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Abstract We propose QPALM, a nonconvex quadratic programming (QP) solver
based on the proximal augmented Lagrangian method. This method solves a sequence
of inner subproblems which can be enforced to be strongly convex and which there-
fore admit a unique solution. The resulting steps are shown to be equivalent to inexact
proximal point iterations on the extended-real-valued cost function, which allows for
a fairly simple analysis where convergence to a stationary point at an R-linear rate is
shown. The QPALM algorithm solves the subproblems iteratively using semismooth
Newton directions and an exact linesearch. The former can be computed efficiently
in most iterations by making use of suitable factorization update routines, while the
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latter requires the zero of a monotone, one-dimensional, piecewise affine function.
QPALM is implemented in open-source C code, with tailored linear algebra routines
for the factorization in a self-written package LADEL. The resulting implementation
is shown to be extremely robust in numerical simulations, solving all of the Maros-
Meszaros problems and finding a stationary point for most of the nonconvex QPs in
the Cutest test set. Furthermore, it is shown to be competitive against state-of-the-art
convex QP solvers in typical QPs arising from application domains such as portfolio
optimization and model predictive control. As such, QPALM strikes a unique balance
between solving both easy and hard problems efficiently.

Keywords Nonconvex QPs, proximal augmented Lagrangian, semismooth Newton
method, exact linesearch, factorization updates

Mathematics Subject Classification (2010) 90C05, 90C20, 90C26, 49J53, 49M15.

1 Introduction

This paper considers QPs, namely

e . 1. T .
m1£(1£}12e 5x0x+qx subjecttoAx € C, (QP)

where Q € R™" is symmetric, A € R™", and C = {z € R" | { < z < u} for some
vectors £, u € R™ is a box.

Convex QPs, in which Q is positive semidefinite, are ubiquitous in numerical op-
timization, as they arise in many applications domains such as portfolio optimization,
support vector machines, sparse regressor selection, linear model predictive control
(MPC), etc. The solution of a QP is also required in the general nonlinear optimiza-
tion technique known as sequential quadratic programming (SQP). Therefore, sub-
stantial research has been performed to develop robust and efficient QP solvers. State-
of-the-art algorithms to solve convex QPs typically fall into one of three categories:
active-set methods, interior-point methods or first-order methods.

Active-set methods iteratively determine a working set of active constraints and
require the solution of a linear system every time this set changes. Because the change
is small however, typically restricted to one or two constraints, the linear system
changes only slightly and low-rank factorization updates can be used to make this
method efficient. An advantage is that active-set methods can easily make use of
an initial guess, also known as a warm-start, which is very useful when solving a
series of related QPs, such as in SQP or in MPC. The biggest drawback of active-set
methods, however, is that a large number of iterations can be required to converge
to the right active set, as the number of possible sets grows exponentially with the
number of constraints. Popular active-set-based QP solvers include the open-source
solver gqpOASES [24] and the QPA module in the open-source software GALAHAD
[30].

Interior point methods typically require fewer but more expensive iterations than
active-set methods. Their iterations involve the solution of a new linear system at ev-
ery iteration. Interior-point methods are generally efficient, but suffer from not having
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warm-starting capabilities. Examples of state-of-the-art QP solvers using an interior-
point method are the commercial solvers Gurobi [32] and MOSEK [44], the closed-
source solver BPMPD [43] and the open-source solver OOQP [26].

First-order methods rely only on first-order information of the problem. Partic-
ularly popular among first-order methods are the proximal algorithms, also known
as operator splitting methods. Such methods can typically be described in terms of
simple operations, and their iterations are relatively inexpensive. They may, however,
exhibit slow asymptotic convergence for ill-conditioned problems. The recently pro-
posed OSQP solver [52], based on the alternating direction method of multipliers
(ADMM), addresses this crucial issue somewhat by means of preconditioning.

It is generally difficult to extend the aforementioned methods to be able to find
stationary points of nonconvex QPs, without additional assumptions. Augmented-
Lagrangian-based algorithms such as the ADMM, for example, would require sur-
jectivity of the constraint matrix A [39,9,10,55]. Some proposals have been made
for interior-point methods to solve nonconvex QPs [59, 1], but these methods were
found to often exhibit numerical issues in our benchmarks. The active-set solvers
SQIC [27] and gpOASES [24] are also able to find critical points of nonconvex QPs
and include checks for second-order sufficient conditions to identify local minima.
However, the former is not publicly available and the latter is tailored to small-to-
medium-scale problems. Finally, global optimization of nonconvex QPs has been the
topic of a large amount of research, see for example [51, 11, 12], but this is a sepa-
rate issue and will not be discussed further here, as we are only interested in finding a
stationary point, characterized by the first-order necessary conditions for optimality.

As mentioned in [27, Result 2.1] for instance, the second-order necessary and
sufficient condition for optimality requires the positive-definiteness of Q over all fea-
sible directions orthogonal to the local gradient. However, verifying this condition
requires finding the global minimizer of an indefinite quadratic form over a cone,
which is an NP-hard problem [15]. The authors of [27] propose additionally a neces-
sary (but not sufficient) second-order criterion verifiable in polynomial time, which
consists of verifying the positive-definiteness of Q on the nullspace of Ay, where I
is the index set of active constraints. This paper restricts itself to considering only
first-order conditions, with the exception of using the criterion above a posteriori in
the simulations on nonconvex QPs in Section 7.

In this paper we show that the proximal augmented Lagrangian method (P-ALM),
up to a simple modification, still enjoys convergence guarantees without convexity or
surjectivity assumptions. In particular, this allows us to extend the recently proposed
convex QP solver QPALM [34] to nonconvex QPs.

P-ALM when applied to convex problems has been shown to be equivalent to re-
solvent iterations on the monotone operator encoding the KKT optimality conditions
[48]. While this interpretation is still valid for (QP) under our working assumptions,
the resulting KKT system lacks the monotonicity requirement that is needed for guar-
anteeing convergence of the iterates. In fact, while M is hypo-monotone, in the sense
that it can be made monotone by adding a suitably large multiple of the identity map-
ping, the same cannot be said about its inverse M1 whence recent advancements in
the nonconvex literature would apply, see [36, 14]. For this reason, we here propose a
different interpretation of a P-ALM step as an inexact proximal point iteration on the
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extended-real-valued cost
@(x) = 1x'0x + ¢'x + 5c(Ax),

where d¢ is the indicator function of set C, namely d¢(x) = 0 if x € C and oo other-
wise. As will be better detailed in Section 2, the proximal point (PP) subproblems are
addressed by means of an ALM method where the hard constraint Ax € C is replaced
by a quadratic penalty, overall resulting in the proposed proximal-ALM method for
quadratic programs QPALM.

Some recent papers [38,40] developed and analyzed the iteration complexity of
a closely related three-layer algorithm, not specifically for QPs, which involves solv-
ing a series of quadratically penalized subproblems using inexact proximal point
iterations. Although dealing with nonconvexity in the objective through the proxi-
mal penalty as well, the approach is quite different from ours in that it uses a pure
quadratic penalty instead of ALM, and thus requires the penalty parameters to go to
infinity and is prone to exhibit slower convergence rates [6, §2.2.5]. Furthermore, the
inner subproblems are solved using an accelerated (first-order) composite gradient
method, whereas QPALM uses a semismooth Newton method. Finally, to the best of
our knowledge, no code for their algorithm was provided.

1.1 Contributions

Our contributions can be summarized as follows.

(i) We show the equivalence between P-ALM and PP iterations, and more specif-
ically the relation between the inexactness in both methods. As such, we can
make use of the convergence results of [53, §4.1]. In addition, we show that in-
exact PP on possibly nonconvex QPs is globally convergent and, in fact, with
R-linear rates, thus complementing [41, Prop. 3.3] that covers the exact case.

(ii) We modify the QPALM algorithm introduced in a previous paper for convex
QPs [34], such that it can now also deal with nonconvex QPs. We highlight the
(minimal) changes required, and add a self-written C version of the LO(B)PCG
algorithm, used to find the minimum eigenvalue, to the QPALM source code.

(iii) We outline the necessary linear algebra routines and present a standalone C
package LADEL that implements them. Therefore, differently from our previ-
ous version which relied on CHOLMOD [13], QPALM is now a standalone
software package. Furthermore, all the details of the parameter selection and
initialization routines are outlined here.

(iv) We provide extensive benchmarking results, not only for nonconvex QPs which
we obtain from the Cutest test set [31], but also for convex QPs. Here, we vastly
extend the limited results presented in [34] by solving the Maros-Meszaros
problems, many of which are large scale and ill conditioned, alongside some
QPs arising from specific application domains, such as portfolio optimization
and model predictive control.
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1.2 Notation

The following notation is used throughout the paper. We denote the extended real line
by R = RU{co}. The scalar product on R” is denoted by (-, -). With [x], = max {x, 0}
we indicate the positive part of vector x € R”, meant in a componentwise sense. A
sequence of vectors (xk)ke]N is said to be summable if )N [Ix¥]] < oo.

With Sym(R") we indicate the set of symmetric R matrices, while Sym, (R")
and Sym_, (R") denote the subsets of those which are positive semidefinite and pos-
itive definite, respectively. For two matrices A, B € Sym(R") we write A > B (resp.
A > B) to indicate that A — B is positive semidefinite (resp. positive definite), and
given 2' € Sym,_ (R") we indicate with || - ||z the norm on R" induced by 2, namely
[[xllz == V{x,2x). With I, we denote the n X n-identity matrix, and we simply write /
when 7 is clear from context.

Given a nonempty closed convex set C C R", with I1¢(x) we indicate the projec-
tion of a point x € R" onto C, namely Il¢(x) = arg min [[y — x|| or, equivalently, the
unique point z € C satisfying the inclusion

x—z€ Nc(2), (L.1)

where Nc(z) = {ve R" | (v,z—7') <0VZ € C}is the normal cone of the set C at z.
dist(x, C) and dists(x, C) denote the distance from x to set C in the Euclidean norm
and in that induced by X, respectively, while ¢ is the indicator function of set C,
namely 6c(x) = 0 if x € C and oo otherwise. For a set of natural numbers 7 € N
we let |7] denote its cardinality, whereas for a (sparse) matrix A € R™" we let |A|
denote the number of nonzero elements in A. The element of A in the i-th row and j-th
column is denoted as A;; € R. For anindex i € [1,m], let A;. denote the i—th row of A.
Similarly, for a set of indices 7 C [1,m], let A;. € R”™" be the submatrix comprised
of all the rows i € 1 of A. Analogously, for j € [1,n], and J C [1,n], let A.; denote
the j-th column of A, and A, the submatrix comprised of all the columns j € J of
A. Combined, let A, € R¥™J! denote the submatrix comprised of all the rows i € T
and all the columns j € J of A. Finally, let us denote the matrix A” € R™" as the
matrix with the corresponding rows from A and 0 elsewhere, i.e.

A ifieT
I __ 1 s
Ai = {0 otherwise, (1.2)

and similarly A*”" € R"™" the matrix with elements

AT = Aij ifie[andjej,
ij ~ |10 otherwise.

A mapping F : R" — R" is Lipschitz continuous on £2 € R" if there exists L > 0
such that ||F(x) — F(y)|| < L||x—y|| holds for all x,y € Q. The smallest such constant L
is the Lipschitz modulus of F on £, denoted as lip, F or simply lip F when 2 = R".
We say that a real-valued function & : R” — R is Lipschitz differentiable if 4 is
continuosly differentiable and its gradient Vi is Lipschitz continuous on R". We may
also say that & is Ly-smooth as a shorthand notation to indicate that 4 is Lipschitz
differentiable with lip Vi = L;,.
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For an extended-real-valued function f : R” — R and @ € R we indicate with
leve, f = {x € R"| f(x) < a} the a-sublevel set of f, and we say that f is level
bounded if lev., f is a bounded set for any @ € R, this condition being equivalent to
lim”x”Hw f(x) = 090,

1.3 Nonconvex subdifferential and proximal mapping

The regular subdifferential of f : R — R at x € R" is the set f(x), where

vedf(x) iff liminf fO&) = f(x) = (v, X' = x) .

Xox [lx" — xI]

0,

whereas the (limiting) subdifferential of f at xis df(x) = @ if x ¢ dom f, and
Of(x) = {v e R" | 3(x*,v%) > (x,v) such that f(**) > f(x) and V* € Jf () V|

otherwise. Notice that d f(x) C df(x) for any x € R", and that the inclusion 0 € b f(x)
is a necessary condition for local minimality of x for f [49, Thm.s 8.6 and 10.1]. A
point x satisfying this inclusion is said to be stationary (for f). If f is proper lower
semicontinuous (Isc) and convex, then

Of(x) = 0f(x) = {v € R"| f(x) > f(x) + (v.x = x) ¥x' € R"},
and stationarity of x for f is a necessary and sufficient condition for global minimality
[49, Prop. 8.12 and Thm. 10.1]. For a proper Isc function f and 2, € Sym,_ (R"), the
proximal mapping of f with (matrix) stepsize 2y is the set-valued mapping prox?x :
R" =3 R” given by
prox;(x) := argmin {Fow) + Hiw = 2.},
weR” X
and the corresponding Moreau envelope is f** : R" — R defined as
X(x) ‘= i 1 2
F700) = min {£00) + lhw = 2l |
It follows from the definition that x € proxf‘(x) iff
[0 = f@ + Sl =Tl < f@D) +3llx-xL, VxR (13)
Moreover, for every x € R" it holds that

2N (x-%) €df(x), where e prox?(x). (1.4)

If 5, is such that f + 1| - IIE__]

hypoconvex), then pronX is (single-valued and) Lipschitz continuous and f>* Lips-
chitz differentiable, and (1.4) can be strenghtened to

is strongly convex (in which case f is said to be

V& (x) = 2 (x — %) € df(X), where = prox?(x). (1.5)
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1.4 Paper outline

The remainder of the paper is outlined as follows. Section 2 discusses the theoreti-
cal convergence of inexact proximal point iterations on the extended-real-valued cost
of (QP), and shows equivalence between these iterations and the inexact proximal
augmented Lagrangian method. Algorithm 1 therein illustrates the proposed (modifi-
cation of) proximal ALM applied to QPs, thus providing a snapshot of the main steps
of the proposed QPALM algorithm pruned of all the implementation details, which
will instead be covered in the subsequent sections. Specifically, Section 3 deals with
the inner minimization procedure required at step 1.2, that is, the semismooth New-
ton method with exact linesearch of [34]. Section 4 covers the required heavy duty
linear algebra routines, including factorizations and factorization updates, and the
LO(B)PCG algorithm used to compute the minimum eigenvalue of Q. Section 5 lays
out in detail the parameters used in QPALM, how they are initialized and updated.
It furthermore discusses preconditioning of the problem data, as well as termination
criteria and infeasibility detection routines. After a brief recap on the material of the
previous sections, Section 6 presents the fully detailed implementation of QPALM in
the dedicated Algorithm 7, together with a comprehensive overview of all the algo-
rithmic steps therein. Section 7 then presents numerical results obtained by compar-
ing this implementation against state-of-the-art solvers. Finally, Section 8 draws the
concluding remarks of the paper.

2 Proximal ALM

As mentioned in the introduction, our methodology revolves around the interpretation
of a P-ALM step on (QP) as an inexact proximal point iteration on the extended-real-
valued cost

@(x) = 1x'0x + ¢'x + 5c(Ax), 2.1)
namely
#1 ~ prox (i) = arg min {0 + 3llx = 13} 22)

Although differing from the original (QP) only by a quadratic term, similarly to what
suggested in [5] by selecting a suitably small weight 2 € Sym,,(R") this mini-
mization subproblem can be made strongly convex and addressed by means of an
ALM method where the hard constraint Ax € C is replaced by a quadratic penalty.
Note that, in order to make the subproblem strongly convex, a diagonal matrix 2
can be chosen based on the minimum eigenvalue A, of the objective Hessian matrix
Q. If Amin > 0, corresponding to a convex QP, then any positive definite 2, works;
otherwise, it is easy to verify that it is enough to select the diagonal elements as
0 < 2Xii < —=!/amn, and that Ay, can be replaced by any (under-)estimation carried out
at initialization.

Using ALM to solve the inner PP subproblems gives rise to a modification of
the proximal ALM scheme, the difference being that the proximity point £ is kept



8 B. Hermans, A. Themelis and P. Patrinos

constant for some subsequent iterations until a suitably accurate solution £*! of (2.2)

has been found. This subproblem amounts to the nonsmooth composite minimization
minimize f(x) + g(z) + 3llx — [},  subjecttoAx—z =0, (2.3)
xeR",zeR™ x

where f = %( -,0-)+{(q, -)and g = d¢, and thus itself requires an iterative procedure.

Starting from a vector y* € R” and for a given dual weight matrix X,; € Sym, , (R™),

one iteration of ALM applied to (2.3) produces a triplet (x**!, Z5+!, y**1) according to

the following update rule:

2 ) = argmin, Ly x, 7,
{( ) gmin, , Ly 5, 5, (%,2,57) (2.42)

yk+l — yk +Zv,k(Axk” _ Zk+1),
where

Lis, 5, (62.y) = f0) + Slx = 3 +8@) + (. Ax —2) + SlAx —2]f,  (2.4b)

X

is the 2 -augmented Lagrangian associated to (2.3). Notice that, by first minimizing
with respect to z, apparently x**! and z**! are given by

. -1 _ .
Xkl = arg min, g« {f(x) + gzvk (Ax + Zvvllyk) + %le - Xk||§;1} 2.5)
Do :
1 = prox™ (Ax*! + Zo1yF) = TIe(Ax! + 21y,

where the second equality in the z-update owes to the fact that C is a box and 2 is
diagonal, so that the projections onto C with respect to || - || and || - || 51 coincide.

Remark 2.1 (Proximal ALM vs plain ALM). A major advantage of proximal ALM
over plain ALM when applied to a nonconvex QP is that by suitably selecting the
proximal weights each subproblem is guaranteed to have solutions. An illustrative
example showing how ALM may not be applicable is given by the nonconvex QP
minimize x;x, subjecttox; =0,
x€R?
which is clearly lower bounded and with minimizers given by {x €eR?|x = O}. For

a fixed penalty S > 0 and a Lagrangian multiplier y € R, the x-minimization step
prescribed by ALM is

. 2
Xam € argmin {wlwz + {y,wy) + §||W1|| } =0,

weR?

owing to lower unboundedness of the augmented Lagrangian (take, e.g., w* = (1, —k)
for k — o0). The problem is readily solved by proximal ALM, as long as the proximal
weight 2 € Sym, +(]Rz) satisfies 2y < I, (the 2 x 2-identity matrix). In fact, the P-
ALM update step results in

. 2 1 2
Xp.aL € g min fwiws + G wi) + Bl + Hiiw -«
we

={l=+ 6 - G))

which is well defined for any Lagrange multiplier y and penalty 5 > 0. O
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The resulting proximal ALM is outlined in Algorithm 1. The iterate x**! retrieved
at step 1.2 corresponds to an approximate solution of the smooth x-subproblem in
(2.5) which, in principle, can be carried out by any smooth minimization technique
terminating when the norm of the gradient falls within the prescribed tolerance .
The proposed QPALM solver, whose full implementation is outlined in Algorithm 7
in Section 6, will ultimately address this step with a semismooth Newton method
with exact linesearch. For the moment being, however, we shall regard this update as
a black box to merely focus on the convergence analysis of the outer proximal ALM.

Algorithm 1 Proximal augmented Lagrangian method for nonconvex QPs

Require  (£9,)%) € R* X R™; 6p,£0 > 0; p € (0,1); Zyo = Zymin € Sym,, (R™)

3y € Sym, , (R") such that Q + 2! >0
L1: for k=0,1,... do T Tk ek

e e e
12: Let ! be such that || Qxf*! + g + Dy e (Axk*! — 1) 4 yk 4 1 (kH1 = 3h “ <&

where 75! = TIc(Ax*! +Z;]1y“)
1.3: yk+l :yk +Ey,k(AXk+l 7Zk+l)

14: if JAX**! - ZF*)|s < g then > [Quit ALM inner loop]
1.5: Update £+! = x¥*1 and choose Zy 441 = 2y min and gx41 < peg

1.6: else

1.7: Set #*1 = £ and g4, = &, and choose vkl = 2k

1.8: Choose 0k+1 < POk

2.1 Inexact proximal point

We now summarize a key result that was shown in [53, §4.1] in the more general set-
ting of proximal gradient iterations. Given that [53] has not yet been peer-reviewed
and also for the sake of self-containedness, we provide a proof tailored to our simpli-
fied setting in the dedicated Appendix A.

Theorem 2.2 (Inexact nonconvex PP [53, §4.1]). Let¢ : R" — Rbea proper, Isc and
lower bounded function. Starting from x° € R" and given a sequence (ek)ke]N c R”
such that Y jen llek|| < oo, consider the inexact PP iterations

e proxf*(xk +é
for some 2y € Sym,, (R"). Then, the following hold:

(i) the real-valued sequence ((,za(Jc]‘”))keIN converges to a finite value;

(ii) the sequence (k! = )c]‘llz)ke]N has finite sum, and in particular min;; [lxk*t —
X < o(1/Vr);
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(iii) ¢ is constant and equals the limit of (¢(xX**")), . on the set of cluster points of
(xk)kEJN, which is made of stationary points for ¢;

(iv) if ¢ is coercive, then (xk)ke]N is bounded.
Proof. See Appendix A. O

We remark that with trivial modifications of the proof the arguments also apply
to time-varying proximal weights 2y, kK € IN, as long as there exist 2y min, Zxmax €
Sym,, (R") such that 2y nin < 2Zxx < Zxmax holds for all k. Theorem 2.2(iv) indicates
that coerciveness of the cost function is a sufficient condition for inferring bounded-
ness of the iterates. In (QP), however, the cost function ¢ may fail to be coercive even
if lower bounded on the feasible set {x | Ax € C}. This happens when there is a feasi-
ble direction for which the objective is constant, i.e., when lim;_,, 5c(A(x+7d)) = 0,
Qd = 0 and g'd = 0 hold for some x,d € R" with d # 0. Nevertheless, it has been
shown in [41] that (exact) proximal point iterations on a lower bounded nonconvex
quadratic program remain bounded and, in fact, converge to a stationary point. We
next show that this remains true even for inexact proximal point iterations, provided
that the inexactness vanishes at linear rate. The proof hinges on the (exact) proximal
gradient error bound analysis of [41] and on the close relation existing among proxi-
mal point and proximal gradient iterations for this kind of problems. Before showing
the result in Theorem 2.5, we present a simple technical lemma that will be needed
in the proof.

Lemma 2.3. Let h be a lower bounded and Ly,-smooth function. Then, for every a > 0

it holds that -
liplevsinl'h+(x h h < 1+2 2 VzaLh‘

Proof. Without loss of generality we may assume that inf 2 = 0. Let @ > 0 be fixed,
and consider x,y € leve, h with x # y. From the quadratic upper bound of Lipschitz
differentiable functions (see e.g., [7, Prop. A.24]) and the fact that 0 < h(x), h(y) < «
we have that

h) =Rl _ L
—p=A = min { =2, IVAGOIl + S lly - xil} (2.6)
< min {525, V2L, + %y - «l},

where the last inequality follows from the fact that
@ 2 h(x) = h(x = £Vh() 2 s VAP,

where the last equality again uses the quadratic lower bound of [7, Prop. A.24]. By
solving a second-order equation in ||y — x||, we see that

" a e ifly - x| > 2= V2) [,
min (=2 \2aLy, + %1y - x|} = {ny B Y L,

2aL, + %Hy — x|| otherwise,

a /L _1+V2 57
2-12 ;h_% zaLh’

resulting in the claimed bound. O
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Remark 2.4. By discarding the term H}iLxH in (2.6) and letting (y,x) — (&, X) with

X # y, one obtains that the pointwise Lipschitz constant of a lower bounded and L;-
smooth function 4 can be estimated as lip /(%) < V2(h(X) — inf h)L,,. Therefore, if h
is also (quasi-)convex Lemma 2.3 can be tightened to lipy.,_ ., ,h < V2aL;, owing
to convexity of the sublevel set together with [49, Thm. 9.2]. O

Theorem 2.5 (Linear convergence of inexact PP on nonconvex quadratic programs).
Let ¢ = f + 6o, where 2 C R" is a nonempty polyhedral set and f : R* — R
is a (possibly nonconvex) quadratic function which is lower bounded on Q. Starting
from 10 e R" and given a sequence (e")ke]N c R” such that ||e"|| € O(pk) for some
p € (0, 1), consider the inexact PP iterations

k+1 2, k
xXTe proxwx(xk +¢e%)

or some Xy € Sym, , (R"). Then, the sequence (x*), . converges at R-linear rate to
ym,, q keN 8
a stationary point of ¢.

Proof. Let x% be a projection of x* onto the set zer d¢ of stationary points for .
Such a point exists for every k owing to nonemptiness and closedness of zer dyp, the
former condition holding by assumption and the latter holding because of closedness
of gph dy, cf. [49, Prop. 8.7 and Thm. 5.7(a)]. From [41, Eq.s (2.1) and (A.3)], which
can be invoked owing to [41, Thm. 2.1(b)], it follows that there exists 7 > 0 such that

e(x%) =, and dist(x', zer dy) < tllx* — T (x* = ZVF ()| .7

hold for k large enough, where Hf; = proxfj2 is the projection with respect to the
distance || -[|5;1. Let Ly and L,x be Lipschitz constants for V/f and Vo™, respectively.
Note that stationarity of x¥ implies that ¢(xX) = ¢**(x% ) and V> (xX) = 0. We have
L, Ly
#H ) = on = R () = g0 < TN - X = 2 distxf, zer )’

Dy, 2
< T - T 6 - SR 28)

Next, observe that

= proxi(ff + ) o S + et - X € dp(Mh) = V) + 8 60( )
o I + = SV — K e g5 (T

& 1 = prox ¥ + & — S V()]
o X = Hf;[xk +e = S V). 2.9

Denoting ¢ := L 72, we obtain that

xk+l

2.8 - | 5
¢ () — @y < cllxf - xkﬂllé;l + c”Hf; [ +ef =V F ()] - T [+ - vaf(xk)]“z;'

which, using 1-Lipschitz continuity of IT** in the norm || - || 1,
<l = P+ I + € = BVAEET] - [ - ZXVf(xk)]H;_l
< el = KR+ el + 26|V ) - VEE|2
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2 k k+1112 2
< (e + 2eLplIXDIx = Xl + 2clledly.

L+ eop™ (2.10)

k
<cllx" - 5

for some constants ¢y, ¢, > 0. Observe that
2x 1 Iy _  2x 4k k Ly,k+1 k k12
@ (M) < @) = P ) - I - =
Seok k 1 1 2 1y k12
< ™) + LileM ] = gl = x5+ 3l

~ s+ e3pt 2.11)

S0y _ Ly kel
< () = gl

for some constant c3 > 0, where in the second inequality L denotes a Lipschitz con-
stant of the smooth function t,DZX on a sublevel set that contains all iterates; the ex-
istence of such an L is guaranteed by Theorem 2.2(i) and Lemma 2.3, since —co <
inf ¢ < ¢* < ¢. Therefore,

(2.11) (2.10)
(™) = 00) = (@7 () = u) 2 G = = e3p” 2 (00 — ) —cap

holds for some constant ¢4 > 0. By possibly enlarging ¢; we may assume without
loss of generality that p > 1 — /4, so that

(™ () = 9,) < ple™(*) — i) + cup”

k
<P - g + e Y P
Jj=0
= (p(g™(x°) = @) + calk + D)ok < es(Vp)F, (2.12)

where cs is any such that (p(¢™(x°) — @,) + c4(k + 1))( \/,B)k < c¢s holds for every
k € N. Next, denoting ¢y := ¢™(x*) + £—3ppk observe that
Gt < = I = L (2.13)

as it follows from (2.11), and that ¢, < ¢ — @4 as k — oo, In fact, (2.12) implies
that
0<¢r—@u <cep” (2.14)

holds for some ¢ > 0 and all k € IN. Therefore,

(2.13) (2.14)
- ,
D =l <23 e <2 ) Ve en
Jjzk jzk jzk
< 2016/2 Zp(-i_])/4 < c7pt*

2k

for some constant ¢; > 0. In particular, the sequence (xk)kEJN has finite length and
thus converges to a point x*, which is stationary for ¢ owing to Theorem 2.2(iii). In
turn, the claimed R-linear convergence follows from the inequality ||x* — x*|| s <
2 jsk [/t — X[ O



QPALM: A Proximal Augmented Lagrangian Method for Nonconvex Quadratic Programs 13

2.2 Convergence of Algorithm | for nonconvex QPs

Theorem 2.6. Suppose that problem (QP) is lower bounded, and consider the iterates
generated by Algorithm 1 with f(x) = %xTQx + g'x and g(z) = 6c(z). Then, the
following hold:

(i) The triplet (x**1,y**1, Z*1) produced at the k-th iteration satisfies
||Vf(xk+l) +ATyk+1” < 61{ + ||2X—l(xk+l _ )fek)” and yk+1 e 8g(Zk+l)~

(ii) The condition at step 1.4 is satisfied infinitely often, and IR = %% > 0 as k —
oco. In particular, for every primal-dual tolerances €,,€q > 0, the termination
criteria

||Vf(xk+l)+ATyk+l” <€ yk+l e ag(zk-H) ”A.xk+] _Zk+]|| < Ep

are satisfied in a finite number of iterations.

(iii) The sequence (fck)kE]N converges to a stationary point of problem (QP), in fact,
denoting (k;),. as the (infinite) set of those indices at which the condition at
step 1.4 is satisfied, the sequence (x""“)l.EIN converges at R-linear rate.

Proof. The definition of Z“*! at step 1.2 and the characterization of proxiv_.k]' yield
6g(zk+l) 5 ngik'(Axk“ +Z;,:yk) — Ey,k(Axk” +Zv_,1:yk _ Zk+1) — yk+l.
By expanding the gradient appearing in the norm at step 1.2, we thus have
S 2 VA + AWV 4 2, (M = 7h)), (2.15)

and assertion 2.6(7) follows from the triangular inequality. Next, observe that when-
ever the condition at step 1.4 is not satisfied the variable #*! is not updated (cf. step
1.7), and thus steps 1.2—1.3 amount to ALM iterations applied to the convex problem

minimize f(x) + %le - 2K?

, +g(z) subjecttoAx =z
xeR" zeR™ x] g( ) )

with a summable inexactness in the computation of the x-minimization step. The ex-
istence of dual solutions entailed by the strong duality of convex QPs guarantees
through [48, Thm. 4 and §6] that the feasibility residual vanishes, hence that eventu-
ally step 1.4 holds.

Let d* := VF(xF1) + AW + 5 (xF+! — %) be the gradient appearing in the norm
at step 1.2 and let & := Ax**! — ZF*1_ Let (k;),. be the (infinite) set of all indices at
which the condition at step 1.4 is satisfied, so that £*! = xk*! and ||e!]| < &, < p'ey.
Then, for every i € N

0= Vf(xki+1) +ZX—1(xk,-+1 _ (xk,-,ﬁ-l +Z‘Xdki)) +ATyk,-+1
0e ag(zkﬁ—l) _ ykﬁ—l
0= Axki+] _Zk,»+1 _ek,-'

In particular, (xKi+!, Z*1 yki+1y ig a primal-dual solution of
minimize f(x) + g(z) + llx = (X + Zd)|}.,  subject to Ax —z = €N
xeR”,zeR™ X
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Therefore, denoting X : dom X € R" X R” — RR” as the operator

(1 1 2
X(u,v) = ar;geﬁln{ixTQx +q'x+ 3llx - “”2;' |Ax—v e C},

we have that x%*! = X(&%+! + X d%, €5). Notice further that X(u, 0) = prox,*(u)
for the QP function ¢(x) = %xTQx + g"x + 6c(Ax). As shown in [46, Thm. 1], X is a
polyhedral mapping, and as it is at most single valued (owing to strong convexity of
the QP) we deduce from [22, Cor. 3D.5] that it is globally Lipschitz continuous on
its (polyhedral) domain with constant, say, L. Therefore,

I = proxgr(FF DI = X 4 D, €)= XL o)
2 ki 2 kiy(2

< L(I5d%I? + lle“1?)

< PISPo;, + L minll ' &7,

< cpi
for some constant ¢ > 0 that only depends on the problem and on the algorithm
initialization. Denoting & := xk*! as the i-th “outer” iterate, this shows that (£,
is generated by an inexact proximal point algorithm on function ¢ with error ||e'|| <
0o, namely,

£l = proxi‘(f’ +é').

In particular, all the assertions follow from Theorems 2.2 and 2.5. O

3 Subproblem minimization

The previous section outlined the overall strategy employed by QPALM, the proxi-
mal augmented Lagrangian method. This section describes our approach to the inner
minimization in step 1.2, which is clearly the most computationally expensive step of
Algorithm 1. QPALM uses an iterative method to solve the convex unconstrained op-
timization of (2.5), computing a semismooth Newton direction and the optimal step-
size at every iteration. Given the convex nature of the inner subproblem, the method
we propose here has not changed from [34].

3.1 Semismooth Newton method
Let ¢(x) denote the objective function of (2.5). This can be written as

Q) = () + g5 (Ax + T 00 + flle - 12

| o2 —1 ey o ckii2
= f(x) + 5 disty, (Ax +20707) + 5llx = 50,

and its gradient is given by

V() = V() + ATOF + 2 4(Ax = Zi(x0)) + 2 (x = 75,
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with
) _ _
Zi(x) = proxg™ (Ax + Z,1y") = Tlc(Ax + Z,)")
= Ax + 2 + [0 Ax = 2000 — [Ax + 2,0y — ul..

Note that this gradient also appears in (2.15), with trial point #**! = y* + %, ;(Ax —
Zi(x)). Furthermore, because of the projection operator in Z, the gradient is not con-
tinuously differentiable. However, we can use the generalized Jacobian [23, §7.1] of
He at Ax + 2 ,1 y*, one element of which is the diagonal matrix P;(x) with entries

(Pe(x))ii = {(1) i)ftﬁézrswgfej,c * s

see e.g., [54, §6.2.d]. Therefore, one element of the generalized Hessian of ¢y is
Hi(x) = Q + A2 1 (I — P(x)A + 2.

Denoting the set of active constraints as

Jix) = {i | (Ax+ 200 ¢ 16, u), 3.1)

one has that (I — P(x));; is 1 if i € J(x) and O otherwise. In the remainder of the
paper, when J(x) is used to indicate a submatrix (in subscript), its dependency on k
and x will be omitted for the sake of brevity of notation. Hy(x) can now be written as

Hy(x) = Q+ ATy (X p)ggAy + 21, (3.2)
The semismooth Newton direction d at x satisfies
Hi(x)d = —Vpi(x). (3.3)

Denoting 1 := (Xy4),,A4.d, the computation of d is equivalent to solving the follow-
ing extended linear system

mmm=

0+ A, [d]_ [-Veu(x)
ol e

Finding the solution of either linear system (3.3) or (3.4) in an efficient manner is
discussed in further detail in Section 4.1.

3.2 Exact linesearch

Once a suitable direction d has been found, a stepsize T needs to be computed. This
is typically done via a linesearch on a suitable merit function. QPALM can compute
the optimal stepsize by using the piecewise quadratic function ¥(7) = ¢(x + 7d) as
the merit function. Finding the optimal stepsize is therefore equivalent to finding a
zero of

¥ (@) = (Vpr(x + 7d), d)
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Algorithm 2 Exact linesearch

ReQUIRE  x,d € R", diagonal 2’ € Sym,_ (R")

ProviDE  optimal stepsize 7. € R

2.1: Lety’ :R - R, a,8€Rand 6,5 € R¥ beas in (3.5) and (3.6)
2.2: Define the set of breakpoints of ¢’

T={§1i=1,..2m, 5 %0}
2.3: SortT ={t1,t,...} such that t; < t;; for all i

2.4: Lett; € T be the smallest such that y/(¢;) > 0

2.5: returnty = fi_| — me'(n,l) (ifi = 1 then t;_1 = 0)

= (d,Vf(x +1d) + Z (x + 1d = ) + (Ad,y* + T, (Ax + Td) — Zi(x + 1d)))
= (d.(Q+Z;)d) + (d, Qx + 5 (x — ) + )

+ (D Ad, [Ax + 20 — u+ TAd],) — (S Ad, [€ - Ax - X,y - 7Ad],)
=T+ B+, [0T —aly), (3.5)

where
R 35 5= (d.(Q+ 2 ")d),
R > B:=(d,0x+2'(x- ) +q),
R 5 ¢:=[-5Ad 5)Ad], (36
R¥ 5 a = X, [V + Zu(Ax = ) Sy - Ax) - y¥].

Note that ¢’ is a monotonically increasing piecewise affine function. The zero of
this function can be found by sorting all the breakpoints, and starting from 0 going
through these points #; until y’(#;) > 0. The optimal stepsize is then in between this
and the previous breakpoint and can easily be retrieved by means of interpolation.
This procedure is outlined in Algorithm 2.

4 Implementation details

This section discusses the relevant linear algebra used in QPALM, which is imple-
mented in a standalone C package LADEL [33],' and the routine that is used to
compute the minimum eigenvalue of a symmetric matrix, which, as mentioned in
Section 2, is used to guarantee convexity of the subproblems.

4.1 Solving linear systems

The most computationally expensive step in one iteration of QPALM is solving the
semismooth Newton system (3.3) or (3.4). The matrix K (x) in (3.4), without penalty

1 https://github.com/kul-optec/LADEL
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parameters, is readily recognized as the system of equations that represent the first-
order necessary conditions of equality-constrained QPs [45, §16.1], and is therefore
dubbed the Karush-Kuhn-Tucker (KKT) matrix. The matrix Hj(x) is the Schur com-
plement of K (x) with respect to the —(Ey,k)}‘lu,, block, and is therefore dubbed the
Schur matrix. Solving either of the two systems results in a direction along which
we can update the primal iterate x. The reader is referred to [4] for a broad overview
of solution methods for such systems, including direct and iterative methods. In the
case of QPALM, the matrix K (x) or H(x) is decomposed as the product of a unit
lower diagonal matrix L, a diagonal matrix D and the transpose of L. This is more
commonly known as an LDL" factorization. The factorization and updates are slightly
different for K (x) and Hy(x), so these cases will be discussed separately.

4.1.1 KKT system

It is not guaranteed that an LDLT factorization, with D diagonal, can be found for
every matrix. However, because Xy and Q + X! are symmetric positive definite by
construction, Ky (x) can readily be recognized as a symmetric quasidefinite matrix,
which is strongly factorizable [56, Theorem 2.1]. A symmetric matrix K is strongly
factorizable if for any symmetric permutation P there exists a unit lower diagonal
matrix L and a diagonal matrix D such that PKP" = LDL". In other words, we should
always be able to find an LDLT factorization of Kj(x) with D diagonal. To find such
a factorization, LADEL has implemented a simple uplooking Cholesky method with
separation of the diagonal elements, see [16].

A crucial step in maintaining sparsity during the factorization is to find an effec-
tive permutation. Moreover, permutations are sometimes used to prevent ill condi-
tioning. However, finding the optimal permutation is an NP-hard problem [58]. Vari-
ous heuristics have been developed, an overview of which can be found in [17, §7.7].
LADEL uses the open-source (BSD-3 licensed) implementation” of the approximate
minimum degree (AMD) ordering algorithm discussed in [2].

In QPALM, a fill-reducing ordering of the full KKT system, i.e. with J = [1,m],
is computed using AMD once before the first factorization and is used during the
remainder of the solve routine. Hence, this permutation minimizes the fill-in of the
worst case, that is with all constraints active. In fact, when solving the KKT system,
we will not consider Kj(x) directly, but rather an augmented version

Q +Ex_l (A:/-)T

Ko == 0 5 )

Note that, as mentioned in Section 1.2, A7 is the m X n matrix, with Af =A;ifjedg

and zero otherwise. The size of K (x) is therefore always (m + n) X (m + n), but due
to (1.2) all the inactive constraints give rise to rows and columns that are 0 apart from
the diagonal element. Combined with (3.4), it immediately follows that 4; = 0 for
J & Ji(x).

Before the condition of step 1.2 is satisfied, several Newton steps may be required.
However, during these iterations k remains constant, and so does 2, ;. Therefore, the

2 https://github.com/DrTimothyAldenDavis/SuiteSparse/tree/master/AMD
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Algorithm 3 Row addition (see [20], with modifications in step 3.4 and step 3.5)

ReQuIRE  LDL factors L and D of a matrix C € R™" with Cg. = C 3 = 0 except for Cgz = €

Leta=1:8-1andy=8+1:n,then

L(I(Y D a LT(F(Y LT)/(Y C(Y(F O CT’)/CI
LDL'=| 0 1 dgg 1 0]|=|0 e 0
L)’Ul 0 L77 D Yy LT77 CY“ 0 CYV

Provipe  Updated LDL" factors L and D of C which is equal to C except with the 3-th row and column

replaced by ¢'g and ¢ respectively, i.e.

Loa Do Lsz laﬁ LTytt C(w/ Eaﬁ CTyu
LDL' =T 1 dgp I T | =\ Tas o
Lya Zyﬁ Lw Dw Uw Cra Tp Gy
3.1: Solve the lower triangular system LWD,JD,I_,]/f = Cop to find l_,]ﬁ

3.2: Czﬁﬁ = E‘ﬁﬁ - l‘raﬁDaaZaﬁ
3.3: l_y/; = Jlgﬁg (Eyﬁ - Ly(yDa/al_aﬁ)
340 w=1Ig/ldsgl

3.5: Perform the rank-1 update or downdate L,y D,y L', = LyyDy,LT,, — sgn(dgg)ww"

only manner in which 7?k(x) changes is as a result of the change in active constraints
when x is updated. Instead of refactorizing the matrix ‘]~(k(x), we can instead use
sparse factorization update routines to update the existing factorization matrices L
and D. In particular, LADEL has implemented the row addition and row deletion
algorithms of [20], with minor modifications to allow for negative diagonal elements
(indefinite systems), as outlined in Algorithm 3 and Algorithm 4.

4.1.2 Schur system

The Schur matrix Hy(x) is symmetric positive definite, since it is the sum of a positive
definite matrix (Q + 2} 1) and a positive semidefinite matrix. Therefore, a Cholesky
factorization of Hy(x) exists. Furhtermore, when k remains constant and x changes to
x*, the difference between H(x*) and Hy(x) is given by

Hk(x+) - Hk(x) = ATjﬂ,(Zy,k)JﬂjﬂAje‘ - ATJI_(ZY,/{)JIJIAJI,,

with ¢ = T (x)\ J(x) and I = Ti(x)\ Jx(x*) the sets of constraints respectively
entering and leaving the active set. Therefore, two low-rank Cholesky factorization
updates can be performed [18,19]. LADEL has implemented the one-rank update
routines in [18], which are slightly less efficient than the multiple-rank routines out-
lined in [19], as implemented in CHOLMOD [13].
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Algorithm 4 Row deletion (see [20], with modifications in step 4.4 and step 4.5)

ReQUIRE  LDL factors L and D of a matrix C € R, Leta=1:8—1andy =8+ 1: n, then

Loa Dya Lsz laﬁ LTya sz Cap CTya
LDL™ = ZT(,ﬁ 1 d 58 1 lTyp = CTH,B g CT),,B
Lya by Ly Dyy LTy Cya cypp Cyy

Provipe  Updated LDL" factors L and D of C which is equal to C except with the 3-th row and column

deleted and the diagonal element cgg replaced by e, i.e.

Loq Dy, L'yo LY Coa 0 Clhy

LDL'=| o 1 dgp 1 0|=]0 € O

Lya 0 Ly Dyy LYy Cra 0 Gy
4.1: l_aﬁ =0
4.2: ci,,ﬁ =€
43: Ly=0

44 w= l}/ﬁ |dﬁﬁ|

4.5: Perform the rank-1 update or downdate L,y D,y L',y = LyyDy, LT,y + sgn(dgg)ww"

4.1.3 Choosing a system

Let H and K denote the “full” Schur and KKT matrices, that is with J = [1,m].
In QPALM, we automatically choose which of these systems to factorize, depending
on an estimate of the floating point operations required for each. The work required
to compute an LDLT factorization is Y |L;|>. However, we do not have access to the
column counts of the factors before the symbolic factorization. Therefore, we try to
compute a rough estimate of the column counts of the factor via the column counts
of the matrices themselves. Moreover, we consider an average column count for each
matrix rather than counting the nonzeros in each individual column. As such, QPALM
uses the following quantity to determine the choice of linear system:

I P K. ( )
i=1 =l N n+m

= on IKP n IKP

n ~ T 2 THZ © o2’
o B |H]| n+m |H| n+m|H|
PN N7 (7)

i=1 i=1 i=1

with L* and L the lower diagonal factors of the corresponding matrix. Computing
|H| exactly requires the same order of work as computing H itself. Depending on
the sparsity pattern of Q and A, H can be much denser than K. Hence, we do not
want to compute H before choosing between the two systems. Instead, we further
(over)estimate |H| by |H| considering separate contributions from Q + 2} ! and from
A", A. Note that a row in A with |A;| nonzero elements contributes a block in A™A
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Figure 1: Runtime comparison of KKT and Schur complement methods when applying QPALM to
the Maros Meszaros test set.

with |A;.|* elements. By discounting the diagonal elements, which are present in X!,
this becomes |A;.|> — |A;|. The overlap of different elements cannot be accounted for
(cheaply). Therefore, in our estimate we deduct the minimum (possible) amount of
overlap of each block with the biggest block. Denoting A= |A;| = max;(|A;]), this
overlap, again discounting diagonal elements, is given as [A+ |A;| —n]i —[A+ |A;|-n]s,
and so our estimate for |H]| is

HI =10+ 5+ A2 = A+ 1A — 1A — [A + Al = . + [A +|A;] = nl,.

i#1

Finally, Figure 1 compares the runtimes of QPALM solving either the KKT or
the Schur system applied to the Maros Meszaros test set. Note that the runtime of
QPALM using the KKT system can still be much lower than that using the Schur
system for an estimated nonzero ratio of 1. This is why a heuristic threshold value of
2, indicated by the red dotted line, is chosen for this ratio such that the default option
of QPALM switches automatically between the two systems. The user also has the
option to specify beforehand which system to solve.
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Algorithm 5 LOB)PCG

Reqouire x’ € R", & > 0 and Q € Sym(R")

ProvipE  Lower bound on A* = Apin(Q) and estimate of the corresponding eigenvector x* of Q
5.1: Initialize 1° = (x°, Ax%), and w° = Qx0 — 1910, and let § = [x0, wP]

5.2: Solve STQSy = uSy, set ' = min(u) and let § denote the corresponding eigenvector
53: x' =520 + 5,w0

54: p' =5n0

55: for k=1,2,... do

5.6: wk = Qxk — Akxk

5.7:  if W' <& then

5.8: Return A* = A* — |wk|| and x* = x*

59: Let S = [x%, wk, pk]

5.10: Solve STOSy = uSy, set A* = min(u) and let 7 denote the corresponding eigenvector
511 X =5k 4 5wk + 5 ph

5.12:  pM*l = 5wk + 53 pk

4.2 Computing the minimum eigenvalue

Finding the solution of a large symmetric eigenvalue problem has been the topic of
a substantial body of research, and many methods exist. They are typically divided
into two categories: direct methods, which find all eigenvalues, and iterative meth-
ods, which find some (or all) eigenvalues. The reader is referred to [28, §8] for a
detailed overview of (the origin of) these methods. In our case, since we only need
the minimum eigenvalue of Q, iterative methods seem more promising. Of these, the
Locally Optimal Block Preconditioned Conjugate Gradient (LOBPCG) method, de-
veloped by Knyazev [37], demonstrated the best performance regarding robustness
and speed of convergence in our tests. A dedicated implementation of LO(B)PCG to
find only the minimum eigenvalue and its corresponding eigenvector was added in
QPALM. This method iteratively minimizes the Rayleigh quotient x;%x in a Krylov
subspace spanned by three vectors: the current eigenvector estimate x, the current
residual w* = Qx* — 2*x*, and a conjugate gradient direction p*. The details of the
implementation in QPALM can be found in Algorithm 5. The computational cost of
this algorithm per iteration is essentially a matrix-vector product and solving a 3-by-
3 generalized eigenvalue system. The latter is performed in our code by finding the
roots of a one-dimensional third-order polynomial and performing a Gaussian elim-
ination of a 3-by-3 system. Note that Algorithm 5 is very similar to [37, Algorithm
4.1], aside from some scaling.
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5 Parameter selection

The little details can make or break the practical performance of an algorithm. This
section discusses aspects that make QPALM more robust, such as preconditioning of
the problem data, and the most important parameter settings. Some of these parame-
ters and parameter update criteria have been tuned manually and some are computed
automatically based on the problem data or current iterates. The last subsection also
lays out in detail the termination criteria employed by QPALM.

5.1 Factorization updates

As mentioned in Section 4.1, in between Newton iterations we can update the factor-
ization instead of having to refactorize from scratch. However, in practice, the fac-
torization update routines will only be more efficient if the number of constraints en-
tering and leaving the active set is relatively low. Hence, when the active set changes
significantly, we want to recompute the factorization instead. After some experimen-
tal tuning, we decided on the following criterion to do an update:

T+ 1T ! | < min(max_rank_update, max_rank_update_fraction- (n + m)),

with max_rank_update = 160 an absolute limit and max_rank_update_fraction
= 0.1 a relative limit on the number of changing active constraints. Both of these
parameters can also be set by the user.

5.2 Preconditioning

Most optimization solvers will perform a scaling of the problem in order to prevent
too much ill conditioning. A standard idea in nonlinear optimization is to evaluate the
objective and constraints and/or the norm of their gradients at a representative point
and scale them respectively with their inverse, see for example [8, §12.5]. However,
the quality of this scaling depends of course on the degree to which the initial point is
representative for the iterates, and by extension the solution. Furthermore, since we
are dealing with a QP, the constraints and objective are all determined by matrices.
Therefore, it makes sense to equilibrate these matrices directly, as is done in OSQP
for example [52, §5.1]. OSQP applies a modified Ruiz equilibration [50] to the KKT
matrix. This equilibration routine iteratively scales the rows and columns in order
to make their infinity norms go to 1. OSQP adds an additional step that scales the
objective to take into account also the linear part g. We have found in our benchmarks,
however, that instead of this scaling it is better to apply Ruiz equilibration to the
constraints only, and to scale the objective by a single constant. Why exactly this is a
better strategy is unknown to us, but we suspect that the constraints are more sensitive
to the scaling, so it might be better to deal with them separately.

In QPALM we apply Ruiz equilibration, outlined in Algorithm 6, to the constraint
matrix A, yielding A = EAD. The setting scaling denotes the number of scaling
iterations which can be set by the user and defaults to 10. The objective is furthermore
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Algorithm 6 Ruiz equilibration [50]

REQUIRE A € R™"

Provipe D € R",E € R" and A = EAD
6.1: Initialize A=A, D=1,, E=1,
6.2: for k=1,..., scaling do

6.3: for i=1,..., m do

6.4: Ei = Vil

6.5: for j=1,...,n do

6.6: Djj= \/m

6.7: A=E'AD!

68 D=DD!

6.9: E = EE™!

scaled by ¢ = max(1.0, ID(Ox° + q)||w)‘1. In conclusion, we arrive at a scaled version
of (QP)

mia_leigize 1¥'0x+q'x subjecttoAx € C,

with ¥ = D™'x, 0 = cDQD, § = ¢cDg. A = EAD,C = [t e R" | <z <}, [ = EC
and it = Eu. The dual variables in this problem are § = cE~'y. This is the problem
that is actually solved in QPALM, although the termination criteria are unscaled, that
is they apply to the original problem (QP), see Section 5.4.

5.3 Penalty parameters

The choice of the penalty parameters, and the rules used to update them have been
found to be a decisive factor in the performance of QPALM. In this section we discuss
both the traditional penalty parameters arising in the augmented Lagrangian formu-
lation 2y, and the proximal penalty parameters 2.

5.3.1 Dual penalty parameters

The dual penalty parameters 2, play an integral role in slowly but surely enforcing
feasibility over the iterations. Because the inner subproblems solved by QPALM are
strongly convex, there is no theoretical requirement on the penalty parameters, other
than the obvious one of them being positive. However, experience with augmented
Lagrangian methods suggests that high values can inhibit convergence initially, as
they then introduce ill conditioning in the problem, whereas high values near a so-
Iution are very useful to enforce feasibility. As such, these penalty parameters are
typically increased during the solve routine depending on the constraint violations
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of the current iterate. A standard rule is to (only) increase the parameters when the
respective constraint violations have not decreased sufficiently, see [45, §17.4]. Fur-
thermore, an added rule in QPALM that is observed to work well is to increase the
penalties proportional to their corresponding constraint violation. Hence, we employ
the following strategy to find 2 44 in steps 1.5 and 1.7 (based on scaled quantities):

Srgeei {1.0 if [(AZF -4, <O(AxF -2,

i i | 1.0)] otherwise.

: T, (A
min ﬂ,max(Am,

(Vi

(5.1
The default parameters here are § = 0.25, A = 100, and oo = 10° and can all
be set by the user. The usage of this rule, in particular letting the factor depend on
the constraint violation itself, has been a crucial step in making the performance of
QPALM more robust. In fact, it seems to us to be the key difference when compared
to the corresponding penalty update in OSQP [52, §5.2], which uses the same fac-
tor for all the constraints and updates it only seldom based on the setup time and
current runtime, in contrast to QPALM where each penalty is updated whenever the
corresponding constraint violation has not sufficiently decreased (and is not already
relatively small).

Note that in case only a few penalties are modified, the factorization of either K
or H may be updated using low-rank update routines. In practice, we set the limit on
the amount of changing penalties a bit lower as we expect an additional update to be
required for the change in active constraints.

As with regards to an initial choice of penalty parameters, the formula proposed
in [8, §12.4] was found to be effective after some tweaking of the parameters inside.
As such we use the following rule to determine initial values of the penalties

max(1.0,3(x)"0x° + 7"x°)) 4”
max(1.0, HIA% - TI(A%0)|2)’ ’
with oy a parameter with a default value of 20 and which can also be set by the
user. Setting the initial penalty parameters to a high value can be very beneficial
when provided with a good (feasible) initial guess, as therefore feasibility will not be

lost. An investigation into this and warm-starting QPALM in general is a topic for
future work.

(Zy0)ii = max [10—4, min [amh (5.2)

5.3.2 Primal penalty parameters

The primal, or proximal, penalty parameters 2y serve to regularize the QP around
the “current” point 2. An appropriate choice makes it so that the subproblems are
strongly convex, as discussed before. In many problems, the user knows whether
the QP at hand is convex or not. Therefore, QPALM allows the user to indicate
which case is dealt with. If the user indicates the problem is (or might be) noncon-
vex, i.e. that Q is not necessarily positive semidefinite, QPALM uses Algorithm 5
to obtain a tight lower bound A* on the minimum eigenvalue. If this value is nega-
tive, we set Vi : Xy = m. Otherwise, or in case the user indicates the prob-
lem is convex, the default value is X} = 1077, a reasonably low value to not inter-

fere with the convergence speed while guaranteeing that Hy(x) or 7~(k(x) is positive
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definite or quasidefinite respectively. This penalty has then a very similar effect as
the Hessian regularization in OSQP [52], where the default is 107%7. Furthermore,
in the convex case, if the convergence is slow but the primal termination criterion
(5.3b) is already satisfied, 2 l.ll. may be further decreased to 107! depending on an
estimate of the (machine accuracy) errors that would be accumulated in Hy(x). Fi-
nally, QPALM also allows the selection of an initial 2y o ;; = Yinit, and an update rule
2y k+1ii = MIN(YupaZyk+1,ii» Ymax)> but this is not beneficial in practice. Not only does
it not seem to speed up convergence on average, but every change in 2y also forces
QPALM to refactorize the system.

5.4 Termination

This section discusses the termination criteria used in QPALM. Additionally to the
criteria to determine a stationary point, we also discuss how to determine whether the
problem is primal or dual infeasible.

5.4.1 Stationarity

Termination is based on the unscaled residuals, that is the residuals pertaining to the
original problem (QP). In QPALM, we allow for an absolute and a relative toler-
ance for both the primal and dual residual. As such, we terminate on an approximate
stationary primal-dual pair (%, ¥), with associated 7 = TI-(Ax + Z; ,1 y), if

LD (Qx+g+A)|l., < &4+% max(|D”' Q... DGl 1D ATS.) (5.3a)
IE™(A%=Z)l.. < £a+s max(|E™ A, | EZ.). (5.3b)

Here, the tolerances &, and &; are by default 10~ and can be chosen by the user. In
the simulations of Section 7, these tolerances were always set to 107°,

To determine termination of the subproblem in step 1.2, following (2.15), the
termination criterion

=~_ _ _ 2k _ k A . _ _
LD (05+g+2, (=) + AP <t 2 max (D OF ., DGl 1D ATF) (5.4)

is used. Here, the absolute and relative intermediate tolerances 6, and J, start out
from 6, and d;, which can be set by the user and default to 10°. In step 1.8 they are
updated using the following rule

Oak+1 = MaAX(O0a k11, Ea)s

6r,k+l = max(pér,k+l,5r)’

with p being the tolerance update factor, which can be set by the user and which
defaults to 10~!. Note that, in theory, these intermediate tolerances should not be
lower bounded but instead go to zero. In practice, this is however not possible due to
machine accuracy errors. Furthermore, we have not perceived any inhibition on the
convergence as a result of this lower bound. This makes sense as the inner subprob-
lems are solved up to machine accuracy by the semismooth Newton method as soon
as the correct active set is identified.
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5.4.2 Infeasibility detection

Detecting infeasibility of a (convex) QP from the primal and dual iterates has been
discussed in the literature [3]. The relevant criteria have also been implemented in
QPALM, with a minor modification of the dual infeasibility criterion for a nonconvex
QP. As such, we determine that the problem is primal infeasible if for a 6y # O the
following two conditions hold

ID" A6l < &pintl ESFI., (5.59)
1691+ = =651+ < ~&pinll EST.., (5.5b)

with the certificate of primal infeasibility being %Eé’)‘z.
The problem is determined to be dual infeasible if for a 6x # 0

€ [~&dinf, Saint lI1DOX||.. if @, ¢; € R,
(E'IA(s)_C),- > —&dinf||DOX| if IZt,' = 400, (5.6a)
< &dinfll DO, if {; = —oo,

holds for all i € [1, m], and either

D™ 06X\, < c&dintll DO, (5.6b)
qTé)_C < —c&ginf||DOX||. (5.60)

or
(6%)'06x < —ceg, lloxII* (5.6d)

hold. Equations (5.6b) and (5.6¢) express the original dual infeasibility for convex
QPs, that is the conditions that ¢ is a direction of zero curvature and negative slope,
whereas (5.6d) is added in the nonconvex case to determine whether the obtained 6 x
is a direction of negative curvature. In the second case, the objective would go to —co
quadratically along dX, and in the first case only linearly. Therefore, the square of the
tolerance, assumed to be smaller than one, is used in (5.6d), so as to allow for ear-
lier detection of this case. Note that we added minus signs in equations (5.5b) and
(5.6¢) in comparison to [3]. The reason for this is that the interpretation of our toler-
ance is different. In essence, [3] may declare some problems infeasible even though
they are feasible. Our version prevents such false positives at the cost of requiring
sufficient infeasibility and possibly a slower detection. We prefer this, however, over
incorrectly terminating a problem, as many interesting problems in practice may be
close to infeasible. When the tolerances are very close to zero, of course both ver-
sions converge to the same criterion. The tolerances &piyr and &ginr can be set by the
user and have a default value of 107>,

6 The full QPALM algorithm

Algorithm 7 synopsizes all the steps and details that make up the QPALM algorithm.
Herein we set €,0 = 0,0, &0 = Or0. For brevity, the details on factorizations and
updates necessary for step 7.22, which have been discussed prior in Section 4.1, have
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Name Default value Description

&a 104 Absolute tolerance on termination criteria

&r 1074 Relative tolerance on termination criteria

02,0 10° Starting value of the absolute intermediate tolerance

Or0 100 Starting value of the relative intermediate tolerance

P 107! Update factor for the intermediate tolerance

Cinit 20 Used in the determination of the starting penalty parameters (cf. (5.2))
O max 10° Cap on the penalty parameters

A 100 Factor used in updating the penalty parameters (cf. (5.1))

0 0.25 Used in determining which penalties to update (cf. (5.1))

Vinit 107 Initial value of the proximal penalty parameter (convex case)
Yupd 10 Update factor for the proximal penalty parameter (convex case)
Ymax 107 Cap on the proximal penalty parameter (convex case)

scaling 10 Number of Ruiz scaling iterations applied to A

Table 1: Main parameters used in QPALM and their default values.

been omitted here. QPALM is implemented in standalone open-source C code [35],
licensed under the GNU Lesser General Public License version 3 (LGPL v3), and
provides interfaces to MATLAB, Python and Julia.

It is interesting to note that QPALM algorithm presented here differs from its an-
tecedent convex counterpart [34] only by the addition of the lines marked with a star
“x”, namely for the setting of 2 and the inner termination criteria. In the convex
case, the starred lines are ignored and step 7.7 and step 7.28 will always activate. It is
clear that the routines in QPALM require minimal changes when extended to noncon-
vex QPs. Furthermore, in numerical experience with nonconvex QPs the criterion of
step 7.27 seemed to be satisfied most of the time. Therefore, aside from the compu-
tation of a lower bound of the minimum eigenvalue of O, QPALM behaves in a very
similar manner for convex and for nonconvex QPs. Nevertheless, in practice conver-
gence can be quite a bit slower due to the (necessary) heavy regularization induced
by 2y if Q has a negative eigenvalue with a relatively large magnitude.

Table 1 lists the main user-settable parameters used in QPALM alongside their
default values.

7 Numerical Results

The performance of QPALM is benchmarked against other state-of-the-art solvers.
For convex QPs, we chose the interior-point solver Gurobi (version 9.1.2) [32], the
(parametric) active-set solver qpOASES (version 3.2.1) [24], and the operator split-
ting based solver OSQP (version 0.6.2) [52]. In addition, for the simulations on op-
timal control we added the tailored interior-point solver HPIPM (version 0.1.4) [25].
There are many other solvers available, some of which are tailored to certain problem
classes, but the aforementioned ones provide a good sample of the main methods used
for general convex QPs. For nonconvex QPs, however, no state-of-the-art open-source
(local) optimization solver exists to our knowledge. Some open-source indefinite QP
algorithms have been proposed, such as in [1]. However, their solver was found to

3 https://github.com/kul-optec/QPALM
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Algorithm 7 QPALM for the nonconvex problem (QP)

ReQUIRE  Problem data: Q € Sym(R"); g€ R"; A e R"™"; {,ueR"™ with{ < u;
(0,3%) e R" X R™; &4, &r, 020, 0r.0, Epint» Edinf> €2.0» E60:Tinit» Tmax» ¥ > 05 p, 0 € (0, 1);
A>1; scalinge N
7.1: Use Algorithm 6 to find D and E, and let ¢ = max(1.0, |D(Qx° + ¢)|l)~" Convert the data using
the scaling factors: ¥ = D™1x0, 30 = cE~1Y%, 0 = ¢DQD, G = ¢Dq, A = EAD, = E€ and it = Eu
7.2 TInitialize £° = 20, %, from (5.2) and 6% = 0
7.3:* Compute 1* using Algorithm 5
7.4:*if 2* <0 then
75%  Si= m
7.6:* else

7.7: Xi=v, i=1,...,n

i=1,...,n

7.8: for k=0,1,... do

7.9:  Set#0 =zt

7.10: for v=0,1,... do

7.11: = Te(AF + 217

7.12: 85 = 2y (Azkr — 77y

7.13: if (5.3) is satisfied at (X%, ¥ + 67) then

7.14: return (XX, 5 + 63)

7.15: else if (5.5) is satisfied at 6y then

7.16: return ¢! ESy as the certificate of primal infeasibility
7.17: else if (5.6) is satisfied at 6x then

7.18: return DX as the certificate of dual infeasibility
7.19: else if (5.4) is satisfied at (£, 7 + 67) then

7.20: break

7.21: else

7.22: Find d by solving either (3.3) or (3.4)

7.23: Find 7 using Algorithm 2

7.24: 6x=1d

7.25: ol = g 4 ox

7260 Set #+! = gV K1 = Fbv and 3 = 35 + 6y
7.27* if |ETNARH = D), < sax + sp max(JET AR, |ET' ) then

7.28: Update £ = z+1

7.29:* Eak+1 = Max(p€ak, €4) and & k+1 = max(p&rx, &r)
7.30:*  else

ak+1 ak
7.31:* Set x =X, Eak+l = Eak and Erk+l = Erk

7.32: Update 2y 4+ according to (5.1)

7.33: Oajr1 = Max(00a, €a) and Op 41 = Max(pdyk, &)
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run into numerical issues very often. The active-set solvers SQIC [27] and gpOASES
[24] also work on indefinite QPs, although the former is not publicly available and
the latter fails on most large-scale sparse problems in our benchmarks. Hence, we
did not compare against a QP solver specifically, but rather against a state-of-the-art
nonlinear optimization solver, IPOPT [57], when dealing with nonconvex QPs. All
simulations were performed on a notebook with Intel(R) Core(TM) i7-7600U CPU
@ 2.80GHz x 2 processor and 16 GB of memory. The convex problems are solved to
a low and a medium-high accuracy value, with the termination tolerances &,, & both
set to 1072 or 1076 respectively for QPALM. In other solvers, the corresponding ter-
mination tolerances were similarly set to 1073 or 1075, This inevitably causes a bit of
bloating in the presentation of the results, but it is the fairest way to compare the dif-
ferent algorithms, since the performance of certain solvers varies widely for different
accuracies. For example, OSQP, being a first-order method, tends to find solutions
at low accuracy quickly, but often fails to find solutions at high accuracy in a com-
petitive time, as will be shown. The nonconvex problems were solved to an accuracy
of 107 since we only compare against an interior-point method. Furthermore, for all
solvers and all problems, the maximum number of iterations was set to infinity, and
a time limit of 3600 seconds was specified.

7.1 Comparing runtimes

Comparing the performance of solvers on a benchmark test set is not straightforward,
and the exact statistics used may influence the resulting conclusions greatly. In this
paper, we will compare runtimes of different solvers on a set of QPs using two mea-
sures, the shifted geometric means (sgm) and the performance profiles. When dealing
with specific problem classes, such as in Section 7.3.2 and Section 7.3.3, we will not
use these statistics but instead make a simple plot of the runtime of the various solvers
as a function of the problem dimension.

7.1.1 Shifted geometric means

Let t5,p denote the time required for solver s to solve problem p. Then the shifted
geometric means 75 of the runtimes for solver s on problem set P is defined as

— 1
is= o[ [tsp+ ) =g = em Zor st _ )
peP

where the second formulation is used in practice to prevent overflow when computing
the product. In this paper, runtimes are expressed in seconds, and a shift of £ = 1 is
used. Also note that we employ the convention that when a solver s fails to solve a
problem p (within the time limit), the corresponding 5, is set to the time limit for
the computation of the sgm.
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7.1.2 Performance profile

To compare the runtime performance in more detail, also performance profiles [21]
are used. Such a performance profile plots the fraction of problems solved within a
runtime of f times the runtime of the fastest solver for that problem. Let S be the set

of solvers tested, then
Is,p

I'sp=—FT""">,
Minges 7s,p

denotes the performance ratio of solver s with respect to problem p. Note that by
convention rs,p is set to co when s fails to solve p (within the time limit). The fraction
of problems g<(f) solved by s to within a multiple f of the best runtime, is then given

as 1
(=7 D, 1

Pap:rs p<f
Performance profiles have been found to misrepresent the performance when more
than two solvers were compared at the same time [29]. As such, we will construct
only the performance profile of each other solver and QPALM, and abstain from
comparing the other solvers amongst each other.

7.2 Nonconvex QPs

Nonconvex QPs arise in several application domains, such as in a reformulation of
mixed integer quadratic programs and in the solution of partial differential equations.
Furthermore, an indefinite QP has to be solved at every iteration of a sequential
quadratic programming method applied to a nonconvex optimization problem. To
have a broad range of sample QPs, we consider in this paper the set of nonconvex
QPs included in the Cutest test framework [31]. Table 2 lists for each of those QPs
the number of primal variables n and the number of constraints m, excluding bound
constraints. In addition, it lists a comparison of the runtime and final objective value
for both QPALM and IPOPT. Given that both solvers only produce an (approximate)
stationary point, and not necessarily the same, these results have been further ana-
lyzed to produce Table 3. Here, the problems have been divided according to whether
both solvers converged to the same point or not, the criterion of which was set to a
relative error on the primal solutions of 1076.

On the one hand, the runtimes of the problems where the same solution was found
have been listed as shifted geometric means. It is clear that on average QPALM is
competitive against IPOPT for these problems. These runtimes were further com-
pared in the performance profile of Figure 2. This shows again that QPALM was
competitive against [IPOPT in runtimes. On the other hand, for the problems with dif-
ferent solutions, the objective value of the solution was compared and the number
of times either QPALM or IPOPT had the lowest objective was counted. The result-
ing tally of 46 against 38 in favor of QPALM suggests there is no clear winner in
this case. This was to be expected as both solvers report on the first stationary point
obtained, and neither uses globalization or restarting procedures to obtain a better
one.
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The term dead points here refers to first-order stationary points which do not sat-
isfy the second-order necessary condition that the reduced Hessian Z'QZ be positive
semidefinite, see [27, Result 2.2]. Here, Z is the nullspace of A ., with J the set of
active constraints, that is the constraints which hold as equality at the given point. It
is clear from the table that both solvers find a few amount of dead points, although
they do so on different problems.

Finally, also the failure rate was reported. It is clear that QPALM outperforms
IPOPT by a small margin. Furthermore, for the six problems that QPALM failed to
solve within the time limit, that is NCVXQP{1-3,7-9}, IPOPT also failed to solve in
time. IPOPT reported two of the problems, A2NNDNIL and ASNNDNIL, as primal
infeasible, whereas for these problems QPALM found a point satisfying the approx-
imate stationary conditions. In fact, the problems are primal infeasible, and QPALM
also reports this once slightly stricter termination tolerances are enforced. Hence, we
consider both solvers to have succeeded for these two cases.

Runtime Objective
Problem n m QPALM IPOPT QPALM IPOPT
AOENDNDL 45006 15002 | 1.06e+01  1.92e+00 1.71e-05 1.84e-04
AOENINDL 45006 15002 | 9.85e+00  1.83e+00 4.61e-05 1.84e-04
AOENSNDL 45006 15002 | 4.68e+00  3.55e+01 | -9.40e-06 1.48e-04
AOESDNDL 45006 15002 | 1.06e+01  2.66e+00 5.47e-06 1.84e-04
AOESINDL 45006 15002 | 9.34e+00  2.03e+00 2.21e-06 1.84e-04
AOESSNDL 45006 15002 | 4.42e+00 2.52e+01 -6.66e-06 1.48e-04
AONNDNDL 60012 20004 | 1.76e+02  7.88e+00 3.22e-04 1.84e-04
AONNDNIL 60012 20004 | 3.55e+03  3.03e+01 2.25e+00 1.98e-04
AONNDNSL 60012 20004 | 6.26e+01  2.56e+01 | -4.81e-04 2.15e-04
AONNSNSL 60012 20004 | 1.87e+01  3.26e+01 | -1.86e-04 1.54e-04
AONSDSDL 60012 20004 | 3.00e+01  5.83e+00 | -2.29¢-04 1.84e-04
AONSDSDS 6012 2004 1.49e+00  9.31e-01 -6.90e-06 2.33e-04
AONSDSIL 60012 20004 | 6.54e+02  3.00e+01 | -1.77¢-04 1.97e-04
AONSDSSL 60012 20004 | 3.1le+01  1.29e+01 | -3.86e-06 1.67e-04
AONSSSSL 60012 20004 | 1.77e+01  3.02e+01 5.65e-05 1.49¢-04
A2ENDNDL 45006 15002 | 2.63e+01  2.76e+00 1.04e-06 9.88e-04
A2ENINDL 45006 15002 | 2.53e+01  2.77e+00 7.94e-07 9.73e-04
A2ENSNDL 45006 15002 | 4.68¢+00 4.11e+01 9.99¢-07 2.10e-02
A2ESDNDL 45006 15002 | 2.75e+01  2.77e+00 1.22e-06 9.88e-04
A2ESINDL 45006 15002 | 2.52e+01  2.81e+00 4.34e-07 9.73e-04
A2ESSNDL 45006 15002 | 4.83e+00 3.91e+01 2.03e-06 2.22e-02
A2NNDNDL 60012 20004 | 1.43e+03  7.48e+00 3.44e-04 3.03e-04
A2NNDNIL 60012 20004 | 3.14e+01 PI 5.11e+01 /
A2NNDNSL 60012 20004 | 3.48e+02  8.85e+01 | -9.17e-07 2.11e-04
A2NNSNSL 60012 20004 | 2.89e+01  3.17e+01 | -3.59e-05 1.46e-03
A2NSDSDL 60012 20004 | 5.15e+01  6.14e+00 3.13e-06 7.76e-04
A2NSDSIL 60012 20004 | 4.17e+01  4.20e+01 5.95e-01 1.57e+00
A2NSDSSL 60012 20004 | 4.08e+01  2.02e+01 | -4.0le-06 2.47e-02
A2NSSSSL 60012 20004 | 2.55e+01  2.94e+01 -8.81e-06 4.69¢-04
ASENDNDL 45006 15002 | 4.97e+01  2.73e+00 1.01e-06 2.19e-03
ASENINDL 45006 15002 | 5.38e+01  2.75e+00 4.48e-07 2.25e-03
ASENSNDL 45006 15002 | 5.06e+00  3.72e+01 4.15e-06 5.12e-02
ASESDNDL 45006 15002 | 5.25e+01  2.76e+00 2.05e-06 2.19e-03
ASESINDL 45006 15002 | 5.14e+01  2.74e+00 6.23e-07 2.25e-03
ASESSNDL 45006 15002 | 4.94e+00  3.68e+01 1.86e-05 5.12e-02
ASNNDNDL 60012 20004 | 2.02e+03  9.30e+00 5.05e-04 1.86e-03
ASNNDNIL 60012 20004 | 3.39e+01 PI 1.02e+02 /
ASNNDNSL 60012 20004 | 2.27e+02  8.88e+01 3.00e-06 2.10e-04
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PORTSNQP 100000 2 3.80e+02  1.31e+00 | -1.56e+00  -1.00e+00
QPNBAND 50000 25000 | 4.48¢+00 3.41e+00 | -2.50e+05  -2.50e+05
QPNBLEND 83 74 4.46e-03  549e-02 | -9.14e-03  -9.13e-03
QPNBOEI1 384 351 2.09e-01  1.57e+00 | 6.78¢+06  6.75¢+06
QPNBOEI2 143 166 2.82e-02  8.54e-01 1.37e+06 1.37e+06
QPNSTAIR 467 356 6.88e-02  9.34e-01 5.15e+06  5.15e+06
SOSQP1 5000 2501 4.07e-02  1.74e-01 4.24e-07  -1.03e-10
SOSQP2 5000 2501 9.44e-02  1.80e-01 | -1.25e+03  -1.25e+03
STATIC3 434 96 DI DI / /
STNQP1 8193 4095 1.51e+01  1.05e+03 | -3.12e+05  -3.12e+05
STNQP2 8193 4095 | 2.99e+01  7.38e+00 | -5.75e+05  -5.75e+05

Table 2: Runtime and final objective value comparison for QPALM and IPOPT applied to the non-
convex QPs of the Cutest test set. Failure codes: PI = primal infeasible, DI = dual infeasible and F

= time limit exceeded (or numerical issues).

| QPALM  IPOPT
Runtime (sgm) 4.0861 4.0761
Optimal 46 38
Dead points 7 4
Failure rate [%] 5.6075 7.4766

Table 3: Statistics of QPALM and IPOPT applied to the nonconvex QPs of the Cutest test set. The
runtime reported is the mean over the 11 problems which converged to the same stationary point,
whereas optimal denotes the number of times the solver found the stationary point with the lowest
objective in problems where different stationary points were found. Dead points indicate points at

which second-order necessary conditions are violated.

0.4

0.2

fraction of solver within f of best

0 | | |

— QPALM
—— IPOPT

1.5
log;o(f)

2.5

Figure 2: Performance profile for QPALM and IPOPT on the nonconvex QPs of the Cutest test set

where both converged to the same approximate stationary point.
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| QPALM  OSQP  Gurobi
Runtime (sgm) | 0.5665  0.5943  1.4254
Failure rate [%] 0.0000 0.7246  9.4203

Table 4: Shifted geometric mean runtime and failure rate for QPALM, OSQP and Gurobi on the
Maros Meszaros problem set with tolerance 1073

| QPALM  OSQP  Gurobi
Runtime (sgm) 0.8286  7.8153  1.4101
Failure rate [%] 0.0000 13.0435  9.4203

Table 5: Shifted geometric mean runtime and failure rate for QPALM, OSQP and Gurobi on the
Maros Meszaros problem set with tolerance 107°.

7.3 Convex QPs

Convex QPs arise in multiple well-known application domains, such as portfolio opti-
mization and linear MPC. Solving such QPs has therefore been the subject of substan-
tial research, and many methods exist. We compare QPALM against the interior-point
solver Gurobi [32], the active-set solver gqpOASES [24], and the operator splitting
based solver OSQP [52]. First we compare all solvers on the Maros-Meszaros bench-
mark test set [42]. However, qpOASES is excluded in this comparison as it tends to
fail on larger problems which are ubiquitous in this set. Then, the performance of all
solvers is also compared for quadratic problems arising from the two aforementioned
application domains, portfolio optimization and MPC. In the last case, we add the
tailored interior-point solver HPIPM [25] to the benchmark.

7.3.1 Maros Meszaros

The Maros-Meszaros test set contains 138 convex quadratic programs, and is often
used to benchmark convex QP solvers. Tables 4 and 5 list the shifted geometric mean
of the runtime and failure rate of QPALM, OSQP and Gurobi applied to this set with
termination tolerances respectively set to 1073 and 107%. A key aspect of QPALM
that is demonstrated here is its robustness. The Maros-Meszaros set includes many
large-scale and ill-conditioned QPs, and the fact that QPALM succeeds in solving all
of them up to an accuracy of 10~® within one hour is a clear indication that it is very
robust with respect to the problem data. In runtime it is also faster on average than the
other solvers. However, Gurobi is faster more often, as is shown in the performance
profiles in Figures 3 and 4. The high shifted geometric mean runtime of Gurobi is
mostly due to its relatively high failure rate. For a tolerance of 107, OSQP also has
a high failure rate, and is slower than QPALM, both on average and in frequency. As
a first-order method, in spite of employing a similar preconditioning routine to ours,
it seems to still exhibit a lack of robustness with respect to ill conditioning and to
somewhat stricter tolerance requirements. However, it clearly performs well on the
set for a low tolerance of 1073, as demonstrated in Table 4 and Figure 3. It only fails
once and is faster than QPALM in almost 80% of the problems.
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Figure 3: Performance profiles comparing QPALM with OSQP and Gurobi respectively on the
Maros Meszaros problem set for a tolerance of 1073.
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Figure 4: Performance profiles comparing QPALM with OSQP and Gurobi respectively on the
Maros Meszaros problem set for a tolerance of 107.

7.3.2 Portfolio

In portfolio optimization, the goal is to select a portfolio of assets to invest in to max-
imize profit taking into account risk levels. Given a vector x denoting the (relative)
investment in each asset, the resulting quadratic program is the following

minimize Bx2x — u'x
xeR”

subjectto x >0,
n

ZX,': 1,

i=1

with 4 € R" a vector of expected returns, 2 € Sym(R") a covariance matrix rep-
resenting the risk and S > 0 a parameter to adjust the aversion to risk. Typically,
2 = FF'+ D, with F € R™ a low rank matrix and D € R™" a diagonal matrix.
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Figure 5: Runtimes of QPALM, OSQP, qpOASES and Gurobi when solving portfolio optimization
problems of varying sizes. The tolerances are 10> and 107 left and right respectively.

In order not to form the matrix 2, the following reformulated problem can be solved
instead in (x, y)

x|"[D X
.. . _ -l T
e ] 7|}

subjectto x >0,

We solved this problem for values of n ranging from 100 to 1000, with r = [ {5]. We
choose the elements of y uniformly on [0, 1], the diagonal elements D;; uniformly
on the interval [0, v/r], and the matrix F has 50% nonzeros drawn from N(0, 1). For
each value of n, we solve the problem for ten values of 8 on a logarithmic scale be-
tween 1072 and 10? and compute the arithmetic mean of the runtimes. The runtimes
of QPALM, OSQP, Gurobi and qpOASES solving these problems as such with tol-
erances 1073 and 107° for different values of n are shown in Figure 5. When warm-
starting the problems from the solution of the problem with the previous S value,
Figure 6 is obtained. The structure of the portfolio optimization problem is quite spe-
cific: the Hessian of the objective is diagonal, and the only inequality constraints are
bound constraints. It is clear from the figure that Gurobi exhibits the lowest runtimes
for this type of problem, followed closely by QPALM and OSQP. The latter performs
well especially for the small problems and has some robustness issues for larger ones.
It seems qpOASES exhibits quite a high runtime when compared to the others. It is,
however, the solver which benefits most from warm-starting in this scenario, as the
runtime for warm-started problems is similar to the other solvers. Therefore, if very
many values for 8 were tested, the qpOASES curve would coincide with the others in
Figure 6. QPALM and OSQP already exhibit low runtimes for this problem and do
not benefit much from warm-starting here.
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Figure 6: Runtimes of QPALM, OSQP, qpOASES and Gurobi when solving portfolio optimization
problems of varying sizes and warm-starting in between different values of B. The tolerances are
1073 and 1070 left and right respectively.

7.3.3 MPC

In a model predictive control strategy, one solves an optimal control problem (OCP)
at every sample time to determine the optimal control inputs that need to be applied
to a system. The OCP considers a control horizon N, that is, it computes a series of N
inputs, of which only the first is applied to the system. Given a discrete linear system
with n, states x and n, inputs u, and its corresponding system dynamics in state-space
form, x;.1 = Ax; + Buy, the OCP we consider in this paper is one where we control
the system from an initial state ¥ to the reference state at the origin, which can be
formulated as

N-1
minimize x5 Onxy + Z x; Ox + ug Ruy
zE]RW*l)”—‘*N"”
k=0
subjectto xop = X,
Xpe1 = Axg +Bu,, k=0,....,N—-1,
XkEX, kZO,...,N—l,
XN € XN,
weU, k=0,....N-1.

Here, the decision variable is the collection of N + 1 state samples and N input
samples, z = (xg, ug, X1, - .., Un—1, Xn). The stage and terminal state cost matrices are
positive definite matrices, Q, Oy € Sym,_ (R™) and R € Sym, _(R™). X, Xy and U
represent polyhedral constraints on the states, terminal state and inputs respectively.
In our example, we consider box constraints X = [—xp, x;] and U = [—up, u,] and
determine the terminal constraint as the maximum control invariant set of the system.
Furthermore, the terminal cost is computed from the discrete-time algebraic Riccati
equations.

We solved this problem for a system with 10 states and 5 inputs for different val-
ues of the time horizon. The state cost matrix is set as Q = MM, with M € R"*"
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Figure 7: Runtimes of QPALM, OSQP, qpOASES, Gurobi and HPIPM when solving OCPs for vary-
ing time horizons. The tolerances are 10> and 1070 left and right respectively.

consisting of 50% nonzeros drawn from the normal distribution N'(0, 5). The input
cost matrix is chosen to be a small diagonal matrix with R; = 0.01. The system con-
sidered is slightly unstable, with the elements of A drawn from N(0, 2) and those of B
from N(0, 1). The state and input limits x, and u,, are drawn from N (10, 2). Finally,
the initial state is chosen such that it is possible but difficult to satisfy all the con-
straints, in order to represent a challenging MPC problem. The resulting runtimes of
solving one such OCP for varying time horizons are shown in Figure 7 for tolerances
1073 and 107%. HPIPM performs best, as expected from a tailored solver, followed by
Gurobi and QPALM. OSQP and gpOASES both have issues with robustness given
the challenging nature of the problem, although the former performs well on small
problems and the latter also exhibits fast convergence in some cases.

An important aspect to consider when choosing a QP solver for MPC is the degree
to which it can work with an initial guess. This is of great import due to the fact that
subsequent OCPs are very similar. The solution of the previous OCP can therefore
be shifted by one sample time and supplied as an initial guess. This procedure is also
called warm-starting. Figure 8 shows the result of warm-starting subsequent OCP in
this manner. Here, we solved 30 subsequent OCPs for a fixed time horizon of 30,
corresponding to 460 primal variables. Furthermore, when computing the next initial
state, we add a small disturbance drawn from the normal distribution N(0,0.01).
It is clear that qpOASES, QPALM and OSQP all benefit greatly from this warm-
starting. However, Gurobi, as is typical of an interior-point method, does not have
this advantage. For this reason, interior-point methods are typically not considered as
solvers for MPC problems. HPIPM, however, has incredibly low runtimes regardless,
and so may be an excellent choice for optimal control problems.

8 Conclusion
This paper presented QPALM, a proximal augmented Lagrangian method for con-

vex and nonconvex quadratic programming. On a theoretical level, it is shown that
the sequence of inexact solutions of the proximal augmented Lagrangian, shown to
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Figure 8: Runtimes of QPALM, OSQP, qpOASES, Gurobi and HPIPM when solving sequential
OCPs in an MPC setting, with N = 30. The tolerances are 107> and 107 left and right respectively.

be equivalent to inexact proximal point iterations, converges globally at an R-linear
rate to a stationary point for the original problem when the proximal penalty ensures
strong convexity of the inner subproblems. On a practical level, the implementation
of QPALM is considered in great detail. The inner subproblems are solved using a di-
rection obtained from a semismooth Newton method which relies on dedicated LDL'-
factorization and factorization update routines, and on the optimal stepsize which can
be efficiently computed as the zero of a monotone, piecewise affine function.

The QPALM algorithm is implemented in open-source C code, and parameter se-
lection and update routines have all been worked out carefully. The resulting code
is shown to strike a unique balance between robustness when faced with hard prob-
lems and efficiency when faced with easy problems. Given a time limit of one hour,
QPALM can find an approximate stationary point or correctly identify infeasibility
for 94.39% of the nonconvex QPs in the Cutest test set, whereas IPOPT does this only
for 92.52%. Moreover, QPALM was able to solve all of the convex QPs in the Maros-
Meszaros set up to a tolerance of 107°, while Gurobi and OSQP exhibited a fail rate
of 9.42% and 13.04%, respectively. These results are significant since the Cutest and
Maros-Meszaros test-set contain some very large-scale and ill-conditioned QPs. Fur-
thermore, QPALM benefits from warm-starting unlike interior-point methods.

A Proof of Theorem 2.2

Proof of Theorem 2.2 (Inexact nonconvex PP [53, §4.1]). The proximal inequality
G + ST = = KR <o) + Sl

s = Pl
cf. (1.3), yields

QO 4+ G I = KB < o) + I =K =+ SN < o 1IN, (A
X X X X

proving assertions 2.2(ii) and 2.2(iv), and similarly 2.2(i) follows by invoking [47, Lem. 2.2.2]. Next, let
() i De a subsequence converging to a point x*; then, it also holds that (k1 ek CONVerges to x* owing
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to assertion 2.2(ii). From the proximal inequality (1.3) we have

P+ FIT - = T < o)+ gl - - I
so that passing to the limit for K 3 k — co we obtain that lim supyx ¢(x**1) < @(x*). In fact, equality
holds since ¢ is Isc, hence from assertion 2.2(i) we conclude that o(x**') — @(x*) as k — oo, and in turn
from the arbitrarity of x* it follows that ¢ is constantly equal to this limit on the whole set of cluster points.
To conclude the proof of assertion 2.2(iii), observe that the inclusion 2 ! (xk + ek - xk“) € 3go(xk+l ), cf.
(1.4), implies that

dist(0, dp(*1)) < dist(0, (1) < I (I — 1+ llek), (A2)
and with limiting arguments (recall that limgeg (p(xk ) = p(limgeg %)) the claimed stationarity of the cluster
points is obtained. O
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