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Abstract

A new fatigue life evaluation methodology, which enables to predict fatigue crack

growth from a stress concentration site without the initial defect is proposed. This

method is based on the following scenario of fatigue crack growth: (i) a shear mode

crack initiates and grows from the stress concentration site, (ii) a crack opening

mode appears when the shear crack reaches the first grain boundary, (iii) the crack

mode shifts from shear to opening/closing, (iv) opening/closing mode crack propa-

gates. It is further assumed that cracked bodies which have the same stress intensity

factor range (∆K) show the same fatigue crack growth. On the basis of this hy-

pothesis, an equivalent distributed stress (EDS) is defined. EDS corresponds to the

distributed stress in an infinite plane with a straight crack for which the relation-

ship between the crack length and the stress intensity factor (K) is the same as
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in the considered cracked body. Estimation of fatigue crack growth from a sound

stress concentration site in corner boxing joints is performed by applying a fatigue

crack closure simulation code FLARP developed by the authors and using the EDS

concept. The stresses due to the external loading and welding are converted into

EDS in order to apply FLARP.The estimation procedure is validated by comparing

the predicted and experimental resutls.

Key words: Fatigue crack mode transition, Micro fracture mechanics, Cyclic

Plasticity, Equivalent distributed stress (EDS), FLARP

1 Outline of the fatigue crack opening/closing simulation method

for surface cracks

We have developed a fatigue crack opening/closing simulation model for a

through thickness crack under an arbitrary stress distribution [1]. Fatigue

cracks are generally initiated as plural surface cracks from sound stress con-

centration sites in an early stage of their life. No cohesive force model for

a single surface crack has been proposed yet, because a contour of the ficti-

tious surface crack cannot be described analytically. The basic features of the

proposed approximate crack opening/closing simulation in which the plural

surface cracks are replaced by a single surface crack are listed below.

(1) A Paris’ type crack propagation law, da/dN = C(∆K)m, holds for a

constant amplitude loading after the steady state closure behaviour de-
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URL: http://www.nams.kyushu-u.ac.jp/common/production/index

e.html (Masahiro Toyosada).
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velops.

(2) It is expected that crack growth curves are almost the same for cracked

bodies having the same relationship between the crack length and ∆K.

(3) A reasonable fatigue crack growth curve in terms of the maximum crack

depth of a surface crack against the number of cycles can be obtained for

plural surface cracks by our procedure. This curve will be considered as

the representative crack growth curve.

(4) A procedure to evaluate the influence of neighboring surface cracks on the

stress intensity factor at the deepest point of a surface crack is explained

in the Appendix.

(5) Stress distribution along a through thickness crack which results in the

same change of the stress intenisty factor with the crack depth as for the

representative surface crack is found in case of both the applied stresses

and the residual stresses. The crack closure analysis for the above men-

tioned through thickness crack is performed using the model by Toyosada

and Niwa [3].

2 Fatigue crack initiation and growth from the root of a notch

For sound (no defect) material at the notch root, slip bands generate first in

the planes of a very high atomic density for which the normal vector is nearly

perpendicular to the maximum shear stress plane. Because each grain in a

polycrystalline material has a different orientation, the slip line has ankles as

shown in Fig.1. In Fig.1, the meaning of the symbols are listed below.
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θ: the intersection angle of the slip lines in the adjacent grains,

bi: the intersection points between the slip lines and the boundary of grains,

c: the crack tip at the current loading.

Dislocations move along a slip line and the corresponding normal stresses per-

pendicular to the slip line are negligible. Although the load which is generated

by the existence of the dislocations in other grains ahead of the first grain in-

duces the crack opening, the crack remains closed because of the insufficient

density of dislocations and the large distance from the crack tip to the first

grain boundary when the crack tip is situated in the middle of the first grain

on the notch surface. However, the closer the tip of the shear crack approaches

the first grain boundary, the larger the force to open the crack. The large den-

sity of dislocations near the crack tip, which moves along the line inclined to

the shear crack line due to having a different orientation compared to the slip

in the first grain, generates the crack opening force.

It can be assumed that opening mode of crack growth starts when the shear

crack reaches the first grain boundary. Research conducted by Forsyth [4] and

Gudjact et al. [5] strongly support the above mentioned assumption. Let ω̃

be the size of overlapping region of the tensile plastic zone at the maximum

load (Pmax) and the compressive plastic zone at the minimum load (Pmin)

in a given loading cycle. It can be presumed that the tip of ω̃ stays in the

initial position until the crack reaches the first grain boundary if a constant

amplitude loading is applied, because no opening mode appears and no stress

re-distribution takes place. With the proposed approach, the controlling pa-

rameter for fatigue crack growth is ∆KRPG [6] throughout the fatigue life
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(from the fatigue crack initiation to the failure).The relashionship between ω̃

and ∆KRPG was formulated as follows by using the numerical fatigue crack

growth simulation code by the authors [12].

ω̃ = η(π/8)(∆KRPG/2λσY )2 (1)

η in Eq.(1) is a constant and its value is equal to 1.55.

The equivalent ∆KRPG ((∆KRPG)eq)in case of crack propagation in the first

grain is obtained from the relationship between ∆KRPG and ω̃ shown in Eq.(1),

see Fig.2 [3].

(∆KRPG)eq = 2λσY

√
8ω̃/ηπ, (2)

where

ω̃ = r0 + ω̃s − a,

ω̃s =(ηπ/8)(Ũs∆Ks/2λσY )2,

Ũs =(Pmax − PRPG)/(Pmax − Pmin) = 1 − 2λσY /(Pmax − Pmin)σy0,
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∆Ks: stress intensity factor range at the deepest point when the surface

crack reaches the first grain boundary (semi-circular surface crack is

presumed in this case),

ω̃s: the size of overlapping region of the tensile plastic zone at the max-

imum load and the compressive plastic zone at the minimum load

when the shear crack reaches the first grain boundary,

r0: length of the first grain to projected on main crack path,

σy0: stress at the notch root perpendicular to the main crack when the

unit load is applied,

λ: plastic constraint factor (1.04 in the case of mild steel [2]).

It is considered that dislocations can easily move until they reach the first

grain boundary. It is presumed that shear crack remains closed during the

cyclic loading until a shear crack reaches the first grain boundary. Because

not only negative stresses but also positive stresses act on the closed shear

crack, the cohesive force model shown in Fig.3 holds at Pmax. The position of

the the fictitious crack tip is obtained based on the assumption that the stress

intensity factor for the fictitious crack equals zero. COD at the maximum load

for the crack length equal to r0 can be calculated using the fatigue crack closure

simulation model developed by the authors [3]. The length of bar elements in

the crack region for both the physical crack and for the fictitious crack at

Pmax can also be computed using the simulation model based on the Dugdale

model, because the BCS model [7] provides the same COD profile and the

tip of plastic region if the Dugdale model, which the value of shear stress is
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substituted into the term of normal stress and the value of shear yield stress

is replaced with the tensile yield stress, is applied.

Before the crack reaches the first grain boundary, a cyclic strain, which is al-

most totally plastic, is generated in every loading cycle near the elastic plastic

boundary. Stress keeps the same distribution during the loading because no

crack opening occurs in the case of the shear crack and then the elastic plastic

boundary does not move under constant amplitude loading. Then the bound-

ary is dominated by the cyclic yield strength (which might be equal to the

proportional limit). During the transition stage from a shear crack to an open-

ing/closing crack, yield strength would increase and approach the static yield

strength as the crack advances. Yield strength increases as the tip of the ten-

sile plastic zone at maximum load keeps the previous position because of the

previous dislocations movement near the elastic plastic boundary at the max-

imum load. Then it is expected that fatigue crack propagation rate decreases

when the crack tip penetrates the first several grains. This phenomenon is in

a good agreement with microstructural fracture mechanics [8][9]. Moreover it

is expected from this increase of yield strength that the coaxing effect will

appear. In other words, a specimen with a sharp notch which has experienced

a large amount of cycles at the fatigue limit amplitude can usually have non-

propagating cracks. In this case, a small increment of loading amplitude does

not lead to growth of the tensile plastic zone over the previous one because

of the increase in yield strength during the transition area from shear mode

to opening mode of crack growth. It is considered that a compressive plastic

zone at the minimum load could not be generated and then the coaxing effect

will appear.
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3 An example of comparison between the experimental and the

estimated life using specimens with a gusset

A numerical simulation code for fatigue crack growth from a sound stress

concentration part which accounts for the factors mentioned in the previous

chapter and is named “FLARP; Fatigue Life Assessment by RPG load” [3]

is developed. By applying FLARP, the fatigue crack growth curve from a

stress concentration site without the initial defect can be estimated. Figure

4 is the flowchart of the fatigue crack growth evaluation by using FLARP.

(The meaning of the reference crack length is explained later on.) An example

of the fatigue crack growth estimation followed by Fig.4 is introduced in this

section. Detailed operations of each step in Fig.4 are discussed by using the

example from the following problem.

Figure 5 shows a specimen with the gusset, where the fillet weld was done

with heat input of 12kJ/cm. The average grain diameter near the weld toe of

the steel used is 35µm by the optical observation.

Figure 6 shows the results on the aspect ratio of each surface crack emanating

at the boxing fillet weld toe measured by means of the ink penetration method

and the beach mark method. It is seen that the scatter of the aspect ratios

for the individual surface cracks before the completion of coalescences is very

large. These surface cracks can be replaced with a hypothetical single surface

crack, (see Appendix). Figure 7 shows the result (A → B) which is the change

of aspect ratio of the representative single surface crack for the specimen width

ts of 7.5mm. It is understood that the aspect ratio decreases very rapidly as

the crack advances because of the frequent coalescences. After the completion
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of coalescences the aspect ratio increases as the crack advances (B → C → D).

Stress analyses are performed by using the three dimenional FEM. FEM mesh

idealization used is shown in Fig.8. Calculation results are shown in Fig.9 and

Fig.10.

Figure 11 (1) shows an approximate method of obtaining the stress intensity

factor for a surface crack subjected to the uniform stress distribution along

the crack line with the stress varying in the thickness direction. The results

obtained in this particular case [6] are similar to those from the influence

function method [10]. In the case that stress distribution shows the gradient

over the width direction, the correction factor f in Fig.11 (2) is used in order

to consider this effect on the stress intensity factor. ∆K at the deepest point

of the surface crack in an early stage and of the through thickness crack after

the penetration is obtained for the change of aspect ratio shown by the dotted

thick curve in Fig.7.

The result is shown in Fig.12 in which abscissa X is defined as shown in Fig.13.

When a surface crack is deeper than 0.8 times as large as the plate thickness,

the K value has not been obtained yet because a correction factor for the front

surface becomes very large. The changes of the stress intensity factor under the

different loading conditions are established as shown in Fig.12. These calcu-

lation results are overlapping because of very small induced bending moment

due to eccentricity by the exisitence of the gusset. Point C in Fig.12 corre-

sponds to the K value for the surface crack, depth (a) of which is equal to

0.8W (W : plate thickness). Point D in the figure corresponds to the K value

for a through thickness crack length 2c0.

Figure 14 shows the welding residual stress distributions in the cross section
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of the plate at the boxing fillet weld toe, obtained using the inherent stress

method [11]. The K value due to the welding residual stress is obtained based

on using Fig.7 and Fig.14, and by adopting the K approximation method de-

scribed above. The result is shown in Fig.15. Equivalent distributed stresses

acting on a straight through thickness crack in an infinitely wide plate are

introduced which reproduce the change of K with X for the advancing sur-

face crack due to the applied loading and the welding residual stress. The

corresponding variations of the equivalent stress with X are shown in Fig.16

and Fig.17 respectively. These relations and material constants are input to

FLARP and then the RPG loads are calculated. An example of the simulation

result on the RPG load is shown in Fig.18. The oscillation of the RPG load

in Fig.18 derives from the discretization of the bar elements in the simulation.

The oscillation can be reduced by applying the fine discretization of the bar

elements.

A fatigue crack growth curve for a sound stress concentration part (i.e. with-

out an initial crack) can be predicted subsequently, as exemplified by Fig.19.

It is considered that slope of the crack growth curve decreases as the crack

penetrates the zone of compressive residual stresses. The crack growth curve

in Fig.19 based on ∆KRPG is smooth even though RPG load history shows

the oscillation in this calculation. Then, the oscillation of RPG load in Fig.18

can be ignored.

Figure 20 shows a simulated S-N curve in which the lives corresponding to

the full thickness penetration are also shown. Estimated lives until the crack

depth reaches first grain boundary and 1mm from the plate surface are also

plotted. It is evident that the estimated penetration lives are in a very good

agreement with the experimental ones. These results confirm that we can

10



assess crack initiation and growth curve from a sound stress concentration site

of steel structures under in-service conditions in the design stage although it is

currently time consuming to obtain the stress distributions from finite element

analyses.

4 Concluding Remarks

A calculation algorithm for a fatigue crack growth curve from a sound stress

concentration site for welded steel structures is established and a fatigue crack

growth simulation code “FLARP” is developed. The ∆KRPG or equivalent

∆KRPG is used in the algorithm as the crack driving force parameter. This

parameter represents the overlapping size of the tensile plastic zone at Pmax

and the compressive plastic zone at Pmin in one loading cycle. FLARP is ca-

pable of evaluating effects of the stress ratio, overload, residual stress, grain

size of steel, variable amplitude loading and sequence of load on fatigue initia-

tion and growth curve [12][13]. Although this is not confirmed experimentally,

we believe that FLARP can handle numerically the coaxing effect and the

acceleration effects due to corrosion on fatigue crack growth.

Based on the experimental work, the procedure to account for changes of

the aspect ratio for a surface crack in an arbitrary stress field is proposed to

simulate the fatigue crack growth from a sound stress concentration site.

Although the crack growth predictions are made using the numerical code,

preparing the input data, and specifically the stress distribution along the

crack line by FEM, is currently extremely time-cosuming. Therefore, the re-

quired future work is to develop the suitable pre and post processors links
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between FEM and FLARP.
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A Representative surface crack replacing plural surface cracks gen-

erated at the sound stress concentration site

It is observed that fatigue cracks usually initiate as plural surface cracks at

a stress concentration site such as a fillet weld toe. These cracks coalesce

as they advance, and finally a single large surface crack appears. It is also

observed that the depth of the fatigue surface crack just after the completion

of the coalescences is usually very small such as 0.5mm or so. Therefore the

interference effects of neighboring surface cracks on the K value are studied for

a semi-infinitely thick plate subjected to uniform tension. Following K values

are used in Handbook [14].

Figure A-1 shows ratio of the K value at the deepest point of a semi-elliptical

surface crack in the case of existing another surface crack of the same size to

that of a single surface crack of the same size. Figure A-2 shows the decreasing

ratio of the K value at the deepest point of a larger semi-circular surface crack

in the presence of a smaller neighboring semi-circular surface crack to the K

value when both cracks are of the same size. In that case the ratio of the K

values for the abscissa of zero corresponds to a single semi-circular crack.
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The ratio of the K values plotted against the distance between the two semi-

circular cracks of the same size is shown in Fig.A-3. Figure A-4 is an alterna-

tive way of the presentation of the data from Fig.A-2 and demonstrates the

interaction between two adjacent cracks. From the result that the K value

is proportional to the square root of the crack area and from Fig.A-4, the

method of a representative single surface crack, the depth of which is that of

the deepest crack and the K value at the deepest point is the same as that

for the deepest crack including the proximity effects, is developed, as shown

in Fig.A-5. The representative crack method is illustrated in Fig.A-5 which

shows that in the first stage the cracks (1) and (2) are replaced with crack

(1’). Then in the next stage cracks (1’) and (3) will be replaced by a single

crack. It has been found that the order in which the replacements are done

does not influence significantly the final result.
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Figure 1 Schematic dislocation density distribution along slip lines at a notch

under unloading process in cyclic loading for a polycrystalline material

Figure 2 Size of the cyclic plastic region ahead of a shear crack in the first

grain

Figure 3 Cohesive force model for a closed shear crack

Figure 4 Flow of calculation of fatigue crack growth curve from a sound stress

concentration part by FLARP

Figure 5 Gusset type fatigue test specimen

Figure 6 Aspect ratio for each surface crack emanated at the toe of a boxing

fillet weld before the completion of coalescences

Figure 7 Experimental result of the change of a hypothetical surface crack

before the completion of coalescences and a surface crack after the completion

Figure 8 FEM model using solid elements for the gusset joint

Figure 9 Stress amplitude distribution along the thickness direction at the toe

of boxing fillet toe for one fatigue loading condition

Figure 10 In-plane stress and out-of-plane stress distribution in the cross sec-

tion at the fillet toe and Erdogan’s equivalent membrane stress distribution

for one fatigue loading condition (maximum load = 147 kN, minimum load =

7.4kN)

Figure 11 Approximate method to estimate the stress intensity factor at the

deepest point of a surface crack in an arbitrary stress distribution field

Figure 12 Change of the stress intensity factor range as a crack advances from

the boxing fillet weld toe for unit loading amplitude

Figure 13 Definition of reference crack length X

Figure 14 Analytical result on the residual stress distribution at the boxing

fillet weld toe obtained using the inherent stress methodology

Figure 15 Change of stress intensity factor due to residual stress as a crack
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advances

Figure 16 Distributed stress which reproduces the change of ∆K as a crack

advances due to the external cyclic loading

Figure 17 Distributed stress which reproduces the change of K as the crack

advances due to the residual stresses

Figure 18 An Example of simulation result for the RPG load until crack pen-

etration (loading condition: maximum load=147 kN, minimum load=7.4 kN)

Figure 19 An example of simulated crack growth curve from sound part with

crack length of zero (loading condition: maximum load=184 kN, minimum

load=9.2 kN)

Figure 20 Estimated S-N curve and its experiment for specimens with a gus-

set

Figure A-1 Effect of neighbouring semi-elliptical surface cracks of the same

size on the stress intensity factor

Figure A-2 Effect of a neighbouring semi-elliptical surface crack on the nor-

malized stress intensity factor for a semi-circular crack

Figure A-3 Effect of the distance between the semicircular cracks on the stress

intensity factor

Figure A-4 Influence of adjacent cracks on the stress intensity factor

Figure A-5 Procedure in order to obtain representative surface crack replacing

with plural surface cracks generated at the sound stress concentration part
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f=Kdist / Kconst

(2) Correction factor for stress distribution of equivalent tensile stress.

Stress intensity factor at the deepest point of a surface crack at the toe

of boxing fillet weld toe = fK(a)

Figure 11

21



−5 0 5 10 15 20 25
0

0.2

0.4

0.6

Reference crack length: X (mm)

∆ 
K

 / 
∆ 

σ m
   

(m
1/

2 )

r0=35µ m

∆ σm=221MPa, ∆ σb=3.6MPa
∆ σm=175MPa, ∆ σb=3.1MPa
∆ σm=140MPa, ∆ σb=2.6MPa
∆ σm=105MPa, ∆ σb=2.0MPa

C

D

A
B

E
Change of aspect ratio of the surface
    crack: A    B    C    D in Fig.13

through th
ick

ness
 cr

ack

surface crack

Figure 12

w

A1 A3

A2

B1

B2

B3C1 C3

C2

D1 D3

a

2c0

2c

For surface crack:
For through thickness crack: X=(c−c0)+w

A1A2A3: Surface crack just leaving a boxing fillet weld toe on surface
B1B2B3: Surface crack just before penetration
C1C2C3: Surface crack just penetration
D1D3 : Through thickness crack

Gusset
Boxing weld

Base plate

X=a

Figure 13

0 2 4 6 8 10
−200

0

200

400

600

800

Distance from plate surface  (mm)

R
es

id
ul

a 
st

re
ss

: σ
R
(y

) 
 (

M
P

a)

: x=0.0
: x=0.13
: x=0.5
: x=1.25
: x=2.75
: x=5.25

: x=8.25
: x=11.88
: x=17.0
: x=24.0
: x=34.0

x: distance from center line
     of the specimen (mm)

: x=40.0

(a) Stress distribution in the plate at the

center of the fillet weld toe

0 10 20 30 40
−200

−100

0

100

200

300

400

σ 
R
  (

M
P

a)

Distance from a center line  (mm)

: membrane stress σRm
: out−of−plane bending
  stress σRb

: equivalent membrane
   stress σRcor

σRcor

σRm

σRb

(b) Stress distribution of the membrane

and bending stress
Figure 14

22



−5 0 5 10 15 20
0

20

40

60

Reference crack length:  X  (mm)

S
tr

es
s 

in
te

ni
st

y 
fa

ct
or

: K
 (

M
P

a 
 m

1/
2 )

Average particle diameter:
 r0=35µ m

C

D

A

B

Through thickness crack

Figure 15

0 5 10 15 20 25
0

2

4

6

Reference coordinate:  X  (mm)

∆ 
σ e

q 
/ ∆

 σ
m

Average particle diameter:
 r0=35µm

∆ σm=221MPa, ∆ σb=3.6MPa
∆ σm=175MPa, ∆ σb=3.1MPa
∆ σm=140MPa, ∆ σb=2.6MPa

∆ σm=105MPa, ∆ σb=2.0MPa

through thickness cracksurface crack

Figure 16

0 5 10 15 20 25

0

200

400

600

800

Reference coordinate:  X  (mm)

E
qu

iv
al

en
t d

is
tr

ib
ut

io
n 

st
re

ss
  (

M
P

a) Average particle diameter:
 r0 = 35 µ 

through thickness
 crack

surface crack

Figure 17

0 2 4 6 8 10
0

50

100

150

200

0 0.05 0.1 0.15 0.2
0

50

100

150

200

Lo
ad

 [k
N

]

Crack depth: a (=X) [mm]

RPG load
Lo

ad
 [k

N
]

Crack depth [mm]

Maximum load

Minimum load

RPG load

Average particle diameter: r0= 35 [µµ]
Plate thickness: 10 [mm]

Figure 18

0 1 2 3
0

2

4

6

8

10

12

14

Number of cycles: N  [ x 105 ]

C
ra

ck
 d

ep
th

 [m
m

] Average particle diameter:
 r0= 35 [µm]

Maximum load: 184 [kN]
Minimum load: 9.2 [kN]

Plate thickness: 10 [mm]

Figure 19

104 105 106 107
70

80
90

100

200

300

G
ro

ss
 s

tr
es

s 
ra

ng
e:

  ∆
σ m

  [
M

P
a]

Number of cycles

Nr0
     Nc     Nf

Nc: 

Nf: 

SM490YB

Plate thickness: 10 [mm]

Solid marks: Calculated by FLARP

Open mark: Experment

Nr0
: Crack reaches the nearest
 grain boundary.

Crack penetrates to back
 surface of base plate

Crack depth is equal
 to 1mm.

Figure 20

23



0.0 0.2 0.4 0.6 0.8 1.0
0.9

1.0

1.1

a
2b 2b

d
λ=2b/d , d2=λεb

d2

In
cr

ea
si

ng
 r

at
io

 o
f s

tr
es

s 
in

te
ns

ity
 fa

ct
or

 b
y 

ne
ig

hb
or

in
g 

cr
ac

ks
: f

n

a / b = 0.25
a / b = 0.5
a / b = 1.0

0 0.51248
ε

λ ( = 2b /d )

Figure A-1

0.0 0.2 0.4 0.6 0.8 1.0
0.8

0.9

1.0

1.1

1.2

a1

2a2 2a1

d2=εa1

a2

d2

η  ( = a2 / a1 )

D
ec

re
as

in
g 

ra
tio

 o
f s

tr
es

s 
in

te
ns

ity
 fa

ct
or

 b
y 

ne
ig

hb
or

in
g 

cr
ac

ks
: f

D

ε = 0.25
ε = 0.5
ε = 1.0

ε =0

Figure A-2

0.0 0.2 0.4 0.6 0.8 1.0
0.90

0.95

1.00

a

2aεa2a

ε

D
ec

re
as

in
g 

ra
tio

 o
f s

tr
es

s 
in

te
ns

ity
 fa

ct
or

 a
t η

=
0:

 (
f D

) (η
=

0)

Figure A-3

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

η  ( =a2 / a1 )

ε = 0.25
ε = 0.5
ε =1.0

ζ 
=

 (
 1

−
f D

 )
 / 

( 
1−

(f
D
) η

=0
 )

Figure A-4

24



(1)
(2) (3)

a1

2b1d2 d3

S1

S2

S1: Area of crack (1)
S2: Area of crack (2)

(1)(2’) (3)
a1

2b1d2 d3

S1
S2’

S1: Area of crack (1)

S2’: Area of crack (2’)

a2

(1’’)
(3)

a1

2κ d3

S1’’

S1’’: Area of crack (1")

converted 2b1

λ = 2b1 / ( 2b1+d2 )

fn
Figure A−1

ε = d2 / b1

(f
D
) η

 =
 0 Figure A−3

( S2 / S1 )
1/2

Figure A−4

( 
1 

−
 f D

 )
 / 

( 
1 

−
 (

f D
) η

=0
 )

a / b
a1 / b1a1 / κ

at a = a1

K(1)

fnfDK(1)

S
tr

es
s 

in
te

ns
ity

 fa
ct

or

(a)

(b)

(c)

(d)

Figure A-5

25


