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ABSTRACT

Water wave interactions with arrays of wave energy converters are numerically investigated based on the interaction theory. The converter is
a heaving point absorber that can harness the ocean wave energy through up-and-down movements. A semi-analytical hybrid method is
developed that combines the boundary element method and the interaction theory. The developed numerical method is verified against theo-
retical solutions for arrays of truncated vertical circular cylinders. Three different array layouts are studied in detail. It is found that trapped
waves exist at critical wave numbers just below the cutoff values, and the peak load on the middle device increases with the number of devices
in head waves. With the increase in the complexity of the array layout, significant wave force enhancement is observed, leading to a broader
range of magnitude and stronger variations over the frequency band in beam waves. Moreover, variations of the q-factor show that there are
some remarkable “bright spot” regions, indicating that the wave energy absorption there is locally optimized against wave conditions. By
arranging the layout in a more randomized way, the optimal conditions for maximized power output can be hard to achieve, but the maxi-
mum power output can increase to a higher level.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0107914

I. INTRODUCTION

Wave power is one of the abundant and promising natural
energy resources in vast oceans that has attracted intensive attention
since 40 years ago (Isaacs and Schmitt, 1980). Up to the most recent
decade, research on various aspects of utilizing the ocean wave power
has been carried out, including but not limited to resource assessment
(Iglesias and Carballo, 2010; Barbariol et al., 2013), device modeling
(Guo et al., 2017; Ogden et al., 2021; Cheng et al., 2019; Wang et al.,
2022), control strategy (Faedo et al., 2021; Parrinello et al., 2020), and
mooring design (Xu et al., 2020; Paduano et al., 2020). Furthermore,
nowadays commercialization in the form of large-scale wave energy
arrays is also under discussion (Gomes et al., 2020; Pennock et al.,
2022).

A typical wave energy array is usually composed of a sequence of
individual wave energy converters arranged periodically in an open
sea region. One of the key scientific questions is how the existence of
each device influences the performance of the others, which in essence

comes to the hydrodynamic interaction problem between multiple
floating bodies. A benchmark study in this field was undertaken by
Maniar and Newman (1997) who investigated wave interactions with
a uniform line array of identical, equally spaced, bottom-mounted ver-
tical circular cylinders. The ratio of spacing to wavelength was identi-
fied as an important factor for the wave force variation. It was found
that large wave excitation forces can be produced at certain frequencies
in correspondence to the trapped modes present in an infinite periodic
linear array, and the force on the cylinders near the center of the array
increases with the number of cylinders. Inspired by the work of
Maniar and Newman (1997), Evans and Porter (1997; 1999) studied
the “near trapping” phenomenon in the scenario of a circular array
of identical, equally spaced, bottom-mounted vertical circular
cylinders by using the theory developed by Linton and Evans (1990).
It was shown that large peaks in the forces on circular arrays of four,
five, and six cylinders develop with the reduction of the gap between
the cylinders. Subsequently, wave interactions with arrays of cylinders
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were further extended to wave interaction theory in linear waves
(Flavi�a et al., 2018; Flavi�a and Meylan, 2019), second-order weakly
nonlinear regular waves (Ohl et al., 2001; Malenica et al., 1999),
fully nonlinear waves (Wang andWu, 2010; Bai et al., 2014), and tran-
sient waves (Wang and Wu, 2007; Meylan and Eatock Taylor, 2009).
A systematic but relatively ancient review was presented in McIver
(2002).

From the viewpoint of energy absorption, a scientific metric
known as the interaction factor or the “q-factor” has been proposed in
the literature to evaluate the performance of an entire wave farm
(Babarit, 2013; Wolgamot et al., 2012). The hydrodynamic interaction
between individual devices can indeed lead to strong variations of
such a metric compared to the scenario, assuming that no interaction
exists. In this aspect, scholars have made substantial effort. Garnaud
and Mei (2009) examined theoretically the power extraction by a com-
pact periodic array of small buoys that do not resonate but possess
many degrees of freedom in typical sea conditions. Child and
Venugopal (2010) theoretically modeled the hydrodynamics of a wave
energy device array in terms of the q-factor and looked for the optimal
configuration using the Genetic Algorithm. Konispoliatis and
Mavrakos (2016) analyzed an array of oscillating water column devices
floating independently in finite depth waters and exposed to the action
of regular surface waves based on the multiple scattering approach.
G€oteman (2017) presented an analytical model for point-absorbing
wave energy converters connected to floats of cylinder or cylinder with
a moonpool and assessed the impact of different layouts on wave
energy parks with point absorbers. Zheng et al. (2018) developed a
semi-analytical model for the wave interactions in a hybrid wave farm
consisting of oscillating water columns and point absorbers. Zhong
and Yeung (2019) studied the surface-wave interactions among an
array of wave-energy converters in which each device is modeled as a
truncated cylinder and investigated the interaction effects on power
absorption from the array.

It is seen, however, that the aforementioned research in regard to
the wave interactions with an array of floating bodies, each of the indi-
vidual bodies in the array was generally assumed to be of regular
shapes, e.g., a cylindrical or spherical geometry. In the literature, there
have been quite rare research considering a non-regular geometry for
an array. This is typically due to the known limitation of theoretical
methods that are usually restricted to regular-shaped boundaries. In
the present work, the foregoing drawback is overcome by developing a
hybrid method that incorporates the wave interaction theory proposed
in Kagemoto and Yue (1986) with the boundary element method as
described in Liu (2019). With the facility of the hybrid method, large-
scale computations can be conducted and the complexity of the wave
interactions with arrays of bodies having non-regular geometries can
be explored in detail. Furthermore, it is interesting to know how the
interaction develops when the layout arrangement evolves from a sim-
pler to a more complex one and the resultant effect on the wave energy
absorption.

The remainder of this paper is organized as follows. Section II
presents the mathematical theory and the modeling methodology for
solving wave diffraction and radiation by multiple floating bodies.
Section III verifies the resultant computation method via a comparison
with benchmark results determined by theoretical methods. In Sec. IV,
the present method is applied to three different array layouts that con-
sist of identical CorPower-like WEC devices having a non-regular

geometry. The layout effect on the wave loading of individual devices
in the array and the possibility to achieve synthetic maximization of
the power performance are analyzed in detail against various sea con-
ditions. Finally, conclusions are drawn in Sec. V.

II. THEORY ANDMODELING

In this section, the mathematical theory and the modeling meth-
odology are presented for the wave interactions with multiple floating
bodies, under the assumption that the fluid is incompressible and
inviscid, and the flow is irrotational. Detailed formulations are given in
the subsections below.

A. Ambient incident plane wave

Let us consider a train of regular incident waves that propagates
to the positive x-direction with a small amplitude A, a heading angle b
measured from the positive x-axis, and a wave number k, in water of a
finite depth h. The ambient wave potential incident to body j can be
written as

/A
j ðxj; yj; zjÞ ¼ � igA

x

cosh kðzj þ hÞ
cosh kh

eik ðxjþ�x jÞ cos bþðyjþ�y jÞ sin b½ �; (1)

where ð�xj;�yj; 0Þ refers to the origin of the local coordinate system of
body j in terms of the global Cartesian coordinates and ðxj; yj; zjÞ
refers to an arbitrary spatial point in terms of the local Cartesian coor-
dinates. By converting the local Cartesian coordinates to the polar
coordinates ðrj; hj; zjÞ, Eq. (1) can be expanded as a summation of par-
tial cylindrical waves incident to the body j,

/A
j ðrj; hj; zjÞ ¼ � igA

x

coshkðzj þ hÞ
coshkh

eikð�x j cosbþ�y j sin bÞ

�
X1
q¼�1

JqðkrjÞeiqðp=2þhj�bÞ; (2)

where Jq denotes the Bessel function of the first kind of order q. For
the sake of subsequent computations, Eq. (2) can be further written as
the following compact form:

/A
j ðxj; yj; zjÞ ¼ faIjgTfwI

jg; (3)

in which the expansion coefficients are

aIj
n o

lq
¼ �i

gA
x

eik �x j cosbþ�y j sin bð Þeiqðp=2�bÞ; l ¼ 0;

0; l � 1;

8<
: (4)

while fwI
jg is a scalar vector of the basis function that is also named as

the incident partial wave component (McNatt et al., 2015; Flavi�a et al.,
2018)

wI
j

n o
lq
¼

coshk zj þ h
� �

coshkh
Jq krj
� �

eiqhj ; l ¼ 0;

cos kl zj þ h
� �

Iq klrj
� �

eiqhj ; l � 1;

8><
>: (5)

where l represents numbering of the eigen-expansion mode and Iq
denotes the modified Bessel function of the first kind of order q.
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B. Wave scattering amongst multiple floating bodies

In arrays of floating bodies, each individual body experiences not
only the ambient incident plane wave but also the outgoing waves that
are scattered from all the other neighboring bodies in the arrays. As
sketched in Fig. 1, based on Graf’s addition theorem (Abramowitz and
Stegun, 1964), it is straightforward to obtain

Hm krið Þeimhi ¼
X1
q¼�1

Hmþq kLij
� �

Jq krj
� �

ei aijðmþqÞþq p�hjð Þ½ �; (6)

Km knrið Þeimhi ¼
X1
q¼�1

Kmþq knLij
� �

Iq knrj
� �

ei aijðmþqÞþq p�hjð Þ½ �; (7)

whereHm ¼ Jm þ iYm denotes the Hankel function of the first kind of
order m and Km denotes the modified Bessel function of the second
kind of order m. Lij and aij represent the center-to-center distance

and the angle, respectively, of OiOj
��!

. The scattered waves from body i
can then be expressed as incident waves to body j with the aid of a
T-transfer matrix,

/S
i ðri; hi; ziÞ ¼ fAS

i gT Tij½ �fwI
jg; (8)

where fAS
i g is a scalar vector of the scattering coefficients, the super-

script “T” denotes the operation of transpose, and the T-transfer
matrix reads

Tij½ �mq
nn¼

Hm�qðkLijÞeiaijðm�qÞ; n ¼ 0;

Km�qðknLijÞeiaijðm�qÞð�1Þq; n � 1:

(
(9)

Note that Eq. (9) holds true for any integer m and any non-negative
integer n, when rj � Lij.

On the basis of Eq. (8), the total wave potential that incidents to
body j can be expressed as a summation of the ambient incident plane
wave and all scattered waves from the other bodies

/I
j ðrj; hj; zjÞ ¼ /A

j ðrj; hj; zjÞ þ
XNB

i ¼ 1
i 6¼ j

fAS
i gT Tij½ �fwI

jg

¼ faIjgT þ
XNB

i ¼ 1
i 6¼ j

fAS
i gT Tij½ �

0
B@

1
CA � fwI

jg

ðj ¼ 1; 2;…;NBÞ; (10)

where NB stands for the number of bodies in the arrays.
Using a so-called diffraction transfer matrix ½Dj� as the form that

is defined in Liu et al. (2021) based on the hybrid dipole-source formu-
lation, the scattered wave from body j and all the incident waves to the
same body can be connected based on the following relation:

fAS
j g ¼ Dj½ � � ðfaIjg þ

XNB

i ¼ 1
i 6¼ j

Tij½ �TfAS
i gÞ ðj ¼ 1; 2;…;NBÞ (11)

from which the scattering coefficients can be solved numerically.
Wave excitation forces can, therefore, be calculated via pressure

integration over each body and using matrix operations:

FE
j;p ¼ gEj

n oT
GE
j;p

n o
; (12)

where FE
j;p is interpreted as the excitation force in the pth degree of

freedom of body j. GE
j;p is the force transfer matrix with the following

form:

GE
j;p

n o
¼ ixq

ð ð
SjB

wI
j

n o
þ Dj½ �T wS

j

n o� �
nj;pdS; (13)

where nj;p is the pth component of the normal vector on the immersed
body surface, SjB is the immersed body surface, and q is the water den-
sity. The overall expansion coefficients of the total waves that incident
to body j due to scattering of the ambient incident waves yield

gEj
n oT ¼ aIj

n oT þ
XNB

i ¼ 1
i 6¼ j

AS
i

� �T
Tij½ �: (14)

The total wave fgEj g consists of the ambient incident wave and all the
scattered waves from neighboring bodies.

Following a similar approach, wave radiation forces acting on
body j can be evaluated as

FR;i;p
j;t ¼

gR;i;pj

n oT
GE
j;t

n o
; i 6¼ j;

iq ai;p þ xbi;p
� �þ gR;i;pj

n oT
GE
j;t

n o
; i ¼ j;

8>><
>>: (15)

where aj;p and bj;p are, respectively, the added mass and the radiation
damping of body j in the pth degree of freedom due to its own unitary
motion in the same mode when the body is in isolation. Note that
FR;i;p
j;t is interpreted as the radiation force of body j in the tth degree of

freedom due to the motion of body i in pth degree of freedom.
Correspondingly, the added mass and the radiation damping of a
body can be obtained by decomposition of the complex radiation forceFIG. 1. Schematic of the local and global coordinate systems.
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into real and imaginary parts. The overall expansion coefficient in
association with the force transfer matrix reads

gR;i;pj

n oT
¼ aR;i;pj

n oT
þ
XNB

s ¼ 1
s 6¼ j

AR;i;p
s

� �T
Tsj½ �; (16)

where faR;i;pj g are the expansion coefficients of the radiated wave inci-
dent on body j, generated by the unitary motion of body i in its pth
degree of freedom,

aR;i;pj

n o
¼ 0; i ¼ j;

Tij½ �T � Rp
i

� �
; i 6¼ j;

(
(17)

where fRp
i g is termed as radiation characteristics as defined in Liu

et al. (2021). fAR;i;p
s g is the total waves that incident to body j due to

the scattering of radiated waves, which can be solved from the follow-
ing linear algebraic system:

fAR;i;p
j g ¼ Dj½ � � ðfaR;i;pj g þ

XNB

s ¼ 1
s 6¼ j

Tsj½ �TfAR;i;p
s gÞ ðj ¼ 1; 2;…;NBÞ:

(18)

C. Wave power and interaction factor

It is common to use the so-called interaction factor to evaluate
the performance of arrays of wave energy converters. The interaction
factor q is defined as a function of the wave number k and the incident
wave angle b (Child and Venugopal, 2010)

q k;bð Þ ¼

XNB

j¼1

Pj k;bð Þ

NB � P0 k;bð Þ ; (19)

where P0 represents the wave power extracted by an isolated converter
and Pj represents the wave power extracted by the jth device in the arrays.
Physically, Eq. (19) indicates that if q< 1, the average extracted power per
converter in the array is less than the power extracted by an isolated con-
verter (Babarit, 2013). This means that wave interactions have a destruc-
tive effect on the power absorption of the wave farm. In contrast, if q> 1,
the park effect is constructive. Evans (1979) and Falnes (1980) indepen-
dently derived the maximum absorbed power of an entire array

XNB

j¼1

Pj k;bð Þ
0
@

1
A

max

¼ 1
8

FEf g� Brad½ ��1 FEf g; (20)

where fFEg is a scalar vector of complex amplitudes of the wave exci-
tation forces; ½Brad� represents the radiation damping matrix; and the
asterisk � denotes complex conjugate transpose. For wave energy con-
verters having a vertical axis of symmetry, it is possible to derive an
alternative relationship to calculate the interaction factor (Fitzgerald
and Thomas, 2007)

q k;bð Þ ¼ k
NB

PNB

j¼1
Pj k; bð Þ

 !
max

PW
; (21)

where PW is the time-averaged incident wave power per unit crest-
width

PW ¼ qgA2x
4k

1þ 2kh
sinh 2kh

� �
: (22)

Equation (22) is a derived form from Eq. (4.130) in Falnes and
Kurniawan (2020).

III. VERIFICATIONWITH THEORETICAL RESULTS

Numerical verifications are conducted by comparing with bench-
mark results calculated by other existing methods. We hereby select
theoretical methods as the counterpart because of their proven high
accuracy. In Secs. IIIA and IIIB, verifications on two cylindrical buoys
and four cylindrical buoys are given, in order to demonstrate the valid-
ity of the present methodology in the respective computations for a
linear array and a double array.

A. Two cylindrical buoys in a line array

At first, two cylindrical buoys are considered. The geometry of
each buoy is a truncated vertical cylinder of radius r¼ a, draught
d ¼ a=2, being placed in water of depth h ¼ 10a. Two cases are ana-
lyzed, having spacings between the axes of the cylinders of s ¼ 3a and
s ¼ 5a (see Fig. 2), respectively. Each cylinder is discretized using 472
quadrilateral or triangular panels on the immersed hull surface and
232 panels on the cross-sectional waterplane area. This problem has
been analyzed by Siddorn and Eatock Taylor (2008) using a theoretical
method.

Figures 3 and 4 exhibit a comparison between the results pro-
duced from the present method and a theoretical method documented
in Zheng et al. (2018). The results of Siddorn and Eatock Taylor
(2008) are not included here due to the missing out of a factor of p.
Modulus of the wave excitation forces jFxj and jFzj are non-
dimensionalized by Aqgpa2, where A is the amplitude of the incident
wave. The present results in general have a good agreement in com-
parison with the theoretical results. In addition, one more interesting
thing that can be observed is that a larger spacing s ¼ 5a tends to yield
more variations than a smaller spacing s ¼ 3a.

B. Four cylindrical buoys in a double array

A small array consisting of four cylindrical buoys is further con-
sidered. The geometry of each buoy is a truncated vertical cylinder of
radius r¼ a, draught d ¼ 2a, being placed in water of depth h ¼ 4a.
The foursquare layout of the array separates neighboring cylinders by
a distance of s ¼ 4a for an incident wave heading angle of b ¼ p=4
(see Fig. 5). Each cylinder is discretized using 1192 quadrilateral or tri-
angular panels on the immersed hull surface and 232 panels on the
cross-sectional waterplane area. This problem has been analyzed by

FIG. 2. Layout of the two cylindrical buoys.
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Siddorn and Eatock Taylor (2008) using the same theoretical method
as for the two-cylinder case.

Figures 6–8 exhibit a comparison between the present results and
those of Siddorn and Eatock Taylor (2008) and Zheng et al. (2018). It
is noted that results of Siddorn and Eatock Taylor (2008) are not

included in Fig. 6(b) since a factor of 1.4 seems to have been missed
out in the horizontal wave excitation force jFxj. In addition, Siddorn
and Eatock Taylor (2008) did not present the usual added mass and
radiation damping. However, their definition of the radiation imped-
ance Zi;j follows the relationship of Z ¼ bi;j þ ixai;j, where ai;j and
bi;j, respectively, refer to the added mass and radiation damping as
defined in Eq. (15) of this paper. For the above reason, in Figs. 7 and 8,
the theoretical results of Zheng et al. (2018) are, thereby, used for com-
parison of the hydrodynamic coefficients.

IV. RESULTS AND DISCUSSION

The individual device adopted hereafter is a CorPower-like
heaving point absorber (Faedo et al., 2021) that harvests wave energy
through up-and-down heave motions. The point absorber device is
discretized using 765� 4 panels on the immersed body surface and
46� 4 panels on the waterplane cross-sectional area. The dimen-
sions and the surface mesh of the device are given in Fig. 9. Note
that the device consists of two circular cylindrical ends and a flipped
frustum transition part. For brevity, we define the diameter of the
upper cylindrical section as the characteristic diameter of the device,
i.e., D¼ D1.

FIG. 3. Excitation forces on the weather-side cylinder: (a) horizontal force Fx and (b) vertical force Fz.

FIG. 4. Excitation forces on the lee-side cylinder: (a) horizontal force Fx and (b) vertical force Fz.

FIG. 5. Layout of the four cylindrical buoys.
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Wave interactions between arrays of point absorbers in a large
wave farm involve complex physical mechanisms due to various layout
possibilities. Although complicated, these mechanisms can be under-
stood from some elemental arrangements.

A. A uniform line array of point absorbers

Wave interactions between a uniform line array of the
CorPower-like device is considered first. The layout is given in Fig. 10.
The spacing between two neighboring devices of the periodical array is

FIG. 6. Excitation forces, b ¼ p=4: (a) vertical force Fx and (b) horizontal force Fz.

FIG. 7. Hydrodynamic coefficients of the rigid body modes of a single body: (a) added mass and (b) radiation damping.

FIG. 8. Hydrodynamic coefficients of the rigid body modes between different bodies: (a) added mass and (b) radiation damping.
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s, and d is half of the spacing, i.e., d ¼ s=2. The NB centers of the
device cross-sectional areas are evenly located in a straight line.

Figure 11 exhibits the wave excitation forces on each body of a
periodical array consisting of seven such devices in head waves, i.e.,
the case when incident waves propagate in the direction parallel to the
array. The force magnitude is normalized by qgV , where V is the dis-
placed volume of an individual device. The most distinctive feature of
the longitudinal force Fx herein is that a sequence of narrow peaks
occurs at the places where the wave interference parameter kd is
slightly less than np=2 ðn ¼ 1; 2;…Þ. This finding is exactly similar to
the case in Maniar and Newman (1997) regarding an array of bottom-
mounted circular cylinders, known as Bragg resonance in many fluid
physical phenomena (Li and Mei, 2007; Peng et al., 2019; Zhao et al.,
2021; Gao et al., 2021; Ning et al., 2022). It is also found that the mag-
nitude of the longitudinal force is smaller than that of a single device
in isolation, except for the neighboring area within a narrow band
enclosing the peaks. An analogical phenomenon can be found in the
vertical force Fz, which does not present peaks, but rather troughs.
Moreover, results of the lateral force Fy are not displayed here because
they are all zeros in line with common knowledge.

In beam waves, i.e., the case when incident waves propagate in
the direction perpendicular to the array, things become different.
Figure 12 exhibits the results of a uniform line array of 9 such devices
in beam waves. It is found that in the direction parallel to the array
that is perpendicular to the wave incident direction, the longitudinal
force Fx acting on each device is no longer zero, except the one in the
middle of the line array. As the longitudinal force of an isolated single
body is exactly zero under the same circumstance, the non-zero value
of Fx in the array is believed to be caused by the interaction betweenFIG. 9. Surface mesh and dimensions of the point absorber converter.

FIG. 10. Layout of a uniform line array of CorPower-like point absorbers.

FIG. 11. Wave excitation forces of each device in a uniform line array of 7 bodies in head waves (b ¼ 0	; h ¼ 50 m; s ¼ 4D): (a) longitudinal force Fx and (b) vertical force Fz.
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individual devices of the array. Moreover, Fig. 12(a) shows that the
longitudinal force decreases gradually from the two ends to the middle
of the array. This should be attributed to the symmetrical property of
the problem, which is also presented by Maniar and Newman (1997)
in the case of a bottom-mounted cylinder array. The lateral and verti-
cal forces on an individual device are in general similar to those of the
others in the array as well as a single device in isolation, except for

some small variations. These results elucidate that the wave interaction
occurs primarily along the direction in parallel rather than perpendic-
ular to the array.

Let us examine, thereby, the relationship between the longitudi-
nal force against the number of devices in the uniform line array. In
Fig. 13(a), it is found that in head waves, the peak load on the middle
device (rigorously, the ½NB=2�th device) increases with the increase in

FIG. 12. Wave excitation forces of each device in a uniform line array of 9 bodies in beam waves (b ¼ 90	; h ¼ 50m; s ¼ 2D): (a) longitudinal force Fx, (b) lateral force Fy,
and (c) vertical force Fz.

FIG. 13. Longitudinal force Fx acting on the ½NB=2�th device in the middle of the line array: (a) NB bodies in head waves and (b) NB bodies in beam waves.
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the number of devices, whereas in beam waves, provided an odd num-
ber of devices, the longitudinal wave force Fx acting on the middle
device turns to be zero and, hence, not displayed in Fig. 13(b). It can
be found that in such an even array, the longitudinal wave load acting
on the middle device (rigorously, the first device close to the middle)
decreases with the increase in the number of devices, except in the
neighborhood area around the peak.

Variations of the q-factor vs the device spacing s, the wave head-
ing angle b, and the wave angular frequency x for the uniform line
array consisting of seven devices are shown in Fig. 14. The most dis-
tinctive result herein is that there are some remarkable “bright spot”
regions, indicating that the wave energy absorption there is locally
optimized against wave conditions. With regard to a uniform line
array, it is found that the lower the wave frequency is, the larger the
wave heading tends to be in association with the center of a spot
region. In addition, the number or the density of the spot regions
increases with the device spacing.

B. A double array of point absorbers in parallel
arrangement

Wave interactions amongst a double array in parallel
arrangement are investigated thereafter. The spacing between
neighboring devices affiliated to either two rows or two columns

remains the same as s ¼ 2d. The corresponding layout is shown in
Fig. 15.

Figure 16 depicts the results of a 2� 7 array in a parallel arrange-
ment in head waves. To achieve a better understanding, the force mag-
nitude on each device in the double parallel array is normalized by
that on the corresponding device at the same column of the uniform
line array as given in Fig. 11, which is defined as “force enhancement
ratio” herein. It is found that the force enhancement ratio of either the
longitudinal or the vertical force generally ranges between 0.5 and 1.5,
indicating no particular enhancement when there exists a parallel row
side by side. In long wavelengths, e.g., in the regime approximately
kd=p < 0:3, the ratio is close to unity, which means that the interac-
tion between two rows of the array almost diminishes to zero. In addi-
tion, results on neighboring devices of the two rows are exactly the
same since the problem is symmetrical in head waves.

In beam waves, however, apparent differences exist. Figure 17
depicts the force enhancement ratios of the wave forces acting on the
front row (the row first attacked by the incident waves) of a 2� 9 dou-
ble parallel array over those of the corresponding uniform line array as
given in Fig. 12, when waves come along the direction perpendicular
to the array. Significant increases are found in the longitudinal and the
vertical force magnitudes. The maximum peak value is approximately
6 times in the longitudinal load and 4.5 times in the vertical load, as
compared to the loads acting on the devices of the uniform line array.

FIG. 14. q-factor variation of the uniform line array of CorPower-like point absorbers against the angular frequency x, the wave heading b, and the device spacing s
(h ¼ 100m): (a) s ¼ 2D, (b) s ¼ 3D, (c) s ¼ 4D, and (d) s ¼ 5D.
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Again, the longitudinal force on the middle device of the front row
(the 14th device) is zero, which is similar to that in the uniform line
array as shown in Fig. 12.

Figure 18 presents the force enhancement ratios of the wave
forces acting on the rear row (the row behind the front row) of the
same double parallel array over those of the corresponding uniform
line array, when waves incident from 90	. The maximum peak value
of the force enhancement ratio increases to eight times in the longitu-
dinal load and decreases to four times in the vertical load, as compared
to the loads acting on the devices of the uniform line array. The maxi-
mum peak value of the lateral load remains unchanged at generally
the same level. Again, the middle device of the rear row (the 5th
device) endures no wave load, which is similar to that in the front row
of the double parallel array.

The force enhancement ratios defined in Figs. 16–18 can describe
the variation of wave forces of a double parallel array against the uni-
form line array. Unfortunately, such a definition involves a large degree
of randomness due to the presence of wave interactions among both the
two arrays. By changing the ratios to the ones on the basis of a single
isolated device, the inherent nature of trapped modes can be found to
exist as well for the double parallel array. Figure 19 shows that in head
waves, remarkable peaks exist in both of the two arrays at critical wave
numbers just below the cutoff value kd ¼ np=2 ðn ¼ 1; 2;…Þ, and the
peak magnitude remains at a similar level. The difference lies in that the
longitudinal force ratios of a double parallel array exhibit secondary

peaks, which is in line with the ones discussed in (Zeng et al., 2019) for
arrays of bottom-mounted circular cylinders. The phenomenon of sec-
ondary peaks occurs especially at relatively higher wave numbers when
kd=p > 1:0, indicating that the array interactions in short waves are
more prone to be captured than in long waves.

Variations of the q-factor vs the device spacing s, the wave head-
ing angle b, and the wave angular frequency x for the 2� 7 double
parallel array are displayed in Fig. 20. It is found that the q-factor dis-
tributions of a double array are more randomized than those of a uni-
form line array, as compared to Fig. 14, indicating much stronger
interactions among the devices since the scattered waves come from
neighboring devices not only in a row but also in a column. In addi-
tion, the peaks at the locally optimized bright spot regions increase to
much larger values than those of the uniform line array, which means
a better synergy in the wave power absorption.

C. A double array of point absorbers in staggered
arrangement

We further consider the wave interactions among a double array
in a staggered arrangement. As shown in Fig. 21, along the direction in
parallel to the array, the center of each device of the second row locates
in the middle of the spacing between two neighboring devices of the
first row. In other words, the second row is shifted to the right-hand
side by a distance of s=2 from the original position in the double

FIG. 15. Layout of a 2� 7 double parallel array of CorPower-like point absorbers.

FIG. 16. Force enhancement ratios of the wave forces acting on a 2� 7 double parallel array over those of the uniform line array in head waves
(b ¼ 0	; h ¼ 50 m; s ¼ 4D): (a) longitudinal force Fx and (b) vertical force Fz.
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parallel array as given in Fig. 10. The distance between neighboring
rows remains the same as s ¼ 2d.

First, it is found that the staggered arrangement can lead to a par-
ticular phenomenon in beam waves. Figure 22 exhibits the force
enhancement ratios of the lateral force Fy acting on a 2� 9 double
staggered array over that on a 2� 9 double parallel array in beam
waves. The force enhancement ratios are obtained for each body
tagged with the same numbering in the two different arrangements.
The results show that by arranging the double array in a staggered
manner, the lateral force acting on the rear row can reach a small ratio
close to zero in between a narrow bandwidth kd=p 2 ½1:0; 1:5�. The
smallest ratio is 0.089 at the place kd=p ¼ 1:203. An analogical phe-
nomenon can be found for the front row at the place kd=p ¼ 2:487,
where the smallest value is 0.120. Figure 23 turns over the ratio to
show more clearly. Large peaks in the inverse ratios are found concen-
trated on the narrow bandwidth kd=p 2 ½1:0; 1:5� and the place
around kd=p ¼ 2:5.

Further studies show that this phenomenon exists in no relation
to the overall number of devices in an array. Figure 24 depicts the force
enhancement ratios of the lateral force Fy acting on a 2� 5 double
staggered array over that on a 2� 5 double parallel array in beam
waves. Although the number of devices in each row reduces to 5,
similar phenomenon occurs in between the narrow bandwidth

kd=p 2 ½1:0; 1:5� and the place kd=p ¼ 2:487. The smallest values are
0.011 and 0.094, respectively, close to zero. The above findings can be
further confirmed by turning over the ratio as shown in Fig. 25.

These results elucidate that, when the device spacing ranges from
1 to 1.5 times or equals to approximately 2.5 times the wavelength
(because of kd=p ¼ s=L, where s is the device spacing and L is the
wavelength), the wave forces acting on the bodies of the rear row of a
double array can be significantly weakened by shifting the front row
with a certain in-line distance from the parallel arrangement.
Moreover, it is noted that in long wave regimes, e.g., kd=p < 1:0, the
force enhancement ratios keep at the level of unity, indicating that in
long waves, the staggered or parallel arrangement is not a factor for
the interactions.

Figure 26 presents a comparison between the lateral force ratios
of the three different arrays in beam waves. The force enhancement
ratio of the lateral wave force herein is obtained by dividing its coun-
terpart acting on a single isolated device. It is found that, by arranging
an array layout into a more randomized manner, the lateral force ratio
exhibits stronger variations over the entire frequency band.
Specifically, the highest peak magnitude significantly increases with
the change in a simpler layout to a more complex layout, and the low-
est trough magnitude decreases to a smaller value approaching zero.
As an example shown in Fig. 26, while the lateral force ratios of a

FIG. 17. Force enhancement ratios of the wave forces acting on the front row of a 2� 9 double parallel array over those of the uniform line array in beam waves
(b ¼ 90	; h ¼ 50 m; s ¼ 2D): (a) longitudinal force Fx, (b) lateral force Fy, and (c) vertical force Fz.
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uniform line array fall in between ½0:75; 1:25�, the ones of a double
parallel array range from ½0:25; 2:0�, and the ones of a double stag-
gered array range from ½0; 3:0�.

Variations of the q-factor vs the device spacing s, the wave head-
ing angle b, and the wave angular frequency x for the 2� 7 double
staggered array are displayed in Fig. 27. It is found that in comparison

with the ones of the double parallel array, as given in Fig. 20, the
q-factor distributions of a double array in a staggered arrangement are
even more randomized, indicating stronger interactions. The areas of
the locally optimized bright spot regions are even smaller as compared
to the parallel case. However, the peak values of the bright spot regions
do increase. Moreover, with the expansion of the device spacing, the

FIG. 18. Force enhancement ratios of the wave forces acting on the rear row of a 2� 9 double parallel array over those of the uniform line array in beam waves
(b ¼ 90	; h ¼ 50 m; s ¼ 2D): (a) longitudinal force Fx, (b) lateral force Fy, and (c) vertical force Fz.

FIG. 19. Longitudinal force ratios of (a) a 1� 7 uniform line array and (b) a 2� 7 double parallel array over that of a single isolated device in head waves
(b ¼ 0	; h ¼ 50 m; s ¼ 4D).
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density of the optimized regions is also enhanced. All in all, the q-fac-
tor results in Figs. 14, 20, and 27 elucidate that by arranging the array
layout in a more randomized way, though the optimal conditions for
maximized power output can be hard to achieve, the maximum power
output can increase to a higher level.

V. CONCLUSIONS

In this work, wave interaction and energy absorption from
arrays of wave energy converters are investigated. The converter is
a CorPower-like point absorber device that can harness the water

wave energy from up-and-down heaving movements. Due to the
reason that the device shape is more complex than a regular geom-
etry, such as circular cylinders and spherical bodies, the usual ana-
lytical methods are no longer applicable. By developing a hybrid
method that combines the boundary element method as described
in Liu (2019) and the wave interaction theory as in Kagemoto and
Yue (1986), the problem can be analyzed with ease. After verifica-
tion of the method, wave energy arrays in three different layouts
are studied in detail and the main conclusions are summarized
below:

FIG. 20. q-factor variation of the double parallel array of CorPower-like point absorbers against the angular frequency x, the wave heading b, and the device spacing s
(h ¼ 100m): (a) s ¼ 2D, (b) s ¼ 3D, (c) s ¼ 4D, and (d) s ¼ 5D.

FIG. 21. Layout of a 2� 7 double staggered array of CorPower-like point absorbers.
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FIG. 23. Inverse force enhancement ratios of the lateral force Fy acting on a 2� 9 double parallel array over that on a 2� 9 double staggered array in beam waves
(b ¼ 90	; h ¼ 50 m; s ¼ 2D): (a) the rear row and (b) the front row.

FIG. 24. Force enhancement ratios of the lateral force Fy acting on a 2� 5 double staggered array over that on a 2� 5 double parallel array in beam waves
(b ¼ 90	; h ¼ 50 m; s ¼ 2D): (a) the rear row and (b) the front row.

FIG. 22. Force enhancement ratios of the lateral force Fy acting on a 2� 9 double staggered array over that on a 2� 9 double parallel array in beam waves
(b ¼ 90	; h ¼ 50 m; s ¼ 2D): (a) the rear row and (b) the front row.
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(1) In a uniform line array, trapped waves exist at critical wave
numbers slightly less than a cutoff value kd ¼ np=2 ðn 2 NÞ in
head waves. In beam waves, the longitudinal force Fx acting on
each device is no more zero, except the one in the middle of the
line array. The peak load on the middle device increases with
the number of devices in head waves.

(2) In a double parallel array, there is no particular load enhance-
ment as compared to the uniform line array in head waves,
whereas in beam waves, significant load enhancement is
found in the longitudinal and vertical forces. The longitudinal
force on the middle device of either the front or the rear row
is zero.

FIG. 26. Lateral force ratios of (a) a 1� 9 uniform line array, (b) a 2� 9 double parallel array, and (c) a 2� 7 double staggered array over that of a single isolated device in
beam waves (b ¼ 90	; h ¼ 50 m; s ¼ 2D).

FIG. 25. Inverse force enhancement ratios of the lateral force Fy acting on a 2� 5 double parallel array over that on a 2� 5 double staggered array in beam waves
(b ¼ 90	; h ¼ 50 m; s ¼ 2D): (a) the rear row and (b) the front row.
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(3) In a double staggered array, the lateral force in beam waves
diminishes in between a narrow frequency bandwidth kd=p 2
½1:0; 1:5� and around kd=p ¼ 2:5. Moreover, in long waves
regimes, e.g., kd=p < 1:0, the staggered arrangement has little
effect as compared to a double parallel array.

(4) The general principle of wave force variations is found as fol-
lows. In head waves, by extending a uniform line array to a
double array, the longitudinal force magnitude remains at the
same level, whereas a series of secondary peaks appear. In beam
waves, with the increase in the array layout complexity, the lat-
eral force in parallel to the wave propagation direction has a
broader range of magnitude over the frequency band.

(5) The q-factor variations show that there are optimized regions in
wave energy absorption against wave conditions. By arranging the
array layout in a more randomized way, the optimal condition for
maximized power output is hard to reach; however, the maximum
power output increases to a higher level. Furthermore, the density
of spot regions increases with the device spacing, and the areas of
these regions vary with the frequency.

The above findings summarized in (1) and (2) are in line with
those documented in Maniar and Newman (1997) that were con-
cluded for a uniform line array of a regular geometry, i.e., bottom-
mounted vertical circular cylinders, which can be viewed as the

counterpart of the latter for an array of a non-regular geometry. The
new findings regarding the uniform line array and the double parallel
and staggered arrays are expected to benefit the design of wave energy
arrays in practical applications.
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NOMENCLATURE

A Ambient incident wave amplitude
aIj Incident wave expansion coefficient to body j due to ambi-

ent incident wave
aR;i;pj Incident wave expansion coefficient to body j due to unitary

motion of body i in pth DoF
AS
i Scattered wave expansion coefficient of body i
d Half device spacing
D Device characteristic diameter
Dj Diffraction transfer matrix of body j

DoF Degree of freedom
FE
j;p Excitation force on body j in pth DoF

FR;i;p
j;t

Radiation force on body j in tth DoF due to unitary motion
of body i in pth DoF

GE
j;p Force transfer matrix of body j in pth DoF

h Water depth
k Wave number

Rp
i Radiation characteristics of body j due to unitary motion in

pth DoF
s Full device spacing
b Wave incident angle
gEj Total wave elevation incidenting to body j due to ambient

incident wave
gR;i;pj Total wave elevation incidenting to body j due to unitary

motion of body i in pth DoF
/A
j

Ambient incident wave potential to body j

/I
j

Total wave potential incidenting to body j

/S
i

Scattered wave potential from body i

wI
j

Incident partial wave component to body j

wS
j

Scattered partial wave component from body j

x Wave angular frequency
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