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Abstract

For a sample from GEM distribution considered as a random discrete distri-
bution of positive integers, there are probably unobserved less positive integers
than the maximum sample. The number of these integers follows a mixed Poisson
distribution. Here, we provide a simple proof of the convergence in distribution of
this number. Similarly, its asymptotic distribution is a mixed Poisson. We derived
the upper bounds for the total variation between the finite and asymptotic distri-
butions. These distributions are illustrated by examples; the related total values
are provided in table 1.

Key Words and Phrases: convergence in distribution, GEM distribution, mixed Poisson dis-

tribution, mixing distribution, number of unobserved positive integers, order statistics, total

variation distance.

1. Introduction

Let ξ1, ξ2, . . . be independent and identically distributed random variables having
the beta distribution Beta(1, θ) with density θ(1 − x)θ−1 (0 < x < 1, θ > 0). For the
following random frequencies (P1, P2, . . . ):

P1 = ξ1, Pj = (1− ξ1) · · · (1− ξj−1)ξj (j = 2, 3, . . . ). (1)

The distribution of P = (P1, P2, . . . ) is well-known as a GEM distribution with param-
eter θ. The term GEM was named after Griffith (unpublished notes), Engen (1975)
and McCloskey (1965) by Ewens (1990, p.217). The GEM distribution is used in many
fields such as Bayesian statistics, genetics, ecology, etc. (Johnson et al.,1997)). For a
sample of size n from P, if Cl is the number of values exactly observed l times for l =
1, 2, . . . , n. The distribution of (C1, C2, . . . , Cn) is known as Ewens’ sampling formula:

P
(
(C1, C2, . . . , Cn) = (c1, c2, . . . , cn)

)
= θkn!/[(θ)n

∏k
j=1 j

cjcj !], where k (= c1+· · ·+cn)
is the number of distinct values in the sample and (θ)n = θ(θ + 1) . . . (θ + n − 1)
(Ewens,1972, p.88; Antoniak,1974, p.1162).

In this paper, P = (P1, P2, . . . ) is considered as a random discrete distribution of a
set N of positive integers. For the P sample, there are probably less unobserved positive
integers than the maximum in the observed sample. We aimed to determine the number
K0:n of unobserved positive integers lower than the maximum. This is equivalent to the
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number of empty boxes in Gnedin, Iksanov, Negadajlov and Rösler (2009) and Gnedin,
Iksanov and Marynych (2010). We consider K0:n based on the order statistics for a
sample of size n from P on N having a GEM distribution with parameter θ(> 0). We
express the order statistics as X1:n ≤ · · · ≤ Xn:n and put their differences as follows:

Ĝn:n = X1:n − 1, Ĝi:n = Xn−i+1:n −Xn−i:n (i = 1, . . . , n− 1).

Lemma 1.1. (Pitman and Yakubovich (2017, Theorem 1.1.)) Ĝ1:n, Ĝ2:n, . . . , Ĝn:n

are independent. For i = 1, 2, . . . , n, Ĝi:n has the geometric distribution Ge(pi) (pi =

i/(i+ θ)) whose probability function is P (Ĝi:n = k) = pi(1− pi)
k (k = 0, 1, 2, . . . ).

This lemma is explained in Appendix 3.1. K0:n is the number of unobserved positive
integers less than Xn:n. We put u+ = u (u ≥ 0), 0 (u < 0). Then, K0:n is calculated by

the sum of Ĝn:n and (Ĝi:n − 1)+ (i = 1, . . . , n− 1) as follows:

K0:n = G̃1:n−1 + Ĝn:n, G̃1:n−1 = (Ĝ1:n − 1)+ +(Ĝ2:n − 1)+ + · · ·+(Ĝn−1:n − 1)+, (2)

(see, Pitman and Yakubovich (2017, 1.14) and Appendix 3.2).

Let ξ be a random variable having the beta distribution Beta(1, θ). We consider
K0:∞ as a random variable having a mixed Poisson distribution Po(−θ log ξ). That is,
K0:∞ has the Poisson distribution with the parameter −θ log ξ, given ξ. The random
parameter of the mixed Poisson distribution is also called mixing parameter. For mixed
Poisson distributions, see Johnson et al. (2005) and Grandell (1997).

Gnedin et al. (2009, p.1645) provided the relation equivalent to (2), showing the
following Lemma 1.2 using a generating function, based on Bernoulli sieve different from
our model.

Lemma 1.2. (Gnedin, Iksanov, Negadajlov and Rösler (2009, Proposition 5.1) and
Gnedin, Iksanov and Marynych (2010, Theorem 1.1.))

K0:n
d→ K0:∞, that is, K0:n converges in distribution to K0:∞ as n → ∞.

Instead of a generating function, we can show Lemma 1.2 using the expression K0:n and
K0:∞ distributions as mixed Poisson distributions, as shown in section 2. In addition,
we considered the upper bound of the total variation distance (TVD) dTV (K0:n,K0:∞)
between K0:n and K0:∞, which is defined by

dTV (K0:n,K0:∞) =
1

2

∞∑
k=0

∣∣P (K0:n = k)− P (K0:∞ = k)
∣∣.

This bound provides the convergence rate K0:n to K0:∞ as n → ∞. Examples of
the probability functions of K0:n and K0:∞ are illustrated for several θ’s using the
programming language R. The approximate values of dTV (K0:n,K0:∞) corresponding
to these examples are provided together with the related total variation distance, in
table 1. In section 3, the Appendix, we explain Lemma 1.1, the relation(2) and that the

distribution of (Ĝj:n − 1)+ is described by the mixed Poisson distribution. In addition,
we provide an elementary proof of the relationship including Pitman and Yakubovich
(2017; Proposition 7.1, (7.4)).
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Remark. Let Q0 = 1 and Qj =
∏j

i=1(1 − ξi) (j = 1, 2, . . . ). Consider the GEM
distribution expressed as (0, . . . , Q2, Q1, Q0) and set S0 = 0 and Sj = − logQj . Then,
0 < S1 < S2 < · · · ↑ ∞ almost surely (a.s.). The point process based on S1, S2, . . . is
the Poisson process of intensity θ (see, Appendix 3.1). Gnedin, Iksanov, Negadajlov and
Rösler (2009) and Gnedin, Iksanov and Marynych (2010) consider random exponential
variables as the sample and the numbers of observations dropped into the intervals of
the Poisson process.

2. Distribution and total variation distance

2.1. Distribution and convergence of K0:n

Let Bqj (j = 1, 2, . . . ) be independent random variables having the Bernoulli dis-
tribution Ber(qj) (qj = θ/(j + θ)) and εj (j = 1, 2, . . . ) independent random variables
having the exponential distribution Exp(1). Let {Bqj} and {εj} be mutually indepen-
dent and

Λn:∞ =

∞∑
j=n

Bqj

εj
j

(n = 1, 2, . . . ).

Pitman and Yakubovich (2017, p.20) showed (Ĝj:n − 1)+ has the mixed Poisson dis-
tribution Po

(
θBqjεj/j

)
(j = 1, . . . , n − 1) and provided the following relation in the

distribution (see Appendix A.9):

Λ1:∞

(
=

∞∑
j=1

Bqj

εj
j

)
d
= − log ξ, (3)

where
d
= represents equivalent distribution. For the distribution of (Ĝj:n − 1)+ and

relation (3), see Appendix 3.3 and 3.5, respectively.

From Lemma 1.1, Ĝ1:n, Ĝ2:n, . . . , Ĝn−1:n are independent. According to the above,

(Ĝj:n − 1)+ has a mixed Poisson distribution Po
(
θBqjεj/j

)
for j = 1, 2, . . . , n − 1.

Therefore, as indicated in the Corollary A.2 of Appendix, G̃1:n−1 = (Ĝ1:n − 1)+ + · · ·+
(Ĝn−1:n − 1)+ has the mixed Poisson distribution Po(θΛ1:n−1), where

Λ1:n−1 =

n−1∑
j=1

Bqj

εj
j

(n = 2, 3, . . . ). (4)

From Lemma 1.1, Ĝn:n is independent of G̃1:n−1(∼ Po(θΛ1:n−1)) and has the geo-
metric distribution Ge(n/(n+ θ)). This distribution is equivalent to the mixed Poisson
distribution Po(θεn/n). Since εn and Λ1:n−1 are independent, according to Proposition

A.1 K0:n = G̃1:n−1 + Ĝn:n has the following mixed Poisson distribution:

Proposition 2.1.

K0:n ∼ Po

(
θΛ1:n−1 + θ

εn
n

)
. (5)

We prove Lemma 1.2 using the right-hand side expression. That is, we show the
convergence of mixed variable K0:n through the convergence of the mixing variable
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θΛn−1 + θεn/n. Although this proof differs slightly from Yamato (2020, p.62), the
authors consider it highly relevant.

Proof of Lemma 1.2. We consider the expectation of the absolute difference
between the mixing parameters of K0:∞ and K0:n. For n > 1, as Λn:∞ = Λ1:∞ −Λ1:n−1

we have the following:

E

∣∣∣∣ θΛ1:∞ − θ
(
Λ1:n−1 +

εn
n

) ∣∣∣∣ = E

∣∣∣∣ θΛn:∞ − θ
εn
n

∣∣∣∣ (6)

≤ E

[
θ

( ∞∑
j=n+1

Bqj

εj
j

+
(
1−Bqn

)εn
n

)]

= θ

( ∞∑
j=n+1

θ

(j + θ)j
+

1

n+ θ

)
(7)

≤ θ2
∞∑

j=n+1

1

j2
+

θ

n+ θ
≤ θ2

n
+

θ

n+ θ
, (8)

which converges to zero as n → ∞. Thus, θ(Λ1:n−1 + εn/n)’s probability converges to

θΛ1:∞ (n → ∞). Therefore, θΛ1:n−1 + θεn/n
d→ θΛ1:∞. The convergence in distribu-

tion of the mixing parameter is equivalent to that of the mixed Poisson variable (see

Grandell,1997; p.16). Thus, based on (5), we have K0:n
d→ Po(θΛ1:∞). According to

(3), this is equivalent to K0:n
d→ Po(−θ log ξ), which is equivalent to K0:n

d→ K0:∞. 2

The probability function (p.f.) of K0:∞ is shown in Appendix A.13, for θ > 0. If θ
is a positive integer, then the p.f. of K0:∞ is indicted in by Appendix A.14. For example,

P (K0:∞ = k) =
1

2k+1
(θ = 1), P (K0:∞ = k) = 3k+1

( 1

4k+1
− 2

5k+1
+

1

6k+1

)
(θ = 3).

2.2. Total variation distance between K0:n and K0:∞

Let G̃n:∞ be the random variable having the mixed Poisson distribution Po(θΛn:∞)

and independent of G̃1:n−1 (∼ Po(θΛ1:n−1)). As Λ1:n−1 and Λn:∞ are independent,

based on Corollary A.2, G̃1:n−1+G̃n:∞ has the mixed Poisson distribution Po(θ(Λ1:n−1+
Λn:∞)). On the other hand, K0:∞ ∼ Po(θΛ1:∞), where Λ1:∞ = Λ1:n−1 + Λn:∞. Thus,
we have

K0:∞
d
= G̃1:n−1 + G̃n:∞.

The TVD between K0:n and K0:∞ is less than or equal to TVD between Ĝn:n and
G̃n:∞ as shown below:

Lemma 2.2.

dTV (K0:n,K0:∞) ≤ dTV (Ĝn:n, G̃n:∞). (9)
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Proof. Because K0:n = G̃1:n−1 + Ĝn:n and K0:∞
d
= G̃1:n−1 + G̃n:∞, we have

dTV (K0:n,K0:∞) =
1

2

∞∑
k=0

∣∣P (K0:n = k)− P (K0:∞ = k)
∣∣

=
1

2

∞∑
k=0

∣∣∣ k∑
j=0

P (G̃1:n−1 = k − j)
[
P (Ĝn:n = j)− P (G̃n:∞ = j)

]∣∣∣
≤ 1

2

∞∑
j=0

∞∑
k=j

P (G̃1:n−1 = k − j)
∣∣P (Ĝn:n = j)− P (G̃n:∞ = j)

∣∣
=

1

2

∞∑
j=0

∣∣P (Ĝn:n = j)− P (G̃n:∞ = j)
∣∣.

Thus we get (9). 2

Lemma 2.3.

dTV (Ĝn:n, G̃n:∞) ≤ min

{
1,

θ2

n
+

θ

n+ θ

}
. (10)

Proof. To calculate the TVD among Ĝn:n and G̃n:∞, we consider their conditional
distributions as follows:

dTV (Ĝn:n, G̃n:∞) =
1

2

∞∑
k=0

∣∣P (Ĝn:n) = k)− P (G̃n:∞ = k)
∣∣

=
1

2

∞∑
k=0

∣∣E[
P (Ĝn:n) = k | εn)− P (G̃n:∞ = k | Λn:∞)

]∣∣
≤ E

[
1

2

∞∑
k=0

∣∣P (Ĝn:n) = k | εn)− P (G̃n:∞ = k | Λn:∞)
∣∣]. (11)

The TVD between two Poisson distributions is less than or equal to the absolute differ-
ence of their parameters (Freedman (1974, p.260)). Given εn and Λn:∞, Ĝn:n and G̃n:∞
have the Poisson distributions Po(θεn/n) and Po(θΛn:∞), respectively. Hence, based
on (11) we have

dTV (Ĝn:n, G̃n:∞) ≤ E

∣∣∣∣ θ εnn − θΛn:∞

∣∣∣∣. (12)

Using equations (6) and (8) on the right-hand side of equation (12), dTV (Ĝn:n, G̃n:∞) is
less than or equal to the last term of equation (8). As the TVD is less than or equal to
1, we get equation (10). 2

Based on Lemmas 2.2 and 2.3, we have the following:

Theorem 2.4.

dTV (K0:n,K0:∞) ≤ min

{
1,

θ2

n
+

θ

n+ θ

}
. (13)
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Here, we assume θ ≥ 1 and let l := [θ], where [ ] is the Gauss symbol. Using the
relations j + l ≤ j + θ and

∑∞
j=n+1 1/[(j + l)j] = {1/(n + 1) + · · · + 1/(n + l)}/ l to

equations (6), (7), and (12), we have

dTV (Ĝn:n, G̃n:∞) ≤ min

{
1,

θ2

l

( 1

n+ 1
+ · · ·+ 1

n+ l

)
+

θ

n+ θ

}
( l = [θ], θ ≥ 1). (14)

For θ ≥ 1,
∑∞

j=n+1 1/[(j + l)j] <
∑∞

j=n+1 1/j
2 since l ≥ 1. Therefore, the right-hand

side of equation (14) is less than the right-hand side of equation (10) for θ ≥ 1. For
example, for θ = 1 and θ = 2, (14) gives

dTV (Ĝn:n, G̃n:∞) ≤ 2

n+ 1
(θ = 1, n > 1),

dTV (Ĝn:n, G̃n:∞) ≤ 2

n+ 1
+

4

n+ 2
(θ = 2, n > 4). (15)

The right-hand sides of these inequalities are less than the right-hand sides of equation
(10), which are 1/n+1/(n+1) (θ = 1) and 4/n+2/(n+2) (θ = 2), respectively. Thus,
with equations (9) and (14), we obtain a better evaluation of the upper bound of the
TVD between K0:n and K0:∞ for θ ≥ 1 as follows:

Theorem 2.5. For θ ≥ 1,

dTV (K0:n,K0:∞) ≤ min

{
1,

θ2

[θ]

( 1

n+ 1
+ · · ·+ 1

n+ [θ]

)
+

θ

n+ θ

}
. (16)

According to Theorems 2.4 and 2.5, the rate of convergence K0:n to K0:∞ by the
TVD is the following:

Corollary 2.6.

dTV (K0:n,K0:∞) = O
( 1

n

)
.

K0:n converges to K0:∞ in TVD as n → ∞. Therefore, the p.f. of K0:n converges
pointwise to the p.f. of K0:∞, that is,

lim
n→∞

P (K0:n = k) = P (K0:∞ = k) (k = 0, 1, 2, . . . ).

We illustrate K0:∞ and K0:n by their p.f.’s P (K0:∞ = k) and P (K0:n = k), respectively.
They are plotted for θ = 1/2, θ = 2 and θ = 5, in Figs. 1−3, respectively. For θ = 1/2,
the p.f. of K0:n (n = 5) is indicated by a dotted line. For θ = 2, the p.f. of K0:n (n = 10
and n = 30) is indicated by a dashed or dotted line, respectively. For θ = 5, the p.f.
of K0:n (n = 10 and n = 50) is indicated by a dashed or dotted line, respectively. The
figures showing these p.f.’s are based on histograms made by the random numbers of the
R, using equation (2). The p.f.s of K0:∞ are given by Appendix (A.13) and Appendix
(A.14) and indicated by solid lines.

Using the values to draw Figs. 1−3, the approximate values of dTV (K0:n,K0:∞) are
obtained. These values and the corresponding upper bounds are listed in the second and
fourth rows of Table 1, respectively. As upper bounds of TVD, we used the right-hand
side of equation (13) for θ = 0.5 and (16) for θ = 2, 5. The upper bounds of equations
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Fig. 3: θ = 5 ; K0:n,
n = 10 (dash), 50 (dot)

(13) and (16) are considerably larger than the approximate TVDs. To compare with
these values, we considered

dTV (Ĝn:n, G̃n:∞) =
1

2

∞∑
j=0

∣∣P (Ĝn:n = j)− P (G̃n:∞ = j)
∣∣,

where P (Ĝn:n = j) = pn(1 − pn)
j (pn = n/(n + θ) and G̃n:∞ have the mixed Poisson

distribution Po(θΛn:∞). The p.f. of G̃n:∞ is indicated in Appendix (A.11) for θ > 0. If

θ is a positive integer, then the p.f. of G̃n:∞ is indicated by Appendix (A.12).

For example, in case of θ = 1, P (G̃n:∞ = j) = n/(n+1)j+1 is equal to P (Ĝn:n = j).
Therefore, we have

dTV (K0:n,K0:∞) = dTV (Ĝn:n, G̃n:∞) = 0, (17)

and
K0:n

d
= K0:∞ ∼ Ge(1/2).

In case of θ = 2, P (Ĝn:n = j) = n2j/(n+ 2)j+1 and

P (G̃n:∞ = k) =
n(n+ 1)

2

{( 2

n+ 2

)k+1

−
( 2

n+ 3

)k+1}
. (18)

For the third law of the table, we used P (Ĝn:n = j) = nθj/(n + θ)j+1, and Appendix

(A.11) with θ = 0.5, equation (18) and Appendix (A.12) with θ = 5 for G̃n:∞.

Table 1 . Approximate dTV (K0:n,K0:∞), dTV (Ĝn:n, G̃n:∞) and the upper bounds.

θ = 0.5, n = 5 θ = 2, n = 10 (30) θ = 5, n = 10 (50)
Approximate TVD 0.0354 0.0350 (0.0112) 0.1136 (0.0256)

dTV (Ĝn:n , G̃n:∞) 0.0422 0.1282(0.0568) 0.4942(0.2772)
Upper bound for TVD 0.1409 0.5152 (0.1895) 1 (0.5629)

For θ = 2 and j = 0, because of P (Ĝn:n = 0)−P (G̃n:∞ = 0) =
(
2/(n+2)

)
·
(
1−3/(n+3)

)
we have

dTV (Ĝn:n, G̃n:∞) =
1

2

∞∑
j=0

∣∣P (Ĝn:n = j)− P (G̃n:∞ = j)
∣∣ > 1

n+ 2

(
1− 3

n+ 3

)
. (19)
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Thus, for θ = 2 and n > 4, equations (15) and (19), we have

1

n+ 2

(
1− 3

n+ 3

)
< dTV (Ĝn:n, G̃n:∞) ≤ 2

n+ 1
+

4

n+ 2
,

which means that dTV (Ĝn:n, G̃n:∞) = O(1/n) (θ = 2). Therefore, we cannot get the
upper bound for dTV (K0:n,K0:∞) strictly less than the order O(1/n) for all θ > 0, by

using dTV (Ĝn:n, G̃n:∞) and equation (9). The lower bound for dTV (K0:n,K0:∞) is zero,
resulting from θ = 1 as shown in equation (17). To obtain a more accurate upper bound
for dTV (K0:n,K0:∞).

3. Appendix

3.1. On Lemma 1.1

We explain Lemma 1.1 following Pitman and Yakubovich (2017, 2019). For P =
(P1, P2, . . . ) on N having a GEM distribution with parameter θ(> 0), its distribution

can be expressed as F0 = 0 and Fj =
∑j

i=1 Pi = 1−
∏j

i=1(1− ξi) (j = 1, 2, . . . ) and put

NF (a, b] =

∞∑
i=1

I(a < Fi ≤ b) (0 ≤ a < b < 1),

where I(A) is the indicator function of an event A.
For the sample U1, . . . , Un of size n from the uniform distribution U(0, 1), we use

Xi = NF (0, Ui] + 1 (i = 1, . . . , n). Then, we get

P (Xi = j | P) = Pj (i = 1, . . . , n ; j = 1, 2, . . . ).

That is, X1, . . . , Xn can be regarded as the sample from random frequencies P =
(P1, P2, . . . ) on N. Let

S0 = 0 and Sj = − log(1− Fj) =

j∑
i=1

− log(1− ξi) (j = 1, 2, . . . ).

The point process associated with Sj (j = 0, 1, 2, . . . ) can be expressed as follows:

NS(s, t] =

∞∑
j=1

I(s < Sj ≤ t) (0 ≤ s < t < ∞).

We have 0 < S1 < S2 < · · · ↑ ∞ a.s. Because ξi (i = 1, 2, . . . ) are independent and
identically distributed with Beta(1, θ), − log(1− ξi) (i = 1, 2, . . . ) are independent and
identically distributed, with the exponential distribution Exp(θ). Therefore, the point
process NS on (0,∞) has a stationary Poisson process with intensity θ (Feller (1966,
pp.10−11) and Billingsley (1995, pp.297−299)).

Let U1:n, . . . , Un:n be the order statistics of the sample U1, . . . , Un from U(0, 1).
Then, εi:n = − log(1 − Ui:n) (i = 1, 2, . . . , n) are the order statistics based on the
standard exponential distribution Exp(1). Using the relations Xi = NF (0, Ui] + 1 and
NS(s, t] = NF (1− e−s, 1− e−t] (0 ≤ s < t < ∞), we have

Xi:n − 1 = NF (0, Ui:n] = NF (0, 1− e−εi:n ] = NS(0, εi:n].
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As the Poisson process NS is stationary, we have

Ĝi:n = Xn−i+1:n −Xn−i:n = NS(εn−i:n, εn−i+1:n]
d
= NS(0, εn−i+1:n − εn−i:n].

The differences εn−i+1:n − εn−i:n (i = 1, 2, . . . , n) in order statistics based on Exp(1)
are independent and have the exponential distribution Exp(1/i) (Arnold et al. (1972,

pp.72–73)). Therefore, Ĝi:n (i = 1, 2, . . . , n) are independent and Ĝi:n
d
= NS(0, ε/i),

where ε has Exp(1). As the intensity of the Poisson process NS is θ, Ĝi:n has the
mixed Poisson distribution Po

(
θε/i

)
, which is equivalent to the geometric distribution

Ge(i/(i+ θ)).

3.2. Expression of K0;n

The terms Ĝn:n and (Ĝi:n − 1)+ of equation (2) are explained as follows:

(i) Ĝn:n; In case of X1:n = 1, there is no positive integer less than X1:n. Thus,

Ĝn:n = X1:n − 1 = 0. In case of X1:n ≥ 2, there are Ĝn:n = X1:n − 1 positive
integers less than X1:n.

(ii) (Ĝi:n − 1)+ (i = 1, . . . , n − 1); in case of Ĝi:n = Xn−i+1:n − Xn−i:n = 0 or 1,
there is no positive integer greater than Xn−i:n and less than Xn−i+1:n. In case

of Ĝi:n ≥ 2, there are Ĝi:n − 1 positive integers greater than Xn−i:n and less than

Xn−i+1:n. Therefore, (Ĝi:n − 1)+ denotes the numbers of unobserved positive
integers greater than Xn−i:n and less than Xn−i+1:n.

By (i) and (ii), we have the expression of K0:n resulting from equation (2).

3.3. Distribution of (Ĝj:n − 1)+

Per the definition of (Ĝj:n − 1)+, we have

(Ĝj:n − 1)+ =

{
0 (Ĝj:n = 0)

Ĝj:n − 1 (Ĝj:n ≥ 1) .

Since Ĝj:n has the geometric distribution Ge(j/(j + θ)) and P (Ĝj:n ≥ 1) = θ/(j + θ),
for k = 0, 1, 2, . . . ,

P ((Ĝj:n − 1)+ = k | Ĝj:n ≥ 1) = P (Ĝj:n = k + 1 | Ĝj:n ≥ 1) =

(
j

j + θ

)(
θ

j + θ

)k

.

The right-hand side is the p.f of the geometric distribution Ge
(
j/(j + θ)

)
, which is

equivalent to the mixed Poisson distribution Po(θεj/j). As the Bernoulli variable Bqj

has Ber(qj), qj = P (Ĝj:n ≥ 1) and is independent of εj , the distribution of (Ĝj:n − 1)+
can be indicated as the mixed Poisson distribution Po(θBqjεj/j), which is the mixed
Poisson distribution Po(θεj/j) for Bqj = 1 and degenerate at 0 for Bqj = 0.
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3.4. Sum of independent mixed Poisson variables

We consider the distribution of the sum of independent mixed Poisson distributions.

Proposition A.1. Let Y1 and Y2 be independent random variables with the mixed
Poisson distributions Po(Λ∗

1) and Po(Λ∗
1), respectively. Let the mixing parameters Λ∗

1

and Λ∗
2 be independent. Then, Y1 + Y2 has the mixed Poisson distribution Po(Λ∗

1 +Λ∗
2),

that is,

Y1 + Y2 ∼ Po(Λ∗
1 + Λ∗

2).

Proof. Given the independence of Y1 and Y2, the probability generating function
(p.g.f.) of Y1 + Y2 is

E[zY1+Y2 ] = E[zY1 ] · E[zY2 ] = E
[
E[zY1 | Λ∗

1]
]
· E

[
E[zY2 | Λ∗

2]
]

= E[eΛ
∗
1(z−1)] · E[eΛ

∗
2(z−1)] = E[e(Λ

∗
1+Λ∗

2)(z−1)],

where the last equation holds by the independence of Λ∗
1 and Λ∗

2. As the last expression
is the p.g.f. of Po(Λ∗

1 + Λ∗
2), we get the desired result. 2

In general, we have the following:

Corollary A.2. Let Y1, Y2, . . . , Yr be independent random variables with the
mixed Poisson distributions Po(Λ∗

1), Po(Λ∗
2), . . . , Po(Λ∗

r), for r ≥ 2. Let the mixing
parameters Λ∗

1,Λ
∗
2, . . . ,Λ

∗
r be independent. Then,

Y1 + Y2 + · · ·+ Yr ∼ Po(Λ∗
1 + Λ∗

2 + · · ·+ Λ∗
r) (r = 2, 3, . . . ).

3.5. Distribution of Λn:∞

Let Bq∗j
(j = 0, 1, 2, . . . ) be independent random variables having the Bernoulli

distribution Ber(q∗j ) (q∗j = b/(a + b + j); a ≧ 0, b > 0) and εj (j = 0, 1, 2, . . . ) be
mutually independent random variables having the exponential distribution Exp(1). In
addition, let {Bq∗j

} and {εj} be mutually independent. For c, d > 0, βc,d denotes a

random variable having the beta distribution Beta(c, d).

Proposition A.3. For n = 1, 2, . . . and a ≧ 0, b > 0,

exp
(
−

∞∑
j=n

Bq∗j

εj
a+ j

)
∼ Beta(a+ n, b). (A.1)

Therefore,
∞∑
j=n

Bq∗j

εj
a+ j

d
= − log βa+n,b. (A.2)

Proof. First, we write
∑∞

j=n Bq∗j
εj/(a+ j) < ∞ a.s., based on

0 ≤ E

[ ∞∑
j=n

Bq∗j

εj
a+ j

]
≤

∞∑
j=n

b

a+ b+ j
· 1

a+ j
<

π2

6
b .
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Therefore, we have

0 ≤ exp
(
−

∞∑
j=n

Bq∗j

εj
a+ j

)
≤ · · · ≤ exp

(
−

n+2∑
j=n

Bq∗j

εj
a+ j

)

≤ exp
(
−

n+1∑
j=n

Bq∗j

εj
a+ j

)
≤ 1, a.s. (A.3)

We consider the rth moment of exp{−
∑m

j=n Bq∗j
εj/(a + j)} (m > n) about the origin

as follows:

E

{[
exp

(
−

m∑
j=n

Bq∗j

εj
a+ j

)]r}
= E

[
exp

(
−

m∑
j=n

r ·Bq∗j

εj
a+ j

)]
(r = 1, 2, . . . ). (A.4)

Based on the independence of {Bq∗j
}, {εj}, and Ee−sεj = 1/(1+ s) (s > −1), Appendix

(A.4) becomes
m∏

j=n

E
[
exp

(
− r

a+ j
Bq∗j

× εj

)]
=

m∏
j=n

E

[
1

1 + r
a+jBq∗j

]
=

m∏
j=n

a+ j

a+ b+ j
· a+ b+ r + j

a+ r + j

=
Γ(a+ b+ n)Γ(a+ r + n)

Γ(a+ n)Γ(a+ b+ r + n)
×
[

Γ(a+m+ 1)

Γ(a+ b+m+ 1)
· Γ(a+ b+ r +m+ 1)

Γ(a+ r +m+ 1)

]
. (A.5)

As m → ∞, Appendix (A.5) converges to B(a + n + r, b)/B(a + n, b), because the
brackets of Appendix (A.5) converge to 1 . Based on Appendix (A.3) and the Mono-
tone convergence theorem, as m → ∞ Appendix (A.4) converges. Thus, we have the
following:

E

{[
exp

(
−

∞∑
j=n

Bq∗j

εj
a+ j

)]r}
=

B(a+ n+ r, b)

B(a+ n, b)
(r = 1, 2, . . . ). (A.6)

The right-hand side is the rth moment of the beta distribution Beta(a+n, b) about the
origin. Because the beta distribution is determined uniquely by the moments, Appendix
(A.6) implies that exp{−

∑∞
j=n Bq∗j

εj/(a+ j)} has the beta distribution Beta(a+ n, b).

Thus we obtain Appendix (A.1). 2

By applying a = 0 and b = θ to Proposition A.3, we have the following relation:

Corollary A.4. For n = 1, 2, . . . ,

exp
(
−

∞∑
j=n

Bqj

εj
j

)
∼ Beta(n, θ). (A.7)

Therefore,

Λn:∞ =

∞∑
j=n

Bqj

εj
j

d
= − log βn,θ. (A.8)



12 H. Yamato

Especially,

Λ1:∞ =

∞∑
j=1

Bqj

εj
j

d
= − log ξ. (A.9)

Pitman and Yakubovich (2017, p.20) states that the relation Appendix (A.9) can be
proven by computing the Laplace transform. Proposition 7.1. indicated the relation
Appendix (A.2) in case of a > 0 and n = 0, based on the additivity of Lévy measures.

3.6. Probability function of G̃n:∞

By Appendix (A.8) and βn,θ ∼ Beta(n, θ), the density function of Λn:∞ is given by

fΛn:∞(t) =
1

B(n, θ)
e−nt(1− e−t)θ−1 (t > 0).

Therefore, for k = 0, 1, 2, . . . , the p.f. of G̃n:∞ having the mixed Poisson distribution
Po(θΛn:∞) is

P (G̃n:∞ = k) =
θk

k!
· 1

B(n, θ)

∫ ∞

0

tk(1− e−t)θ−1e−(θ+n)tdt

=
θk

k!
· 1

B(n, θ)

∫ ∞

0

∞∑
j=0

(−1)j
(
θ − 1

j

)
tke−(θ+j+n)tdt

=
θk

k!
· 1

B(n, θ)

∞∑
j=0

(−1)j
(
θ − 1

j

)
1

(θ + j + n)k+1

∫ ∞

0

τke−τdτ. (A.10)

As the integral of Appendix (A.10) is equal to k!, the p.f. of G̃n:∞ is written as follows:

P (G̃n:∞ = k) =
1

θB(n, θ)

∞∑
j=0

(−1)j
(
θ − 1

j

)(
θ

θ + j + n

)k+1

(k = 0, 1, 2, . . . ).

(A.11)
If θ is a positive integer l, then

P (G̃n:∞ = k) =
1

lB(n, l)

l−1∑
j=0

(−1)j
(
l − 1

j

)(
l

l + j + n

)k+1

(k = 0, 1, 2, . . . ). (A.12)

According to K0:∞ ∼ Po(−θ log ξ) and Appendix (A.9), we have the equivalent relation

G̃1:∞
d
= K0:∞ in distribution. Therefore, based on Appendix (A.11) and (A.12) with

n = 1, for θ > 0 we have the following:

P (K0:∞ = k) =

∞∑
j=0

(−1)j
(
θ − 1

j

)(
θ

θ + j + 1

)k+1

(k = 0, 1, 2, . . . ). (A.13)

If θ is the positive integer l, then

P (K0:∞ = k) =

l−1∑
j=0

(−1)j
(
l − 1

j

)(
l

l + j + 1

)k+1

(k = 0, 1, 2, . . . ). (A.14)
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