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Improved error estimate for the number of zeros of
the derivatives of the Riemann zeta function
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AWF5EIE, Fan Ge [ (College of William and Mary) & OILEETH 5. T OMFZEILEH S HIIC
BHUFEE (GRS : 18K13400) Dk % 2T 725 D TH D, FHEPHALEHIZTEELALL 71 7 5 A
(ITHEMS) OILHRERIZR IS E (SPDR) & LT OFEEHIZIT o726 D TH 5.
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A. Speiser (19354F) 12V —~ v ¥ — X B ((s) D - BHEEIEUC (s) D Re(s) < 1/2 TEEHT
BOWBRERZRVWZ N = v PHEAMETH D Z L 2R U, ZORERIL((s) DFER
D FOEEBOFMEBEBLTVWS I L 2EKT 5. Z0OHK, ((s)D kBRI CR (s)
DA R. Spira (1960-704E4%), B. C. Berndt (19704F), N. Levinson & H. L. Montgomery
(19744E) 12 X W g e Nz, B2, Berndt % (W) (s) OF SO % 5 2 7. H. Akatsuka
(20124F) 13 ) — % Y FRDKTED T, Berndt 23R U7z ¢(s) D2 sUEE D FHAM 2 5 1) 5 34
HAWR L, FE (20154F) 1 C(s) DT RTOD k BEHEREBCE) (s) 120 U TRk 2 KR %2 1572,
Akatsuka DFEFRIZF. Ge (20174) 1IZ2& D X SIZHWBE XN, £ 2% < ¢(s) DE S D LA 12
MUT, ¢(s) HEDEA (cf. J. E. Littlewood (19244F)) & [FAIBRZRFEAEEDMG S Nz, T OHF
SLZENE DI SN, FEH L Geld (W (s) 12Xt LT, FH (20154F) 2372 38 O N & [ IR
(2, Ge (20174E) 2R U7z ¢ (s) DB AT 2 iHli0 LRI HA 7. Z Dag%kskT, AET
AR AFLE DR & MR RN, FEH L Ce [GS20] B3 72K HLDOFEIH DM % il $ 5.

1 V=<V E—SBAROERLE

V=< ¥ —RHEE(s) 1T & DRI S FMG XITHNIED 22, B. Riemann
[Rie59] DH LT X D WO THAM IR E UTHEHZIBO . KT, ((s) DER
FRBDOAMADONERE G A5 ZLIZXD, FEEIZHKECHZESRIZAR 572 ((s) D
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FaE, TEABEAY (cf [Tits6, (2.1.1), p. 13) (X W T 2 HPARE N ZH
PAHDER, FEHAFER LTINS FERLO FHEIZS T 6N, BHRERLOM
EIXEEIZHsNnTWD —F, FEEHRESOEHERAMENRHEHTHS. Riemann
Rie5 X 2N S DIEEHFARFE RN TRT—EM LICFEET L FRUE. K0EEL
{iRB &, ZOERRIERe(s) =120 THDUhd AR (of FEHPERER
ORFRE). ZOF-IE T =< F/- (RH)) EEBHIN, 160FEMU ER->BHEDS
RIERTH 5. [Ries9] THRAR SN & 512, ZDOIEAPRESIIERD A OHH %
Fib, L CHLHEERMMENRTD 5.

C(8) DEREFANDLDIZ, FTBERDOE, BEOKEILRMETHS. ((s)D

HHAERIE R TOADOMEBUNs = —2,-4,-6,-8,... TH D, Re(s) < 0IZHWVT,
C(s) R ENUNDE S 2R\, EIXFEUHEBET, ((s) 1 Re(s) > 11ZES % H
il e bbnd, ZNEMHEIZHT L, ((s) T Re(s) > &%mf,Fﬁ4

5“%Jt@ﬁﬂéﬁ@ﬁ%%(d[ﬂ&i@m%plb%%%,%ﬁ%ﬁ<%
RWZeBNbhd, BEEEREMNWT, Y BB OMIZL LD S5EN
(C(s) DEBRER) BN () FFRZRRWV. 22k D, ((s) DIEEPELRER
120 < Re(s) < LOHIZUDEELBRWZ L2005, 5D LHELIRARS &,
FRCEBIZE D, ((s) IXEMRe(s) = 1 EIZEFZR W=D, BOBEKSEX2H
NIE, C(s) DIEEARBAIL0 < Re(s) < LIZFEET B2 e hbnd. ZHETO
HEfHICEEDD L,

{s€C|Re(s) <0\ (-2N) U {seC|Re(s)>1}

IXC¢(s) D—2D [FEFFEK TH5D. HL, —2NIFEDEEHEA
—ON:={-2,-4,-6,-8,-10,-12,...}

%%? L OREEGEFHEELEMOoNTWS (Bl A1 [Tits6, (6.15.1), p. 131]). £

kD, HHEIEO0 < Re(s) < Tid & < TERAUEHHIEK] (critical strip) & FEIEH T W 5.

Ins, ((s)DHEAWERERZp=08+iye&EL. 2BETHHALZLSIZ,
0<p <13 &IZiER.
- Z 1

0<y<T

EBL<E, NDIX0<Im(s) < TIZH 2 ((s) DIFEREREFERDOMEL 2 EEHEIAD T
BADH., FNIZH LT, KB LD.
T T
N(T) = - log 5 —+ Eo(T).
ZIZT, T—ooDk &

O(logT), S (of. [Tit86, Theorem 9.4]),
Ey(T) =

logT e .
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Thb. LMD AMIEH. C. F. von Mangoldt (19054) IZ & D /8 X #1, Riemann—
von Mangoldt AL FEIEIN D Z &AL\, RHZKE L7254 OFERIL . E. Little-
wood (19244E) 12X BB DTH Y, BEMUERSZBELF THRINTOVRY. —4,

Z OFFili -
0g
© <log log T)

FREPES B DP o> TWRW. 2%, TN ERRTE AR H 50, Z
NELERWEHMi S22 72 5 72\, D. W. Farmer, S. M. Gonek & C. P. Hughes
[FGHO7] * (1.1) 12 B 1) % 3 1%

0 (ViosTlogiog )

ThdeFRLE.

2 —<rvE—YEBOEEMDE R

A. Speiser [Spe35] 1% ((s) D —REEE ' (s) D Re(s) < 1/2 TEHTHRVWER &
IRWZEHPRACHMETHE I A2 R ZOMBIZED, ()DFEHD
BAAFZDEBEBDOBERDAMEBRBL TS Z R DAY, ((s)DEBEE D
ERBME I NIRD 2. 19604EA 5, R. Spira [Spi6d, Spi70, SpiT2, Spi73] 23 ((s)
Dk BEEBEBCE () DB MIZDONVT L XARANR, Kz, FEEFEEZRL
7=. Spira [Spi65, Spi70] B3R U 7z EFBMEIKIZ L D, (W(s) DEHTHRVWERITTA
THHHHH o < Re(s) < B IZ&FH, ZTOIMINTIZEBERLLUDEMEL 2.
FOFELSBRBE, (W(s)DRe(s) > B ITERELLFFZT, Re(s) < a1
FEBESRULEERN. £, THOOEBMBHI TN TN HEDH
HZRERE -/ —HELTWws., 202k, (W)DERFSE2EHR
EREL, ERTRVWERZHEEPELRERLERZLUTRYL. k= 1D0HAITRNIT,
('(s) I Re(s) < 0IZBWVWT, EHTHRVWEREZFELZLR V. DED, o =0LHN5.
UL, ZORERIXE > 2126 U TR Y L7272\ (cf. [Spi65, Fig. 1 & Table I1]). &
- T, Speiser [Spe35] DFERIZENWT T'(s) 130 < Re(s) < 1/2 TEBMTHRVWER 2K
] EHEESHAOND. BRRNS, BTED Speiser [Speds| DFERIZT R TOE
BB U TR S T wAew. C Y. Yildim [Yil96, Yil20] i ¢(s) & ("' (s) D3R
2R LT, [Spe3s] IZHHBL T BAERICHRA DY, [Speds] Tm ¥ Mz AMESLEIZE ST
Bhrotz. ((s)DBEEHAL, Zhhs, (W) DERTRVWERE FEHRZE
Rl EFRT 5.

B. C. Berndt [Ber70] & (ED®EE k123 U, (W (s) DI E IR E S OEECE PR 7.
N. Levinson & H. L. Montgomery [LM74] 1% (¥ (s) DF L O A2 FH L <F#AR, KRz,
Speiser [Spe35] D &R % METHNIZEZEA L, ((s) & (W(s) DFfRZE X D FEL <FAR
7z. H. Akatsuka [Akal2] IZRH ZKE L, ('(s) DZFEIZHK L T Berndt K& U Levinson
& Montgomery 23R U 72 FE L OEB S K EHODMICET 25HMii % k£ = 1 DB EIC




HUTHRUZ FHH [Swilb] F 2o OFFRIZHEH U, Akatsuka DR % ((s) DT
NTOEEBITHER U 72, FERODADOFHMIZT LTI, BARTES0E S »0bhp
SIEWA, TN LD EREWNDIX, FEROMEBGEHETH 5. Berndt [Ber70], Akatsuka
[Akal2, Theorem 3] & & [Surl5, Theorem 3] 23R U 7235 s DAELGEAM 2 LA T TEAK
IR B,

HIEiCRiIk U 72 C(s) DA L ARk, IEOEEEIZH LT, (W(s)DIEHP R
HE Pr = Bk + i LEX,
Ne(T) = > 1

0<y <T

EBL NY(T) K0 < Im(s) < TIZH B (W (s) DIEFAIHARZE S OMEUE BEEEAD T
W25, TR LT, KD LD,

T T
Too00oD& X,
Or(logT), S (cf. [Ber70, Theorem]),
Ey(T) =

@<ﬁ%%§g,RH@W%@T@meMThﬂt@mmThﬂ)
Ths. ULk, O-FEBRZEDAKETS. UL, THE((s) HEDEHE (1.1)IC
RN, AR TEA2RHAH D, ((s)DHEGLFEUREDFMAFSND & H
RIS NS, () DERBIZNLT, HIOTEDOFMEZERL DI, F. Ge
[Gel7] TH > 7-.

Ge [Gel7] 1% [ZhaOl] D FiE %2 FIZ, N(T) DFEAMIZ B ) 23R EBBE (T) 12
HUT, BAERRe(s) = 1/2 (HEDED & Z 5 THRWED /5 TR IZHHE L,
Akatsuka 23R U 7=

logT
Vl0oglogT

logT
0 <10g10g T) (22)
R U7, Zhid(1.1) TR U 7z Littlewood  [Lit24] #3153 7z §E Al & — B § 5.
((s) DIB/AB L FARIZ, 22 BRENES ESPMBRBRTHSH, BEMSNHT
VB TFIRTIE, (2.2) DL EOSERIZINIAF U,

FEHFCeDTATTICERL, T2 EBEREKOBETENT I 2F X7
Ge LE#H#ITHEDLEEITV, Ge [GelT| DT A T 709 <IZHEMEERKOSE IZHEMH
TERLHEWIEZTWED, b LE=20851cxdLTea< 3£ hk
Molz. TIT, k>20BEICHLUTIE, BIZ, BERERe(s) = 120 &
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Z D TIHRWEHZAT S, MLV T FHETHIED £ << FHEE[GS20] & HLD T 7=
éb\_, FRfR e DUMNE %, k=1DH&HICHARNE, BRE»SE 5D LN S

SIS TIEWIT AW, ZO#EERTIEZOT AT 7 2BHBICHFAT S, Z
@%%@&@K&D,T%m@t%

Or(log T), JESAE (cf. [Ber70, Theorem)),
Ey(T) = loa T (2.3)
O, (L> , RHOIKEDT (cf. [GS20, Theorem 1])
loglog T
L%,

3 (W(s) DEREFLOFMEICEH 1T BREIR E(T) D

ZOHIT, RHOFEED FTOD (2.3) DA % i8035, DA, BiHE & [k,
EIZIEDBBTHY, O-il5IET — co DREIKTHES. Op 1X O-EEN |k D AIZHAT
‘3—5 Ze& %ﬁ—é— @HL, O-na"ﬁ'@’fjﬁ;b D -, -uB"ﬁ'(‘: |_J L/,mufkf < O)T#_tua"ﬁ‘
(cf. [BDO4, p. 40]) HAH>.
Ve FET, BERRE(T) XD LS REBRO» %2R,

L (-1)F
(log 2)k

EBEE, FRHIRKREVELEREDAIKET 20,2 LT, 1/4+4,040 +i,0 +
iT,1/4+iT 128 WT,

Gi(s) :=2° 7<)

Gy
a
(A £ O SR % S U,
T T 1 1 1 1
N(T) = 2ng4—+2 argGk( +2T>+2—argC< +ZT)+Ok(1)

PO NSE. T2 TlogGi(s) &log((s) DIRAZ, +oo TOZEDH D & 0 HiEAH)
TED . FEWIOFEMIE [Surl5, Proposition 3.1] & 7z 1% [GS20, Lemma 3] % £ &, X
5T, (21815 E(T) 1%

1 1
Ex(T) = gargGk (5 —I—iT) + 2—&rg§< +2T> + Ok(1)

%arg(( —I—zT)

S Az, (B(s) I BT, d)®&u%bé%ﬁf%% EB, ZoDHE
FE(M CHENZEETHY, 1)2+iTI2BT2RAITag((2) = 02 51EU0 %

EEITS, TIHHOBEK



D, 2,24iT,1/2 4T Df5 %l > CHEGAH TE X S
S(T) == largC <1 +iT)
us 2

WL,

%03—503+£+0<%)

EEWHEED (cf. [Tit86,9.3]). &- T,

1 1 1
Ek(T) = % arg Gk (5 + ZT) + §EO(T) + Ok(].)

720, Eo(T) & MSZIZ 3§ 1,

arg G, (% + iT) (3.1)

EZFARNETDTH L. FEE, RHBED D EIREL, loglogT < (T) < log T %
Jili 7= 3HEMBAE O(T) 12X LT Ey(T) = O((T)) 2§ 5 &,

E log L + O (max {@(QT), Vlog T log log T}) (3.2)

2w 4e

Ny (T) =

MRE S (cf. [GS20, Theorem 2]). Ffll [GS20] % 2.

Ihh s, RHDPED D EAREL, (3.1) 2dHlidT 274 77 20T 55, (32)D

BaTERL, L)EBWT, 23)&57T. HbH, RHAKD LD L FHETHE,

(112 kDb,
logT
Ey(T) =0 (loglogT)
THhbHDT,
1 1 logT
Lmy,

1 . _ log T
w6 (3+7) =0 (i)
((2.3) D&FE) 2R 9. IRIZHEN T BEIE TN TRHDFED FTHEY L.

F# [Surls] 1% Akatsuka [Akal2] DT A T 7 2T RXRTOEIZH U TIREL, R,
[Surl5, Lemma 2.5] T,

‘ (log T)2(1=2) 1 3
G =0, | ——~Lft—xo ey < 2
arg Gi(o +T) k(( loglogT )’ 2=79=1

PN DZ e 2R L. ZNEHWT,

1 . logT
Gl =+iT) =0, [ ———
e ’€(2+Z ) k(vbgbgT>
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UhvRtEghorz. UL b Akatsuka [Akal2, Remark 2.5] 648 L7 L 51T, o =
12726 H 5 BEHNIIE

loc T 2(1—0) 1 loglog T 2
argGl(ngz‘T)—O(%>7 (loglog T

3
— 422 o< =
loglog T 2Jr log T =7=7

nESNS., TNEHAWT,

TargGy(o +iT) DZAbZF L <Gl L,

logT
O(loglogT)
ZHIZS6ND Z e ZREIXRY. ZHUEGe [Gel7| DT AT T ThoTz. —HDEIC
HLUTE, ZOT7A4F7Ik

G, — loglog T 1 (loglogT)?
argC(JJrzT)—Ok( _% S §+W<O'<1 (33)

(cf. [Surl5, Lemma 2.3]) IZ & D EHTE 5. FH4 [GS20] FZNIZEBL, SMHEIE,

2 logT
£0, £33 Leo=1200HNT,

1 (loglog T)?
+(Ogog)

ViogT
LBE,
Ay = A arg G(o +1T), Ay = A arg G(o +1iT)
oo-HT—1/24+ X +iT 1/2+4 X HiT—1/24iT

WEET . (3.3) ZHVWNE,

logT
A =04 <loglogT>

logT
Ny = O | ———
’ g <loglogT>

EREIRXEV. ZN0ERT GEERBICHIET 5.

MELIZESND. KIZ,

1/24X v
Ay =Im —k(g44T)do
1/2 k



TH 5D, [Tit86, Theorem 9.6 (A)] L FHFRD HILT, s=o0+it, 1/2<o < 1ITHL
<,

G, 1
G_k(s) = Z R + Oy(log [t])
i | Tm(p)—tI<1, i
¢ (py)=0

PrEd. £oT, D=D(T):={z|Re(z) >1/2,|Im(z) - T| <1} £B<L &,

1/2+X Z 1 ( )
Ay =1Im —————do+ O (XlogT
12 tgorier, O T T P

¢ (pg)=0
>

1
arg( + X +4iT — pk)arg<2+iTpk>‘+XlogT (3.4)

pPLED,
™ (py)=0
5.
wic, |
YV, :=2X = 2
T - Vlog T’

Rj={o+it]|1/2<0o<1/2+4Y, T-Y; <t<T+Y;} IZHLT, R; ET(W(s)D
E R DMEE N (R;) 1%

logT
<, YilogT + loglog T (3.5)
TMA SN D Z & ZRT (cf [GS20, Lemma 8]). Z3EZ DFHX [GS20] I2HWT, *
WARA Y P THD. I T, UTFOEMNBE. FMllI%[CS20] 2 S 8.
e (cf. [GS20, Lemma 6]) T ZKEW¢ I LT,
(k)
(o +it) <0, 0<o<1/2, (" Yo +it) #0. (3.6)

C(k 0
FEMHIE T XA~ — Vo DR fREH, [LM74, Theorem 7 D Corollary] & T'(s) IZ
B2 A%—Y Y7 DAATIt39, Section 4.42] ZFHWTH L < R\, &
.

e (cf. [GS20, Lemma 7]) Z;, := {7y | (W (1/2+iy) =0, £=0,1,2,--- k} £BL &,
Y <TIZHLT,

logT
Y 1< YlogT 4 —o (3.7)
loglog T
T<2<T+Y,
ZEZ,

ZhIE(36) EAVWTIZIEELICESN .

(35) 2RI DIZ, Ry & VERFHRRe(s) = 120D 2RV DR 2F X &

(3.7) &0,
logT

New (R Y;logT
cw (F)) < Yjlog +loglogT
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ZoRElE 4.
Opr; 1/2+ (T +Y;),1/2+i(T - Y;)) € (0,7)

ZppllBIFB124+i(T-Y;) L 1/24i(T+Y;) DRIDRA LT L L, peR THD

L,
O(pe; 1/2+i(T+Y;),1/2+4(T-Y;) > 1

THHIEITER />T,

New(R) < Y (o 1/2 +i(T +Y;),1/2 +i(T - V)

.
PRER]

e el

preRr; T T=Yi (Be — 1/2)2 + (1, — t)?

T4y, B
</ ’ P —1/2 dt

T, 5T (Be —1/2) + (v — 1)?

Zit1 ﬂk _ 1/2
: 2 / Z B —1/2)* + (m — t)th

T-Y;<2z;,<T+Y}, B >1/2
Z €2
N AR
o k _ 1/2 - C(’H‘l)
F(t) = ) G 1/2> G —Re e (1/2+1t) + O (log |t])

Br>1/2
IERET NI,

Zit1 Zit1 (k+1)

/ . F.(t)dt = / ' < Re C( (1/2+zt)+0(logt)) dt

= [Aarg (W (1/2 + it)] + O ((zi41 — =) log t])

(3.8)

EFEHITB. ZIT, Aargld (2, 2i0) KBTI BRMDLEMELT. Lo T, (3.8) DH

BRI (P (1/2 +it) DIRADE I X > TEEHZ SN 5.
h(s) :=m"2T (g)
(‘.’.B< (‘f_, te (ZZ‘7ZH,1) Kﬂ‘bf,
1 ' C CN g(k) 1 1 ]
C(k) (5 +Zt> = (hC E ? C<k71) . E) (5 +Zt)

EEEMBEL, Aarg(P(1/2 +it) 27T UXR .
B%EE A (cf. [Tit86, (2.1.1), p. 13]) £ D

Aarg(h(1/2 + it)C(1/2 + it)) = 0.



o1

(B36)IT&D, 1=1,2,--- k&t € (2, 241) XRLT,
C(l)
Aarg(l 1)(1/2+Zt) <1
DR DD, HOT(s) IZET 5 A% =1 v 7 DOAA(Tit39, Section 4.42] % WAL

A 1 Zj+1 | p!
mgmu2+uJ<ﬂL n

"EoND. KoT,

(1/2 + it)

dt < (zj41 — 2)log T

Zit1
/ Fe(t)dt < 1+ (zi41 — 2;) logT

Thbd. 38)KUBNITLD,

) logT
N@“u%)g%j,yng (U (i = =) log T) < Yjlog T+ on oo
=Y;<2;<T+Yj,
2, €2,
T, (35) IFAFATE 2.
ZZETORRIX
T+ D 2 T
N a0l g
T 777 %
/
Az //é//////// ; O ﬂ'a_r
Yaws = 0. -
N | A eeT
T — o
AV
/7
/717
/1777 v
//////// =R 0w | Ty £g THY)
s [/ /117 | _ {m}‘ Leoslty, -r-\(;gce‘w‘fﬂ.
- { |
. ! 3
2 3_*79 2
: - . TN
Y= e
i (kT

TAA—VTEB,
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(34)T, 2°X m1 BB NIZHL, D=L R L HEFHEEIE,

A2<<2N: >

Jj=1 prER;

1 1
arg (E—Q—X—i-iT—pk) — arg (§+iT—pk>’+XlogT
a X
<Y New (Ry) v + XlogT
j=1

CEHiTE 5. (3.5) BT,

N
J
Ny < Y (2 XlogT + 5 < logloa T

j=1

logT 1 logT
loglog T

NESNS. RHOKED FTOD (2.3) DFFHHIXTET.

4 BE

[GS20], ZUL T, [Gel?) DFERIK, T4 U2V LEEP NI ¥ —XEKREIF
POY— XL LRFIZH LT, THMIZBII2WREZ/B2DICEHATES. D
E0, HIZIX, TaVZV LBEEICHLT, EEERFICET2HRIEIDSHETHR
SN, —EROFERIK [GS20, Section 4] & [Gel9] IZFEB I N B DT, THHLHLX

V. 2N S OFERIE [Surl7] & [Luo05] DR %2 R/ U 7.
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