiNGVkNcQ^P�q.RUNGVJhkNGVJat_eNcd�hkNcd^aGQS_A�LNGh
nkNcQ^N�~�mWXCT�N>X�Y5RUnkN>NU«JPiT�O\qAN�X�Y5RUnkN>hkP�RUPsY]Q^XCT
¢�£sOkP�R^z
RUNGQ^Vkd5PiQ^N*dlnkX���V¹_eV4w%Pi�\qAN�£p~

w5nkN}��fijkQ^Ncd�_eV>RUn\_Ad!OkPiOLNGQ!PiQ^N�T�P�_AVWqvx�RUnkXidlN�X�Y3��NcdSR
Q^NGdlj\q�Rld5Xij\R�X�Y.RUnkNGd^N dS_AT;j\qAP�R^_eXiVJdo~

w3Pi�\qAN7£pð �	«JPiT�O\qAN7X�Y5hJP�RUPsY]Q^XiT RUNGV�dS_AT;jWqeP�R^_AXCVJd��5_vRUn
h\_�ÉÊNGQ^NcVbR�d^NcNGhkd�X�YØQ^PiVJhkXiT¦VJjkT���NGQ^d	�5_�RUn>X�RlnJNGQ�OkPiQ^PiT�Ntz
RUNGQ^d5Q^NGT�P�_AV7�k«kNGhÊ¡JY|XiQ�¢�£�OJP�R[RUNGQ^VJdo~Z_Ø¡ �\¡ �L¡��;PCVJh � ò _AV
RUnkN*�²Q^dSR�Q^X��ÁQ^NGOkQ^Ncd^NGVpR��kRUVkNGdldo¡ÊQ^P�RUN�X�Y�OkQ^jkVJNGhEaGXiVJVkNGatz
R^_eXiVÊ¡LhJNGfiQ^NGN"X�Y�d[xWT�T�NoRlQSxp¡LQ^P�RUN�X�Y�T�Xph\_���Nch�NtqANGT�NcV\R�X�Y
RUnkN}aGXiVJVkNGaoR[_AXiV>T�P�RlQS_v«7PCVJh>Q^P�RlN}X�YrOkP�R[RUNGQ^VJd�T�NGT�XiQS_AºGNGh
Pid5P"�W«kNch OLX�_AVbRc¡JQ^Ncd^O�NGaoR[_��kNtq�xC~

� � � � � �äW× ����� àçå"Ô.× â�� Ñ�Ð�Ó â�� â�á�Õ â�� Ó
�Gá â�� ÒtÑ�Ñ Ò��
äW× ����� àçå"Ô � Ò � â�â�â â�� â��pÒ â�� Ó
�cÓ â����GâiÒ ÒGÕ
äW× ����� àçå"Ô�� â�� Ñ�Ñ
� â�� â�� � â�� Ó�Õ�� â����Gâ�Ñ Ò �
äW× ����� àçå"Ô�	 â � Ñ�Ñ
� â�� â�á�Ñ â�� Ó�ÕcÑ â�� ÒtÑ�â Ò��
äW× ����� àçå"Ô � â�� Ñ�Ñ
� â�� â ��� â�� Ó�Ñ�Ó â�� ÒtÓ�Ó Ò �
äW× ����� àçå"Ô � â�� Ñ�Ð�� â�� â�á
� â�� Ó
�Gá â�� ÒoÑ�Ó Òtá
äW× ����� àçå"Ô 	 â�� Ñ�Ñ�Õ â�� â�á�â â����Gâ�Ð â�� ÒtÓ � Òtá
äW× ����� àçå"Ô�
 Ò � â�â�â â�� â�Õ�� â�� Ó�á � â�����ÕGâ ÒGÕ
äW× ����� àçå"Ô 
 â�� Ñ�Ñ�Õ â�� â
��� â�� Ó�Ñ�Ó â�� ÒoÓ�� Òoá
äW× ����� àçå"Ô�� â�� Ñ�Ð�Ñ â�� â���Ó â�� Ó�á�Õ â�� �CÒ�� Òtá


 � ¯ ® � �S±��\³[¯ ® �

Â._AQ^dSRc¡L��N OkQ^XiOLXid^NGhEP¹VkNo�ædS_eT�OWqAN�RlNcatnkVW_ 0\jkN;X�Y,fiNGVkNtR^_Aa
P�qefiXiQS_�RUnkT RUXET�Xph\_�YAx+RUnkN4aGXiVkVkNcatR^_eXiV�T�P�RUQS_ «�X�Y�P�T�j\z
RUjkP�q�qvx�acXCVJVkNGaoRlNch�VJNGjkQ^P�q,VJNtR^�!XiQ^y�RUX�NGVWqePiQ^fiN>RlnJN7Pid^dlX�z
at_AP�R^_v�\N>T�NGT�XiQSx+aGPiOJPCao_vR^x�X�Y�P���XiO\�²NtqAh�VJNtRS�!XiQ^y�~4w5nJN
Y|NcP�RljJQ^N}X�YØXijkQ�RlNcatnJV\_20pjJN�_ed%RlX ybNGNGO;RlnJN}XiQS_ef�_AVkP�q²acXCVJVkNGaoz
R^_eXiVET�P�RUQS_v«�jJVkaGnJPCVJfiNGh�hkjJQS_AVkf>RlnJN"Nt�kX�qejWR[_AXiVL~*w5nkN�_AV\z
h\_��\_ehJjkP�qed!X�Y.NGPiaon>fiNGVkNcQ^P�R^_AXiV¹PCQ^N�d[qv_AfinbR^q�x�h\_�ÉÊNcQ^NGV\R�Y|Q^XiT
RUnkN¹XiQS_ef�_AVkP�q���Nt_AfinCR;T�P�RlQS_v«Ê¡�ybNGNcO\_AVkf RUnJN h\_APifiXCVJP�q,NtqANtz
T�NGVpRUd}ºGNcQ^X\~�w,nW_Ad}_ed�hkXiVkN;�bxsT;jWqvR^_AO\q�xp_AVkf�ó*¢�XCQ�Ë¹P�R�P
�\NGQSx�dlT�P�q�qbQ^P�RUN�RlX!RlnJN�XCQS_Af�_eVJP�qbT�P�RlQ[_ «Ê¡���n\_Aatn�_AVbRUQ^XphkjkacNGd
�LX�RUn�PidSxkT�T�NtRUQSx�X�Y�RUnkN ��Nt_AfCniR�T�P�RlQS_v«�PCVJhEd^OJPCQ^dlNGVkNcd^d
X�Y�RUnkN!aGXiVkVJNGatR^_AXCVJdo~%w5nkN,fiNcVkNtR^_Aa�P�qAfCXiQS_�RUnkTªd^NcPCQ^acnkNGdØRUnkN
�LNGd[R*P�q�qeXpaGP�R^_eXiVHX�Y!ºGNcQ^X PiVkh�ó*¢�_eV�RUnkN>aonkQ^XiT�Xid^XiT�N�RUX
Xi�\RUP�_eV4P>n\_AfinkNcQ,aGPiOkPiao_vR^xi~

u�NU«\Rc¡5��NshJNGd^acQS_e�LNch�RlnJP�R RUn\_Ad>RUNGaGnkVW_ 0\jkN4_ed 0\j\_�RUN
d^jJaGaGNGdldSY]j\qJ_AV�_AT�OkQ^X��\_eVJf�RlnJN,Pid^d^XWat_AP�R[_��\N,T�NGT�XiQSx>aGPiOkPiatz
_�RSx�X�Y�PE��XCOW��NtqAh�VJNtRS�5XiQ^y�~�w5nkN4aGPiOkPiat_�RSx��5Pid"P�q��5PGxkd
n\_AfinkNGQ�_AVsRUnkN"T�Xph\_���NchEaGXiVkVJNGatR^_AXCV+T�P�RUQS_v«sRUnJPCV�_AV�RUnkN
XiQS_Af�_AVkP�qÊT�P�RUQS_v«¹qeNcPCQ^VJNGh¹�px7��Nc�k�\_APiV¹Q^j\qAN�~3��N�Xi�\RUP�_AVkNGh
RUnkN>aGPiOkPiat_�R^x�X�Y5Pi�LXij\R�§i§p¤»X�Y!RUnJN7VWjkT;�JNGQ X�Y�VJNGjkQ^XiVkd



P�YARUNGQ!PiOkO\q�x\_eVJf�RUnkN�fiNGVkNoR[_Aa�P�qefiXiQS_�RlnJT¨��nkNcQ^NGPid�RlnJN�XiQS_ef�z
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