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Abstract 9 

Concerning the side-by-side offloading operations at gravity-based terminals, the 10 

wave interaction with a vessel alongside a long vertical wall in both normal and oblique 11 

seas was investigated. The imaging principle was applied to convert the original to an 12 

equivalent wave-diffraction problem by two symmetrical vessels in open seas exposed 13 

to bi-directional incident waves. The boundary integral equation method, in conjunction 14 

with a higher-order boundary element method (HOBEM), was used to solve the 15 

equivalent problem. Besides the linear free-surface elevation and wave force, the 16 

second-order mean wave drift force on the vessel was calculated based on either the 17 

direct pressure integration or using a semi-cylindrical control surface. Moreover, the 18 

solution was also developed for the oblique wave interaction with a two-dimensional 19 

barge-wall system using the eigenfunction expansion matching method. Systemic 20 

numerical studies were then conducted for the cases of a rectangular barge and a Wigley 21 

hull in close proximity to a long wall, respectively. Under oblique incidence, both the 22 

odd and even modes of fluid motion within the gap can be induced. In the case of a 23 

rectangular barge, the linear wave force can be obviously enhanced at the location of 24 

the (1, 0) resonant mode, while the linear wave moment at (2, 0) mode. In addition, the 25 

negative mean force along the transverse direction, which tends to push the barge away 26 

from the wall, can be evidently enhanced at either the odd or even resonant modes. 27 

Besides, in oblique seas, the (1, 0) resonant mode can apparently amplify the positive 28 

mean yaw moment on the barge, which tends to pull the stern of the barge (that faces 29 



incident waves) closer to the wall, while pushing the bow away from the wall. 30 

Numerical results also indicate that the hull geometry imposes a significant impact on 31 

the resonant waves in the gap. In the case of a Wigley hull, the amplification of the free-32 

surface response is much less apparent when compared with a rectangular barge. 33 
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1. Introduction 41 

In recent years, the hydrodynamic interaction between multiple structures in close 42 

proximity has been receiving increasing attention. This is primarily because of the 43 

possible violent fluid motion within the narrow gap between the closely spaced bodies. 44 

In reality, this is a key technical challenge for the safe operation of many side-by-side 45 

scenarios, such as a floating liquefied natural gas (FLNG) facility alongside a liquefied 46 

natural gas (LNG) carrier or shuttle tanker. Similar phenomena may also exist in the 47 

narrow gap formed by an LNG carrier and a gravity-based wharf. The resonant fluid 48 

motion in a narrow gap is a weakly damped hydrodynamic phenomenon and normally 49 

referred to as “gap resonance”. This hydrodynamic issue may hinder the offshore 50 

loading/offloading operation and seriously threaten the structural safety. Therefore, 51 

enhancing the knowledge of the exaggerated free-surface oscillation in the narrow gap 52 

and understanding its fundamental physics is important for engineering practice. 53 

The wave interaction with floating bodies in a side-by-side arrangement has been 54 

investigated in a variety of works ranging from analytical studies (Miao et al., 2001; 55 

Liu and Falzarano, 2019) to model scale testing (Molin et al, 2009; Zhao et al, 2017; 56 

Ning et al., 2018; Zhou et al., 2018) and numerical modelling (Lu et al, 2010; Feng et 57 

al, 2015; He et al., 2021). Based on the potential flow theory, both the two-dimensional 58 



and three-dimensional numerical models have been developed. The piston- and 59 

sloshing-model wave resonance along the transverse and longitudinal directions of the 60 

narrow gap have been simulated (Sun et al., 2010; Sun et al., 2015; Tan et al., 2019; Li 61 

et al., 2021; Ding et al., 2022), and the effect of the wave nonlinearity on the resonant 62 

fluid motion and the resulting wave force on the bodies have been discussed for both 63 

the monochromatic and bi-chromatic sea conditions (Feng et al., 2017; Zhao et al., 64 

2021). Extensive comparisons with the experimental data have demonstrated that the 65 

classical potential flow model can well predict the resonant frequency. However, it was 66 

reported to evidently overestimate the resonant free-surface elevation in the narrow gap 67 

when compared with the laboratory observations, such as in Saitoh et al. (2003), 68 

Faltinsen et al. (2007), and Perić and Swan (2015). To address this issue, special 69 

numerical techniques have been proposed, for example, introducing an artificial 70 

dissipation layer on the free surface in the gap (e.g., Pauw et al., 2007; Bunnik et al., 71 

2009) or inside the fluid domain at the gap entrance (e.g., Liu et al., 2020; Liang et al., 72 

2021) to consider linear and/or nonlinear damping. However, it remains challenging to 73 

reasonably determine the quadratic damping due to flow separations without available 74 

experimental data or established empirical formulae. Besides the potential flow model, 75 

the CFD-based viscous flow model has gradually become an effective tool for the 76 

research of gap resonance (Kristiansen and Faltinsen, 2010; Lu et al., 2011). The 77 

existing studies based on viscous flow models focus on two-dimensional configurations 78 

subjected to the normally-incident waves. Numerical studies have been conducted for 79 

various edge profiles of gap entrance. The effects of the vortical motion and vortex 80 

shedding on the resonant response have been discussed. 81 

Besides the problems of gap resonance involving two floating bodies in a side-by-82 

side arrangement, the scenarios that a ship or an LNG carrier berthing in front of a 83 

gravity-based wharf have also been investigated in many studies. Wang and Zou (2007) 84 

established a two-dimensional time-domain numerical model based on the Boussinesq 85 

equations, in which Newton's second law has been used to solve the piston mode of the 86 

free-surface motion within the gap between a ship section and a vertical quay wall. It 87 



was found that when the frequency of the linear or higher-order harmonic components 88 

of the incident waves is close to the natural frequency of the fluid motion in the gap, 89 

the horizontal wave force on the ship's section is greatly increased. A similar two-90 

dimensional setting has been concerned in Kristiansen and Faltinsen (2010), and 91 

numerical results indicated that the majority of energy dissipation occurs around the 92 

bilge keels of the ship. Peric and Swan (2015) experimentally studied the spatial 93 

variation of the free-surface elevation within the long gap formed by a gravity-based 94 

structure and a nearby ship in beam-sea and head-sea orientation. Amplification of the 95 

free-surface elevation that reaches six times the incident wave amplitude has been 96 

observed. Jiang et al. (2019, 2021) investigated the behaviour of the piston-modal wave 97 

resonance excited by the linear and second harmonic components of incident waves for 98 

a two-dimensional barge-wall system based on the OpenFOAM® package. The effect 99 

of seabed slope on the wave force on a fixed box in front of a vertical wall and the free-100 

surface elevation in the gap have been studied in detail in Gao et al. (2019, 2020). Liu 101 

et al. (2020) developed a dissipative semi-analytical solution for the wave action on a 102 

rectangular box in front of a wall. The comparison with the experimental data illustrated 103 

that the introduction of a quadratic pressure loss condition on the gap entrance can be 104 

an effective manner to account for the damping effect, and a formula for predicting the 105 

energy loss coefficient was developed. Lu et al. (2020) focused on the conditions that a 106 

swaying or heaving body located in close proximity to a vertical wall and found that 107 

the wave amplitude during the gap resonance can be reduced by the body motion. Such 108 

reduction is strongly dependent on the mooring stiffness. He et al. (2021) conducted the 109 

harmonic analysis of resonant wave height in the gap formed by a box and a wall, and 110 

found that the relative importance of the high-order components increases gradually 111 

with the incident wave height. Milne et al. (2022) experimentally studied the wave-112 

induced resonant flow motion in a narrow gap between a vertical wall and a stationary 113 

hull and demonstrated that the energy dissipation around the bilge keels causes a 114 

quadratically damped free-surface response. 115 

The wave interaction with a barge-wall system, which approximates the scenario that 116 



an LNG carrier is alongside a gravity-based wharf, has been thoroughly investigated in 117 

the recent past. However, most of these works focused on two-dimensional cases and 118 

normally-incident waves. To the best of the authors’ knowledge, the studies involving 119 

a three-dimensional system have not been conducted so far, and the effect of wave 120 

heading has rarely been discussed. To fill this gap, the wave interaction with a three-121 

dimensional system involving a vessel and a long vertical wall was investigated in this 122 

study. Both the normal and oblique sea conditions have been considered. The vertical 123 

wall is assumed to be fully reflective and infinitely long. A numerical approach was 124 

then developed using HOBEM in conjunction with the imaging principle. Moreover, 125 

for the oblique wave interaction with a two-dimensional barge-wall system, which can 126 

be regarded as a limiting case as the barge length tends to infinity, the solution was 127 

developed using the eigenfunction expansion matching method. After confirming the 128 

validity of the developed model, detailed numerical studies were conducted for both 129 

cases of a rectangular barge and a Wigley hull in close proximity to a long wall, 130 

respectively. The free-surface response in the gap, as well as the induced wave force on 131 

the vessel, were discussed. 132 

The remaining part of this paper is organized as follows. The development of the 133 

numerical model is introduced in detail in Section 2, which is followed by the 134 

calculation of the free-surface elevation in the gap and the wave force on the vessel. 135 

After examining the validity of the developed model in Section 4, numerical studies are 136 

conducted in detail in Section 5. Finally, conclusions are drawn in Section 6. 137 

 138 

2. A numerical approach for the wave interaction with a vessel alongside a vertical 139 

wall 140 

The wave interaction with a three-dimensional vessel in front of a vertical wall at a 141 

constant water depth h is considered. Fig. 1 shows the definition sketch for this problem, 142 

in which a rectangular barge and a Wigley hull have been taken as examples, 143 

respectively. As shown in Fig. 1, the vessels are of length l, width b and draft d. The 144 

gap width between the vessel and the vertical wall is e. The closeness of the vessel and 145 



the vertical wall leads to the formation of a long and relatively narrow gap. The vessel 146 

is exposed to the plane incident waves of angular frequency ω and wave amplitude A. 147 

A global Cartesian coordinate system (Oxyz) is adopted with an origin located on the 148 

still free surface. The z-axis is defined as positive upwards, and the Oyz plane coincides 149 

with the vertical wall. The incident waves propagate at an angle of β with respect to the 150 

positive x-axis. It is assumed that the vertical wall is infinitely long and fully reflective. 151 

By applying the imaging principle (Teng et al., 2004), the original hydrodynamic 152 

problem is then transformed into an equivalent one in the open fluid domain in which 153 

the real vessel and its virtual image with respect to the wall are exposed to the dual 154 

incident waves without the presence of the wall. One of the dual incident waves 155 

propagates at an angle of β, and the other, hence, at an angle of (π – β). The definition 156 

sketch for the equivalent problem in open seas is shown in Fig. 2. 157 

158 

 159 
Fig. 1. Definition sketch for (a) a rectangular barge and (b) a Wigley hull near a vertical wall 160 



  161 
Fig. 2. Plane view of the bi-directional wave action with two symmetrical (a) rectangular barges and 162 

(b) Wigley hulls in open seas. 163 

 164 

The equivalent problem in the open fluid domain under the action of dual incident 165 

waves is then considered. Within the framework of potential flow theory, in which the 166 

flow is assumed to be inviscid, incompressible and irrotational, the flow field can be 167 

described by a scalar velocity potential Φ, satisfying Laplace's equation 168 

 ( )2 ;  0.t  =x  (1) 169 

For linear time-harmonic incident waves with an angular frequency of ω, the velocity 170 

potential can be expressed in a complex spatial form as 171 

 ( ) ( ) i;  Re e ,tt  −  =  x x  (2) 172 

where 'Re' stands for taking the real part; i= 1− . 173 

When considering the wave action with stationary bodies, the total velocity potential 174 

  can be written as a summation of the incident potential I  and diffraction potential 175 

D  That is 176 

 .I D  = +  (3) 177 

The incident velocity potential is due to the undisturbed dual-plane incident waves 178 

propagating at angles of β and (π – β), respectively, and it is expressed as 179 

 
( )

( )
( )i sin i cos i cos

coshi
e e e .

cosh

ky kx kx

I

k z hAg

kh

  


−
+  = − +  (4) 180 

In Eq. (4), the wavenumber k is determined by dispersion relation ω2 = gktanh(kh) with 181 

g being the acceleration due to gravity. 182 



Besides Laplace's equation, the velocity potentials are also required to satisfy proper 183 

conditions on the boundary surfaces. On the mean plane of the free surface z = 0, the 184 

combined kinematic and dynamic boundary condition is given by 185 

 
2

0, on 0.z
z g

 



− = =


 (5) 186 

On the mean wet surfaces of the real and imaginary vessels, which are denoted by Sb 187 

and 
bS  , respectively, the boundary condition is given by 188 

 0, on  and ,b bS S
n


=


 (6) 189 

where n = (nx, ny, nz)
T is the normal unit vector pointing outward from the fluid domain. 190 

In the same way, the boundary condition on the impermeable seabed (z = –h) is 191 

 0, on .z h
z


= = −


 (7) 192 

To ensure the uniqueness of the solution, 
D  has to satisfy the Sommerfeld radiation 193 

condition at a substantial distance from the structure. That is 194 

 lim i 0.D
D

r
r k

r




→
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− =    

 (8) 195 

A boundary integral equation method is then used to solve the established boundary 196 

value problem. The oscillating source G(x, x0; ω), which satisfies a linear free-surface 197 

boundary condition, a no-flow condition on the horizontal seabed, and a Sommerfeld 198 

radiation condition at infinity, is used as the Green's function. The use of Green's second 199 

identity to the velocity potential and the Green's function can lead to a Fredholm 200 

integral equation of the second kind for D . Then, the resulting boundary-integral 201 

equation is expressed as follows 202 

 ( )
( )

( ) ( )0

0 0
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d ,  ;  d ,

b b b b
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s G s

n n
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x x

x x x x  (9) 203 

in which α is a measure of the normalized solid angle. α depends on the local shape of 204 

the boundary surface. The difficulty associated with the evaluation of α is overcome by 205 

formulating a complementary problem within the interior of the body surface with the 206 

application of an auxiliary Green's function. 207 



A higher-order boundary element method (HOBEM) (Teng and Eatock Taylor, 1995) 208 

is then used to solve Eq. (9). Sb and 
bS    are discretised into a number of 6-node 209 

quadratic triangular elements or 8-node quadratic quadrilateral elements for modelling 210 

both the geometry and the variation of potentials. The elements are then transformed 211 

into those in terms of isoparametric coordinates, and the integral within each element 212 

is evaluated using the node values. Then, we apply the collocation method, and a set of 213 

algebraic equations can be established. When the source point coincides with the field 214 

point, the difficulty associated with the singularity of Green's function is overcome with 215 

the aid of the polar coordinate transformation. In addition, singular integration of the 216 

derivative of Green's function would exist in the elements, including the source point. 217 

The summation of the integration in all the elements adjacent to the source point exists 218 

in the Cauchy principal value (CPV) sense. The direct method proposed in Teng et al. 219 

(2006) has been used to deal with the CPV integrals in this study. After solving the 220 

algebraic system, the potentials over the body surface are obtained. 221 

 222 

3. Calculation of the free-surface elevation in the gap and induced wave forces 223 

3.1 Calculation of the liner free-surface elevation and wave forces 224 

After solving the wave diffraction problem and obtaining the velocity potential, the 225 

linear wave force on the vessel can be determined through the integration of the linear 226 

wave pressure over the body surface. That is 227 

 ( ) ( ),  ,  i d ;

b

T

x y z I D

S

f f f s  = = +  f n  (10a) 228 

 ( ) ( )( )ˆ,  ,  i d ,

b

T

x y z I D

S
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where r̂ x xo= −  with xo being the rotation centre. In this study, xo is at the centre of 230 

the vessel on the free surface, i.e., (−(e + b/2), 0, 0). 231 

The free-surface elevation amplitude, denoted by η hereinafter, can be expressed as 232 

 ( ) ( ) ( )
0

0 0 0 0
0

i
,  .I D

z
x y

g


  

=
= +  x x  (11) 233 

In Eq. (11), the diffraction potential is determined according to Eq. (9) with z0 located 234 

on the free surface. 235 



To capture the rapid variation of the free surface in the narrow gap, refined meshes 236 

are required. 
0x  can be very close to the vessel’s surface in some conditions, leading 237 

to a nearly singular integration. To overcome the difficulty associated with the 238 

troublesome integration, a self-adaptive Gauss integration method is applied. When the 239 

integration over a certain element turns out to be nearly singular, this element will be 240 

divided into sub-elements. Such subdivisions will continue until the distance between 241 

the source and the field points is greater than the characteristic size of each sub-element. 242 

As a result, the original integration in an element is transformed into a series of sub-243 

integrations over finer sub-elements with more Gauss points. 244 

 245 

3.2 Calculation of the mean wave drift force based on the direct pressure 246 

integration 247 

Besides the first-order wave force, the second-order mean wave drift force can also 248 

be calculated based on the linear wave theory. It is generally understood that the second-249 

order difference-frequency wave force is the main excitation of the slow-drift motion. 250 

Reliable numerical and semi-analytical solutions for the second-order wave force in bi-251 

chromatic waves have been developed by researchers such as Kim and Yue (1990), 252 

Eatock Taylor and Huang (1997), Teng and Cong (2017), Cong et al. (2018), Heo and 253 

Kashiwagi (2020) and Shao et al. (2022). When the frequency difference is small, 254 

Newman (1974) expanded the complete difference-frequency wave force into Taylor's 255 

series with respect to the frequency difference, and only the zero-order component is 256 

retained. Consequently, the exact difference-frequency wave force is approximated by 257 

the mean force on structures in regular waves. Newman’s approximation shows that the 258 

mean wave drift force can play an important role in the low-frequency behaviour of a 259 

floating body. 260 

The mean wave drift force can be calculated in a straightforward manner based on 261 

the direct pressure integration of the quadratic pressure over the vessel surface, namely 262 

the near-field formulation. The near-field formulation has been derived in some 263 



previous studies, such as Ogilvie (1983). Then, the mean wave drift force and moment 264 

on the vessel, denoted by −
f  and −

m  hereinafter, can be determined according to: 265 

 ( ) ( )d d ;
4 4

b bS

g
s l

 
  −  



= −   + f n n  (12) 266 
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g
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 
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

   = −    +     m r n r n  (13) 267 

where subscript * represents the complex conjugate; Γb is the intersection of Sb with z 268 

= 0; 21 zn = −n n . 269 

After dividing Sb into a series of quadratic elements and defining the shape function 270 

over each element, the velocity potential and its spatial derivatives can be obtained at 271 

the integration points by means of the shape function. Then, the integrals in Eqs. (12) 272 

and (13) can be evaluated numerically based on the Gauss-Legendre quadrature rule. 273 

 274 

3.3 Calculation of the mean wave drift force using a semi-cylindrical control 275 

surface 276 

3.3.1 Derivation of the formulation involving a semi-cylindrical control surface 277 

Besides the near-field formulation, the computation can also be achieved by using 278 

the far-field formulation or applying the technique of control surfaces (Chen, 2007; lee, 279 

2007; Liang and Chen, 2017). For a multi-body system, the conventional far-field 280 

formulation is restricted to give the global force on the system. In the meantime, the 281 

method involving control surfaces takes the obvious advantage that it can give the wave 282 

force on each individual body of a multi-body system. In view of this, the technique of 283 

control surfaces in conjunction with HOBEM has been used to calculate the mean wave 284 

force on a vessel alongside a vertical wall. 285 

A fictitious semi-cylinder enclosing the vessel is then considered. It is defined by 0 286 

≤ r ≤ Rc, π/2 ≤ θ ≤ 3π/2, and ‒h ≤ z ≤ ζ. The boundary surfaces of the semi-cylinder are 287 

SC, ˆ
WS , ˆ

FS , and ˆ
dS , respectively. SC represents a semi-cylindrical control surface, 288 

extending from the seabed to the free surface. ˆ
WS , ˆ

FS , and ˆ
dS  are the intersection 289 



of the semi cylinder with the free surface, the seabed and the vertical wall, respectively. 290 

In the control volume limited by SB, SC, ˆ
WS , ˆ

FS , and ˆ
dS , the linear momentum can 291 

be expressed as 292 

 ( )
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d
d ,

d
C B W F d

x x
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n u
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n vt
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 u n  (14) 293 

where P is the pressure exerted by the fluid; Un is the normal velocity of the boundary 294 

surface; u = (u, v, w)T is the vector of fluid velocity. On ˆ
FS , it is required that u·n – Un 295 

= 0. On 
BS , ˆ

WS , and ˆ
dS , it is required that u·n =0 and Un = 0. The control surface SC 296 

is fixed, yielding Un = 0 on SC. The fluid pressure over the free surface is equivalent to 297 

the atmospheric pressure, which is assumed zero. In addition, within the framework of 298 

potential flow theory, fluid velocity can be expressed as the derivative of velocity 299 

potential. Then, we can relate the wave force on the vessel to the changing rate of the 300 

linear momentum in the control volume. That is 301 
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  u n  (15) 302 

When the time average is taken, and the periodicity is invoked, the last term on the 303 

right-hand side of Eq. (15) gives no contribution. Then, the second-order mean wave 304 

drift force on the vessel is expressed as 305 
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where the overbar indicates the mean value in a wave period. 307 

Analogous to the analysis of wave force, we can relate the wave moment on the 308 

vessel to the changing rate of the angular momentum in the control volume. Then, the 309 

following expression can be obtained for mean wave drift moment 
zm−  with respect to 310 

the rotation centre: 311 
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For the harmonic incident waves, after using Bernoulli's equation and Taylor's series 313 

expansion, Eqs. (16) and (17) can be further expressed as 314 
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where Sc is the mean control surface, and defined by r = Rc, ‒h ≤ z ≤ 0, and π/2 ≤ θ ≤ 318 

3π/2; ˆ
wS   is defined by x = 0, ‒Rc ≤ y ≤ Rc, and ‒h ≤ z ≤ 0; 

c   and ˆ
w   are the 319 

intersection of Sc and ˆ
wS  with z = 0, respectively. The normal vector on Sc is defined 320 

as positive when pointing to the far-field region. In addition, the normal vector on ˆ
wS  321 

points to the positive x direction. 322 

  323 

Fig. 3 Definition of the semi-cylindrical control surface surrounding (a) a rectangular barge and (b) 324 

a Wigley hull 325 

 326 

3.3.2 Numerical evaluation of the mean wave drift force based on the derived 327 

formulation 328 

Compared with Eq. (13) which is based on the direct pressure integration, the new 329 

expressions of the mean wave drift force and moment in Eq. (18) no longer involve the 330 

quantities over the body surface. However, the velocity potential and its derivative over 331 

Sc and ˆ
wS  are required. 332 



The use of a semi-cylindrical control surface takes the obvious advantage that the 333 

velocity potential and its derivative over the control surface can be calculated in an 334 

analytical way. Fig. 3 shows the definition of the semi-cylindrical control surface 335 

surrounding a rectangular barge and a Wigley hull, respectively. Over Sc, which is 336 

smooth and at a distance from the vessel, the velocity potential can be expressed into a 337 

Fourier series of polar angle θ, where ( )1tan y x −= . Then, we can present Green's 338 

function Sc in the form of a discrete eigenfunction expansion using Graf's addition 339 

theorem: 340 
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with ( )1

0 0 0tan y x −= ; 2 2r x y= + ; 2 2

0 0 0r x y= + . In Eq. (20), r> = max(r0, r); r< = 344 

min(r0, r); kn is the nth positive real root of ( )2 tann ngk k h = −  ; Hm is the Hankel 345 

function of the first kind of order m; Im and Km are the modified Bessel functions of the 346 

first and second kind of order m, respectively. Based on Graf's addition theorem, the 347 

incident velocity potential can be expressed in the cylindrical coordinate as: 348 

 ( ) ( ) i

0 0 0,  ,m

I m

m

T r z e 
+

=−

 =  x  (21) 349 

where 350 

 ( )
( )

( )
( ) ( )

0 ii

0 0 0

coshi
,  i .

cosh

mm m

m

k z hAg
T r z e e J kr

kh

 



− −−
+    = − +

 
 (22) 351 

Based on Eqs. (19) to (22) and applying Green's second identity, the diffraction velocity 352 

potential can be expressed in the following form:

 

353 
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Then, when x0 is on the control surface Sc, we can obtain that 361 
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We then consider the case when x0 is located on ˆ
wS . The following integral equation 367 

method is used to determine the velocity potential: 368 
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As a no flow is held on x = 0, the derivative of the velocity potential with respect to x 370 

is zero on ˆ
wS  . In addition, the derivatives with respect to y and z are evaluated 371 

numerically with the aid of shape functions. 372 

After obtaining the velocity potential and its derivatives over Sc and ˆ
wS , the mean 373 

wave drift force can be evaluated based on Eq. (18) by the application of the Gauss-374 

Legendre quadrature rule with Sc and ˆ
wS   being divided into a series of quadratic 375 

elements. 376 

 377 

4. Convergence test and validation 378 

To verify the reliability of the developed model, the convergence of the results with 379 

respect to the mesh discretization is then examined. A rectangular barge as well as a 380 

Wigley hull, which are both of length l = 276 m, width b = 46 m and draft d = 13.8 m, 381 



are firstly taken as examples. The vessel is placed in front of a vertical wall at a constant 382 

water depth h = 92 m. The gap width between the vessel and the vertical wall is e = 4.6 383 

m. Computation is then conducted for the mean wave drift force in the horizontal plane 384 

and the mean yaw moment. Prior to that, meshing is simplified by discretising the first 385 

quadrant of the body surface due to the geometrical symmetry. Two discretisation 386 

strategies, namely Mesh 1 and Mesh 2, are employed in the test. In Mesh 1, 588 and 387 

448 quadrilateral elements are used in a quadrant of the rectangular barge and the 388 

Wigley hull, respectively. Whereas the number of elements in Mesh 2 increases to 900 389 

and 780, respectively, as depicted in Fig. 4. Numerical computation is then conducted 390 

based on the near-field formulation. Even though Mesh 1 is much coarser than Mesh 2, 391 

they lead to almost the same results as shown in Figs. 5-6, indicating that convergence 392 

is achieved. In addition, for the purpose of validation, the calculation by applying a 393 

semi-cylindrical control surface has also been conducted, and the results have been 394 

added in Figs. 5-6. In the computation, the mesh discretization over the body surface 395 

follows the scheme Mesh 2, and Sc and ˆ
wS  are divided into a total of 1035 quadrilateral 396 

elements with Rc = 250 m. As shown in Figs. 5-6, the results based on different 397 

formulations are in good agreement. 398 

We then consider the test case of wave interaction with a bottom-mounted surface-399 

piecing vertical column in front of a vertical wall. The radius of the column is a, the 400 

water depth d equals 5a, and the distance between the centre of the column and the 401 

vertical wall equals 2a in the horizontal plane. Semi-analytical solutions to the mean 402 

wave drift force on a column array in front of a long vertical wall have been developed 403 

by Cong et al. (2020), which provides a useful benchmark for the present computation. 404 

In the present computation, 104 quadrilateral elements over the body surface are used 405 

in a quadrant, and Sc and ˆ
wS  are divided into a total of 500 quadrilateral elements with 406 

Rc = 5a. In Figs. 7-8, an excellent agreement is achieved between present results and 407 

semi-analytical results, further confirming the validity of the present solution. 408 



 409 

Fig. 4. Computational meshes in a quadrant area for the cases of (a) a rectangular barge and (b) a 410 

Wigley hull in front of a vertical wall with the discretisation strategy Mesh 2. 411 

  412 

Fig. 5. Comparison of the horizontal mean wave drift force on (a) a rectangular barge and (b) a 413 

Wigley hull in front of a vertical wall based on different methods with e = 4.6 m and β = 30°. ‘NF’ 414 

denotes the results based on the near-field formulation; ‘CS’ denotes those by using the control 415 

surface. 416 

  417 

Fig. 6. Comparison of the mean yaw moment on (a) a rectangular barge and (b) a Wigley hull in 418 

front of a vertical wall based on different methods with e = 4.6 m and β = 30° 419 

  420 

Fig. 7. Comparison of the mean wave drift force on a vertical column in front of a vertical wall with 421 

β = 30°. 422 



  423 

Fig. 8. Comparison of the mean wave drift force on a vertical column in front of a vertical wall with 424 

β = 45°. 425 

 426 

5. Numerical results and discussion 427 

Detailed numeral studies are conducted in this section for both normal and oblique 428 

sea conditions. The dimensions of the vessel are the same as those in the convergence 429 

test, i.e., l = 276 m, b = 46 m and d = 13.8 m. The water depth is h = 92.0 m. In addition, 430 

four points on the free surface in the gap, namely P1, P2, P3 and P4, are introduced as 431 

featured points. The coordinates of P1 to P4 in the horizontal plane are (‒e/2, ‒0.0 m), 432 

(‒e/2, ‒60.0 m), (‒e/2, ‒90.0 m) and (‒e/2, ‒120.0 m), respectively. 433 

 434 

5.1 Free-surface elevation 435 

We then consider the case of a berthed rectangular barge. The variation of the linear 436 

free-surface elevation amplitude at P1 to P4 with respect to the wave frequency is shown 437 

in Figs. 9, 10 and 11. In the calculation, the wave heading is varied as β = 0°, 15° and 438 

30°, and the spacing between the long wall and the barge is e = 4.6 m. The free-surface 439 

elevation amplitude is characterized by a series of apparent peaks. The peaks 440 

corresponding to different wave headings are not at identical frequencies. Under 441 

oblique incidence, the propagating waves along the gap get more significant. They can 442 

superimpose on the nearly standing wave field when resonance occurs and then cause 443 

a shift in the peak frequencies. The resulting shift is more apparent at the lower 444 

frequencies. 445 



  446 

  447 

Fig. 9. Variation of the free-surface elevation amplitude at the featured points P1 to P4 with e = 4.6 448 

m and β = 0° for the case of a rectangular barge: (a) P1, (b) P2, (c) P3, and (d) P4 449 

  450 

  451 

Fig. 10. Variation of the free-surface elevation amplitude at the featured points P1 to P4 with e = 4.6 452 

m and β = 15° for the case of a rectangular barge: (a) P1, (b) P2, (c) P3, and (d) P4 453 

  454 



  455 

Fig. 11. Variation of the free-surface elevation amplitude at the featured point P1 to P4 with e = 4.6 456 

m and β = 30° for the case of a rectangular barge: (a) P1, (b) P2, (c) P3, and (d) P4 457 

 458 

Analogous results to those in Fig. 11 but with the spacing e = 9.2 m are shown in Fig. 459 

12. The comparison of the results with e = 4.6 m and 9.2 m shows that the frequencies 460 

of the apparent peaks depend on the spacing, and the magnitudes of the peaks decrease 461 

with increasing spacing. 462 

  463 

  464 

Fig. 12. Variation of the free-surface elevation amplitude at the featured points P1 to P4 with e = 9.2 465 

m and β = 30° for the case of a rectangular barge: (a) P1, (b) P2, (c) P3, and (d) P4 466 

 467 

The prediction of moonpool resonant frequencies, which has been comprehensively 468 

investigated by Molin (2001), can be used to inform the understanding of gap resonance. 469 

However, the boundary condition at the gap ends differs from that for the moonpool. In 470 

Sun et al. (2010), an analytical model was developed to predict the resonant frequencies 471 

for the three-dimensional flow. This model is similar to that for the moonpool but 472 



assumes an open (zero pressure) condition at the gap ends. We denote mode (m, n) 473 

corresponds to a scattered mode having m and n half wavelengths along the length and 474 

width direction, respectively. Then, following Sun et al. (2010), the resonant frequency 475 

for mode (m, n), which is denoted by ωmn hereinafter, can be determined according to 476 
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In Eqs. (29) and (30), ( ) ( )sinm mf   = ; ( ) ( )cosn ng   = ; ( ) ( )
2 2

R     = − + − ; 480 

λ = mπ/l; μn = nπ/b. When the gap is narrow, the free-surface motion along the gap width 481 

is dominated by the piston motion mode (n = 0). Based on the method by Molin (2001) 482 

the quadruple integral in Eq. (30) can be reduced to a single integral by using the residue 483 

theorem in the case of n = 0. 484 

 485 

Table 1. Comparison of the resonant frequencies ωmn for the free-surface elevation in the gap 486 

between a rectangular barge and a vertical wall with l = 276 m and b = 46 m. The results on the first 487 

line are based on the analytical method; the results on the second line are based on the numerical 488 

analysis of the free-surface elevation at P4 when β = 30°. 489 

(m, n) = 

e = 
(1, 0) (2, 0) (3, 0) (4, 0) (5, 0) (6, 0) (7, 0) (8, 0) (9, 0) (10, 0) 

4.6 m 
0.610 0.668 0.717 0.767 0.817 0.868 0.919 0.970 1.020 1.069 

0.632 0.676 0.718 0.764 0.812 0.858 0.909 0.962 1.011 1.059 

           

9.2 m 
0.531 0.606 0.669 0.730 0.789 0.847 0.904 0.959 1.012 1.063 

0.557 0.612 0.666 0.723 0.778 0.831 0.889 0.949 0.996 1.054 

 490 

The comparison of the peak frequencies from the numerical analysis with those from 491 

the analytical model is shown in Table 1. A close agreement can be seen from Table 1. 492 

The discrepancy can be attributed to that the zero pressure boundary conditions at the 493 

gap ends have been used in the analytical model. The comparison shown in Table 1 494 

indicates that the apparent peaks of the free-surface elevation at P1 to P4 are caused by 495 

the resonant fluid motion within the gap. 496 



The distribution of the free-surface elevation amplitude corresponding to different 497 

resonant modes is shown in Figs. 13 and 14 for β = 0° and 30°, respectively. It is made 498 

clear from these figures that the mode shapes are characterised by the evident odd and 499 

even peaks within the gap. Due to the symmetry of the barge-wall system, in beam seas 500 

(β = 0°), only the odd modes can be induced (see Fig. 13). In the meantime, the oblique 501 

wave action (β = 30°) can motivate both the odd and even modes of fluid motion (see 502 

Fig. 14). The free-surface elevation amplitude and its phase along x = ‒e/2 are depicted 503 

in Figs. 15 and 16. The mode (m, 0) corresponds to a scattered mode having m half 504 

wavelengths along the gap length. Correspondingly, the overall gap can be divided into 505 

a number of m sub-regions, and the fluid motion within the neighbouring sub-regions 506 

is almost out of phase. When a peak is attained within a certain sub-region, troughs are 507 

attained at the same time within the neighboring sub-regions, which in turn forms the 508 

nearly standing wave motion. 509 

 510 

Fig. 13. Distribution of the free-surface elevation amplitude in the vicinity of a rectangular barge in 511 

front of a vertical wall when β = 0° for (a) ω = 0.642 rad/s, (b) ω = 0.721 rad/s, and (c) ω = 0.811 512 

rad/s 513 

 514 



 515 

Fig. 14. Distribution of the free-surface elevation amplitude in the vicinity of a rectangular barge in 516 

front of a vertical wall when β = 30° for (a) ω = 0.632 rad/s, (b) ω = 0.676 rad/s, (c) ω = 0.718 rad/s, 517 

(d) ω = 0.764 rad/s, (e) ω = 0.812 rad/s, and (f) ω = 0.858 rad/s. 518 

  519 

 520 

Fig. 15. Variation of the free-surface elevation amplitude and its phase along x = ‒e/2 when β = 0° 521 

for the case of a rectangular barge: (a) ω = 0.642 rad/s, (b) ω = 0.721 rad/s, and (c) ω = 0.811 rad/s. 522 

  523 



  524 

  525 

Fig. 16. Variation of the free-surface elevation amplitude and its phase along x = ‒e/2 when β = 30° 526 

for the case of a rectangular barge: (a) ω = 0.632 rad/s, (b) ω = 0.676 rad/s, (c) ω = 0.718 rad/s, (d) 527 

ω = 0.764 rad/s, (e) ω = 0.812 rad/s, and (f) ω = 0.858 rad/s. 528 

 529 

The variation of the free-surface elevation amplitude at the gap centre (0, 0) is shown 530 

in Fig. 17 for different gap lengths, i.e., l = 2b, 3b, 4b and +∞. l = +∞ corresponds to a 531 

limiting case that the barge length tends to infinity. Then, the barge-wall system can be 532 

regarded as a two-dimensional one. A semi-analytical solution has been developed for 533 

a two-dimensional system in oblique seas. The details of the solution are shown in the 534 

Appendix. At the gap centre, the free-surface elevation corresponding to (1, 0) mode is 535 

much more pronounced than in higher modes. The frequency of the predominant peak 536 

moves gradually to the low-frequency region as l increases, which is owing to the 537 

increase in the inertia of the entrapped fluid. In addition, the predominant peak gets 538 

gradually more apparent as l increases. The two-dimensional solution is characterised 539 

by a single peak at the (1, 0) mode. As shown in Fig. 17, the application of a two-540 

dimensional solution obviously overestimates the peak response within the gap. 541 



  542 

Fig. 17. Variation of the free-surface elevation amplitude at the gap centre (0, 0) under different gap 543 

lengths with e = 4.6 m and b = 46 m for the case of a rectangular barge: (a) β = 7.5°, and (b) β = 15°. 544 

 545 

We then consider the case that a Wigley hull is alongside a vertical wall. Figs. 18-19 546 

show the variation of the free-surface elevation amplitude at the featured points P1 to 547 

P4. For the purpose of comparison, the results for a rectangular barge have also been 548 

added to these figures. Compared with the case of a rectangular barge, the results for a 549 

Wigley hull oscillates less frequently with respect to the wave frequency, and the peak 550 

response is much less obvious. Figs. 20-21 shows the distribution of the free-surface 551 

elevation amplitude around a Wigley hull in front of a vertical wall for the first three 552 

peak frequencies at P3 and P4 when β = 30°. The free-surface elevation in the gap is 553 

characterised by one single peak. The apparent peak appears around the stern area in 554 

long waves, and then moves gradually to the gap centre and gets gradually less evident 555 

as the frequency increases. As shown Figs. 20-21, the hydrodynamic interference effect 556 

between the Wigley hull and the vertical wall can give rise to the apparent amplification 557 

of the free-surface elevation in the gap. However, such amplification is much less 558 

obvious when compared with the resonant response for a rectangular barge. The above 559 

results show that the hull geometry imposes a significant impact on the free-surface 560 

response. The application of a rectangular barge, which is a simple presentation of the 561 

complex hull geometry, would obviously overestimate the response in the gap. 562 



  563 

  564 

Fig. 18. Comparison of the free-surface elevation amplitude at the featured points P1 to P4 for the 565 

cases of a rectangular barge and a Wigley hull alongside a vertical wall with e = 4.6 m and β = 0°: 566 

(a) P1, (b) P2, (c) P3, and (d) P4 567 

  568 

  569 

Fig. 19. Comparison of the free-surface elevation amplitude at the featured points P1 to P4 for the 570 

cases of a rectangular barge and a Wigley hull alongside a vertical wall with e = 4.6 m and β = 30°: 571 

(a) P1, (b) P2, (c) P3, and (d) P4 572 



 573 

Fig. 20. Distribution of the free-surface elevation amplitude in the vicinity of a Wigley hull in front 574 

of a vertical wall when β = 30° for the first three peak frequencies at P3: (a) ω = 0.677 rad/s, (b) ω 575 

= 0.877 rad/s, and (c) ω = 0.979 rad/s. 576 

 577 

Fig. 21. Distribution of the free-surface elevation amplitude in the vicinity of a Wigley hull in front 578 

of a vertical wall when β = 30° for the first three peak frequencies at P4: (a) ω = 0.652 rad/s, (b) ω 579 

= 0.816 rad/s, and (c) ω = 0.912 rad/s. 580 

 581 

5.2 Linear wave force 582 

The variation of the linear wave force and moment amplitude with respect to the 583 

wave frequency is shown in Fig. 22 for the case of a rectangular barge. The pronounced 584 

free-surface response in the gap is accompanied by the greatly amplified hydrodynamic 585 

pressure. Consequently, the (1, 0) resonant mode causes the apparent amplification of 586 

the lateral and vertical wave force. An exception is found from fy, as fy is mainly induced 587 

by the wave action in the area outside the gap. The pitch moment follows a similar trend 588 

as the lateral wave force. In the meantime, significant peaks of the roll and yaw moment 589 

are attained at the location of (2, 0) resonant mode, which is caused by the obvious peak 590 

in one half region and the obvious trough that appears simultaneously in the remaining 591 

half region along the gap. 592 



  593 

  594 

  595 

Fig. 22. Variation of the wave force and moment on a rectangular barge in front of a vertical wall 596 

with e = 4.6 m: (a) fx, (b) fy, (c) fz, (d) mx, (e) my, and (f) mz 597 

 598 

Analogous results to those in Fig. 22 but with the spacing e = 9.2 m are shown in Fig. 599 

23. The comparison of the results with e = 4.6 m and 9.2 m illustrates that an increase 600 

in the spacing moves the frequency of the apparent peak to the high-frequency region 601 

and causes a reduction of the peak force or moment, which is consistent with the free-602 

surface elevation. 603 

The results of the wave force and moment on the rectangular barge are then compared 604 

with those for a Wigley hull. As shown in Fig. 24, the entrapped waves within the gap 605 

can give rise to the enhancement of the wave force and moment on the Wigley hull. 606 

However, such enhancement is much less obvious than that for a rectangular barge. An 607 

exception can be found from the pitch moment my. This is owing to that the entrapped 608 

waves around the stern have a large moment arm for the pitch moment on the vessel. 609 
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  611 

  612 

Fig. 23. Variation of the wave force and moment on a rectangular barge in front of a vertical wall 613 

with e = 9.2 m: (a) fx, (b) fy, (c) fz, (d) mx, (e) my, and (f) mz 614 

 615 

  616 



  617 

Fig. 24. Comparison of the wave force and moment on a rectangular barge and a Wigley hull in 618 

front of a vertical wall with e = 4.6 m and β = 30°: (a) fx, (b) fy, (c) fz, (d) mx, (e) my, and (f) mz 619 

 620 

5.3 Mean wave drift force 621 

The variation of the mean wave drift force and moment are shown in Fig. 25 for the 622 

case of a rectangular barge with e = 4.6 m. As illustrated in Fig. 25(a), the mean wave 623 

drift force xf
−  is characterised by the remarkably enhanced negative mean force at the 624 

resonant frequency of mode (1, 0), i.e., ω10. Under oblique wave action (β > 0), obvious 625 

negative mean force, which tends to push the barge away from the vertical wall, can be 626 

attained around the resonant frequencies of both odd and even modes. With the increase 627 

of β, the nearly standing wave motion within the gap corresponding to mode (1, 0) gets 628 

gradually less obvious, which weakens the pronounced negative mean force at ω10. As 629 

β grows to π/6, the peak corresponding to mode (2, 0) gets more apparent than that of 630 

mode (1, 0). 631 

As illustrated in Fig. 25(b), the mean wave force yf −  is much smaller in magnitude 632 

when compared with xf
− , which is due to the small projection area of wave action on 633 

the barge along the y-axis. The effect of the resonant fluid motion on yf −  is not obvious, 634 

which is due to that yf −  is mainly induced by the wave action in the area away from 635 

the resonant region. 636 

As shown in Fig. 25(c), the (1, 0) resonant mode can result in an evident positive 637 

mean yaw moment, which can cause a mean offset rotation angle of the barge in the 638 

horizontal plane along the anti-clockwise direction. This can pull the stern of the barge, 639 

which faces the incident waves, closer to the wall, while pushing the bow away from 640 

the wall. The enhancement of the mean yaw moment can also be found at higher-order 641 



even or odd modes, but is much less obvious than that at mode (1, 0). 642 

  643 

 644 

Fig. 25. Variation of the mean wave drift force and moment on a rectangular barge in front of a 645 

vertical wall with e = 4.6 m: (a) 
xf
− , (b) 

yf − , and (c) 
zm−  646 

Analogous results to those in Fig. 25 but with the spacing e = 9.2 m are shown in Fig. 647 

26. The comparison between the results with e = 4.6 m and 9.2 m illustrates that the 648 

enhancement of the mean wave force and moment gets gradually less obvious as the 649 

spacing increases. 650 

In Fig. 27, the results of the mean wave drift force and moment on the rectangular 651 

barge are compared with those for a Wigley hull. The trend of xf −  and zm−  for the 652 

case of a Wigley hull differs from that for a rectangular barge. The sharp increment of 653 

the negative mean force and positive mean moment induced by the violent fluid motion 654 

in the gap cannot be observed from the case of a Wigley hull. The mean force 
yf −  on 655 

a Wigley hull can be more significant than that on the rectangular barge in a certain 656 

frequency range. This is owing to that the entrapped waves around the stern can make 657 

a considerable contribution to 
yf −  on a Wigley hull. 658 



  659 

 660 

Fig. 26. Variation of the mean wave drift force and moment on a rectangular barge in front of a 661 

vertical wall with e = 9.2 m: (a) 
xf
− , (b) 

yf − , and (c) 
zm−  662 

  663 

 664 

Fig. 27. Comparison of the mean wave drift force and moment on a rectangular barge and a Wigley 665 

hull in front of a vertical wall with e = 4.6 m: (a) 
xf
− , (b) 

yf − , and (c) 
zm−  666 

 667 

6. Conclusions 668 

The focus of this work was on the wave interaction with a vessel alongside a vertical 669 

wall in both normal and oblique seas. For a three-dimensional system, this work was 670 



conducted using a HOBEM-based numerical model, where the imaging principle was 671 

applied to transform the original problem into an equivalent one in open seas. For a 672 

two-dimensional system, the eigenfunction expansion matching method has been used. 673 

Detailed numerical studies have been conducted. The main conclusions of this research 674 

were summarised as follows: 675 

1) Different methods have been developed for the calculation of the mean wave drift 676 

force on the vessel. A close agreement between the results based on different methods 677 

has been obtained. The validity of the present solution was further examined through a 678 

comparison with published semi-analytical results. The comparison confirms a 679 

favourable consistency with the published data. 680 

2) Due to the symmetry of the barge-wall system, only the odd resonant modes can 681 

be induced in beam seas (β = 0). However, under oblique wave action, both the odd and 682 

even modes can be induced within the gap formed by a rectangular barge and a long 683 

wall. The mode shapes are characterized by the alternative occurrence of apparent peaks 684 

and troughs along the gap, which in turn forms the nearly standing wave motion within 685 

the gap. 686 

3) For the case of a rectangular barge, the apparent peaks of the free-surface elevation 687 

amplitude corresponding to different wave headings are not identical. An increase of β 688 

can cause a shift of the peak frequencies, which is more evident for lower resonant 689 

modes. In addition, the pronounced free-surface elevation corresponding to the (1, 0) 690 

resonant mode at the gap centre gets gradually less obvious as β increases. The research 691 

also revealed that the application of a two-dimensional solution would overestimate the 692 

free-surface response at the gap centre. 693 

4) The (1, 0) resonant mode can give rise to the apparent amplification of the lateral 694 

and vertical wave force on the rectangular barge. In the meantime, significant peaks of 695 

the roll and yaw moment are attained at the location of the (2, 0) resonant mode, which 696 

is caused by the simultaneous appearance of the obvious peak in one half region and 697 

the obvious trough in the remaining half region along the gap. 698 

5) Both the odd and even resonant modes can give rise to the apparent amplification 699 



of the negative mean force on the rectangular barge along the transverse direction, 700 

which tends to push the barge away from the wall. In oblique seas, the (1, 0) resonant 701 

mode can cause the significant positive mean yaw moment on the barge, which tends 702 

to pull the stern of the barge (that faces the incident waves) closer to the wall, while 703 

pushing the bow away from the wall. Such enhancement is much less obvious at higher 704 

resonant modes. 705 

6) For the case of a Wigley hull, the hydrodynamic interference effect between the 706 

Wigley hull and the vertical wall can give rise to a significant free-surface response 707 

around the stern area in long waves. The entrapped waves move gradually to the gap 708 

centre and get gradually less evident as the wave frequency increases. In addition, for 709 

the case of a Wigley hull, the amplification of the free-surface response is much less 710 

obvious when compared with the resonant response for a rectangular barge. It suggests 711 

that the hull geometry imposes a significant impact on the resonant waves in the gap. 712 

The application of a rectangular barge, which is a simple presentation of the complex 713 

hull geometry, may obviously overestimate the free-surface response in the gap. 714 
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 719 

Appendix: Solutions to oblique wave interaction with a two-dimensional barge-720 

wall system 721 

We then assume the barge length to be infinitely long compared with the barge width. 722 

Then, the original problem in Fig. 1(a) can be approximated by a two-dimensional one 723 

as shown in Fig. A1. A train of plane waves of amplitude A and angular frequency ω is 724 

obliquely incident upon the barge from x = ‒∞. The wave heading is β with respect to 725 

the positive x-axis. The coordinate system is also shown in Fig. A1. 726 



 

 

 

 

Fig. A1 Definition of the coordinate system for a two-dimensional barge–wall system 727 

 728 

Frequency-domain analysis is then conducted. The velocity potential is expressed in 729 

the following form: 730 

 i sine .ky  =  (A1) 731 

After inserting Eq. (A1) into the Laplace equation, we can have 732 
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In addition, the boundary conditions satisfied by ψ are as follows: 734 
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where 743 
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The eigenfunction expansion matching method is then used to obtain the solution to 745 

the above-defined boundary value problem. The fluid domain is divided into three sub-746 

domains, which are defined as Ω1, Ω2 and Ω3, respectively, as indicated in Fig. A1. The 747 

velocity potentials in Ω1, Ω2 and Ω3 are denoted by ψ1, ψ2 and ψ3, respectively. By using 748 

the method of separation of variables, the spatial potential can be expressed in the form 749 

of orthogonal series in each subdomain 750 
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where Rm, Bm, Cm and Dm are unknown coefficients; ( )m mU z   and ( )m mY z   are 754 

orthonormal functions given at the intervals [−h, 0] and [−h, −d], respectively, and 755 

defined as 756 
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the functions ( )m mp x  and ( )m mq x  are defined by 759 
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When β = 0, ( )m mp x  and ( )m mq x  are replaced by 1 and x, respectively. In Eqs. 762 

(A10) and (A11), 0 ik = − , and κm (m ≥ 1) represents the mth positive real root of 763 

( )2 tanm mg h  − = ; m  are defined as 0 1 =  and ( )m m h d = −  for m ≥ 1; the 764 

eigenvalues μm and γm are defined as 765 



 
( )

22

i cos , 0,

sin , 1;
m

m

k m

k m




 

− =
= 

+ 

 (A12a) 766 

 
( )

22

sin , 0,

sin , 1.
m

m

k m

k m




 

=
= 

+ 

 (A12b) 767 

The expressions developed in Eq. (A9) satisfy Laplace’s equation and the boundary 768 

conditions in Eqs. (A3c), (A4), (A5), (A6) and (A7). In addition, these expressions have 769 

to satisfy the condition of the continuity of pressure and normal velocity at the borders 770 

between the neighbouring subdomains. To obtain the solutions of the coefficients, the 771 

infinite series in Eq. (A9) has to be truncated and only the first M terms are taken. The 772 

continuity of normal velocity between different subdomains at x = ‒e and x = ‒b ‒ e 773 

can be satisfied over the z interval in a least-square manner by using the orthogonal 774 

properties of vertical eigenfunctions. The procedure gives the following two sets of 775 

equations 776 
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where ( )n nN h  represents the inner products of the vertical eigenfunction ( )n nU z , 779 

and is defined by 780 

 ( )
( )

( )
2

sin 21
1 .

cos 2 2

n

n n

n n

hh
N h

h h




 

 
= + 

 

 (A14) 781 

By matching the potential between different subdomains at x = ‒e and x = ‒b ‒ e, the 782 

following two sets of linear equations can then be obtained 783 
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(A15b) 786 

We now get 4M complex equations and an equal number of unknown coefficients. 787 

Solving the system of linear equations gives the unknown coefficients in the orthogonal 788 

series, and the free-surface elevation and wave force can be determined. The detailed 789 

expressions of the free-surface elevation and wave force are not shown here for brevity. 790 
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