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Abstract

In this work, we investigate the spectra of gravitational waves produced by chiral symmetry

breaking in dark quantum chromodynamics (dQCD) sector. The dark pion (π) can be a dark matter

candidate as weakly interacting massive particle (WIMP) or strongly interacting massive particle

(SIMP). For a WIMP scenario, we introduce the dQCD sector coupled to the standard model (SM)

sector with classical scale invariance and investigate the annihilation process of the dark pion via

the 2π → 2 SM process. For a SIMP scenario, we investigate the 3π → 2π annihilation process

of the dark pion as a SIMP using chiral perturbation theory. We find that in the WIMP scenario

the gravitational wave background spectra can be observed by future space gravitational wave

antennas. On the other hand, when the dark pion is the SIMP dark matter with the constraints

for the chiral perturbative limit and pion-pion scattering cross section, the chiral phase transition

becomes crossover and then the gravitational waves are not produced.
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I. INTRODUCTION

One of greatest unsolved mysteries in elementary particle physics is an evidence of dark

matter (DM). The Planck observation tells us that its relic abundance today is ΩDMh
2 '

0.1186± 0.02 [1]. There is no candidate of DM in the standard model (SM), and therefore

it has to be extended.

One of attractive candidates of dark matter is the weakly interacting massive particle

(WIMP), whose thermal abundance is determined by 2 DM→ 2 SM annihilation process.

Such a particle naturally emerges from an extension of the SM, e.g., supersymmetry. Re-

cently, a new scenario for DM, namely strongly interacting massive particle (SIMP), was

suggested [2]. In this case, the annihilation process proceeds the 3 DM → 2 DM process.

The SIMP model could naturally address the core-cusp problem [2].

As one of extensions of the SM, dark quantum chromodynamics (dQCD) has been often

introduced [3–7]. Since the dark pion is generally stable thanks to the flavor symmetry,

it can be a dark matter candidate. Within extensions of the Higgs sector with dQCD,

the annihilation process 2π→ 2 SM is naturally given via the Higgs portal coupling; see

e.g. [5, 6, 8]. In such a case, the dark pion has a TeV scale mass and then behaves as a

WIMP dark matter. It is also known that the dark pion can be a SIMP in dQCD [9, 10].

In the SIMP scenario, the Wess-Zumino-Witten term [11–13] with the five point interaction

plays a crucial role for the 3π → 2π process.

It is important to detect the signals from the dark pion by experiments such as collider

experiments and the DM detections. We need the complementary probes towards observing

the dark pion in order to clarify the nature of DM. As a new way of probing new physics,

the observation of the spectra of gravitational waves (GWs) may be significant. After the

discovery of the GW [14], it has been accelerated to study towards observing stochastic GWs

produced by the inflation and the cosmic strings. Several experiments have been designed,

e.g. eLISA [15, 16] and DECIGO [17–19] towards observing the wide-band of frequency of

the GWs. The early studies [20–22] have pointed out that the cosmological phase transitions

can produce the GWs. Refs. [23–36] have discussed the possibility of their observations in

future experiments.

Let us consider a strongly interacting dark sector whose Lagrangian is described by

LdQCD = −1

4
F a
µνF

aµν + ψ̄i(δiji /D − (mq)ij)ψj, (1)

2



where F a
µν is the field strength for SU(Nc) gauge fields Aaµ; Dµ = ∂µ − igHA

a
µT

a is the

covariant derivative; Nc is the dark color number; and ψi is the dark quark with a finite

mass (mq)ij and the flavor number i, j = 1, ..., Nf . We assume that the dark quarks do not

have the SM charge. Note that if the dark quark masses are degenerate, i.e., (mq)ij = mqδij,

the Lagrangian Eq. (1) has global symmetries: SU(Nf )V × U(1)V × U(1)A.

As explained above, this dark pion can be a WIMP or a SIMP dark matter. Besides

it, one can easily expect that the phase transitions at finite temperature in the dark sector

have taken place in the early universe due to the strong dynamics if the dark pion actually

exists. It is known that for the small quark masses for Nf = 3, the chiral phase transition

becomes strongly first-order, which can be seen in the Columbia plot, see e.g. [37]. In this

case, the GWs can be produced and could be observed by the future experiments for the

GW detection [27].

In this paper, we study the spectra of GWs due to the dynamical chiral symmetry break-

ing (DχSB) in the dQCD Eq. (1) with dark pion as a dark matter. We assume that the

symmetry breaking pattern SU(Nf )L × SU(Nf )R → SU(Nf )V takes place. For the WIMP

dark matter scenario, we have to specify the connection between the dark sector and the

SM sector in order to have a process 2 DM→ 2 SM. In this work, we introduce the dark

sector Eq. (1) as a classically scale invariant extension of the SM with a singlet scalar field

S [3–8, 38, 39] since this model is a simple model for the dark pion as a WIMP dark matter.

The dark quark mass mij is given by the Yukawa interaction yijSψ̄iψj. Due to the strong

dynamics of dQCD, the chiral and scale symmetries are dynamically broken and then the

electroweak (EW) scale are generated. The dark pion is produced via the DχSB and obtains

the mass being proportional to yij〈S〉. In contrast, for the SIMP dark matter scenario, the

annihilation process of dark pions is given by the dynamics of dark pions only. Therefore,

we do not have to specify the connection to the SM.1 Introducing chiral perturbation theory,

we describe the pion dynamics and evaluate the relic abundance.

To evaluate the spectra of GWs, we need to investigate the effective potential and the

chiral phase transition at finite temperature. However, the treatment of the strong dynamics

described by Eq. (1) is complicated. Therefore, we use the effective theory approach to

1 Nevertheless, the dark sector has to be connected to the SM sector in order to thermalize DM. The kinetic

interaction between hidden pions and SM particles has been discussed in Ref. [40]. See also [41].
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the dark sector: LdQCD ' Leff. In this work, we introduce the linear sigma model and

investigate the chiral phase transition at finite temperature for both WIMP and SIMP

dark matter scenarios. It has been discussed in Refs. [42, 43] that the linear sigma model

actually describes the critical phenomena of the chiral phase transition well. Since the

critical temperature and order of the phase transition are important for spectra of GWs, it

would be useful to extract the essence of the phase transition from the linear sigma model.

This paper is organized as follow: In the next section, we discuss the dark pion as the

WIMP within the classically scale invariant extension of the SM. The allowed parameter

space which can explain the observed values of DM relic abundance is investigated. At a

benchmark point, we calculate the spectra of GWs background. In section III, the SIMP

dark matter is discussed. We show the allowed region for the pion mass and decay constant.

The constraints come from the observed relic abundance of DM and pion-pion scattering am-

plitude. A possibility of producing the GWs is discussed within our setups. We summarize

our work in section IV. In Appendix, several supplementary formulas are given.

II. WEAKLY INTERACTING MASSIVE PARTICLE

In this section, we consider the dark pion as a WIMP dark matter. In order to generate

annihilation process of dark pions into the SM particles, we need to fix a connection between

the dark and the SM sector. To this end, we here consider the following classically scale

invariant Lagrangian [3, 4],

Ltotal = LSM|m2
H→0 + Ldark, (2)

where LSM is the SM Lagrangian and

Ldark = −1

4
F a
µνF

aµν + ψ̄i(δiji /D − yijS)ψj +
1

2
(∂µS)2 − λS

4
S4 +

λHS
2
S2H†H (3)

is the Lagrangian of the dark sector. Here, S is a singlet real scalar field and is coupled to

the SM Higgs doublet field H via the Higgs portal coupling λHS. The dark quark masses are

generated by the Yukawa interaction. Hereafter, we assume that SU(Nf )V symmetry is not

broken, that is, the Yukawa coupling matrix is proportional to the identity matrix: yij = yδij.

Due to the strong dynamics of dQCD, the DχSB takes place, and the dark quark obtains

the dynamical mass. Its mass scale can be the origin of the EW scale through the mediator
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S and the Higgs portal coupling, i.e. the Higgs mass term is given by m2
H ∼ λHS〈S〉2. If

λHS is of order 10−3, the scale of the dark sector is TeV order. After the DχSB, the stable

dark pions appear thanks to the flavor symmetry. These dark pions have a finite mass via

the Yukawa interaction being the bare dark quark mass mq = y〈S〉.
The literature [8] has studied the model Eq. (3) using the Nambu–Jona-Lasinio model [44–

46] for the dQCD sector. The relic abundance of the dark pion and the chiral and EW phase

transitions at finite temperature have been investigated. Here, we use the linear sigma model

and follow the formulations given in [8] for the dark pion as a candidate of dark matter.

A. Vacuum and mass spectrum

To investigate the vacuum of Eq. (3), we employ the linear sigma model for the dQCD

sector. In this work, the Nf = 3 case is considered since the Columbia plot indicates that

the chiral phase transition in three-flavor QCD becomes first-order for the small bare quark

masses. Its basic formulations are shown in Appendix A. Using Eq. (A30), the effective

potential at the tree level for Eq. (3) is approximately given by

Vtree(σ̄, h, S) =
m2

2
σ̄2 − c

3
√

6
σ̄3 +

1

4

(
λ1 +

λ2

3

)
σ̄4 − jσ̄ +

λS
4
S4 − λHS

4
S2h2 +

λH
4
h4, (4)

where σ̄ and h are the scalar meson field, and the physical mode of the Higgs field is

parametrized as H = (0, h/
√

2)T , respectively. The expectation value 〈σ̄〉 corresponds to

the chiral condensate. Since we have j = m2mq and mq = yS (see Eq. (A9)), we see that

the explicit chiral symmetry breaking term is proportional to S, namely, j = m2yS. Note

that the higher loop effects qualitatively do not change the results [42, 47].

Let us here set the parameters. Since the linear sigma model is employed for dQCD

sector, there are no constraints on the parameters in this sector from experiments. In this

work, we use similar values given in [47], where the pion mass spectra in real QCD are

determined in the linear sigma model, namely,

m2 = (810)2 GeV2, c = 5600 GeV, λ1 = −15, λ2 = 50. (5)

For the coupling constants for the scalar sector, the following parameters are taken as an

example for illustration:

y = 0.2293, λS = 0.2, λHS = 0.01, λH = 0.132. (6)
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We will scan these parameters to be satisfied the constraints from the Higgs mass, the EW

vacuum and the relic abundance of the DM. In this case, the vacuum is determined as

〈σ̄〉 = 1079.27 GeV, 〈h〉 = 181.61 GeV, 〈S〉 = 933.14 GeV. (7)

Since the EW vacuum is vh = 246 GeV, we can define the rescale factor ζ = 246 GeV/〈h〉 '
1.35454. Using this factor, the dimensionful parameters are rescaled and then we obtain

σ̄0 = 〈σ̄〉 = 1461.91 GeV, vh = 〈h〉 = 246 GeV, vS = 〈S〉 = 1263.97 GeV. (8)

Note that the dimensionful parameters m2 and c are also rescaled by ζ.

We next calculate the masses for σ, h, S and π. The two point functions at the tree level

for the CP-even scalar fields are

Γσσ
(
p2
)

= p2 −m2 +

√
2

3
c σ̄ − (3λ1 + λ2)σ̄2, Γσh

(
p2
)

= Γhσ
(
p2
)

= 0,

ΓσS
(
p2
)

= ΓSσ
(
p2
)

=
ym2

2
, Γhh

(
p2
)

= p2 − 3λH〈h〉2 +
λHS

2
〈S〉2,

ΓSh
(
p2
)

= ΓhS
(
p2
)

=
λHS

2
〈h〉〈S〉, ΓSS

(
p2
)

= p2 − 3λS〈S〉2 +
λHS

2
〈h〉2, (9)

Then the masses for σ, h, S are given by the poles of the two-point function matrix

Γ
(
p2
)

=


Γhh(p

2) ΓSh(p
2) Γσh(p

2)

ΓSh(p
2) ΓSS(p2) ΓσS(p2)

Γσh(p
2) ΓσS(p2) Γσσ(p2)

 , (10)

i.e, the physical masses satisfy

Γij
(
m2
k

)
ξ

(k)
j = 0. (11)

We obtain the masses and the corresponding eigenvectors

m1 = 126.387 GeV, (ξ
(1)
1 , ξ

(1)
2 , ξ

(1)
3 ) = (0.999999, 0.00164989, 6.7083× 10−11), (12)

m2 = 978.914 GeV, (ξ
(2)
1 , ξ

(2)
2 , ξ

(2)
3 ) = (−0.00164989, 0.999999, 6.10691× 10−8), (13)

m3 = 1683.88 GeV, (ξ
(3)
1 , ξ

(3)
2 , ξ

(3)
3 ) = (3.36741× 10−11,−6.10691× 10−8, 1). (14)

The relation between the flavor eigenstates (h, S, σ) and the mass eigenstates (φ1, φ2, φ3) is

given by 
h

S

σ

 =


ξ

(1)
1 ξ

(2)
1 ξ

(3)
1

ξ
(1)
2 ξ

(2)
2 ξ

(3)
2

ξ
(1)
3 ξ

(2)
3 ξ

(3)
3



φ1

φ2

φ3

 . (15)
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πa

πa

κs

S h

h, t, Z, W+

h, t, Z, W−
πa

πa

S

h

h

FIG. 1: Annihilation processes of the dark pions into the SM particles. The black circle is the

effective vertex of π2S

Hereafter we write the mass eigenvalues as m1 = mh, m2 = mS and m3 = mσ.

Since the pion field is CP-odd and is not mixed with the other fields, its mass at the tree

level (see Eq. (A42)) is

mπ =

√
m2 − c√

6
〈σ̄〉+

(
λ1 +

λ2

3

)
〈σ̄〉2 ' 488.497 GeV. (16)

B. Dark pion relic abundance

We here calculate the thermal relic abundance of the WIMP DM. The annihilation pro-

cesses of two dark pions at the tree level are shown in Fig. 1. The thermally averaged cross

section for their annihilation process is given by

〈σv〉 =
1

32πm3
πN

2
π

[
(m2

π −M2
W )1/2aW + (m2

π −M2
Z)1/2aZ

+ (m2
π −M2

t )1/2at + (m2
π −m2

h)
1/2ah

]
+O

(
v2
)
, (17)

where Nπ is the number of pion,2 v is the DM relative velocity; and MW ' 80.4 GeV,

MZ ' 91.2 GeV and Mt ' 173 GeV are the W -boson, the Z-boson and the top-quark

masses, respectively. We also define the coefficients as

aW = 16

(
κs
vh

)2

|∆hS|2m4
π

(
1− M2

W

m2
π

+
3

4

M4
W

m4
π

)
, (18)

2 In the present analysis with a finite anomaly term c 6= 0 we have Nπ = N2
f − 1. Note that we have

Nπ = N2
f with the vanishing anomaly c = 0 since the dark pion and the η′-meson become degenerate in

mass: (m2
P )00 = (mP )2ii =: m2

π for i = 1, ..., 8; see a discussion below Eq. (A63).

7



=
+

κs

σ
S

S S

πa

πa

πa

πa

πa

πa ⟨σ⟩

σ

FIG. 2: The s-channel effective vertex of π2S. The gray circle denotes the coupling constant ỹ

aZ = 8

(
κs
vh

)2

|∆hS|2m4
π

(
1− M2

Z

m2
π

+
3

4

M4
Z

m4
π

)
, (19)

at = 24

(
κs
vh

)2

|∆hS|2M2
tm

2
π

(
1− M2

t

m2
π

)
, (20)

ah = 8

(
κs
vh

)2 ∣∣∣∣3λHvh∆hS −
λHSvS

2
∆SS

∣∣∣∣2 , (21)

and the propagators as

∆hS =
ξ

(2)
2 ξ

(2)
1

4m2
π −m2

S + iγSmS

+
ξ

(1)
2 ξ

(1)
1

4m2
π −m2

h

, (22)

∆SS =
ξ

(2)
2 ξ

(2)
2

4m2
π −m2

S + iγSmS

+
ξ

(1)
2 ξ

(1)
2

4m2
π −m2

h

, (23)

with the decay width of S,

γS =
(λHSvS)2

8πm2
S

√
m2
S

4
−m2

h. (24)

Since the decay through the Higgs mixing is suppressed by vh/σ̄0 and vh/vS, this formula is

good approximation for the decay of S. κs is the coupling constant of the s-channel effective

interaction π2S whose diagrams are shown in Fig. 2. From the 6th term in Eq. (A24) and

the explicit breaking term it is calculated as

κs = 2

[√
3

2
c+ 3

(
λ1 +

λ2

3

)
〈σ̄〉
]

m2y

4m2
π −m2

σ

. (25)

We now show the formula for the dark matter relic abundance [48],

Ωdarkπĥ
2 =

Y∞s0mπ

ρc/ĥ2
, (26)
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πa
πa

S

h
q q

κt

FIG. 3: The scattering process between the dark pion and the quarks in the nucleon.

where s0 = 2970/cm3 is the entropy density of the universe at present and ρc/ĥ
2 = 1.05 ×

10−5 GeV/cm3 is the critical density divided by the square of the dimensionless Hubble

parameter. Y∞ is the solution at x = mπ/T →∞ of the Boltzmann equation

dY

dx
= −0.264g∗(T )1/2

(
MPlmπ

x2

)
〈σv〉(Y 2 − Ȳ 2), (27)

with the Planck mass MPl = 1.22 × 1019 GeV and the degrees of freedom of relativistic

particles g∗(T ) ' 115.75 at TeV scale temperature. Note that the degrees of freedom of the

dark pions and the singlet-scalar are included in g∗(T ). Ȳ is Y in thermal equilibrium;

Ȳ =
45x2Nπ

4π4g∗
K2(x) , (28)

with the modified Bessel function of the second kind K2(x). The approximated solution of

Eq. (27) is given by

Y −1
∞ = 0.264g1/2

∗
MPlmπ

Nπ

〈σv〉
xf

, (29)

where xf is the ratio mπ/T at the freeze-out temperature and is obtained from [48]

xf = log

(
0.095MPlmπ〈σv〉

(g∗xf )1/2

)
. (30)

When we use the parameter set Eq. (5) and Eq. (6), we obtain

Ωdarkπĥ
2 ' 0.1168. (31)

Moreover, we give the spin-independent elastic cross section off the nucleon [49] as shown

in Fig. 3,

σSI =
1

4π

(
κt
vh

)2
[
f̂mN

(
ξ

(2)
2 ξ

(2)
1

m2
S

+
ξ

(1)
2 ξ

(1)
1

m2
h

)]2(
mN

mN +mπ

)2

, (32)
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= +κt
σ

SS

S

πa

πa

πa

πa
πa

⟨σ⟩

σ

πa

FIG. 4: The t-channel effective vertex of π2S.

where mN is the nucleon mass and f̂ ∼ 0.3 is the nucleonic matrix element.3 Here, κt is the

t-channel effective vertex which is shown in Fig. 4 and is evaluated as

κt = 2

[√
3

2
c+ 3

(
λ1 +

λ2

3

)
〈σ̄〉
]
m2y

−m2
σ

. (33)

For the parameter set Eq. (5) and Eq. (6), we have

σSI ' 1.0658× 10−49 cm2. (34)

We now search the parameter region where we have Ωdarkπĥ
2 <∼ ΩDMĥ

2 ' 0.12 [1], mh =

126 GeV [55, 56] and vh = 246 GeV. Here it is imposed that the relic abundance of dark pion

is smaller than observed value of DM since the dark η′ meson in the isospin limit and the dark

baryon may as well be stable. Indeed, in real QCD the proton is stable. For the parameters

of the dark sector, we use Eq. (5) and vary y, λS, λHS and λH . The σSI–mπ plot is shown

in Fig. 5.4 The left panel of Fig. 5 shows the spin-independent elastic cross section off the

nucleon σSI as a function of the dark pion mass mπ. Since we impose that the relic abundance

of the dark pion is less than ΩDMĥ
2 ' 0.12, we show the rescaled spin-independent elastic

cross section by the ratio Ωdarkπ/ΩDM and the latest result of XENON1T experiment [57]

3 f̂ is evaluated as

f̂ =
∑

q=u,...,t

fNq =
2

9
+

7

9
(fNu + fNd + fNs ) = 0.305± 0.009,

where we used values of fNq given in [50]. The quark contents of the nucleon fNq are calculated by lattice

simulation [51, 52], dispersion relations [50] and chiral effective field theories [53, 54].
4 We have searched the allowed region in the parameter space λH ∈ (0.131, 0.132), λHS ∈ (0.01, 0, 05),

λS ∈ (0.01, 0.5) and y ∈ (0.1, 1.0).
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FIG. 5: Left: The spin-independent elastic cross section off the nucleon σSI as a function of the

dark pion mass mπ. Right: σSI rescaled by Ωdarkπ/ΩDM. The blue dots show the allowed region

in the model. The black solid line denotes the central value of XENON1T with one (green) and

two (yellow) σ bands [57].

in the right panel. The rescaled cross section (Ωdarkπ/ΩDM)σSI is below the upper bound

(O(10−46) cm2) of the latest result of XENON1T experiment [57]. XENON1T [57–59] has

a sensitivity O(10−47) cm2 in future. Therefore, the light dark pion could be tested by

XENON1T in the future.

Note that within our effective theory approach, the effective coupling constant κs cannot

be large to explain the relic abundance Ωdarkπĥ
2 <∼ 0.12. This fact is reported in [8] where

the NJL model is employed as well. Hence, we use the resonant effect, namely, 2mDM ' mS

at which the propagators Eq. (22) and Eq. (23) are enhanced. This constraint could be

relaxed by imposing the U(1) charge on the dark quarks or breaking SU(3)V flavor symmetry

group to smaller one with the non-degenerate Yukawa coupling matrix yij. This possibilities

actually are shown in the NJL model approach [38, 39].
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FIG. 6: The black and red lines are the effective potential at zero and finite temperatures, re-

spectively. Top-Left: The effective potential at the cosmological phase transition temperature

Tt ' 430 GeV. Top-Right: The effective potential at the critical temperature Tc ' 690 GeV at

which the symmetric and the broken vacua degenerate. Bottom: The behavior of the expectation

value 〈σ̄〉 for varying temperature.

C. Gravitational waves from chiral phase transition for WIMP case

We investigate the GW background spectra from the chiral phase transition in the clas-

sically scale invariant model Eq. (3). To this end, using the Cornwall-Jackiw-Tomboulis

(CJT) formalism [61] discussed in appendix A 3, we evaluate the effective potential of

the linear sigma model at finite temperature. We use the parameter set Eq. (5) as the

benchmark point which yield the physical values Eq. (8), Eq. (12)–Eq. (14) and Eq. (31).

Since 〈h〉 < 〈S〉 < 〈σ̄〉, we can focus on only the dark sector dynamics, i.e., consider
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FIG. 7: The spectra of GWs. The dotted curves show the sensitivities of eLISA [15, 16]. The

labels (“C1” and “C2”) denotes the different configurations listed in table. 1 in [28]. Their data

sets are taken from [60]. The dashed lines represent different designs of DECIGO [17–19].

Veff(σ̄, h = 0, S = 0) at chiral phase transition temperature. The effective potential in this

case is shown in Fig. 6.

As shown in Appendix B, the GW background spectra are produced by three mechanisms,

namely, the bubble collision Ωcollĥ
2, the sound wave Ωswĥ

2 and the turbulence of plasma

ΩMHDĥ
2. These GW background spectra are characterized by three model-dependent pa-
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rameters. One is “cosmological” phase transition temperature Tt at which the Euclidean

action Eq. (B5) satisfies the criterion of the phase transition in the expanding universe

Eq. (B10). Other two parameters are the latent heat α and the (inverse) duration time β̃

which are given in Eq. (B2) and Eq. (B13), respectively.

In the top side of Fig. 6, we show the effective potential at zero temperature (black line),

the cosmological phase transition temperature Tt ' 430 GeV (red line in the left-hand side

panel) and the critical temperature Tc ' 690 GeV (red line in the right-hand side panel) at

which the vacua degenerate. The T dependence of the expectation value is shown in the

bottom side of Fig. 6. We find that the strong first-order phase transition takes place and

the cosmological phase transition takes place at Tt ' 430 GeV. At the cosmological phase

transition temperature, we obtain5

α = 0.038, β̃ = 3169.25. (35)

Besides, the GW background spectra depend on the velocity of bubble walls vb and the

number of degrees of freedom for relativistic particles gt∗ = g∗(Tt). As dynamics of the

phase transition, there are three possible cases: “non-runaway bubbles”; “runway bubbles

in plasma”; and “runaway bubbles in vacuum” [28]. In the first case, bubbles in a plasma

reach a terminal velocity being smaller than the speed of light, and the energy of scalar

field can be negligible, i.e., ΩGW(ν) ĥ2 ' [ΩSW(ν) + ΩMHD(ν)] ĥ2. The spectra of the bubble

collision become smaller than the others. In the second case, three mechanisms contribute

to the total spectra of GWs. In the last case, the bubble velocity quickly reaches the speed

of light (vb = 1) and the spectrum from the bubble collision becomes dominant. See [28] for

detailed discussion on the bubble dynamics. Although the velocity of bubble wall should

be determined by dynamics of bubbles, it cannot be precisely evaluated by the analyses

and then is treated as a free parameter. In this work, we assume “non-runaway” bubbles

expanding with velocities near the speed of sound cs = 0.577.6

At T = Tt ' 430 GeV, we have gt∗ ' 115.75. The formulas for the GW spectra are

given in Appendix B. Using the values Tt ' 430 GeV and Eq. (35) with several bubble wall

5 Note that the value of α corresponds to ∆ε(Tt) /T
4
t ' 1.33. This value is comparable to ∆ε(T ) /T 4 =

0.75± 0.17 in [62] where the lattice simulation for the pure Yang-Mills theory has been performed.
6 When the vacuum energy released at the cosmological phase transition is adequately large, the velocity

of bubble wall reaches to the speed of light (vb = 1). We expect that this situation would be somewhat

extreme.
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velocities; vb = cs/4, cs/2, cs and 1.5cs, the GW background spectra from three sources are

shown in Fig. 7, where the peaks of GW background spectra and frequencies become

• for vb = cs/4,

Ω̃collĥ
2 ' 6.31× 10−21, ν̃coll ' 0.081651 Hz, (36)

Ω̃SWĥ
2 ' 1.09× 10−14, ν̃SW ' 1.8990 Hz, (37)

Ω̃MHDĥ
2

(1 + 8πν̃MHD/ht)
' 9.11× 10−19, ν̃MHD ' 2.6119 Hz; (38)

• for vb = cs/2,

Ω̃collĥ
2 ' 4.81× 10−20, ν̃coll ' 0.079538 Hz, (39)

Ω̃SWĥ
2 ' 2.1756× 10−14, ν̃SW ' 0.94952 Hz, (40)

Ω̃MHDĥ
2

(1 + 8πν̃MHD/ht)
' 9.11× 10−19, ν̃MHD ' 1.3060 Hz; (41)

• for vb = cs,

Ω̃collĥ
2 ' 2.79× 10−19, ν̃coll ' 0.071073 Hz, (42)

Ω̃SWĥ
2 ' 4.35× 10−14, ν̃SW ' 0.47476 Hz, (43)

Ω̃MHDĥ
2

(1 + 8πν̃MHD/ht)
' 9.11× 10−19, ν̃MHD ' 0.65298 Hz; (44)

• for vb = 1.5cs,

Ω̃collĥ
2 ' 5.40× 10−19, ν̃coll ' 0.059895 Hz, (45)

Ω̃SWĥ
2 ' 6.53× 10−14, ν̃SW ' 0.31651 Hz, (46)

Ω̃MHDĥ
2

(1 + 8πν̃MHD/ht)
' 9.11× 10−19, ν̃MHD ' 0.43532 Hz. (47)

Note that for instance, Ω̃MHDĥ
2 ' 1.885× 10−13 > Ω̃collĥ

2 in the vb = cs case. In Fig. 7, we

also plot the sensitivities of eLISA [15] with the dotted lines and DECIGO [17–19] with the

dashed lines. As mentioned above, the spectrum from the bubble collision is weaker than

the others in case of non-runaway bubbles. Although the turbulence of plasma produces

strong spectrum of GWs, its peak is suppressed by due to the dependence on the factor

(1 + 8πν̃MHD/ht) with the Hubble rate. Consequently, the spectrum from the sound wave

becomes dominant. We see that the GW background spectrum from the sound wave could

be observed by DECIGO.
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III. STRONGLY INTERACTING MASSIVE PARTICLE

It has been shown in [9] that the dark pion can be a candidate of SIMP DM. The

dynamics of the pion in the low energy region can by described by chiral perturbation

theory. The WZW term, which has five-point pion interactions, plays a crucial role as the

3→ 2 annihilation process of pion. Since this annihilation process does not involve the SM

particles, we here do not specify a connection to the SM sector.

In this section, we discuss the dynamics of the dark pion as the SIMP DM by using

chiral perturbation theory. In order for the dark pion to phenomenologically be relevant,

the following constraints have to be satisfied: From the bullet cluster [63], the 2→ 2 process

(pion-pion scattering) cross section is constrained as σ2→2/mπ
<∼ 1 cm2/g; the dark pion

mass must not become larger than the perturbative limit, i.e., mπ/fπ <∼ 4π. Ref. [64] has

pointed out that taking the contributions from the higher order in chiral perturbation theory

into account, the dark pion as the SIMP is strongly constrained.

Following Refs. [9, 64], we start with setting the formulations of chiral perturbation theory

and the cross sections of the pion scattering processes for a general flavor number. Then,

for Nf = 3 we investigate the allowed region where the dark pion satisfies the constraints.

A. Chiral perturbation theory

Let us consider the DχSB pattern G = SU(Nf )L × SU(Nf )R → H = SU(Nf )V . We

parametrize the Goldstone boson manifold G/H as

u = exp

(
i√
2fπ

π

)
, π = πaXa, (48)

where fπ is the dark pion decay constant,7 and Xa are the broken generators normalized as

tr(XaXb) = δab. Under the group transformation the quantity u transforms as

u→ gRuh
† = hug†L, (49)

where gL(R) and h are a group element of SU(Nf )L(R) and the subgroup H, respectively. We

here introduce the following quantities:

uµ = i(u†∂µu− u∂µu†), (50)

7 In real QCD, fπ ' 93 MeV.
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χ± = χu† ± uχ†. (51)

The quantity χ is given as χ = 2BM where B is a value being proportional to the chiral

condensate, and M is a bare quark mass matrix.

In chiral perturbation theory the chiral Lagrangian is expanded into the polynomials of

the dark pion mass and external momenta of the dark pion, that is,

LChPT = LLO + LNLO +O
(
p6
)
. (52)

Using the quantities Eq. (50) and Eq. (51), each term can be written down as follow. The

first term is the lowest order (LO), i.e. O(p2) and becomes

LLO =
f 2
π

4
tr[uµu

µ + χ+], (53)

where “tr” denotes the trace for the flavor space.

The next leading order (NLO) Lagrangian with O(p4) [65] is given as

LNLO = L0tr[uµuνu
µuν ] + L1tr[uµu

µ]tr[uνu
ν ] + L2tr[uµuν ]tr[u

µuν ] + L3tr[uµu
µuνu

ν ]

+ L4tr[uµuµ]tr[χ+] + L5tr[uµuµχ+] + L6tr[χ+]2 + L7tr[χ−]2 +
1

2
L8tr[χ2

+ + χ2
−],

(54)

where only the terms contributing to pion-pion scattering have been kept. Since the NLO

Lagrangian contains the loop corrections, the coefficients Li have the ultraviolet divergences,

and then they have to be renormalized. Using the dimensional regularization and the MS

scheme, we have

Li = Lri −
Γi

32π2

(
2

ε
+ log(4π)− γE + 1

)
, (55)

where ε = 4 − d, γE ' 0.577 is the Euler-Mascheroni constant, and the coefficients Γi are

given in [66, 67].

The results for the 2→ 2 scattering in both the NLO and the NNLO are in the uncertainty

band. This work does not focus on precise calculations, and then we take the higher order

contributions up to the NLO into account for the 2→ 2 scattering.

B. Pion-pion scattering process

The cross section for pion-pion scattering is given by

σ2→2 =
|T |2

128π2N2
πm

2
π

, (56)
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where Nπ = N2
f − 1 is the number of the broken generators, and the amplitude T for

pion-pion scattering process is

T abcd(s, t, u) = 〈πc(p3)πd(p4) |πa(p1) πb(p2)〉. (57)

We introduce the dimensionless Mandelstam variables,

s =
(p1 + p2)2

m2
π

, t =
(p1 − p3)2

m2
π

, u =
(p1 − p4)2

m2
π

, (58)

which satisfy s+ t+ u = 4. The amplitude T is

T abcd(s, t, u) = ξabcdB(s, t, u) + ξacdbB(t, u, s) + ξadbcB(u, s, t)

+ δabδcdC(s, t, u) + δacδbdC(t, u, s) + δadδbcC(u, s, t) , (59)

where ξabcd = tr[XaXbXcXd] + tr[XaXdXcXb], especially, for the SU(Nf )L × SU(Nf )R →
SU(Nf )V case, we have

ξabcd =
2

3
(δabδcd − δacδbd + δadδbc) + dabedcde − dacedbde + dadedbce. (60)

The functions B and C in chiral perturbation theory are expanded as

B(s, t, u) = BLO(s, t, u) +BNLO(s, t, u) , (61)

C(s, t, u) = CLO(s, t, u) + CNLO(s, t, u) . (62)

These functions are written by the dimensionless Mandelstam variables, the flavor number

Nf and the renormalized coefficients Lri . Their explicit forms are shown in Appendix C.

Note that in this work we use “p4 fit” data given in table 1 of [68] for the values of Lri .

C. 3→ 2 pion annihilation process

We next give a formulation in order to evaluate the relic abundance of the dark pion.

The number density of the dark pion is reduced by the 3 → 2 annihilation process which

can be described by the Wess-Zumino-Witten term [11–13],

LWZW =
Nc

240π2

∫ 1

0

dα

∫
d4x εABCDEtr[uαAu

α
Bu

α
Cu

α
Du

α
E], (63)

where we defined

uα = exp

(
iα√
2fπ

Xaφa
)
, uαA = i(uα†∂Au

α − u∂Auα†). (64)
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The full Lagrangian is given by

Lfull = LChPT + LWZW. (65)

More explicitly, using the pion field π given in Eq. (48) the Lagrangian is

Lfull =
1

2
tr [∂µπ∂

µπ]− m2
π

2
tr [π2] +

m2
π

12f 2
π

tr [π4]− 1

6f 2
π

tr[π2∂µπ∂µπ − π∂µπ∂µπ]

+
2Nc

15π2f 5
π

εµνρσtr[π∂µπ∂νπ∂ρπ∂σπ] +O
(
π6
)
. (66)

The thermally averaged cross section at NLO is calculated as [9]

〈σv2〉NLO
3→2 =

5
√

5

2048π5x2

N2
cm

5
π

f 10
π

t2

N3
π

, (67)

where

t2 =
1

5!

∑
T 2
{ijklm}. (68)

In the breaking pattern SU(Nf )L × SU(Nf )R → SU(Nf )V case, we have

t2 =
4

3
Nf (N

2
f − 1)(N2

f − 4). (69)

When the NNLO effects are taken into account, the cross section becomes [64]

〈σv2〉NNLO
3→2 = 〈σv2〉NLO

3→2

(
1 +

m2
π

f 2
π

(awL+ bw)

)
, (70)

where we have introduced the shorthand notations

L =
1

16π2
log

(
m2
π

µ2

)
, (71)

with the renormalization point µ2, and the coefficients are given by

aw = −77

6
' −12.83, bw =

5
√

5

288π2
log

(
9 +
√

45

9−
√

45

)
− 7

96π2
' 1.83× 10−4. (72)

D. Dark pion relic abundance

The Boltzmann equation for the 3→ 2 process is given by [9]

dY

dx
= −0.116g∗(T )1/2

(
MPlm

4
π

x5

)
(Y 3 − Y 2Ȳ )〈σv2〉3→2, (73)
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FIG. 8: The red line denotes the values of mπ and mπ/fπ which satisfy the dark matter relic

abundance ΩDMĥ ' 0.12. The blue line shows the dependence of pion-pion scattering cross section

σ2→2/mπ on mπ. The constraint for σ2→2/mπ on mπ with the uncertainty is shown by the gray

band. The dotted horizontal line stands for the perturbative limit for chiral perturbation theory.

The region surrounded by the dotted vertical lines is allowed.

where x = mπ/T and Ȳ is given in Eq. (28). The 2 → 2 annihilation process (2 π →
2 SM particles) is neglected since it is subdominant process [9]. Using the solution Y∞ of

the Boltzmann equation Eq. (73) at x → ∞, one can obtain the relic abundance which is

defined in Eq. (26).

In the next subsection, we show the region of mπ and fπ, which satisfy the dark matter

relic abundance, the constraints for pion-pion scattering and the perturbative limit of chiral

perturbation theory.

E. Numerical analysis

We have set up the formulations to evaluate pion-pion scattering cross section and the

relic density of the dark pion. When evaluating them numerically, we take into account the

NNLO contribution for the thermal average cross section and set the variables as

Nc = 16, Nf = 3, s = 4, t = u = 0, µ2 = 4m2
π, (74)

and g∗(T ) ' gs(T ) ' 100. Since the Columbia plot indicates that the chiral phase transition

in three-flavor QCD become first-order for the small bare quark masses, Nf = 3 case is
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considered. We show the allowed region of the dark pion mass and their decay constant

in Fig. 8. The dark matter relic abundance ΩDMĥ ' 0.12 is satisfied on the red line.

The blue line stands for the dependence of pion-pion scattering cross section σ2→2/mπ on

mπ. The pion-pion scattering cross section should satisfy the limit σ2→2/mπ
<∼ 0.1–1 cm2/g

which comes from the evidence of the gravitational lensing of the bullet cluster [63] and the

simulations for the halo cluster [69, 70] . The allowed parameter space from the uncertainty

is shown by the gray band. The blue line has to be below the line σ2→2/mπ = 1 cm2/g. The

dotted horizontal line stands for the perturbative limit for chiral perturbation theory. The

red and blue lines have to be below this limit. Therefore, the mass and the decay constant

of the dark pion have to satisfy the region surrounded by the dotted vertical lines.

F. Can gravitational wave be produced from chiral phase transition in SIMP case?

We next consider chiral phase transition in the case with the dark pion as the SIMP dark

matter. Actually, we will find the chiral phase transition generally becomes crossover, and

then, there would be no GW signal within the present setup.

Since in the allowed region the dark pion mass, which is given by m2
π = j/〈σ̄〉, is

O(1) GeV, the coupling of the symmetry breaking term j should be large as O(1) GeV3.

This fact induces that the chiral phase transition tends to be crossover as one can see from

the Columbia plot [37]. Although mπ can be larger for the smaller 〈σ̄〉, this case is limited

by the perturbative limit mπ/fπ < 4π since it is proportional to 〈σ̄〉−3/2

To check that the chiral phase transition numerically becomes crossover, let us rewrite

the potential in terms of mπ and fπ, which satisfy the allowed region given in the previous

subsection. From the relation between mπ and fπ, the parameters in the effective potential,

U(σ̄) =
m2

2
σ̄2 − c

3
√

6
σ̄3 +

λ

4
σ̄4 − jσ̄, (75)

can be reduced, where we defined λ := λ1 + λ2/3. From the gap equation

dU

dσ̄
=

(
m2〈σ̄〉 − c√

6
〈σ̄〉2 + λ〈σ̄〉3 − j

)
= 0, (76)

we obtain

m2 = m2
π +

c

2
fπ −

3λ

2
f 2
π , (77)
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FIG. 9: The behavior of the expectation value 〈σ̄〉 for varying temperature. In each panel, we have

taken different λ1 and λ2 values, which are shown therein. The red, pink, green, cyan, and blue

lines correspond to mπ = 1.43, 1.72, 2.02, 2.31, and 2.60 GeV, respectively.

where we have used j = m2
π〈σ̄〉 and the fact Eq. (A68) that the pion decay constant fπ is

given by the expectation value fπ =
√

2/3〈σ̄〉. Then the effective potential Eq. (75) finally

is written by c and λ as

U(σ̄) =
1

2

(
m2
π +

c

2
fπ −

3λ

2
f 2
π

)
σ̄2 − c

3
√

6
σ̄3 +

λ

4
σ̄4 −

√
3

2
m2
πfπσ̄. (78)

Here, let us evaluate the chiral phase transition with vanishing anomaly coupling constant

c = 0. Input values of λ1 and λ2 are shown in each panel. In Fig. 9, we show 〈σ̄〉–T plots

with varying mπ and λ (λ1 and λ2). The red, pink, green, cyan, and blue lines correspond to
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mπ = 1.43, 1.72, 2.02, 2.31, and 2.60 GeV, respectively. The values of fπ is determined by

requirement of the SIMP dark matter, i.e. red line of Fig 8. One cannot see the first-order

phase transition in any case. It is reported in Ref. [42] that in the absence of the anomaly

term the crossover region is narrower than in the presence of the anomaly term.8 It it

expected that the phase transition remains the crossover even if a finite c is put.9 Therefore,

we conclude that it is difficult to realize the strongly first-order phase transition within the

present setup.

IV. SUMMARY

In this paper, we have studied the GW background spectra produced by the DχSB in

the dark sector with the dark pion as the WIMP or the SIMP dark matter. In the case

where the dark pion is the WIMP dark matter, we have introduced the classically scale

invariant model. We have found that the GW background spectra of the sound wave can be

observed by the future GW interferometer such as DECIGO. On the other hand, in the case

where the dark pion is the SIMP dark matter, by imposing the constraints for the chiral

perturbative limit and pion-pion scattering cross section, the chiral phase transition tends

to become crossover. Then the GWs are not produced in this SIMP DM scenario.

The origin of the dark quark mass is essential for making the difference between the

WIMP and SIMP scenario. For the former, the dark quark mass is given by the Yukawa

interaction. Since in the thermal history of the phase transitions within the model Eq. (3),

the chiral phase transition temperature is higher than the ones of the Higgs and the singlet

scalar, the dark quark is massless when the DχSB takes place. Therefore, the first-order

phase transition can be realized. In contrast, for the latter, our analysis has treated dark

8 Since as can be seen in Eq. (75) the U(1)A anomaly term becomes a cubic coupling in the effective

potential for Nf = 3, it drives the phase transition first-order in the chiral limit. In the case without the

anomaly and quark masses, the first-order phase transition is induced by the fluctuation, which one can

see in the high temperature expansion of Eq. (A84). Note that for the case of Nf = 2 massless quarks

where the U(1)A anomaly term is a quadratic coupling, the phase transition becomes first-order in the

absence of the anomaly.
9 In studies of the linear sigma model with 2 + 1 flavors of finite quark masses (quark-meson model) by

using the mean-field approximation [71] and the functional renormalization group [72], we also see that

the U(1)A anomaly hardly modify the behavior of the phase transition.
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quark masses as finite constant values in the thermal history.10 This is the reason why the

chiral phase transition becomes crossover. Note that the classically scale invariant model

Eq. (3) may be unnatural for the SIMP scenario since the energy scale of the dark sector is

much smaller than the EW energy scale. If we construct a realistic model explaining the dark

quark, it may be able to realize the first-order phase transition producing the observable

spectra of the GW background.

We have found that the GW spectrum from the sound wave has a peak at ν ' O(10−1) Hz

in a scale invariant extension of the WIMP scenario. In several extended models of the Higgs

sector with the phase transitions [81–90], the peak of GW background spectra appear at a

similar frequency [91–101]. In order to clarify the origin of the phase transition producing

the GWs, it is important to probe the signals from new particles by the complementary

methods such as the collider experiment and the dark matter direct detection.

Finally we comment on issues which are beyond the scope of this paper. We need more

precise calculations by using, e.g. functional renormalization group and lattice simulation for

the dQCD sector. We should precisely evaluate the effective potential at finite temperature in

order to see the cosmological phase transition temperature, the latent heat and the duration

time. Besides, it is important in the WIMP scenario to evaluate the effective couplings κs

and κt given in Eq. (II B) and Eq. (II B), respectively. In this work, we have focused on the

spontaneous breaking pattern SU(3)R × SU(3)L → SU(3)V . Other breaking patterns, such

as SU(2Nf ) → Sp(2Nf ), are also possible. The spectra of GWs should be investigated for

these cases. These issues will be discuss in elsewhere.
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Appendix A: Linear sigma model

For the dQCD sector Eq. (1), we introduce the U(3)L×U(3)R linear sigma model with the

axial anomaly term [42, 43, 102–105]. In this section, we show its Lagrangian and masses of

mesons. Furthermore, the effective potential at finite temperature is shown.

1. Brief sketch for derivation of meson model from dQCD

Before showing the Lagrangian of the linear sigma model, we start with briefly sketching

out the derivation of the meson model from the dQCD action,

S =

∫
d4x

[
−1

4
F a
µνF

aµν + ψ̄i(δiji /D − (mq)ij)ψj

]
. (A1)

Now, let us consider integrating out the gauge field. The effective action would be generated

by the dynamics of gauge fields such that

Seff =

∫
d4x

[
Zψψ̄i(δiji/∂ − (mq)ij)ψj − 2G tr

(
χ†χ
)

+GD

(
det χ+ det χ†

)
+ · · ·

]
, (A2)

where “tr” and “det” act on the flavor space, we defined

χij = ψ̄i(1− γ5)ψj =
1

2
λajitrψλ

a(1− γ5)ψ,

(χ†)ij = ψ̄i(1 + γ5)ψj =
1

2
λajitrψλ

a(1 + γ5)ψ, (A3)

with the generators λa of U(Nf ) flavor symmetry, and the last term breaks U(1)A symmetry

due to the anomaly [106–108].11 The Lagrangian Eq. (A2) is invariant under SU(Nf )L ×
SU(Nf )R × U(1)V transformation.12 Hereafter, for simplicity we treat only the scalar-type

11 See also [109] for the treatment of U(1)A term.
12 Strictly speaking, the U(Nf )A symmetry is broken to Z(Nf )A symmetry by the anomaly [110]. However,

it is not relevant for the low-energy dynamics.
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operator ψ̄ψ with one flavor, and ignore the corrections to the field renormalization Zψ ' 1

and the anomaly term. That is, we give

Seff '
∫

d4x

[
ψ̄(i/∂ −mq)ψ −

G

2
(ψ̄ψ)2

]
. (A4)

This is the Nambu–Jona-Lasinio model [44] without the pseudo scalar operator (ψ̄iγ5ψ)2.

The following Gaussian integral is inserted into the path-integral:

1 = N
∫
Dσ exp

(
i

2
(Aσ − B(ψ̄ψ) + C)2

)
, (A5)

where N , A, B and C are constants. We have the effective action

Seff =

∫
d4x

[
ψ̄(i/∂ −mq)ψ −

G

2
(ψ̄ψ)2 − 1

2
(Aσ − B(ψ̄ψ) + C)2

]
=

∫
d4x

[
ψ̄i/∂ψ − (mq − BC) ψ̄ψ −

(
G

2
− B

2

2

)
(ψ̄ψ)2 −ACσ − A

2

2
σ2 −ABσψ̄ψ

]
,

(A6)

where the constant C2 is neglected. Defining

BC = mq, B2 = G, (A7)

the bare quark mass and the four-Fermi interaction terms vanish. We also define the new

coupling constants as

yσ = AB, j = AC, m2 = A2. (A8)

Using Eq. (A7) and Eq. (A8), we obtain the relations,

j =
m2mq

yσ
, m2 =

y2
σ

G
. (A9)

Note that if we redefine σ → y−1
σ σ (or equivalently AB = 1), the Yukawa coupling constant

disappears. This means that the Yukawa coupling constant is redundant and then should not

determine the low energy physics if we start from the action Eq. (A4). This fact actually can

be seen in the works using the functional renormalization group with the rebosonization [111,

112].

Since in the bosonized action Eq. (A6) the fermionic operators are already bilinear forms,

the Gaussian integral can be performed. Then we obtain

Seff =

∫
d4x

[
− jσ − m2

2
σ2 − Tr log(i/k − yσσ)

]
. (A10)
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The last term corresponds to the loop effects of fermions. Expanding it into the polynomial

of σ, we obtain the higher order powers of σ, such as σ4. The kinetic term of σ is also

generated by the loop effects of fermion via the two-point function:

Zσ
2

=
dΓ(2)(p2)

dp2

∣∣∣∣∣
p=0

, (A11)

where Zσ is the field renormalization factor of σ. As we have sketched, the effective action

written in terms of meson is generated from the dQCD action. At the low scale after the

DχSB, the chiral dynamics could be described by the mesons. Therefore, we can assume

the effective Lagrangian of the dQCD as

Leff =
1

2
(∂µσ)2 − m2

2
σ2 − λ

4
σ4. (A12)

Although in principle, the parameters m2 and λ are determined by the gauge coupling of

dQCD, it is difficult to precisely determine them due to uncertainties arising from approx-

imations. Then the effective coupling constants m2 and λ are regarded as free parameters

in the effective model approach. The discussion given above can be generalized to the case

where the flavor symmetry, the pseudo meson and the anomaly term are involved.

2. Explicit forms of linear sigma model

a. Lagrangian

In this paper, we use the following Lagrangian:

LLS = tr (∂µΦ∂µΦ)−m2 tr
(
Φ†Φ

)
− λ1

[
tr
(
Φ†Φ

)]2 − λ2tr
(
Φ†Φ

)2
+ c
(
det Φ + det Φ†

)
.

(A13)

This Lagrangian is invariant under SU(3)L × SU(3)R × U(1)V transformation. Note that

the coupling constant c given in Eq. (A13) has to be positive since the coefficient of the

instanton-induced six-fermi interaction in the Nf = 3 case is negative [107, 108]. The field

Φ is defined as

Φ = Taφa = Ta(σa + iπa), (A14)

where σa are the scalar fields, πa are the pseudoscalar fields. The matrices Ta = λ̂a/2

(a = 0, · · · , 8) are the generator of U(3) with λ0 =
√

2
3
I and the Gell-mann matrices λ̂a for
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a = 1, · · · , 8. They satisfy the identities

[Ta, Tb] = ifabcTc, {Ta, Tb} = dabcTc, Tr(TaTb) =
δab
2
, (A15)

where fabc and dabc are the antisymmetric and symmetric structure constants of SU(3) for

a, b, c = 1, · · · , 8 and

fab0 = 0, dab0 =

√
2

3
δab. (A16)

Φ = (Φ)ij is the scalar field transformed as

Φ→ ULΦU †R, (A17)

where UL(R) = exp
(
iθaL(R)Ta

)
. Note that

tr [Ta] = δa0

√
2

3
tr

(
I

2

)
=

√
3

2
δa0. (A18)

The Lagrangian in terms of the fields σa and πa becomes

LLS =
1

2

[
∂µσa∂

µσa + ∂µπa∂
µπa − σa(m2δab)σb − πa(m2δab)πb

]
+ Gabcσaσbσc − 3Gabcπaπbσc − 2Habcdσaσbπcπd −

1

3
Fabcd(σaσbσcσd + πaπbπcπd),

(A19)

where we have defined

Gabc :=
c

6

[
dabc −

3

2
(δa0d0bc + δb0da0c + δc0dab0) +

9

2
d000δa0δb0δc0

]
, (A20)

Fabcd :=
λ1

4
(δabδcd + δadδbc + δacδbd) +

λ2

8
(dabndncd + dadndnbc + dacndnbd), (A21)

Habcd :=
λ1

4
δabδcd +

λ2

8
(dabndncd + facnfnbd + fbcnfnad). (A22)

After the spontaneous symmetry breaking, the field Φ obtains a vacuum expectation

value as

〈Φ〉 = Taσ̄a,⇒ σa → σa + σ̄a. (A23)

In this case the Lagrangian becomes

LLS =
1

2

[
∂µσa∂

µσa + ∂µπa∂
µπa
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− σa(m2δab − 6Gabcσ̄c + 4Fabcdσ̄cσ̄d)σb − πa(m2δab + 6Gabcσ̄c + 4Habcdσ̄cσ̄d)πb

]
+

(
Gabc −

4

3
Fabcdσ̄d

)
σaσbσc − 3

(
Gabc +

4

3
Habcdσ̄d

)
πaπbσc

− 2Habcdσaσbπcπd −
1

3
Fabcd(σaσbσcσd + πaπbπcπd)

+
1

2
σ̄a(m

2δab)σ̄b − Gabcσ̄aσ̄bσ̄c +
1

3
Fabcdσ̄aσ̄bσ̄cσ̄d. (A24)

The explicit breaking term corresponding to the quark masses is introduced as

LSB = Tr[H(Φ + Φ†)] = jaσa, (A25)

with H = Taja. This breaking term is given as

LSB = Tr
[
(j0T0 + j3T3 + j8T8)

(
Φ + Φ†

)]
= j0σ0 + j3σ3 + j8σ8, (A26)

where ji are proportional to the current dark quark masses mu,d,s :

j0 ∝
2

3
tr[(T0)(mu,md,ms)

T ] =
mu +md +ms

3
, (A27)

j3 ∝ tr[(T3)(mu,md,ms)
T ] =

mu −md

2
, (A28)

j8 ∝
1√
3

tr[(T8)(mu,md,ms)
T ] =

mu +md − 2ms

6
, (A29)

In this work, for simplicity we assume the dark quark masses to be degenerate, mu = md =

ms. In this case, j0 ∝ mu and j3 = j8 = 0, and 〈σ〉 = T0σ̄0. The effective potential at the

tree level becomes

U(σ̄0) =
m2

2
σ̄2

0 −
c

3
√

6
σ̄3

0 +
1

4

(
λ1 +

λ2

3

)
σ̄4

0 − j0σ̄0. (A30)

To summarize, the Lagrangian is rewritten as

L = LLS + LSB

=
1

2
[∂µσa∂

µσa + ∂µπ∂
µπa − σa(m2

S)abσb − πa(m2
P )abπb] +

(
Gabc −

4

3
Fabcdσ̄d

)
σaσbσc

− 3

(
Gabc +

4

3
Fabcdσ̄d

)
πaπbσc − 2Habcdσaσbπcπd −

1

3
Fabcd(σaσbσcσd + πaπbπcπd)− U(σ̄) ,

(A31)
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where the mass terms are

σa(m
2
S)abσb + πa(m

2
P )abπb := σa[m

2δab − 6Gabcσ̄c + 4Fabcdσ̄cσ̄d]σb,

+ πa[m
2δab + 6Gabcσ̄c + 4Habcdσ̄cσ̄d]πb, (A32)

and the potential at the tree level is

U(σ̄) =
m2

2
σ̄2
a − Gabcσ̄aσ̄bσ̄c +

1

3
Fabcdσ̄aσ̄bσ̄cσ̄d − jaσ̄a. (A33)

The expectation value σ̄ at the tree level is determined by

∂U(σ̄)

∂σ̄a
= m2σ̄a − 3Gabcσ̄bσ̄c +

4

3
Fabcdσ̄bσ̄cσ̄d − ja = 0. (A34)

b. Tree potential

For a, b, c = 0, 3, 8,

Gabc :=
c

6

[
dabc −

3

2
(δa0d0bc + δb0da0c + δc0dab0) +

9

2
d000δa0δb0δc0

]
, (A35)

Fabcd :=
λ1

4
(δabδcd + δadδbc + δacδbd) +

λ2

8
(dabndncd + dadndnbc + dacndnbd), (A36)

we have

U(σ̄) =
m2

2
(σ̄2

0 + σ̄2
3 + σ̄2

8)− λ2

3
√

2
σ̄0σ̄

3
8 −

c

3
√

6

(
σ̄3

0 +
σ̄3

3

2

)
+

(
λ1

4
+
λ2

12

)
σ̄4

0 +

(
λ1

4
+
λ2

8

)
σ̄4

3 +

(
λ1

4
+
λ2

8

)
σ̄4

8

− c

2
√

6
(σ̄2

3 + σ̄2
8)σ̄0 +

1

2
(λ1 + λ2)(σ̄2

3 + σ̄2
8)σ̄2

0 −
c

2
√

3
σ̄2

3σ̄8

+
1

2

(
λ1 +

1

2
λ2

)
σ̄2

3σ̄
2
8 +

λ2√
2
σ̄0σ̄

2
3σ̄8 − j0σ̄0 − j3σ̄3 − j8σ̄8. (A37)

Note that the gap equations are given by

∂U

∂σ̄0

= 0 ⇐⇒ j0 =

[
m2 − c√

6
σ̄0 +

(
λ1 +

λ2

3

)
σ2

0

]
σ̄0

+

[
c

2
√

6
+ (λ1 + λ2)σ̄0 −

λ2

3
√

2
σ̄8

]
σ̄2

8

+

(
c

2
√

6
+
λ2√

2
σ̄8

)
σ̄2

3 + (λ1 + λ2)σ̄0σ̄
2
3, (A38)

∂U

∂σ̄8

= 0 ⇐⇒ j8 =

[
m2 +

c√
6
σ̄0 +

c

2
√

3
σ̄8 + (λ1 + λ2)σ̄2

0 −
λ2√

2
σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8σ̄8
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− c

2
√

3
+
λ2√

2
σ̄0 +

(
λ1 +

λ2

2

)
σ̄2

3

]
σ̄8, (A39)

∂U

∂σ̄3

= 0 ⇐⇒ j3 =

[
m2 +

c√
6
σ̄0 −

c√
3
σ̄8 + (λ1 + λ2)σ̄2

0 +
√

2λ2σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8

+

(
λ1 +

λ2

2

)
σ̄2

3

]
σ̄3, (A40)

c. Mass spectra

The mass matrix for sigma mesons is given by

(m2
S)ab = m2δab − 6Gabcσ̄c + 4Fabcdσ̄cσ̄d. (A41)

That for pseudo-scalar mesons is

(m2
P )ab = m2δab + 6Gabcσ̄c + 4Habcdσ̄cσ̄d. (A42)

We list the explicit forms for a = 1, 3, 8:

(m2
S)00 = m2 −

√
2

3
c σ̄0 + (3λ1 + λ2)σ̄2

0 + (λ1 + λ2)σ̄2
3 + (λ1 + λ2)σ̄2

8, (A43)

(m2
S)11 = (m2

S)22

= m2 +
c√
6
σ̄0 −

c√
3
σ̄8 + (λ1 + λ2)σ̄2

0 +

(
λ1 +

λ2

2

)
σ̄2

3 +
√

2λ2σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8,

(A44)

(m2
S)33 = m2 +

c√
6
σ̄0 −

c√
3
σ̄8 + (λ1 + λ2)σ̄2

0 + 3

(
λ1 +

λ2

2

)
σ̄2

3 +
√

2λ2σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8,

(A45)

(m2
S)44 = (m2

S)55

= m2 +
c√
6
σ̄0 −

c

2
σ̄3 +

c

2
√

3
σ̄8 + (λ1 + λ2)σ̄2

0 +

(
λ1 +

λ2

2

)
σ̄2

3 +

√
3

2
λ2σ̄0σ̄3

− λ2√
2
σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8, (A46)

(m2
S)66 = (m2

S)77

= m2 +
c√
6
σ̄0 +

c

2
σ̄3 +

c

2
√

3
σ̄8 + (λ1 + λ2)σ̄2

0 +

(
λ1 +

λ2

2

)
σ̄2

3 −
√

3

2
λ2σ̄0σ̄3

− λ2√
2
σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8, (A47)
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(m2
S)88 = m2 +

c√
6
σ̄0 +

c√
3
σ̄8 + (λ1 + λ2)σ̄2

0 +

(
λ1 +

λ2

2

)
σ̄2

3 −
√

2λ2σ̄0σ̄8 + 3

(
λ1 +

λ2

2

)
σ̄2

8,

(A48)

(m2
S)30 = (m2

S)03 =

[
c√
6

+ 2(λ1 + λ2)σ̄0 +
√

2λ2σ̄8

]
σ̄3, (A49)

(m2
S)80 = (m2

S)08 =

[
c√
6

+ 2(λ1 + λ2)σ̄0 −
λ2√

2
σ̄8

]
σ̄8 +

λ2√
2
σ̄2

3, (A50)

(m2
S)83 = (m2

S)38 =

[
− c√

3
+
√

2λ2σ̄0 + 2

(
λ1 +

λ2

2

)
σ̄8

]
σ̄3, (A51)

(m2
P )00 = m2 +

√
2

3
cσ̄0 +

(
λ1 +

λ2

3

)
σ̄2

0 +

(
λ1 +

λ2

3

)
σ̄2

3 +

(
λ1 +

λ2

3

)
σ̄2

8, (A52)

(m2
P )11 = (m2

P )22

= m2 − c√
6
σ̄0 +

c√
3
σ̄8

+

(
λ1 +

λ2

3

)
σ̄2

0 +

(
λ1 +

3λ2

2

)
σ̄2

3 +

(
λ1 +

λ2

6

)
σ̄2

8 +

√
2λ2

3
σ̄0σ̄8, (A53)

(m2
P )33 = m2 − c√

6
σ̄0 +

c√
3
σ̄8

+

(
λ1 +

λ2

3

)
σ̄2

0 +

(
λ1 +

λ2

2

)
σ̄2

3 +

(
λ1 +

λ2

6

)
σ̄2

8 +

√
2λ2

3
σ̄0σ̄8, (A54)

(m2
P )44 = (m2

P )55

= m2 − c√
6
σ̄0 +

c

2
σ̄3 −

c

2
√

3
σ̄8 +

(
λ1 +

λ2

3

)
σ̄2

0 +
λ2√

6
σ̄0σ̄3

+

(
λ1 +

λ2

2

)
σ̄2

3 −
λ2

3
√

2
σ̄0σ̄8 +

2λ2√
3
σ̄3σ̄8 +

(
λ1 +

7λ2

6

)
σ̄2

8, (A55)

(m2
P )66 = (m2

P )77

= m2 − c√
6
σ̄0 −

c

2
σ̄3 −

c

2
√

3
σ̄8 +

(
λ1 +

λ2

3

)
σ̄2

0 −
λ2√

6
σ̄0σ̄3

+

(
λ1 +

λ2

2

)
σ̄2

3 −
λ2

3
√

2
σ̄0σ̄8 −

2λ2√
3
σ̄3σ̄8 +

(
λ1 +

7λ2

6

)
σ̄2

8, (A56)

(m2
P )88 = m2 − c√

6
σ̄0 −

c√
3
σ̄8 +

(
λ1 +

λ2

3

)
σ̄2

0 +

(
λ1 +

λ2

6

)
σ̄2

3 −
√

2λ2

3
σ̄0σ̄8 +

(
λ1 +

λ2

2

)
σ̄2

8,

(A57)

(m2
P )30 = (m2

P )03 =

[
− c√

6
+

2λ2

3
σ̄0 +

√
2λ2

3
σ̄8

]
σ̄3, (A58)

(m2
P )80 = (m2

P )08 = − c√
6
σ̄8 +

λ2

3
√

2
σ̄2

3 +
2λ2

3
σ̄0σ̄8 −

λ2

3
√

2
σ̄2

8, (A59)
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(m2
P )83 = (m2

P )38 =

[
c√
3

+

√
2λ2

3
σ̄0 +

λ2

3
σ̄8

]
σ̄3. (A60)

Note that in case of 〈σ〉 = T0σ̄0, the gap equation Eq. (A38) is given by

j =

[
m2 − c√

6
σ̄0 +

(
λ1 +

λ2

3

)
σ̄2

0

]
σ̄0. (A61)

Since the mass of the pseudo scalar at the tree level is

(m2
P )ab =

[
m2 − c√

6
σ̄ +

(
λ1 +

λ2

3

)
σ̄2

]
δab +

√
3

2
c σδa0δb0, (A62)

it can be rewritten as

(m2
P )ab =

j

σ̄0

δab +

√
3

2
c σ̄0δa0δb0. (A63)

Since (m2
P )00 is heavier than (m2

P )ab for a, b = 1, ..., 8 due to the positive c that corresponds

to the U(1)A anomaly, the pseudo scalar with (m2
P )00 is actually identified with the η′

meson. The dark matter has to be stable, that is, lightest particle. Therefore, (m2
P )ab =: m2

π

(a, b = 1, ..., 8) is the dark pion mass which is proportional to j;

m2
π =

j

σ̄
. (A64)

d. Decay constant

Consider the partially conserved axial current relation

〈0|Jµa |πa〉 = ipµfa. (A65)

Here Jµa is the Neother current for the axial-vector transformation Φ→ Φ + θaA{T a, T b}φb,

Jµa =
δLLS

δ(∂µφb)
(idabcφc) + h.c.

= dabc(σb∂
µπc − πb∂µσc). (A66)

Assuming that the scalar field σa has the expectation value; σa → σ̄a + σa, we obtain

fa =
∑
b

daabσ̄b. (A67)

In the case σ̄3 = σ̄8 = 0, it becomes

fπ = f1 =

√
2

3
σ̄0. (A68)
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3. Effective potential at finite temperature

To evaluate the chiral phase transition, we consider the linear sigma model at finite

temperature. It is known that due to the infrared divergence, the perturbation theory for

this model breaks down [113]. Therefore, the so-called ring diagram has to be summed up.

Several methods such as the large-N approximation [114] and the functional renormalization

group [72, 115, 116] have been applied. In this work, we use the Cornwall-Jackiw-Tomboulis

(CJT) formalism [61]. We here follow Refs. [42, 43] where the CJT formalism for the

U(Nf )L×U(Nf )R linear sigma model was employed to investigate the chiral phase transition

at finite temperature in QCD.

The effective potential in the CJT formalism reads

Veff(σ̄, DS, DP ;T ) = U(σ̄) +
1

2

∫
k

([
log
(
D−1
S (k)

)]
aa

+
[
log
(
D−1
P (k)

)]
aa

)
+

1

2

∫
k

(
S−1
ab (k; σ̄) [DS(k)]ba + Pab(k; σ̄) [D−1

P (k)]ba − 2δabδba
)

+ V2(σ̄, DS, DP ) . (A69)

Here we used shorthand notation,∫
k

f(k) =

∫
d4k

(2π)4
f(k) = T

∑
n

∫
d3k

(2π)3
f
(
ωn, ~k

)
, (A70)

U(σ̄) is the tree-level potential given in Eq. (A33) and

V2(σ̄, DS, DP ;T ) = Fabcd
[∫

k

[DS(k)]ab

∫
p

[DS(p)]cd +

∫
k

[DP (k)]ab

∫
p

[DP (p)]cd

]
+ 2Habcd

∫
k

[DS(k)]ab

∫
p

[DP (p)]cd (A71)

corresponds to the sum of two-particle irreducible (2PI) diagrams (double-bubble diagrams)

where Gabc, Fabcd and Habcd are defined in Eq. (A20), Eq. (A21) and Eq. (A22), respectively.

The tree-level propagators S−1
ab (k; σ̄) and P−1

ab (k; σ̄) are

S−1
ab (k; σ̄) = −k2δab + (m2

S)ab, (A72)

P−1
ab (k; σ̄) = −k2δab + (m2

P )ab, (A73)

where the tree-level squared masses (m2
S)ab and (m2

P )ab are given in Eq. (A41) and Eq. (A42),

respectively. The full propagators are determined by the stationary conditions,

δVeff(σ̄, DS, DP ;T )

δ[DS(k)]ab
= 0 ⇐⇒ [D−1

S (k)]ab = S−1
ab (k; σ̄) + Σab(k) , (A74)
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δVeff(σ̄, DS, DP ;T )

δ[DP (k)]ab
= 0 ⇐⇒ [D−1

P (k)]ab = P−1
ab (k; σ̄) + Πab(k) , (A75)

where we defined the self-energies of the scalar and pseudoscalar particles,

Σab(k) = 2
δV2(σ̄, DS, DP ;T )

δ[DS(k)]ab
= 4Fabcd

∫
k

[DS(k)]cd + 4Habcd

∫
k

[DP (k)]cd, (A76)

Πab(k) = 2
δV2(σ̄, DS, DP ;T )

δ[DP (k)]ab
= 4Habcd

∫
k

[DS(k)]cd + 4Fabcd
∫
k

[DP (k)]cd. (A77)

Inserting Eq. (A72), Eq. (A73), Eq. (A76) and Eq. (A77) into Eq. (A74) and Eq. (A75), we

have

[D−1
S (k)]ab = −k2δab + (M2

S)ab, (A78)

[D−1
P (k)]ab = −k2δab + (M2

P )ab. (A79)

The squared masses (M2
S)ab and (M2

P )ab are evaluated by the following self-consistent equa-

tions:

(M2
S)ab = (m2

S)ab + 4Fabcd
∫
k

[DS(k)]cd + 4Habcd

∫
k

[DP (k)]cd, (A80)

(M2
P )ab = (m2

P )ab + 4Habcd

∫
k

[DS(k)]cd + 4Fabcd
∫
k

[DP (k)]cd. (A81)

Since V2 does not depend on σ̄, the gap equation is given by

δVeff(σ̄, DS, DP ;T )

δσ̄a
= 0 ⇐⇒ ha = m2σ̄a − 3Gabc

[
σ̄bσ̄c +

∫
k

([DS(k)]ab − [DP (k)]ab)

]
+ 4Fabcd

[
1

3
σ̄bσ̄c +

∫
k

([DS(k)]ab)

]
σ̄d

+ 4Hbcadσ̄d

∫
k

([DS(k)]cb) . (A82)

We write simply Veff(σ̄, DS, DP ;T ) = Veff(σ̄, T ). By solving the self-consistent equations

Eq. (A80) and Eq. (A81), we obtain the dressed masses MS and MP and the propagators

Eq. (A78) and Eq. (A79). Using them, we can evaluate the effective potential Eq. (A69).

Note that the thermal integral appearing in Eq. (A69)∫
k

log
(
D−1(k)

)
= T

∫
d3k

(2π)3
log
(
k2 +m2

)
(A83)

can be written as

T

∫
d3k

(2π)3
log
(
k2 +m2

)
=

∫
d3k

(2π)3
ω + T

∫
d3k

(2π)3
log
(
1− e−ω/T

)
, (A84)
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where ω =
√
~k2 +m2. The first term corresponds to the one-loop effect at zero temperature.

This contribution is small [42, 47], and then we ignore it. The second term is the thermal

loop correction and often is evaluated by the high temperature expansion or the fitting; see

e.g. [117]. In this work, we numerically evaluate this integral.

Appendix B: Formulation of Gravitational wave spectrum

1. The latent heat and the duration time

As will be seen in the subsection B 2, the GW background spectra are characterized

by three quantities, namely, Tt, α and β̃. We here briefly describe their definitions by

following [118, 119].

Given the effective potential Eq. (A69), we first define the latent heat,

∆ε(T ) = −Veff(σ0(T ) , T ) + T
∂Veff(σ0(T ) , T )

∂T
, (B1)

where σ0(T ) = 〈σ〉 at T is the expectation value in the broken phase. The parameter α is

defined as

α =
∆ε(Tt)

ρrad(Tt)
, (B2)

where ρrad(T ) is the radiation energy density given by

ρrad =
π2

30
g∗(T )T 4, (B3)

and Tt defined below is the cosmological phase transition temperature. We see that the

parameter α corresponds to the normalized latent heat at the phase transition.

Next, in order to define the parameter β̃, let us start with defining the bubble nucleation

rate which reads

Γ(t) = Γ0(t) e−SE(t). (B4)

Here SE(t) = S3(T ) /T is the three dimensional Euclidean action with

S3(T ) =

∫
d3x

[
1

2
(∂iσB)2 + Veff(σB, T )

]
= 4π

∫
dr r2

[
1

2

(
dσB
dr

)2

+ Veff(σB, T )

]
. (B5)
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Note that the time t relates to temperature T through dT/dt = −HT where the Hubble

parameter H is

H2(T ) =
8πGN

3
ρrad(T ) , (B6)

with the Newton constant GN . The field σB(r) is the bounce solution which satisfies the

following equation of motion:

d2σB
dr2

+
2

r

dσB
dr
− ∂Veff

∂σB
= 0, (B7)

with the boundary conditions

dσB
dr

∣∣∣∣
r=0

= 0, lim
r→∞

σB = σS. (B8)

Note that the effective potential is normalized as Veff(σS, T ) = 0 where σS is the expectation

value after the phase transition. In the presence of the explicit breaking term, σS could have

a finite vacuum expectation value after the phase transition. In the case without the explicit

breaking term, we have σS = 0 after the phase transition. We here define the temperature

Tt (or the time tt) at which the cosmological phase transition takes place. The equation

Eq. (B7) describes the phase transition from σS to σ0, that is, the dynamics for the bubble

of the broken phase. Since the universe is expanding, the bubble nucleation rate has to be

compared with the Hubble time and volume. Then at Tt (or tt) we have

Γ

H4

∣∣∣∣
T=Tt

' 1. (B9)

It can be rewritten as

S3(Tt)

Tt
= 4 log(Tt/Ht) ' 140–150. (B10)

This is a criterion for the cosmological phase transition.

We now define the parameter β by

SE(t) = SE(tt)− β(t− tt) + · · · , (B11)

with

β = −dSE
dt

∣∣∣∣
t=tt

= Tt
d

dT

(
S3(T )

T

) ∣∣∣∣
T=Tt

=
1

Γ

dΓ

dt

∣∣∣∣
t=tt

. (B12)

Hence, the parameter β−1 is the duration time of the phase transition. It is convenient to

define the dimensionless duration time by

β̃ =
β

Ht

, (B13)

where Ht is the Hubble parameter at the phase transition, Ht = H(Tt).
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2. Formulas for spectra of gravitational waves

Three processes of the gravitational waves due to the cosmological phase transition are

known:

ΩGW(ν) ĥ2 ' [Ωcoll(ν) + ΩSW(ν) + ΩMHD(ν)] ĥ2. (B14)

The first term is the spectrum generated by the collision of bubble walls [120–126] and is

given by

Ωcoll(ν) ĥ2 = Ω̃collĥ
2

(
ν

ν̃coll

)2.8
3.8

1 + 2.8 (ν/νcoll)
3.8 , (B15)

where

Ω̃collĥ
2 ' 1.67× 10−5

(
0.11v3

b

0.42 + v2
b

)
β̃−2

(
κφα

1 + α

)2(
100

gt∗

)1/3

(B16)

is the peak spectrum at the peak frequency

ν̃coll ' 1.65× 10−5 Hz×
(

0.62

1.8− 0.1vb + v2
b

)
β̃

(
Tt

100 GeV

)(
gt∗

100

)1/6

. (B17)

Here gt∗ = g∗(Tt), vb is the wall velocity and κφ is the fraction of the vacuum energy trans-

ferred to the gradient energy of the scalar field. The second term is the GW spectrum from

the sound wave [127–130] which reads

ΩSW(ν) ĥ2 = Ω̃SWh
2

(
ν

ν̃SW

)3(
7

4 + 3(ν/ν̃SW)2

)7/2

, (B18)

with the peak spectrum

Ω̃SWĥ
2 ' 2.65× 10−6

(
β̃

vb

)−1(
κvα

1 + α

)2(
100

gt∗

)1/3

, (B19)

at the peak frequency

ν̃SW ' 1.9× 10−5 Hz× β̃

vb

(
Tt

100 GeV

)(
gt∗

100

)1/6

. (B20)

Here κv stands for the ratio of the latent heat transformed into the bulk motion of the fluid

and is given as [131]13

κv(α, vb) =


c
11/5
s κAκB

(c
11/5
s −v11/5b κB)+vbc

6/5
s κA

for vb <∼ cs

κB + (vb − cs)δκ+ (vb−cs)3

(vJ−cs)3
[κC − κB − (vJ − cs)δκ] for cs < vb < vJ

(vj−1)3v
5/2
J v

−5/2
b κCκD

[(vJ−1)3−(vb−1)3]v
5/2
J κC+(vb−1)3κD

for vJ <∼ vb,

(B21)

13 The behavior of κv as a function of vb is shown in [95].
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where cs = 0.577 is the velocity of sound, vJ is the Jouguet detonations given by

vJ =

√
2α/3 + α2 +

√
1/3

1 + α
, (B22)

and

κA '
6.9α

1.36− 0.037
√
α + α

v
6/5
b , κB '

α

0.017 + (0.997 + α)2/5
,

κC '
√
α

0.135 +
√

0.98 + α
, κD '

α

0.73 + 0.083
√
α + α

. (B23)

δκ is the derivative of κv with respect to vb at vb = cs, which is approximately given by

δκ ' −0.9 log

( √
α

1 +
√
α

)
. (B24)

Note that when vb = cs, we have κv(cs, α) = κB.

The last term originates from the magnetohydrodynamic (MHD) turbulence (turbulence

of plasma) after the bubble wall collisions [132–139] and is given as

ΩMHD(ν) ĥ2 ' Ω̃MHDĥ
2

(1 + 8πν/ht)

(
ν

ν̃MHD

)3
1

(1 + ν/ν̃MHD)11/3
, (B25)

where ht is the redshifted inverse Hubble parameter whose value becomes

ht = 1.65× 10−5 Hz×
(

Tt
100 GeV

)(
gt∗

100

)1/6

. (B26)

The peak spectrum and frequency are given by

Ω̃MHDĥ
2

(1 + 8πν̃MHD/ht)
' 3.35× 10−4

(1 + 8πν̃MHD/ht)

(
β̃

vb

)−1(
κMHDα

1 + α

)3/2(
100

gt∗

)1/3

, (B27)

ν̃MHD ' 2.7× 10−5 Hz× β̃

vb

(
Tt

100 GeV

)(
gt∗

100

)1/6

, (B28)

respectively. The factor κMHD is [28]

κMHD = εκv, (B29)

where ε denotes the fraction of the turbulent bulk motion. Following [28], we use ε = 0.05

in this work. Note that the spectrum from the turbulence of plasma explicitly depends on

the Hubble time since it produces the GWs for several Hubble times [138]. The model-

independent analysis has been performed in [140].
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Appendix C: The functions B and C

The amplitude for pion-pion scattering depends on the functions B(s, t, u) and C(s, t, u).

In chiral perturbation theory, they are expanded as

B(s, t, u) = BLO(s, t, u) +BNLO(s, t, u) +O
(
p6
)
, (C1)

C(s, t, u) = CLO(s, t, u) + CNLO(s, t, u) +O
(
p6
)
, (C2)

where the Mandelstam variables is defined in Eq. (58). We here list these terms by following

the literature [141]. To this end, we define

x2 =
m2
π

f 2
π

, L =
1

16π2
log

(
m2
π

µ2

)
, π16 =

1

16π2
. (C3)

For the lowest order, we have

BLO(s, t, u) = x2

(
−1

2
t+ 1

)
, CLO(s, t, u) = 0. (C4)

For the NLO, the functions are written as

BNLO(s, t, u) = x2
2

[
BP (s, t, u) +BS(s, t− u) +BS(u, t− s) +BT (t)

]
, (C5)

CNLO(s, t, u) = x2
2

[
CP (s, t, u) + CS(s) + CT (t) + CT (u)

]
, (C6)

where BP and CP are

BP (s, t, u) = α1 + α2t+ α3t
2 + α4(s− u)2, (C7)

CP (s, t, u) = β1 + β2s+ β3s
2 + β4(t− u)2. (C8)

For the breaking pattern SU(Nf )L × SU(Nf )R → SU(Nf )V , we have

α1 =
2

Nf

+
2

Nf

π16 + 16Lr8 + 16Lr0 −
2

3
NfL−

5

9
Nfπ16, (C9)

α2 = −4Lr5 − 16Lr0 +
5

12
NfL+

11

36
Nfπ16, (C10)

α3 = Lr3 + 4Lr0 −
1

16
NfL−

1

24
Nfπ16, (C11)

α4 = Lr3 −
1

48
NfL−

1

36
Nfπ16, (C12)

β1 = 32(Lr1 − Lr4 + Lr6)− 2

N2
f

(L+ π16), (C13)

β2 = 16Lr4 − 32Lr1, (C14)
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β3 = −3

8
L+ 2Lr2 + 8Lr1 −

3

8
π16, (C15)

β4 = 2Lr2 −
1

8
L− 1

8
π16, (C16)

and

BS(s, t− u) = J̄(s)

[
− 1

Nf

+
Nf

16
s2 +

Nf

12

(
1− s

4

)
(t− u)

]
, (C17)

BT (t) = 0, (C18)

CS(s) = J̄(s)

(
2

N2
f

+
1

4
s2

)
, (C19)

CT (t) =
1

4
J̄(t) (t− 2)2, (C20)

where

J̄(s) = π16(a2b+ 2), (C21)

with

a =

√
1− 4

s
, b =

1

a
log

(
a− 1

a+ 1

)
. (C22)

In this work, we use “p4 fit” data given in table 1 of [68] for the coefficients Lri . Note that

we set Lr0 to zero.
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