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Abstract
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1 Introduction

1.1 Background

Zagier found a generalized Eichler-Selberg trace formula involving symmetric square L-
functions by means of the Rankin-Selberg method in computing the trace formula of Hecke
operators of elliptic cusp forms ([21]). An analogy of his work for Maass forms has been obtained
by himself ([22]), and a generalization of Zagier’s formula for Hilbert modular forms has been
done by Mizumoto and Takase ([13], [17]) under the assumption that the narrow class number
of the base field is one.

In ([10]), Jacquet and Zagier constructed a similar result for general cusp forms on the
adelization GL2(AF ) for arbitrary number field F under quite a general setting. Their formula
can be regarded as deformation by a complex variable z of the usual Arthur-Selberg trace formula
for GL(2) because the latter one can be recovered from the former one by computing the residue at
z = 1 ([20]). However, their formula has an abstract form, and many terms remain uncomputed.
One of the motivations for researches in this field is to calculate explicit trace formulas of Jacquet-
Zagier type for certain test functions and to get generalizations of classical results such as ([13],
[17], [21], [22]) in adelic setting.

Throughout the paper, we let F denote a totally real number field. Sugiyama and Tsuzuki
constructed a generalized Zagier’s formula for Hilbert modular forms with square-free levels and
proved a non-vanishing property of symmetric square L-functions L(z, π; Ad) for Hilbert modular
forms ([16]) without the assumption on the class number of F . Their only assumption for F is
that the prime 2 splits completely in F/Q.

In this paper, we give an analogy of Sugiyama-Tsuzuki’s trace formula for Hilbert Maass
forms which recovers Zagier’s formula for Maass forms ([22]) by means of a suitable test function
constructed from the resolvent kernel function of the Laplace operator on the complex upper
half-plane at infinite places. For a technical reason, we adopt the same assumptions for F as
theirs.

The remarkable feature of our main results is that the terms which can be written by using
the integration involving the Hecke L-functions appear in the spectral side from the theory of
Eisenstein series on GL2(AF ). Besides, it is interesting that the hyperbolic terms and the elliptic
terms in the geometric side can be written by using the certain hypergeometric series in two
variables being a generalization of the Appell series F3(α, α

′, β, β′, γ, x, y) ([1]).
The trace formula proved in this article is highly expected to obtain a non-vanishing property

of the symmetric square L-function L(z, π; Ad) of Hilbert Maass forms and to have applications
for many arithmetic problems.

1.2 Notations

Let F be a totally real number field with degree nF , o be the integer ring of F , and A be the
adele ring of F . We denote the set of finite places of F and the set of infinite places of F by Σfin

and Σ∞ respectively and set ΣF = Σfin ∪Σ∞. The completion of F at v ∈ ΣF is denoted by Fv
and the modulus of Fv is by | |v. Then, the idele norm of A× is defined by | |A =

∏
v∈ΣF

| |v.
Choose an embedding R+ → A× by x 7→

(
1fin, x

1
nF , . . . , x

1
nF

)
. Occasionally, we regard R+

as the subgroup of A× by this embedding. Then we have a splitting A× = A1 ×R+ where A1 is
the kernel of the idele norm map. Let Ξ be the set of all characters on A× which are trivial on
F×R+.

For v ∈ Σfin, let ov be the integer ring of Fv, pv be the prime ideal of ov, and qv be the order
of the residue field ov/pv. For each v ∈ Σfin, we fix a prime element $v ∈ pv.
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For a non-zero ideal a ⊂ o, we set N(a) =
∏
v∈Σfin

q
ordv(a)
v and denote the set of v ∈ Σfin

dividing a by S(a). Let ψ =
∏
v∈ΣF

ψv be the additive character of A/F such that ψv(x) =

e2π
√
−1x for v ∈ Σ∞ and x ∈ R. Let U(a) be the compact subgroup of A× defined by

U(a) =

a = (av)v∈ΣF
∈ A×

∣∣∣∣∣∣
av ∈ o×v (v ∈ Σfin − S(a))

av ∈ 1 + p
ordv(a)
v (v ∈ S(a))

av = 1 (v ∈ Σ∞)


and Ξ(a) be the set of all χ ∈ Ξ which are trivial on U(a).

Let B, H, and N be F -subgroups of G = GL(2) defined symbolically as B =

{(
∗ ∗
0 ∗

)}
,

H =

{(
∗ 0
0 ∗

)}
, and N =

{(
1 ∗
0 1

)}
. Let Z be the center of G. For v ∈ ΣF , we define Kv as

G(ov) if v ∈ Σfin and O(2) if v ∈ Σ∞. Let GA =
∏′
v∈ΣF

Gv, K =
∏
v∈ΣF

Kv be the standard
maximal compact subgroup of GA, and Kfin =

∏
v∈Σfin

Kv. Given a non-zero ideal n ⊂ o, we set

K0(nov) =

{(
a b
c d

)
∈ Kv

∣∣∣∣ c ∈ nov

}
for v ∈ Σfin and K0(n) =

∏
v∈Σfin

K0(nov). Let Πcus(n)

be the set of all irreducible cuspidal representations π ∼= ⊗′
v∈ΣF

πv of ZA\GA such that πv has
a non-zero K0(nov)-invariant vector for v ∈ Σfin and has a non-zero SO(2)-invariant vector for
v ∈ Σ∞.

For any complex-valued function f and g on a set X, we write f(x) � g(x) if there exists
a constant C > 0 such that |f(x)| ≤ C|g(x)| for all x ∈ X. We write f(x) � g(x) when both
f(x) � g(x) and g(x) � f(x) hold. If we emphasize the dependence of the implied constant C
on some parameters a, b, c, . . . , we write f(x) �a,b,c,... g(x).

Let χ =
∏
v∈ΣF

χv ∈ Ξ. For v ∈ Σ∞, we set ε(χv) ∈ {0, 1} and a(χv) ∈ R so that

χv(x) = sgn(x)ϵ(χv)|x|
√
−1a(χv), x ∈ R.

The Hecke L-function LF (s, χ) treated in this article has the Euler product on Re(s) > 1 of
the form

LF (s, χ) =
∏
v∈ΣF

Lv(s, χv)

where

Lv(s, χv) =


(1− χv($v)q

−s
v )

−1
(v ∈ Σfin, χv : unramified)

1 (v ∈ Σfin, χv : ramified)

ΓR
(
s+

√
−1a(χv) + ε(χv)

)
(v ∈ Σ∞)

with ΓR(s) = π− s
2Γ( s2 ). Let ζF (s) = L(s, 1) be the completed Dedekind zeta function of F and

ζv(s) = Lv(s, 1) be the Euler factor of ζF (s) at v ∈ ΣF . The function L(s, χ) has a meromorphic
continuation to C and is entire or holomorphic except for simple poles at s = 0, 1 if χ 6= 1 or
χ = 1 respectively.

The Euler product of Lv(s, χv) over v ∈ Σfin is denoted by Lfin(s, χ). For χ ∈ Ξ(o), it is
known that Lfin(s, χ) has no zero on the vertical line Re(s) = 1. From the proof of [18, Theorem
3.11], we obtain the estimate

∣∣Lfin(1 +
√
−1u, χ)−1

∣∣� log

{ ∏
v∈ΣF

(
3 + |u2 + a(χv)|

)}
, u ∈ R (1.1)
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with the implied constant independent of χ ∈ Ξ(o). Let [σ1, σ2] be a closed interval contained in
open interval (0, 1). Then, by means of the Phragmén-Lindelöf principle, there exists a constant
N0 depending only on the field F such that∣∣Lfin(σ +

√
−1u, χ)

∣∣�σ1,σ2

∏
v∈Σ∞

(
1 + |u2 + a(χv)|

)N0
, σ ∈ [σ1, σ2], u ∈ R (1.2)

with the implied constant independent of χ ∈ Ξ(o) (see [9, Lemma 5.2]). Moreover, when χ 6= 1,
the above estimate holds uniformly for σ ∈ [0, 1].

1.3 Explanation of the main results

Let v ∈ ΣF and I(χ) be the normalized induced representation IndGv

Bv
(χ⊠ χ−1) for a quasi-

character χ on F×
v .

Let π ∼= ⊗′
v∈ΣF

πv ∈ Πcus(n) and fπ ⊂ o be the conductor of π. Then, for v ∈ ΣF − S(fπ), it
is known that

πv ∼=


I

(
| · |

νv(πv)
2

v )

)
(v ∈ Σfin − S(fπ))

I

(
sgn(·)ϵ(πv)| · |

νv(πv)
2

v

)
(v ∈ Σ∞)

(1.3)

where νv(πv) ∈ Xv :=

{
C/4π

√
−1(log qv)

−1Z (v ∈ Σfin)

C (v ∈ Σ∞)
and ε(πv) ∈ {0, 1} for v ∈ Σ∞. We

may choose the parameter νv(πv) for each v ∈ ΣF − S(fπ) so that

νv(πv) ∈

{√
−1[0, 2π(log qv)

−1] ∪ ({0, 2π
√
−1(log qv)

−1}+ (0, 1)) (v ∈ Σfin − S(fπ))√
−1R+ ∪ (0, 1) (v ∈ Σ∞).

(1.4)

For v ∈ Σfin and a Kv-spherical irreducible representation πv ∼= I(| · |sv), we define

Q(πv) =
xv(πv)

q
1
2
v + q

− 1
2

v

, xv = qsv + q−sv

where (qsv, q
−s
v ) is the Satake parameter of πv.

In the following, we define many functions to describe our main results. For v ∈ Σfin and
δ ∈ Fv, let εδ be the character of F×

v corresponding to the extension Fv(
√
δ)/Fv by local class

field theory. For z, s ∈ C, we define

Oδ,(z)
v,ϵ (a) =

ζv(−z)
Lv(

−z+1
2 , εδ)

(
1 + q

z+1
2

v

1 + qv

)ϵ
|a|

−z+1
4

v

+
ζv(z)

Lv(
z+1
2 , εδ)

(
1 + q

−z+1
2

v

1 + qv

)ϵ
|a|

z+1
4

v

(
ε ∈ {0, 1}, a ∈ F×

v

)
and

Sδ,(z)v (s; a) =

−q−
s+1
2

v
ζv(s+

z+1
2 )ζv(s+

−z+1
2 )

Lv(s+1,εδ)
|a|

s+1
2

v (|a|v ≤ 1)

−q−
s+1
2

v

{
ζv(−z)ζv(s+ z+1

2 )

Lv(
−z+1

2 ,εδ)
|a|

−z+1
4

v +
ζv(z)ζv(s+

−z+1
2 )

Lv(
z+1
2 ,εδ)

|a|
z+1
4

v

}
(|a|v > 1)

.
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We remark that

Oδ,(z)
v,0 (a) = 1, Oδ,(z)

v,1 (a) =


2 (v splits in F (

√
δ)/F )

1 (v ramifies in F (
√
δ)/F )

0 (v remains prime in F (
√
δ)/F )

for all a ∈ o×v .

by a simple calculation. For a finite subset S ⊂ Σfin, a non-zero square-free ideal n ⊂ o such
that S ∩ S(n) = ∅, an element ∆ ∈ F×, and a non-zero fractional ideal a ⊂ F , we define the
well-defined product

B
(z)
n (sS |∆; a) =

∏
v∈Σfin−(S∪S(n))

O∆,(z)
v,0 (av)

∏
v∈S(n)

O∆,(z)
v,1 (av)

∏
v∈S

S∆,(z)
v (sv; av)

where (av) ∈ A×
fin is an idele corresponding to a and sS = (sv)v∈S ∈ XS :=

∏
v∈S Xv.

For any condition P , we put δ(P ) = 1 if P is true and δ(P ) = 0 if P is false respectively. For
v ∈ Σ∞ and z, s ∈ C, we define

O+,(z)
v (s; a) =

π− 1
2

4
|a|v|1− a−2|

s+1
2

v
Γ( s2 + z+1

4 )Γ( s2 − z−1
4 )

Γ(s+ 1)
δ(a > 1)

× F
(1,0)
3

(
s
2+

z+1
4 , s2−

z−1
4 , s+1

2 ; z+1
4 ,−z+1

4

s+1; s+1
2

; 1− a−2, 1− a2
)

(a ∈ F×
v )

and

O−,(z)
v (s; a) = (a2 + 1)

Γ( s+1
2 )Γ( s2 + z+1

4 )Γ( s2 − z−1
4 )

Γ(s+ 1)Γ( s2 + 1)

× F
(1,0)
3

(
s
2+

z+1
4 , s2−

z−1
4 , s+1

2 ; z+3
4 ,−z+3

4
s+1; s2+1

; 1,−a2
)

(a ∈ F×
v )

where F
(1,0)
3 is a certain hypergeometric function in two variables. The details of this function

are described in §5.
We assume that n ⊂ o is a non-zero square-free ideal from now on. For π ∼= ⊗′

v∈ΣF
πv ∈

Πcus(n), the symmetric square L-function L(s, π; Ad) of π on Re(s) > 1 is defined by the Euler
product

L(s, π; Ad) =
∏
v∈ΣF

Lv(s, πv,Ad)

where

Lv(s, πv,Ad) =


(1− q

−s+νv(πv)
v )−1(1− q

−s−νv(πv)
v )−1(1− q−sv )−1 (v ∈ Σfin − S(fπ))

(1− q−s+1
v )−1 (v ∈ S(fπ))

ΓR(s+ νv(πv))ΓR(s− νv(πv))ΓR(s) (v ∈ Σ∞)

where νv(πv) is the spectral parameter of πv defined by (1.3). It is known that L(s, π; Ad) is
continued to an entire function ([6]).

For a sufficiently large positive integer N and fixed parameters sS = (sv)v∈S ∈ XS with
Re(sv) > 1 and s∞ = (sv = (si,v)1≤i≤N )v∈Σ∞ ∈ (CN )Σ∞ with Re(si,v) > 1 and Re(si,v) 6=
Re(sj,v) if i 6= j, let I0cus(sS , s∞, z), I

0
Eis(sS , s∞, z), and I

0
res(sS , s∞, z) be meromorphic functions

on the region −1 < Re(z) < 1 defined as follows.
The first term is given by

I0cus(sS , s∞, z) =
∑

π∈Πcus(n)

C(n, π)PE∗(n, π) (1.5)
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where

C(n, π) =D−1
F [Kfin : K0(n)]

−1
∏
v∈Σ∞

1
2

N∏
i=1

{
s2i,v − νv(πv)

2

4

}−1


×
∏
v∈S

{(
q

1+νv(πv)
2

v + q
1−νv(πv)

2
v

)
−
(
q

sv+1
2

v + q
−sv+1

2
v

)}−1

and

PE∗(n, π) =
1

2
N(fπ)

z−1
2 D

z− 1
2

F

 ∏
v∈S(nf−1

π )

(
1 +

Q(I(| |
z
2
v ))−Q(πv)

2

1−Q(πv)2

) L( z+1
2 , π; Ad)

L(1, π; Ad)
.

Here, DF is the absolute value of the discriminant of F/Q.

The second term is given by

I0Eis(sS , s∞, z) =
vol(A1/F×)−1

8π
√
−1

∑
χ∈Ξ(o)

∫
√
−1R

I0Eis,χ(u, z)du (1.6)

where

I0Eis,χ(u, z)

=Dz−2
F [Kfin : K0(n)]

− 3
2
ζF (

z+1
2 )LF (

z+1
2 + u, χ2)LF (

z+1
2 − u, χ−2)

LF (1 + u, χ2)LF (1− u, χ−2)

×
∏

v∈S(n)

[
(q

1
2
v − q

− 1
2

v )(1− q
− 3

2
v ) + (q

− 1
2

v + q−1
v )

{
q

z
2
v + q

− z
2

v − q−uv χv($v)
2 − quvχv($v)

−2
}]

× Lv(1 + u, χ2
v)Lv(1− u, χ−2

v )

×
∏
v∈S

(
−q−

sv+1
2

v

)
Lv
(
sv+u

2 , χv
)
Lv
(
sv−u

2 , χ−1
v

)
×
∏
v∈Σ∞

[
N∏
i=1

{
s2i,v
4 +

(
u

2
√
−1

+ a(χv)
)2}−1

]
. (1.7)

The third term is given by

I0res(sS , s∞, z) =
1

2
D

z
4

F

∑
χ∈Ξ(o)

χ2=1

{
I0res,χ(z) + I0res,χ(−z)

}
(1.8)

where

I0res,χ(z) =D
z
4−1

F

ζF (z + 1)

ζF (
z+3
2 )

∏
v∈S(n)

(1− q−1
v )(1 + q

− z+1
2

v )

qv + 1
ζv(

z+3
2 )

×
∏
v∈S

ζv(
z+3
2 )

ζv(
z+1
2 )

Sres,v,χv
(sv, z)

∏
v∈Σ∞

[
N∏
i=1

{
s2i,v
4 − (z+1)2

16

}−1
]
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and

Sres,v,χv (sv, z)

=−q
− sv+1

2
v

1−q−sv
v

×
[
Lv(

sv
2 − z+1

4 , χv)Lv(
sv
2 + z+1

4 , χv)
{
1 + q−s − 2q−s−1

v − χv($v)q
− s

2−
z+1
4

v (1− q−1
v )
}

+ (1− q−1
v )ζv(

z+1
2 )ζv(sv +

z+1
2 )

{
q
− z+1

2
v (1 + 2q−sv )− q−s−z−1

v + 2χv($v)q
− s

2−
z+1
4

v

}]
. (1.9)

For ∆ ∈ F× − (F×)2, let ε∆ be the quadratic character corresponding to the quadratic
extension F (

√
∆)/F , d∆ be the relative discriminant of F (

√
∆)/F , and f∆ be the fractional

ideal such that (∆) = d∆f
2
∆.

Theorem 1.1. Let N be a sufficiently large positive integer, sS = (sv)v∈S ∈ XS, s∞ = (sv =
(si,v)1≤i≤N )v∈Σ∞ ∈ (CN )Σ∞ with min {Re(sv)|v ∈ S} > 2max

{
Re(si,v)

∣∣v∈Σ∞,
1≤i≤N

}
+1, Re(si,v) > 1

and Re(si,v) 6= Re(sj,v) if i 6= j, n ⊂ o be a non-zero square-free ideal, and S ⊂ Σfin be a finite
subset such that S ∩ S(n) = ∅. Suppose that the prime 2 splits completely in F/Q and |2|v = 1
for all v ∈ S ∪ S(n). Then, for z ∈ C such that −1 < Re(z) < 1, we have the identity

I0cus(sS , s∞, z) + I0Eis(sS , s∞, z) + I0res(sS , s∞, z)

= J0
uni(sS , s∞, z) + J0

hyp(sS , s∞, z) + J0
ell(sS , s∞, z)

where the three terms on the right-hand side are described explicitly as follows.
The first term is given by

J0
uni(sS , s∞, z) = D

z
4

F

{
ΛF (−z)Ĵ1

uni(sS , s∞, z) + ΛF (z)Ĵ
1
uni(sS , s∞,−z)

}
where we set ΛF (z) = D

z
2

F ζF (z) and

Ĵ1
uni(sS , s∞, z) = D

z−2
4

F

∏
v∈S

−q−
sv+1

2
v

1− q
−sv− z+1

2
v

∏
v∈S(n)

1 + q
z+1
2

v

1 + qv

×
∏
v∈Σ∞

2−
z+3
2 π− z+3

4 Γ
(−z+1

4

){ N∑
i=1

µ(i)
v (s∞)

Γ(
si,v
2 + z+1

4 )

Γ(
si,v
2 − z−3

4 )

}

with

µ(i)
v (s∞) =

∏
1≤j≤N
j ̸=i

(
s2j,v − s2i,v

4

)−1

.

The second term is given by the absolutely convergent sum

J0
hyp(sS , s∞, z) =

1

2
D

−1
2

F ζF

(
−z + 1

2

) ∑
a∈o(S)×+\{1}

B
(z)
n

(
sS |1;

a

(a− 1)2
o

)

×
∏
v∈Σ∞

{
N∑
i=1

µ(i)
v (s∞)O+,(z)

v

(
si,v;

a+ 1

a− 1

)}
,

where o(S)×+ denotes the set of all totally positive S-units.

8



The third term is given by the absolutely convergent sum

J0
ell(sS , s∞, z) =

1

2
D

z−1
2

F

∑
(t:n)F

N(dF )
z+1
4 L

(
z + 1

2
, ε∆

)
B

(z)
n

(
sS |∆;nf−2

∆

)
×
∏
v∈Σ∞

{
N∑
i=1

µ(i)
v (s∞)Osgn(∆(v)),(z)

v

(
si,v; t|∆|

−1
2
v

)}
,

where (t : n)F runs over cosets
{
(ct, c2n) ∈ F 2 | c ∈ F×} such that ∆ = t2 − 4n ∈ F× − (F×)2,

(t, n) ∈
{
(cvtv, c

2
vnv)|cv ∈ F×

v , t ∈ ov, nv ∈ o×v
}
for all v ∈ Σfin − S, and ordv(nf

−2
∆ ) < 0 for all

v ∈ S(n) with ε∆,v being unramified and non-trivial.

We have a corollary of Theorem 1.1 which recovers Zagier’s formula for Maass forms ([22]).
Let B be the space of all entire functions such that α(s) = α(−s) and satisfying the estimate

|α(s)| �a,b,l (1 + |Im(s)|)−l , Re(s) ∈ [a, b]

for any closed interval [a, b] ⊂ R and l > 0. For v ∈ S, let Av be the space of all holomorphic
functions on Xv such that α(s) = α(−s). For v ∈ Σ∞, set Av = B. We set the holomorphic
1-form dµv(s) on Xv by

dµv(s) =

{
2−1(log qv)(q

s+1
2

v − q
−s+1

2
v )ds (v ∈ S)

s ds (v ∈ Σ∞)
.

Let c > 1 and Lv(c) be the contour on Xv defined by

Lv(c) =

{{
c+

√
−1y| − 2π(log qv)

−1 ≤ y ≤ 2π(log qv)
−1
}

(v ∈ S){
c+

√
−1y| y ∈ R

}
(v ∈ Σ∞)

,

For v ∈ S, α ∈ Av, z ∈ C, and a ∈ F×
v , set

Ŝδ,(z)v (α; a) =
1

2π
√
−1

∫
Lv(c)

Sδ,(z)v (s; a)α(s)dµv(s).

Let v ∈ Σ∞, α ∈ Av, and a ∈ F×
v , we define

Ô±,(z)
v (α; a) =

1

2π
√
−1

∫
Lv(c)

O±,(z)
v (s; a)α(s)dµv(s).

Let AS∪Σ∞ =
⊗

v∈S∪Σ∞
Av. For a pure tensor α = ⊗v∈S∪Σ∞αv of AS∪Σ∞ , a non-zero square-

free integral ideal n such that S ∩ S(n) = ∅, an element of ∆ ∈ F×, a non-zero fractional ideal
of F , χ ∈ Ξ(o), and z, u ∈ C, we set

B
(z)
n (α|∆; a) =

∏
v∈Σfin−(S∪S(n))

O∆,(z)
v,0 (av)

∏
v∈S(n)

O∆,(z)
v,1 (av)

∏
v∈S

Ŝ∆,(z)
v (αv; av),

Υ(z)(α) =
∏
v∈S

1

2π
√
−1

∫
Lv(c)

−q−
s+1
2

v

1− q
−s− z+1

2
v

αv(s)dµv(s)

×
∏
v∈Σ∞

1

2π
√
−1

∫
Lv(c)

Γ( s2 + z+1
4 )

Γ( s2 − z−3
4 )

αv(s)dµv(s),
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ΘEis,χ(α;u) =2nF

∏
v∈S

1

2π
√
−1

∫
Lv(c)

(−q−
s+1
2

v )Lv(
s+u
2 , χv)Lv(

s−u
2 , χ−1

v )αv(s)dµv(s)

×
∏
v∈Σ∞

αv
(
u+ 2

√
−1a(χv)

)
, (1.10)

and

Θres,χ(α; z) = 2nF

∏
v∈S

1

2π
√
−1

ζv(
z+1
2 )

ζv(
z+3
2 )

∫
Lv(c)

Sres,v,χv
(s, z)αv(s)dµv(s)

∏
v∈Σ∞

αv(
z+1
2 ).

Moreover, we define

I0cusp(α|n; z) =
(−1)#S

2
D
z− 3

2

F [Kfin : K0(n)]
−1

×
∑

π∈Πcus(n)

N(fπ)
z−1
2

∏
v∈S(nf−1

π )

(
1 +

Q(I(| |
z
2
v ))−Q(πv)

2

1−Q(πv)2

)

×
L( z+1

2 , π; Ad)

L(1, π; Ad)

∏
v∈S∪Σ∞

αv(νv(πv)),

I0Eis(α|n; z) =
vol(A1/F×)−1

8π
√
−1

∑
χ∈Ξ(o)

∫
√
−1R

I0Eis,χ(α;u, z)du,

I0res(α|n; z) =
1

2
D

z
4

F

∑
χ∈Ξ(o)

χ2=1

{
I0res,χ(α; z) + I0res,χ(α;−z)

}

where

I0Eis,χ(α;u, z)

=Dz−2
F [Kfin : K0(n)]

− 3
2
ζF (

z+1
2 )LF (

z+1
2 + u, χ2)LF (

z+1
2 − u, χ−2)

LF (1 + u, χ2)LF (1− u, χ−2)
ΘEis,χ(α;u)

×
∏

v∈S(n)

[
(q

1
2
v − q

− 1
2

v )(1− q
− 3

2
v ) + (q

− 1
2

v + q−1
v )

{
q

z
2
v + q

− z
2

v − q−uv χv($v)
2 − quvχv($v)

−2
}]

× Lv(1 + u, χ2
v)Lv(1− u, χ−2

v )

and

I0res,χ(α; z) =D
z
4−1

F

ζF (z + 1)

ζF (
z+3
2 )

Θres,χ(α; z)

×
∏

v∈S(n)

(1− q−1
v )(1 + q

− z+1
2

v )

qv + 1
ζv(

z+3
2 ).

Corollary 1.2. Let n and S be as in Theorem 1.1. Suppose that the prime 2 splits completely
in F/Q and |2|v = 1 for all v ∈ S ∪ S(n). Then, for α = ⊗v∈S∪Σ∞αv ∈ AS∪Σ∞ and z ∈ C such
that −1 < Re(z) < 1, we have the identity

I0cusp(α|n; z) + I0Eis(α|n; z) + I0res(α|n; z) = J0uni(α|n; z) + J0hyp(α|n; z) + J0ell(α|n; z)
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where the three terms on the right-hand side are described explicitly as follows.
The first term is given by

J0uni(α|n; z) = D
z
4

F

{
ΛF (−z)Ĵ1uni(α|n; z) + ΛF (z)Ĵ1uni(α|n;−z)

}
with

Ĵ1uni(α|n; z) =
{
2−

z+3
2 π− z+3

4 Γ
(−z+1

4

)}nF

D
z−2
4

F Υ(z)(α)
∏

v∈S(n)

1 + q
z+1
2

v

1 + qv
.

The second term is given by the absolutely convergent sum

J0hyp(α|n; z) =
1

2
D

−1
2

F ζF

(
−z + 1

2

) ∑
a∈o(S)×+\{1}

B
(z)
n

(
α|1; a

(a− 1)2
o

) ∏
v∈Σ∞

Ô+,(z)
v

(
αv;

a+ 1

a− 1

)
.

The third term is given by the absolutely convergent sum

J0ell(α|n; z) =
1

2
D

z−1
2

F

∑
(t:n)F

N(dF )
z+1
4 L

(
z + 1

2
, ε∆

)
B

(z)
n

(
α|∆;nf−2

∆

)
×
∏
v∈Σ∞

Ôsgn(∆(v)),(z)
v

(
αv; t|∆|

−1
2
v

)
,

where (t : n)F runs over the same cosets as in Theorem 1.1.

1.4 The organization

Let us explain the content of this paper. In §2, we construct the kernel function. In §3,
we recall the theory of Eisenstein series and the spectral decomposition for L2(ZAGF \GA) and
define the smoothed Eisenstein series investigated in ([16]). In §4, we calculate the spectral side.
In §5, we observe the geometric side and compute the identity term and the unipotent term. We
state a brief explanation of the hypergeometric series in two variables dealt with in this article.
The computations of the hyperbolic term and the elliptic term are done in §6 and §7. In §8, we
prove our main results.

2 Construction of the kernel function

In this section, we construct the test function treated in this article. The functions at finite
places are the same as the ones in ([16]). For infinite places, the matrix coefficient of the discrete
series representation of GR/ZR is dealt with in ([16]). In this article, we replace it by the resolvent
kernel function of the Laplacian on the upper half-plane.

We set the Haar measures as the following way. For v ∈ Σfin, let dxv be the Haar measure

on Fv such that
∫
ov
dxv = q−

dv
2 where dv is the local exponent of the different of F/Q. We

fix the Haar measure d×xv on F×
v by d×xv = ζv(1)

dxv

|x|v . For v ∈ Σ∞, let dxv and be the

standard Lebesgue measure on R. Set the Haar measure d×xv on R× by d×xv = dxv

|x|v . We

set the Haar measures on A and A× by dx =
∏
v∈ΣF

dxv and d×x =
∏
v∈ΣF

d×xv respectively.

We also define the Haar measures on Hv, Nv, and Zv by the group isomorphisms Hv
∼= (F×

v )2,

Nv ∼= Fv, and Zv ∼= F×
v accordingly, i.e. dhv = d×t1,vd

×t2,v if hv =

(
t1,v 0
0 t2,v

)
, dnv = dxv
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if nv =

(
1 xv
0 1

)
, and dzv = dav if zv =

(
av 0
0 av

)
. Let dkv be the Haar measure dkv on

Kv such that vol(Kv; dkv) =
∫
Kv

dkv = 1. Then, our Haar measure dgv on Gv is defined as
dgv = dhvdnvdkv by the Iwasawa decomposition Gv = HvNvKv. On K, HA, NA, ZA, and GA,
we always use the product measures of their factors. More precisely,∫

GA

f(g)dg =

∫
K

∫
A×

∫
A×

∫
A
f

((
a1 0
0 a2

)(
1 x
0 1

)
k

)
d×a1d

×a2dxdk

=

∫
K

∫
A×

∫
A×

∫
A
f

((
1 x
0 1

)(
a1 0
0 a2

)
k

) ∣∣∣∣a2a1
∣∣∣∣
A
d×a1d

×a2dxdk

holds for all f ∈ L1(GA).

2.1 Convergence lemmas

Recall that a Siegel domain S1 in G(A)1 = {g ∈ GA | | det g|A = 1} is a subset of G(A)1 of
the form (

1 x
0 1

)(
a 0
0 d

)(
t1 0
0 t2

)
k

where k ∈ K, x is in a compact subset of A, a and d lie in a compact subset of A1, and t1, t2 ∈ A×

such that t1,v = t2,v = 1 for all v ∈ Σfin and
∣∣∣ t1,vt2,v

∣∣∣
v
> c for all v ∈ Σ∞ and some fixed positive

number c > 0. It is known that if S1 is sufficiently large, then G(A)1 = G(F )S1. We fix such a
domain S1.

We introduce convergence estimates investigated in ([16]) by means of a certain norm on GA.
For v ∈ ΣF and gv, let (Ad(gv)ij)1≤i,j≤3 be the representing matrix of the endomorphism on

sl2(Fv) given by X 7→ gXg−1 with respect to the Fv-basis

{(
1 0
0 −1

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)}
of

sl2(Fv). Set

||gv||v =

max {|Ad(gv)ij |v | 1 ≤ i, j ≤ 3} (v ∈ Σfin)(∑
1≤i,j≤3 |Ad(gv)ij |2

) 1
2

(v ∈ Σ∞)

for gv ∈ Gv and

||g||A =
∏
v∈ΣF

||gv||v

for g = (gv) ∈ GA. We remark that the norm || · ||A is ZA-invariant and bi-K-invariant, take
values in [1,+∞), and satisfies ||gh||A ≤ ||g||A||h||A for all g, h ∈ GA. We define the function
y : GA → R+ as

y

((
a b
0 d

)
k

)
=
∣∣∣a
d

∣∣∣
A
,

(
a b
0 d

)
∈ BA, k ∈ K

by the Iwasawa decomposition of GA. Then we have ||g||A � y(g), g ∈ S1.

Proposition 2.1. ([16, Proposition 2.2]) Let ϕ : GA → C be a function such that ϕ(zg) = ϕ(g)
for all z ∈ ZA, g ∈ GA and satisfies |ϕ(g)| � ||g||−mA on GA with m > 1. Then, the series

Kφ(g, h) =
∑

γ∈ZF \GF

ϕ(g−1γh)

converges absolutely and locally uniformly on g, h ∈ GA. Moreover, the following holds.
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(i) suph∈GA
|Kφ(g, h)| � ||g||mA , g ∈ GA with the implied constant independent of g.

(ii) For any g ∈ GA, the function h 7→ Kφ(g, h) belongs to Lq(ZAGF \GA) for any q > 0.

Proof. See ([16, pp. 2988–2989]).

2.2 The resolvent kernel function of the Laplacian

We introduce basic properties of the resolvent kernel function of the Laplacian from ([8]).
For s ∈ C with Re(s) > 1, we define Gs : R+ → C as

Gs(u) =
Γ( s+1

2 )2

4πΓ(s+ 1)
u−

s+1
2 2F1

(
s+1
2 , s+1

2 ; s+ 1;− 1

u

)
where 2F1 is the Gaussian hypergeometric function. From ([8, Lemma 1.7]), Gs satisfies the
conditions

Gs(u) =
1

4π
log

1

u
+O(1), (u→ +0), (2.1)

G′
s(u) = −(4πu)−1 +O(1), (u→ +0), (2.2)

Gs(u) � u−
Re(s)+1

2 , (u→ +∞). (2.3)

It is remarkable that the growths of Gs(u) and G′
s(u) when u tends to +0 are independent of

s. For distinct s1, s2 ∈ C with Re(s1) > 1 and Re(s2) > 1, limu→+0(Gs1(u) − Gs2(u)) exists
because Gs1(u)−Gs2(u) and G′

s1(u)−G′
s2(u) are bounded for u near to 0 from (2.1) and (2.2).

Moreover, the limit can be written explicitly as

lim
u→+0

(Gs1(u)−Gs2(u)) = − 1

4π

(
Γ′( s1+1

2 )

Γ( s1+1
2 )

−
Γ′( s2+1

2 )

Γ( s2+1
2 )

)
(2.4)

by ([8, (10.24)]).
Let H = {x +

√
−1y ∈ C | x ∈ R, y > 0} be the complex upper half-plane. The hyperbolic

distance between z ∈ H and w ∈ H is given by

ρ(z, w) = log
|z − w|+ |z − w|
|z − w| − |z − w|

.

Then, we have
cosh ρ(z, w) = 1 + 2u(z, w)

where

u(z, w) =
|z − w|2

4Im(z)Im(w)
.

Let ∆0 = −y2( ∂
2

∂x2 + ∂2

∂y2 ) be the Laplace operator on H. Then, for fixed w ∈ H, the function

z → Gs(u(z, w)) (z ∈ H− {w}) is an eigenfunction of ∆0 with eigenvalue 1
4 (1− s2), i.e.(

∆0 −
1− s2

4

)
Gs(u(·, w)) = 0. (2.5)

Let Rs be the integral operator on H whose kernel function is given by (z, w) 7→ Gs(u(z, w)),
namely

(Rsf)(z) =

∫
H
Gs(u(z, w))f(w)dµw (2.6)
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where dµz = dxdy
y2 is the standard SL2(R)-invariant measure onH and f : H → C be a measurable

function on H such that the integral (2.6) converges absolutely. Then, Rs is the right inverse

function of ∆0 − 1−s2
4 .

Proposition 2.2. [8, Theorem 1.17] Let s ∈ C with Re(s) > 1. If f is smooth and bounded on
H, then (

∆0 −
1− s2

4

)
Rsf = f.

Remark 2.3. We note that ∆ and Rs in [8] coincide with −∆0 and −R2s−1 respectively in our
notations.

Let N be a positive integer and s∞ = (sv = (si,v)1≤i≤N )v∈Σ∞ ∈ (CN )Σ∞ with Re(si,v) > 1
and Re(si,v) 6= Re(sj,v) if i 6= j for all v ∈ Σ∞. We define

µ(i)
v (s∞) =

∏
1≤j≤N
j ̸=i

(
s2j,v − s2i,v

4

)−1

and ϕsv : R+ → C for v ∈ Σ∞ by

ϕsv (u) =

N∑
i=1

µ(i)
v (s∞)Gsi,v (u).

Lemma 2.4. For v ∈ Σ∞ and λ ∈ C, we have

N∑
i=1

µ(i)
v (s∞)

(
λ−

1− s2i,v
4

)−1

=

N∏
i=1

(
λ−

1− s2i,v
4

)−1

. (2.7)

Proof. As meromorphic functions on λ ∈ C, the possible singularities of both sides of (2.7) occur

at λ =
1−s2i,v

4 (1 ≤ j ≤ N) as simple poles. By a simple calculation, their residues at λ =
1−s2i,v

4
coincide. Hence the difference of the left-hand side and the right-hand side is entire and tends
to 0 when |λ| → +∞. By Liouville’s theorem, (2.7) holds.

Corollary 2.5. If N ≥ 2, we have

N∑
i=1

µ(i)
v (s∞) = 0.

Proof. By multiplying λ in (2.7) and taking |λ| → +∞, the claim follows.

Lemma 2.6. If N ≥ 2, we have

lim
u→+0

ϕsv (u) = − 1

4π

N∑
i=1

µ(i)
v (s∞)

Γ′(
si,v+1

2 )

Γ(
si,v+1

2 )
. (2.8)
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Proof. By Corollary 2.5, and (2.4), we have

lim
u→+0

ϕsv (u) = lim
u→+0

N∑
i=1

µ(i)
v (s∞)Gsi,v (u)

= lim
u→+0

N−1∑
i=1

µ(i)
v (s∞)

(
Gsi,v (u)−GsN,v

(u)
)

= − 1

4π

N−1∑
i=1

µ(i)
v (s∞)

(
Γ′(

si,v+1
2 )

Γ(
si,v+1

2 )
−

Γ′(
sN,v+1

2 )

Γ(
sN,v+1

2 )

)

= − 1

4π

N∑
i=1

µ(i)
v (s∞)

Γ′(
si,v+1

2 )

Γ(
si,v+1

2 )
.

From now on, we regard ϕsv as a continuous function on [0,∞) by Lemma 2.6.
For v ∈ Σ∞, let s∞ = (sv = (si,v)1≤i≤N )v∈Σ∞ ∈ (CN )Σ∞ be as above. We define the function

Φsv : Gv(= GR) → C by

Φsv (g) =

{
ϕsv

(
sinh2 tg

)
(det g > 0)

0 (det g < 0)
(2.9)

where tg ∈ R≥0 such that g ∈ ZvKv

(
etg 0
0 e−tg

)
Kv. By the second equation of ([12, p. 47,

(2.4.1)]) we can rewrite Φsv (g) for g ∈ Gv with det g > 0 and tg > 0 as

Φsv (g) =
1

4π

N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+1

2 )2

Γ(si,v + 1)
(cosh2 tg)

−
si,v+1

2 2F1(
si,v+1

2 ,
si,v+1

2 ; si,v + 1; cosh−2 tg)

=
1

4π

N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+1

2 )2

Γ(si,v + 1)

{
4(ad−bc)

a2+b2+c2+d2+2(ad−bc)

} si,v+1

2

× 2F1

(
si,v+1

2 ,
si,v+1

2 ; si,v + 1; 4(ad−bc)
a2+b2+c2+d2+2(ad−bc)

)
(2.10)

if g =

(
a b
c d

)
because cosh−2 tg =

4(ad−bc)
a2+b2+c2+d2+2(ad−bc) .

From (2.3), we have the growth estimate

|Φsv (g)|v � ||g||−mv (g ∈ Gv) (2.11)

with m = min
{

Re(si,v)+1
2 | 1 ≤ i ≤ N

}
.

Theorem 2.7. Let φ : Gv → C be a bounded C∞-function such that
(a) φ(zgk) = τℓ(k)φ(g) for all z ∈ Zv, k ∈ SO(2), and g ∈ Gv.

(b) R(∆v)φ = λφ for some λ ∈ C with λ 6= 1−s2i,v
4 , (1 ≤ i ≤ N).

where τℓ be the character of SO(2) given by τℓ(
(
cos θ − sin θ
sin θ cos θ

)
) = e

√
−1ℓθ for ` ∈ Z, R is the

right regular representation of Gv on C∞(Gv), and ∆v is the Casimir element in the universal
enveloping algebra of Gv. Then we have∫

Zv\Gv

Φsv (g)φ(g)dg =

 1
2

{∏N
i=1

(
λ− 1−s2i,v

4

)−1
}
φ(1) (` = 0)

0 (` 6= 0)
.
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Proof.∫
Zv\Gv

Φsv (g)φ(g)dg =

∫
SL2(R)

Φsv (g)φ(g)dg +

∫
SL2(R)

Φsv (
(
1 0
0 −1

)
g)φ(

(
1 0
0 −1

)
g)dg

=

∫
SL2(R)

Φsv (g)φ(g)dg

=

∫
H

∫
SO(2)

Φsv

((
y

1
2 xy−

1
2

0 y−
1
2

)
k

)
φ

((
y

1
2 xy−

1
2

0 y−
1
2

)
k

)
dxdy

y2
dk

=

∫
H
Φsv

((
y

1
2 xy−

1
2

0 y−
1
2

))
φ

((
y

1
2 xy−

1
2

0 y−
1
2

))
dxdy

y2

∫
SO(2)

τℓ(k)dk

=

∫
H
ϕsv

(
u(
√
−1, z)

)
φ̃(z)dµz

∫
SO(2)

τℓ(k)dk. (2.12)

Here, we write φ

((
y

1
2 xy−

1
2

0 y−
1
2

))
= φ̃(z) for z = x +

√
−1y. We note that R(∆v)φ and ∆0φ̃

coincide. The latter integral of (2.12) is equal to 1
2 or 0 if ` = 0 or ` 6= 0 respectively. When

` = 0, (2.12) is equal to∫
H
ϕsv

(
u(
√
−1, z)

)
φ̃(z)dµz =

1

2

N∑
i=1

µ(i)
v (s∞)

∫
H
Gsi,v

(
u(
√
−1, z)

)
φ̃(z)dµz

=
1

2

N∑
i=1

µ(i)
v (s∞)Rsi,v φ̃(

√
−1)

=
1

2

N∑
i=1

µ(i)
v (s∞)

(
λ− 1−s2i,v

4

)−1

Rsi,v

{(
∆0 −

1−s2i,v
4

)
φ̃
}
(
√
−1).

By ([8, Lemma 1.18]), Proposition 2.2, and Lemma 2.4, we obtain∫
H
ϕsv (u(i, z)) φ̃(z)dµz =

1

2

N∑
i=1

µ(i)
v (s∞)

(
λ− 1−s2i,v

4

)−1 {(
∆0 −

1−s2i,v
4

)
Rsi,v

}
φ̃(
√
−1)

=
1

2

N∑
i=1

µ(i)
v (s∞)

(
λ− 1−s2i,v

4

)−1

φ̃(
√
−1)

=
1

2

{
N∏
i=1

(
λ− 1−s2i,v

4

)−1
}
φ(1).

2.3 Green functions on G(Fv) for a non-archimedean place v

Let v ∈ Σfin. For s ∈ C such that Re(s) > 1, we define Φv,s : Gv → C as

Φv,s(g) =
(
q
− s+1

2
v − q

s+1
2

v

)−1

q
− (s+1)

2 (n1−n2)
v

where n1 and n2 are integers such that g ∈ Kv

(
$n1
v 0
0 $n2

v

)
Kv and n1 ≥ n2. We also have

Φv,s(g) =
(
q
− s+1

2
v − q

s+1
2

v

)−1 {
|det g|−1

v max(|a|v, |b|v, |c|v, |d|v)2
}− s+1

2 (2.13)
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for g =

(
a b
c d

)
. It is easy to check that Φv,s is a unique function on Gv with the properties:

(a) Φv,s(zkgk
′) = Φv,s(g) for all z ∈ Zv, k, k

′ ∈ Kv, and g ∈ Gv,

(b) R

(
Tv − (q

1+s
2

v + q
1−s
2

v )q
3dv
2

v 1Kv

)
Φv,s = 1ZvKv ,

(c) Φv,s(g) = O(1), g ∈ Gv,

where Tv = q
3dv
2

v 1
Kv

(
ϖv 0
0 1

)
Kv

. For a compact subset U of the half-plane Re(s) > 1, from (2.13),

we obtain the growth estimate

|Φv,s(g)| �U ||g||−
Re(s)+1

2
v (g ∈ Gv, s ∈ U). (2.14)

Lemma 2.8. ([16, Lemma 2.4]) Let ϕ : Gv → C be a smooth function such that ϕ(zgk) = ϕ(g)
for all z ∈ Zv, k ∈ Kv, and g ∈ Gv. Then we have∫

Zv\Gv

Φv,s(gv)

[
R

(
Tv − (q

1+s
2

v + q
1−s
2

v )q
3dv
2

v 1Kv

)
ϕ

]
(gv)dgv = q−dv

v ϕ(1)

as long as the integral of the left-hand side is absolutely convergent.

2.4 The kernel function

Let N ≥ 2 be a sufficiently large integer, sS = (sv)v∈S ∈ XS with Re(sv) > 1, and s∞ =
(sv = (si,v)1≤i≤N )v∈Σ∞ ∈ (CN )Σ∞ with Re(si,v) > 1 and Re(si,v) 6= Re(sj,v) if i 6= j. We fix a
finite subset S ⊂ Σfin such that S ∩ S(n) = ∅ and |2|v = 1 for all v ∈ S. Set

Φ(g) = Φ(n|sS , s∞; g) =
∏
v∈ΣF

Φv(gv) (2.15)

where

Φv(gv) =


1ZvK0(nov)(gv) (v ∈ Σfin − S)

Φv,sv (gv) (v ∈ S)

Φsv (gv) (v ∈ Σ∞)

for g = (gv)v∈ΣF
∈ GA. We define a function on GA ×GA by

Φ(g, h) = Φ(n|sS , s∞; g, h) =
∑

γ∈ZF \GF

Φ(n|sS , s∞; g−1γh), g, h ∈ GA. (2.16)

Lemma 2.9. Let U be a compact set of {s = (sv)v∈S ∈ XS | Re(sv) > 1}. Then,

|Φ(g)| �U ||g||−mv , g ∈ GA

and the series (2.16) converges absolutely and satisfies∑
γ∈ZF \GF

|Φ(g−1γh)| �U y(g)
m, g ∈ S1, h ∈ GA

with m = min{Re(sv)+1
2 | v ∈ S} ∪ {Re(si,v)+1

2 | v ∈ Σ∞, 1 ≤ i ≤ N}.

Proof. This follows from (2.11), (2.14), and Proposition 2.1.
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3 The spectral decomposition of the kernel function

3.1 The theory of Eisenstein series

We introduce a brief explanation of the theory of Eisenstein series from ([5]). For χ ∈ Ξ and
z ∈ C, let H(χ, z) be the space of all smooth functions on GA such that

f

((
a b
0 d

)
g

)
= χ

(a
d

) ∣∣∣a
d

∣∣∣ z+1
2

A
f(g) for all

(
a b
0 d

)
∈ BA, g ∈ GA.

The group GA acts on H(χ, z) by the right translation. The functions in H(χ, z) are uniquely
determined by their restriction to K. Set H(χ) = H(χ, 0). Then, the hermitian pairing

〈f |f ′〉 =
∫
K

f(k)f ′(k)dk, f, f ′ ∈ H(χ)

becomes a GA-invariant inner product on H(χ). For z ∈ C, we set the representation πz of GA
on H(χ) by

(πz(x)f)(g) = y(gx)
z
2 y(g)−

z
2 f(gx), x, g ∈ GA

and the map Sz : H(χ) → H(χ, z) by

Szf(g) = y(g)
z
2 f(g), f ∈ H(χ), g ∈ GA.

Then, Sz is a bijective GA-intertwining operator between (πz,H(χ)) and (R,H(χ, z)) where R
denotes the right regular representation, i.e. it holds that

Sz(πz(x)f)(g) = Szf(gx), x, g ∈ GA. (3.1)

For f ∈ H(χ) and g ∈ GA, the corresponding Eisenstein series is defined by

Ef(g, z) =
∑

γ∈BF \GF

Szf(γg), z ∈ C, Re(z) > 1

which converges locally uniformly.
Let S (A) be the set of all Schwartz-Bruhat functions and S(A) be the subspace of S (A)

spanned byΨ =
∏
v∈ΣF

Ψv ∈ S (A)

∣∣∣∣∣∣
(a) Ψv = 1Kv

for almost all v ∈ Σfin

(b) Ψv is locally constant and has compact support for v ∈ Σfin

(c) Ψv(x) = e−πx
2 × (polynomial in x) for v ∈ Σ∞

 .

The spaces S (A2) and S(A2) are defined analogously.

For Ψ ∈ S (A2), we set Ψ̂,
˙̂
Ψ,

¨̂
Ψ ∈ S (A2) as follows:

Ψ̂[(x, y)] =

∫
A

∫
A
Ψ[(u, v)]ψ(−xu− yv)dudv, (the Fourier transform),

˙̂
Ψ[(x, y)] =

∫
A
Ψ[(u, y)]ψ(−xu)du, (the Fourier transform w.r.t. the first variable),

¨̂
Ψ[(x, y)] =

∫
A
Ψ[(x, v)]ψ(−yv)dv, (the Fourier transform w.r.t. the second variable).
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For Ψ ∈ S(A2), the function

f(g,Ψ, χ, z) = χ(det g)|det g|
z+1
2

A

∫
A×

Ψ [(0, t)g]χ2(t)|t|z+1
A d×t

belongs to H(χ, z). The corresponding Eisenstein series

E(g,Ψ, χ, z) =
∑

γ∈BF \GF

f(γg,Ψ, χ, z)

again converges locally uniformly for Re(z) > 1. Moreover, E(g,Ψ, χ, z) has a meromorphic
continuation to C and satisfies the functional equation

E(g,Ψ, χ, z) = E(tg−1, Ψ̂, χ−1,−z). (3.2)

The possible poles of E(g,Ψ, χ, z) occur only at z = −1, 1 if χ2 = 1. When it has poles at
z = −1, 1, these are simple poles with residues being given by

Res
z=1

E(g,Ψ, χ, z) = vol(A1/F×)Ψ̂(0)χ(det g), (3.3)

Res
z=−1

E(g,Ψ, χ, z) = −vol(A1/F×)Ψ(0)χ(det g). (3.4)

We denote the subspace of H(χ) consisting of all right K0(n)×SO(2)Σ∞ -invariant functions
by H(χ)n.

Lemma 3.1. For χ ∈ Ξ− Ξ(o), it holds that H(χ)n = {0}.

Proof. Because χ /∈ Ξ(o), there exists ε = (εv)v∈ΣF
∈ U(o) such that χ(ε) 6= 1. For any

k =

(
a b
c d

)
=

((
av bv
cv dv

))
v∈ΣF

∈ K and x = (xv)v∈ΣF
∈ A, by an easy calculation,

k−1

(
ε x
0 1

)
k = (det k)−1

(
∗ ∗

−c2x+ ac(1− ε) ∗

)
. (3.5)

We can check that the the lower left component of (3.5) at v ∈ S(n) belongs to pv if cv ∈ pv or
c /∈ pv for suitable xv ∈ ov. We fix such a xv for v ∈ S(n) and set xv = 0 for v ∈ ΣF − S(n).

Then, k and

(
ε x
0 1

)
k belong to the same right coset of K0(n)×SO(2)Σ∞ in K. Hence, for any

f ∈ H(χ)n, we have

f(k) = f

((
ε x
0 1

)
k

)
= χ(ε)f(k).

Therefore, we obtain f(k) = 0 since χ(ε) 6= 1.

When χ ∈ Ξ(o), we remark that H(χ) is finite dimensional and its orthonormal basis is
constructed as follows.

Let v ∈ S(n) ∪ Σ∞. Set functions on Kv as

fv,0 = (qv + 1)
1
21K0(pv), fv,1 = (1 + q−1

v )
1
21Kv−K0(pv).

for v ∈ S(n) and
fv,0(k) = (det k)ϵ(χv), k ∈ O(2)
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for v ∈ Σ∞ where ε(χv) ∈ {0, 1} such that χ(−1) = (−1)ϵ(χv). We put the index set A(χ)n =
{ι = (ιv)v∈S(n) ∈ {0, 1}S(n)}. For ι ∈ A(χ)n, let f

χ
ι ∈ H(χ) be an element such that its restriction

to K is given by ∏
v∈Σfin−S(n)

1Kv

∏
v∈S(n)

fv,ιv
∏
v∈Σ∞

fv,0.

Then,
B(χ)n := {fχι | ι ∈ A(χ)n} (3.6)

forms an orthonormal basis of H(χ)n. We also fix an orthonormal basis B(χ) of H(χ) so that it
contains H(χ)n.

Lemma 3.2. Let χ ∈ Ξ(o) and fχι ∈ B(χ)n (ι ∈ A(χ)n). Then, Szf
χ
ι (g) and the corresponding

Eisenstein series Efχι (g, z) can be written as

Szf
χ
ι (g) = D

1
2

FLF (z + 1, χ2)−1

 ∏
v∈S(n)

Lv(z + 1, χ2
v)

 f(g,Ψι, χ, z)

and

Efχι (g, z) = D
1
2

FLF (z + 1, χ2)−1

 ∏
v∈S(n)

Lv(z + 1, χ2
v)

E(g,Ψι, χ, z)

respectively. Here, Ψι ∈ S(A2) is defined by

Ψι[(x, y)] =
∏
v∈ΣF

Ψι,v[(xv, yv)] (3.7)

where

Ψι,v[(xv, yv)] =


1o2

v
[(xv, yv)] (v ∈ Σfin − S(n))

(qv + 1)
1
21pv×o×

v
[(xv, yv)] (v ∈ S(n), ιv = 0)

(1 + q−1
v )

1
21o×

v ×ov
[(xv, yv)] (v ∈ S(n), ιv = 1)

e−π(x
2
v+y

2
v) (v ∈ Σ∞)

. (3.8)

Proof. By analytic continuation, we may assume that Re(z) > 0. We consider the local integrals

fv(gv,Ψι,v, χv, z) = χv(det gv)|det gv|
z+1
2

v

∫
F×

v

Ψι,v[(0, tv)gv]χ
2
v(tv)|tv|z+1

v d×tv.

Set g =

(
a b
0 d

)
k =

((
av bv
0 dv

)
kv

)
v∈ΣF

∈ GA by the Iwasawa decomposition. Then we

have the following calculations.
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(i) When v ∈ Σfin − S(n), because Ψι,v is right Kv-invariant, we have

fv(gv,Ψι,v, χv, z) = χv(avdv)|avdv|
z+1
2

v

∫
F×

v

1o2
v
[(0, dvtv)]χ

2
v(tv)|tv|z+1

v d×tv

= χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

∫
F×

v

1o2
v
[(0, tv)]χ

2
v(tv)|tv|z+1

v d×tv

= χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

∫
ov−{0}

χ2
v(tv)|tv|z+1

v d×tv

= χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

∞∑
n=0

∫
ϖn

v o×
v

χ2
v(tv)|tv|z+1

v d×tv

= χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

q
− dv

2
v

∞∑
n=0

χ2
v($v)q

−n(z+1)
v

= q
− dv

2
v Lv(z + 1, χ2

v)χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

.

(ii) When v ∈ S(n) and ιv = 0, we have

fv(gv,Ψι,v, χv, z) = (qv + 1)
1
2χv(avdv)|avdv|

z+1
2

v

×
∫
F×

v

1pv×o×
v
[(0, dvtv)kv]χ

2
v(tv)|tv|z+1

v d×tv

= (qv + 1)
1
2χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

∫
F×

v

1pv×o×
v
[(0, tv)kv]χ

2
v(tv)|tv|z+1

v d×tv.

It can be easily checked that the integral in the last line is equal to q
− dv

2
v or 0 according as

kv ∈ K0(nov) or kv /∈ K0(nov). Hence we get

fv(gv,Ψι,v, χv, z) = q
− dv

2
v χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

fv,0(kv).

(iii) When v ∈ S(n) and ιv = 1, by a similar calculation in (ii), we have

fv(gv,Ψι,v, χv, z) = q
− dv

2
v χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

fv,1(kv).

(iv) When v ∈ Σ∞, because Ψι,v is right Kv-invariant, we have

fv(gv,Ψι,v, χv, z) = χv(avdv)|avdv|
z+1
2

v

∫
F×

v

e−πd
2
vt

2
vχ2

v(tv)|tv|z+1
v d×tv

= χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

· 2
∫ ∞

0

e−πt
2

χ2
v(t)t

z+1d×t

= ΓR
(
z + 1 +

√
−1a(χ2

v)
)
χv

(
av
dv

) ∣∣∣∣avdv
∣∣∣∣ z+1

2

v

.
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By the above calculations, we obtain

f(g,Ψι, χ, z) =
∏
v∈ΣF

fv(gv,Ψι,v, χv, z)

= D
− 1

2

F

 ∏
v∈ΣF−S(n)

Lv(z + 1, χ2
v)

χ
(a
d

) ∣∣∣a
d

∣∣∣ z+1
2

A
fχι (k)

= D
− 1

2

F

 ∏
v∈ΣF−S(n)

Lv(z + 1, χ2
v)

Szf
χ
ι (g).

By multiplying D
1
2

F and L-factors, the proof is completed.

For later use, we calculate
˙̂
Ψι as the following lemma at the end of this section.

Lemma 3.3. For ι ∈ A(χ)n, let Ψι ∈ S(A2) be as in (3.7) and (3.8). Then

˙̂
Ψι[(x, y)] =

∏
v∈ΣF

˙̂
Ψι,v[(xv, yv)]

where

˙̂
Ψι,v[(xv, yv)] =


q
− dv

2
v 1p−dv

v ×ov
[(xv, yv)] (v ∈ Σfin − S(n))

q
− dv

2
v (qv + 1)

1
2 q−1
v 1p−dv−1

v ×o×
v
[(xv, yv)] (v ∈ S(n), ιv = 0)

q
− dv

2
v (1 + q−1

v )
1
2

(
1p−dv

v ×ov
− q−1

v 1p−dv−1
v ×ov

)
[(xv, yv)] (v ∈ S(n), ιv = 1)

e−π(x
2
v+y

2
v) (v ∈ Σ∞)

.

Proof. The claim follows from the following formulas:∫
Fv

1pn
v
(u)ψv(−yu)du = q

− dv
2

v q−nv 1p−dv−n
v

(y), n ∈ Z, v ∈ Σfin,∫
Fv

1o×
v
(u)ψv(−yu)du = q

− dv
2

v

(
1p−dv

v
(y)− q−1

v 1p−dv−1
v

(y)
)
, v ∈ Σfin,∫

R
e−πu

2

e−2π
√
−1yudu = e−πy

2

.

3.2 The spectral decomposition of Φ(g, h)

It is known that the Hilbert space L2 = L2(ZAGF \GA) decomposes as a direct sum

L2 = L2
cus ⊕ L2

Eis ⊕ L2
res

where L2
cus is the space of cusp forms, L2

res is the space spanned by the functions χ ◦ det with
χ ∈ Ξ and χ2 = 1, and L2

Eis = (L2
cus ⊕ L2

res)
⊥ is the space which can be written by using

Eisenstein series. Let us recall the function Φ(g, h) on GA × GA defined as in (2.16). For fixed
g ∈ GA, the function h 7→ Φ(g, h) belongs to L2. For [ ∈ {cus,Eis, res}, we denote the projection
of the function h 7→ Φ(g, h) to L2

♭ by Φ♭(g, h).
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From the construction of Φ, the function Φ(g, •) is right K0(n) × SO(2)Σ∞-invariant. In
particular, Φcus(g, •) belongs to

(L2
cus)

K0(n)×SO(2)Σ∞
=

⊕
π∈Πcus(n)

πK0(n)×SO(2)Σ∞
. (3.9)

It is known that the space πK0(n)×SO(2)Σ∞
is finite dimensional for each π ∈ Πcus(n).

Remark 3.4. In the above discussion, we note that the equation

Φ(g, h) = Φcus(g, h) +ΦEis(g, h) +Φres(g, h) (3.10)

holds as elements in L2(ZAGF \GA) for fixed g ∈ GA. We state that (3.10) actually holds for all
g, h ∈ GA. In fact, each function in (3.10) is continuous. The continuities of Φcus, ΦEis, and
Φres are proved in Propositions 3.6, 4.9, and 4.11 respectively.

For π ∼= ⊗′
v∈ΣF

πv ∈ Πcus(n), let Bcus(π, n) ⊂ C∞(ZAGF \GA)
K0(n)×SO(2)Σ∞

be an orthonor-

mal basis of πK0(n)×SO(2)Σ∞
. By ([19, §2.5]), we have

R(Tv)ϕ =

(
q

1+νv(πv)
2

v + q
1−νv(πv)

2
v

)
ϕ, (v ∈ S)

R(∆v)ϕ =
1− νv(πv)

2

4
ϕ, (v ∈ Σ∞) (3.11)

for all ϕ ∈ Bcus(π, n).

Lemma 3.5. ([19, Proposition 15.2]) For any m ∈ N, there existsMm ∈ N such that the estimate

|ϕ(g)| �

{ ∏
v∈Σ∞

(1 + |νv(πv)|)Mm

}
y(g)−m, π ∈ Πcus(n), ϕ ∈ Bcus(π, n), g ∈ S1

holds.

Proof. See ([19, pp. 123–124]).

Proposition 3.6. We set

C(n, π) = D−1
F [Kfin : K0(n)]

−1
∏
v∈Σ∞

1
2

N∏
i=1

{
s2i,v − νv(πv)

2

4

}−1


×
∏
v∈S

{(
q

1+νv(πv)
2

v + q
1−νv(πv)

2
v

)
−
(
q

sv+1
2

v + q
−sv+1

2
v

)}−1

, (3.12)

for π ∈ Πcus(n).
(a) For any m ∈ N, there exist Nm ∈ N such that if N ≥ Nm, the estimate∑

π∈Πcus(n)

∑
φ∈Bcus(π,n)

|C(n, π)||ϕ(g)||ϕ(h)| � y(g)−my(h)−m, g, h ∈ S1 (3.13)
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holds.

(b) If N ≥ Nm for some m ∈ N, we have

Φcus(g, h) =
∑

π∈Πcus(n)

∑
φ∈Bcus(π,n)

C(n, π)ϕ(g)ϕ(h) (3.14)

for all g, h ∈ GA. Moreover, Φcus(g, h) is continuous.

Proof. (a) From (1.4) and the assumptions of sS and s∞, the product (3.12) has an upper bound
independent of π ∈ Πcus(n). Hence we can easily check that

|C(n, π)| �
∏
v∈Σ∞

(1 + |νv(πv)|)−2N , π ∈ Πcus(n).

For any m ∈ N, we have

|C(n, π)||ϕ(g)||ϕ(h)| �

{ ∏
v∈Σ∞

(1 + |νv(πv)|)−2N+2Mm

}
y(g)−my(h)−m, π ∈ Πcus(n), g, h ∈ S1

for some Mm ∈ N by Lemma (3.5). We note that |Bcus(π, n)| ≤ 2|S(n)|. Therefore, (3.13) holds
by Weyl’s low.

(b) For any ϕ ∈ Bcus(π, n), we have

〈Φcus(g, •)|ϕ〉 = 〈Φ(g, •)|ϕ〉

=

∫
ZAGF \GA

Φ(g, h)ϕ(h)dh

=

∫
ZAGF \GA

 ∑
γ∈ZF \GF

Φ(g−1γh)

ϕ(h)dh

=

∫
ZA\GA

Φ(g−1h)ϕ(h)dh

=

∫
ZA\GA

Φ(h)ϕ(gh)dh. (3.15)

The right-hand side of (3.15) is equal to∫
ZS,Σ∞\GS,Σ∞

∫
ZS\GS

∫
ZΣ∞\GΣ∞

Φ(hΣ∞hSh
S,Σ∞)ϕ(gΣ∞hΣ∞gShSg

S,Σ∞hS,Σ∞)dhΣ∞dhSdh
S,Σ∞

where ZS,Σ∞\GS,∞ =
∏′
v∈Σfin−S Zv\Gv, ZS\GS =

∏
v∈S Zv\Gv, ZΣ∞\GΣ∞ =

∏
v∈Σ∞

Zv\Gv,
and the Haar measures are defined so that the product formula holds.

Since ϕ is rightK0(n)-invariant and Φ(hΣ∞hSh
S,Σ∞) = 0 unless hS,Σ∞ ∈

∏′
v∈Σfin−S Zv\ZvK0(nov),

the hS,Σ∞-integral yields the volume factor∏
v∈Σfin−S

vol(Zv\ZvK0(nov); dhv) =
∏

v∈S(n)

[Kv : K0(nov)]
−1

∏
v∈Σfin−S

vol(Zv\ZvKv; dhv)

= [Kfin : K0(n)]
−1

∏
v∈Σfin−S

q−dv
v .
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The hS-integral and hΣ∞ -integral can be computed by Theorem 2.7 and Lemma 2.8 respectively.
Hence, we have

〈Φcus(g, •)|ϕ〉 = C(n, π)ϕ(g)

Therefore, (3.14) holds as L2-functions on h ∈ GA for fixed g ∈ GA. If N ≥ Nm for some m ∈ N,
(3.14) is a uniformly convergent sum by (a) and hence continuous.

3.3 The smoothed Eisenstein series

Let
E(z; g) = E1K(g, z) = D

1
2

F ζF (z + 1)−1E(g,Ψ0, 1, z)

be the standard Eisenstein series on GA where

Ψ0[(x, y)] =
∏

v∈Σfin

1o2
v
[(xv, yv)]

∏
v∈Σ∞

e−π(x
2
v+y

2
v), (3.16)

for (x, y) = ((xv, yv))v∈ΣF
∈ A2. We also have

E(z; g) =
∑

γ∈BF \GF

y(γg)
z+1
2 , Re(z) > 1, g ∈ GA.

The Fourier transform of Ψ0 is given by

Ψ̂0[(x, y)] = D−1
F

∏
v∈Σfin

1(ϖ−dv
v ov)2

[(xv, yv)]
∏
v∈Σ∞

e−π(x
2
v+y

2
v)

for (x, y) = ((xv, yv))v∈ΣF
∈ A2. Hence, by easy calculation and (3.2), we have the functional

equation
E∗(z; g) = E∗(−z; g) (3.17)

where E∗(z; g) = ΛF (z)E(z; g) = D
z+1
2

F E(g,Ψ0, 1, z) and ΛF (z) = D
z
2

F ζF (z). Here, we note that
E(z; g) = E(z; tg−1) because tg−1 = (det g)−1w0gw

−1
0 with w0 =

(
0 −1
1 0

)
and E(z; g) is left

ZAGF -invariant and is right K-invariant. Then E∗(z; g) has a meromorphic continuation to C
and the simple poles occur only at z = 0, 1 with residues are given by

Res
z=1

E∗(z; g) = vol(A×/F×), Res
z=−1

E∗(z; g) = −vol(A×/F×)

from (3.3) and (3.4). Recall the functional equation ΛF (z) = ΛF (1−z) and the Fourier expansion

E∗(z; g) = ΛF (−z)y(g)
z+1
2 + ΛF (z)y(g)

−z+1
2 + ΛF (−z)

∑
a∈F×

Wψ

(
z;

(
a 0
0 1

)
g

)
(3.18)

where Wψ(z; g) is the global Whittaker function defined as

Wψ(z; g) =

∫
A
y (w0 ( 1 x0 1 ) g)

z+1
2 ψ(−x)dx, g ∈ GA.

Then, we have Wψ(z; g) =
∏
v∈ΣF

Wv(z; gv) where Wv(z; gv) is the Kv-invariant Whittaker
function on Gv determined by

Wv

(
z;

(
t 0
0 1

))
=

ζv(z + 1)−1δ($dv
v t ∈ ov)|$dv

v t|
1
2
v

|ϖdv+1
v t|

z
2
v −|ϖdv+1

v t|
− z

2
v

q
− z

2
v −q

z
2
v

, (v ∈ Σfin)

ζv(z + 1)−12|t|
1
2
vK z

2
(2π|t|v), (v ∈ Σ∞)

(3.19)
for t ∈ F×

v where Kα(s) is the modified Bessel function of the second kind.
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Lemma 3.7. [16, Lemma 3.1] For any 0 < σ1 < σ2, there exists m > 0 such that, for any
element D in the universal enveloping algebra of (

∏
v∈Σ∞

Gv) ∩G1(A), it holds that

|(z − 1)R(D)E∗(z; g)| �D y(g)m, Re(z) ∈ [σ1, σ2], g ∈ S1.

Proof. See ([16, p. 2993]).

Now we define the smoothed Eisenstein series. Let B1 be the space of all entire functions β
such that β(0) = β(±1) = β′(±1) = 0 and

|β(z)| �σ1,σ2 (1 + |Im(z)|)−M , Re(z) ∈ [σ1, σ2] (3.20)

for any M > 0 and interval [σ1, σ2] ⊂ R.

For β ∈ B1 and σ > 0, we set

E∗
β(g) =

∫
Lσ

β(z)E∗(z; g)dz, g ∈ GA

where the contour Lσ is the oriented vertical line from σ −
√
−1∞ to σ +

√
−1∞.

Proposition 3.8. ([16, Proposition 3.2]) The contour integral E∗
β(g) converges absolutely and is

independent of σ > 0. For any M > 0,

|E∗
β(g)| � y(g)−M , g ∈ S1.

Proof. See [16, p. 2994].

Let I ⊂ R be an open interval. A meromorphic function f on the vertical strip Re(z) ∈ I
which is holomorphic away from the possible poles on real axis is said to be vertically of moderate
growth if for any interval [σ1, σ2] ⊂ I, there exists N1 > 0 such that |f(z)| � (1 + |Im(z)|)N1 for
any z ∈ Tδ = {z ∈ C|Re(z) ∈ [σ1, σ2], |Im(z)| ≥ δ}.

We need the following proposition to obtain our main results.

Proposition 3.9. ([16, Lemma 4.2]) Let F be a meromorphic function on the vertical strip
Re(z) ∈ (σ1, σ2), which is vertically of moderate growth and is holomorphic away from pos-
sible simple poles at z = 0,±1. Assume that there exists σ ∈ (σ1, σ2),σ 6= 0,±1 such that∫
Lσ
β(z)F (z)dz = 0 for all β ∈ B1. Then we have F (z) = 0 identically on the vertical strip

Re(z) ∈ (σ1, σ2).

Proof. See ([16, p. 2999]).

4 The smoothed convolution

Let Φ(g) = Φ(n|sS , s∞; g) and Φ(g, h) = Φ(n|sS , s∞; g, h) be as in (2.15) and (2.16) respec-
tively. For β ∈ B1, set

I(n|sS , s∞;β) =

∫
ZAGF \GA

Φ(g, g)E∗
β(g)dg (4.1)

and

I♭(n|sS , s∞;β) =

∫
ZAGF \GA

Φ♭(g, g)E∗
β(g)dg, [ ∈ {cus,Eis, res}. (4.2)

The aim of this section is to prove the following theorem.
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Theorem 4.1. For each [ ∈ {cus,Eis, res}, there exists a holomorphic function Î0♭ (sS , s∞, z) on
the region −1 < Re(z) < 1 which is vertically of moderate growth and satisfies

I(n|sS , s∞;β) =

∫
Lσ

β(z)
(
Î0cus(sS , s∞, z) + Î0Eis(sS , s∞, z) + Î0res(sS , s∞, z)

)
dz

for −1 < σ < 1.

4.1 The calculation of Icus(n|sS, s∞; β)

If −1 < σ < 1 and N is sufficiently large, from Propositions 3.6 and 3.8, we have the following
termwise integration

Icus(n|sS , s∞;β) =
∑

π∈Πcus(n)

∑
φ∈Bcus(π,n)

C(n, π)

∫
ZAGF \GA

|ϕ(g)|2E∗
β(g)dg

=
∑

π∈Πcus(n)

C(n, π)

∫
Lσ

β(z)PE∗(z)(n, π)dz

=

∫
Lσ

β(z)

 ∑
π∈Πcus(n)

C(n, π)PE∗(z)(n, π)

 dz (4.3)

where

PE∗(z)(n, π) =
∑

φ∈Bcus(π,n)

∫
ZAGF \GA

|ϕ(g)|2E∗(z; g)dg

= ΛF (z + 1)
∑

φ∈Bcus(π,n)

∫
ZAGF \GA

|ϕ(g)|2E(z; g)dg.

In the above calculation, we have applied Fubini’s theorem. In fact,∫
ZAGF \GA

∫
Lσ

|β(z)ΛF (z + 1)E(z, g)| |dz||ϕ(g)|2dg < +∞, ϕ ∈ C∞(ZAGF \GA) ∩ L2
cus

holds from the assumption of β ∈ B1, the property of moderate growth of ΛF , the property of
rapid decrease of ϕ, and Lemma 3.7.

By the locally uniform convergence of the sum in (4.3) on −1 < Re(z) < 1, the function

Î0cus(sS , s∞, z) =
∑

π∈Πcus(n)

C(n, π)PE∗(z)(n, π) (4.4)

is holomorphic on the region −1 < Re(z) < 1.
To calculate (4.4), we recall the Fourier expansion of ϕ ∈ Bcus(π, n) as

ϕ (( 1 x0 1 ) g) =
∑
a∈F×

φφ (( a 0
0 1 ) g)ψ(x), x ∈ A, g ∈ GA (4.5)

where φφ is the ψ-Whittaker function given by

φφ(g) =

∫
A/F

ϕ (( 1 x0 1 ) g)ψ(−x)dx.
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If Re(z) > 1, by the unfolding procedure, we have∫
ZAGF \GA

|ϕ(g)|2E(z; g)dg =

∫
ZAGF \GA

∑
γ∈BF \GF

y(γg)
z+1
2 |ϕ(g)|2dg

=

∫
ZABF \GA

y(g)
z+1
2 |ϕ(g)|2dg

=

∫
ZANAHF \GA

y(g)
z+1
2

(∫
NF \NA

|ϕ(ng)|2dn

)
dg

=

∫
ZANAHF \GA

y(g)
z+1
2

(∫
A/F

|ϕ (( 1 x0 1 ) g)|
2
dx

)
dg

=

∫
ZANAHF \GA

y(g)
z+1
2

∑
a∈F×

|φφ (( a 0
0 1 ) g)|

2
dg

=

∫
A×

∫
K

|t|
z−1
2

A |φφ (( t 0
0 1 ) k)|

2
d×tdk. (4.6)

For π ∼= ⊗′
v∈ΣF

πv ∈ Πcus(n), let Vπv be the ψv-Whittaker model of πv. Let φ0,v ∈ Vπv be an
element such that its explicit form is given as in ([19, p. 22]) and ([15, pp. 379–380]) for v ∈ Σ∞
and v ∈ Σfin − S(nf−1

π ) respectively. Then, by the theory of local new forms explained in ([19]),
we have

V K0(nov)
πv

=

{
Cφ0,v (v ∈ Σfin − S(nf−1

π ))

Cφ0,v ⊕ Cφ1,v (v ∈ S(nf−1
π ))

where φ1,v = πv

((
ϖ−1

v 0
0 1

))
φ0,v −Q(πv)φ0,v.

For a non-zero ideal c ⊂ o with nf−1
π ⊂ c, let ϕπ,c ∈ πK0(n)×SO(2)Σ∞

be an element such that

φφπ,c
(g) =

 ∏
v/∈S(c)

φ0,v(gv)


 ∏
v∈S(c)

φ1,v(gv)

 , g ∈ GA.

Then {ϕπ,c}nf−1
π ⊂c⊂o forms an orthogonal basis of ϕπ,c ∈ πK0(n)×SO(2)Σ∞

and satisfies

||ϕπ,o||2 = 2N(fπ)

 ∏
v∈S(fπ)

(qv + 1)−1

L(1, π,Ad), (4.7)

||ϕπ,c||2 = ||ϕπ,o||2
∏

v∈S(c)

{1−Q(πv)
2} (4.8)

by ([19, Corollary 2.15]) and ([19, Lemma 2.4]).
To compute PE∗(z)(n, π), we take Bcus(π, n) =

{
||ϕπ,c||−1ϕπ,c | nf−1

π ⊂ c ⊂ o
}
. From (4.6),

we have

PE∗(z)(n, π)

= ΛF (z + 1)
∑
c

nf−1
π ⊂c⊂o

||ϕπ,c||−2

 ∏
v/∈S(c)

Zv(z, φ0,v, φ0,v)


 ∏
v∈S(c)

Zv(z, φ1,v, φ1,v)

 (4.9)
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where

Zv(z, φ, φ
′) =

∫
F×

v

∫
Kv

|t|
z−1
2

v φ (( t 0
0 1 ) k)φ

′ (( t 0
0 1 ) k)dkd

×t, φ, φ′ ∈ Vπv
.

Lemma 4.2.
(i) For any v ∈ Σfin − S(fπ), we have

Zv(z, φ0,v, φ0,v) = q
dv(

z
2−1)

v
ζv(

z+1
2 )

ζv(z + 1)
Lv(

z+1
2 , πv,Ad).

(ii) For any v ∈ S(nf−1
π )

Zv(z, φ1,v, φ1,v) =

{
q

z
2
v + q

− z
2

v

q
1
2
v + q

− 1
2

v

−Q(πv)
2

}
Zv(z, φ0,v, φ0,v).

(iii) For any v ∈ S(fπ), we have

Zv(z, φ0,v, φ0,v) = (qv + 1)−1q
z+1
2

v × q
dv(

z
2−1)

v
ζv(

z+1
2 )

ζv(z + 1)
Lv(

z+1
2 , πv,Ad).

(iv) For any v ∈ Σ∞, we have

Zv(z, φ0,v, φ0,v) =
ΓR(

z+1
2 )

ΓR(z + 1)
Lv(

z+1
2 , πv,Ad).

Proof. For (i), we can refer to the proof of ([19, Lemma 2.14]). (ii) and (iii) follow from ([19, p.
22]). We can prove (iv) by the same calculation as in the proof of ([16, Lemma 3.3]).

By substituting (4.7), (4.8), and the results of Lemma 4.2 into (4.9), we obtain

PE∗(z)(n, π) =
1

2
N(fπ)

z−1
2 D

z− 1
2

F ζF (
z+1
2 )

∑
c

nf−1
π ⊂c⊂o

 ∏
v∈S(c)

Q(I(| |
z
2
v ))−Q(πv)

2

1−Q(πv)2


×
L( z+1

2 , π,Ad)

L(1, π,Ad)

=
1

2
N(fπ)

z−1
2 D

z− 1
2

F ζF (
z+1
2 )

 ∏
v∈S(nf−1

π )

(
1 +

Q(I(| |
z
2
v ))−Q(πv)

2

1−Q(πv)2

)
×
L( z+1

2 , π,Ad)

L(1, π,Ad)
.

From (4.3), The function Î0cus(sS , s∞, z) satisfies

Icus(n|sS , s∞;β) =

∫
Lσ

β(z)Î0cus(sS , s∞, z)dz, (−1 < σ < 1)

and is vertically of moderate growth by Lemma 3.7.
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4.2 Explicit formulas of ΦEis(g, h) and Φres(g, h)

By the theory of Eisenstein series in [7] and noting that the function h 7→ Φ(g, h) belongs
to Lq(ZAGF \GA) for any q > 0 (cf. Proposition 2.1 (ii)), explicit formulas for ΦEis(g, h) and
Φres(g, h) are given as follows:

ΦEis(g, h) =
vol(A1/F×)−1

8π

×
∑
χ∈Ξ

∑
f,f ′∈B(χ)

∫
R
〈π√−1u(Φ)f |f ′〉Ef(g,

√
−1u)Ef ′(h,

√
−1u)du, (4.10)

Φres(g, h) = vol (ZAGF \GA)
−1
∑
χ∈Ξ
χ2=1

χ(det g)χ(deth)

∫
ZA\GA

Φ(x)χ(detx)dx. (4.11)

Here, the matrix coefficient 〈π√−1u(Φ)f |f ′〉 occuring in the left-hand side of (4.10) is given by

〈π√−1u(Φ)f |f ′〉 =
∫
ZA\GA

〈π√−1u(g)f |f ′〉Φ(g)dg

=

∫
ZA\GA

(∫
K

(
π√−1u(g)f

)
(k)f ′(k)dk

)
Φ(g)dg

=

∫
ZA\GA

(∫
K

y(kg)
√

−1u
2 y(k)−

√
−1u
2 f(kg)f ′(k)dk

)
Φ(g)dg

=

∫
ZA\GA

∫
K

y(g)
√

−1u
2 f(g)f ′(k)Φ(k−1g)dkdg

=

∫
A×

∫
A

∫
K

∫
K

f(k′)f ′(k)Φ
(
k−1 ( a 0

0 1 ) (
1 x
0 1 ) k

′)
× χ(a)|a|

1+
√

−1u
2

A dkdk′dxd×a. (4.12)

4.2.1 The matrix coefficient

We recall the space H(χ)n for χ ∈ Ξ, the index set A(χ)n = {ι = (ιv)v∈S(n) ∈ {0, 1}S(n)},
and the orthonormal basis B(χ)n for χ ∈ Ξ(o) constructed as in (3.6).

Lemma 4.3. For χ ∈ Ξ, if f ∈ H(χ)⊥n or f ′ ∈ H(χ)⊥n , then

〈π√−1u(Φ)f |f ′〉 = 0.

Proof. Let H(χ)n|K be the space of all functions on K which come from the restriction of some
function in H(χ)n to K. More precisely, H(χ)n|K consists of all right K0(n)×SO(2)Σ∞-invariant
functions on K such that

f

((
a b
0 d

)
k

)
= χ

(a
d

)
f(k) for all

(
a b
0 d

)
∈ BA ∩K, k ∈ K.

Suppose f ′ ∈ H(χ)⊥n . It is easy to check that the function on K defined as

k 7→
∫
A×

∫
A

∫
K

f(k′)Φ
(
k−1 ( a 0

0 1 ) (
1 x
0 1 ) k

′)χ(a)|a| 1+√
−1u
2

A dk′dxd×a
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belongs to H(χ)n|K since Φ is bi-K0(n)×SO(2)Σ∞-invariant. Therefore, the matrix coefficient is
given by the inner product of some function inH(χ)n and f ′ since the inner product is determined
by their restrictions to K, hence is equal to 0. In the case of f ∈ H(χ)⊥n , the proof is similar.

Lemma 4.4. For v ∈ Σfin and s ∈ C with Re(s) > 1, we define the function Fs : F×
v → C by

Fs(a) =
∫
Fv

max {|a|v, |ax|v, 1}−s−1
dx, (a ∈ F×

v ). (4.13)

Then, we have

Fs(a) = q
− dv

2
v

(
1− q−s−1

v

1− q−sv

)
|a|−1

v max(|a|v, 1)−s.

Proof. If |a|v ≤ 1, by separating the integral into |x| ≤ |a|−1
v and |x| > |a|−1

v , we have

Fs(a) =

(∫
|x|v≤|a|−1

v

+

∫
|x|v>|a|−1

v

)
max(|a|v, |ax|v, 1)−s−1dx

=

∫
|x|v≤|a|−1

v

dx+

∫
|x|v>|a|−1

v

|ax|−s−1
v dx

= q−
dv
2 |a|−1

v + |a|−1
v

∫
|x|v>1

|x|−s−1
v dx

= q−
dv
2

{
1 +

(1− q−1
v )q−sv

1− q−sv

}
|a|−1

v

= q−
dv
2

(
1− q−s−1

v

1− q−sv

)
|a|−1

v .

If |a|v > 1, by separating the integral into |x| ≤ 1 and |x| > 1, we have

Fs(a) =

(∫
|x|v≤1

+

∫
|x|v>1

)
max(|a|v, |ax|v, 1)−s−1dx

=

∫
|x|v≤1

|a|−s−1
v dx+

∫
|x|v>1

|ax|−s−1
v dx

=

(
q
− dv

2
v +

∫
|x|v>1

|x|−s−1
v dx

)
|a|−s−1

v

= q
− dv

2
v

{
1 +

(1− q−1
v )q−sv

1− q−sv

}
|a|−s−1

v

= q
− dv

2
v

(
1− q−s−1

v

1− q−sv

)
|a|−s−1

v .

Therefore, the lemma follows.

The following lemma gives an explicit formula of the matrix coefficient 〈π√−1u(Φ)f
χ
ι |fχκ 〉.
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Lemma 4.5. Let χ =
∏
v∈ΣF

χv ∈ Ξ(o) and ι, κ ∈ A(χ)n. Then we have

〈π√−1u(Φ)f
χ
ι |fχκ 〉 = δ(ι = κ)D−1

F [Kfin : K0(n)]
−1

×
∏
v∈S

(
−q−

sv+1
2

v

)
Lv

(
sv+

√
−1u

2 , χv

)
Lv

(
sv−

√
−1u

2 , χv

)

×
∏
v∈Σ∞

[
N∏
i=1

{
s2i,v
4 +

(
u
2 + a(χv)

)2}−1
]
. (4.14)

Proof. By the product formula, the matrix coefficient is equal to the product of local integrals,
i.e.

〈π√−1u(Φ)f
χ
ι |fχκ 〉 =

∏
v∈ΣF

∫
F×

v

∫
Fv

∫
Kv

∫
Kv

fv,ιv (k
′
v)fv,κv

(kv)Φv
(
k−1
v

(
av 0
0 1

) (
1 xv
0 1

)
k′v
)

× χv(av)|av|
1+

√
−1u
2

v dkvdk
′
vdxvd

×av (4.15)

where Φv is the v-component of the test function Φ. We calculate separately for the seven cases.
In the following computation, we use the decomposition

Kv = K0(pv)
⊔ ⊔

ξ∈ov/pv

(
ξ −1
1 0

)
K0(pv)

 , v ∈ Σfin. (4.16)

(i) When v ∈ S(n), ιv = 0, and κv = 0, the v-component of (4.15) is equal to

(qv + 1)

∫
F×

v

∫
Fv

∫
K0(pv)

∫
K0(pv)

1ZvK0(pv)

(
k−1
v

(
av 0
0 1

) (
1 xv
0 1

)
k′v
)

× χv(av)|av|
1+

√
−1u
2

v dkvdk
′
vdxvd

×av

= (qv + 1)−1

∫
F×

v

∫
Fv

1ZvK0(pv)

((
av 0
0 1

) (
1 xv
0 1

))
χv(av)|av|

1+
√

−1u
2

v dxvd
×av. (4.17)

It is obvious that
(
av 0
0 1

) (
1 xv
0 1

)
belongs to ZvK0(pv) if and only if av ∈ o×v and x ∈ ov. Hence

(4.17) is equal to

(qv + 1)−1

∫
o×
v

∫
ov

χv(av)|av|
1+

√
−1u
2

v dxvd
×av = q−dv

v (qv + 1)−1.

(ii) When v ∈ S(n), ιv = 0, and κv = 1, the v-component of (4.15) is equal to

q
− 1

2
v (qv + 1)

∫
F×

v

∫
Fv

∫
K0(pv)

∫
Kv−K0(pv)

1ZvK0(pv)

(
k−1
v

(
av 0
0 1

) (
1 xv
0 1

)
k′v
)

× χv(av)|av|
1+

√
−1u
2

v dkvdk
′
vdxvd

×av

= q
− 1

2
v

∫
F×

v

∫
Fv

∑
ξ∈ov/pv

∫
K0(pv)

1ZvK0(pv)

(
k−1
v

(
0 1
−1 ξ

) (
av 0
0 1

) (
1 xv
0 1

))
× χv(av)|av|

1+
√

−1u
2

v dkvdxvd
×av

= q
− 1

2
v (1 + qv)

−1
∑

ξ∈ov/pv

∫
F×

v

∫
Fv

1ZvK0(pv)

((
0 1
−1 ξ

) (
av 0
0 1

) (
1 xv
0 1

))
× χv(av)|av|

1+
√

−1u
2

v dxvd
×av. (4.18)
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It can be easily checked that
(

0 1
−1 ξ

) (
av 0
0 1

) (
1 xv
0 1

)
=
(

0 1
−av ξ−avxv

)
never belongs to ZvK0(pv).

Hence (4.18) is equal to 0.

(iii) When v ∈ S(n), ιv = 1, and κv = 0, the v-component of (4.15) is equal to 0 by a similar
calculation in (ii).

(iv) When v ∈ S(n), ιv = 1, and κv = 1, the v-component of (4.15) is equal to

(1 + q−1
v )

∫
F×

v

∫
Fv

∫
Kv−K0(pv)

∫
Kv−K0(pv)

1ZvK0(pv)

(
k−1
v

(
av 0
0 1

) (
1 xv
0 1

)
k′v
)

× χv(av)|av|
1+

√
−1u
2

v dkvdk
′
vdxvd

×av.

= (1 + q−1
v )

∫
F×

v

∫
Fv

∑
ξ,ξ′∈ov/pv

∫
K0(pv)

∫
K0(pv)

1ZvK0(pv)

(
k−1
v

(
0 1
−1 ξ

) (
av 0
0 1

) (
1 xv
0 1

) (
ξ′ −1
1 0

)
k′v
)

× χv(av)|av|
1+

√
−1u
2

v dkvdk
′
vdxvd

×av

= q−1
v (1 + qv)

−1
∑

ξ,ξ′∈ov/pv

∫
F×

v

∫
Fv

1ZvK0(pv)

((
0 1
−1 ξ

) (
av 0
0 1

) (
1 xv
0 1

) (
ξ′ −1
1 0

))
× χv(av)|av|

1+
√

−1u
2

v dxvd
×av. (4.19)

For any ξ, ξ′ ∈ ov/pv, we can check that
(

0 1
−1 ξ

) (
av 0
0 1

) (
1 xv
0 1

) (
ξ′ −1
1 0

)
=
(

1 0
−avxv−avξ′+ξ av

)
be-

longs to ZvK0(pv) if and only if av ∈ o×v and xv ∈ (a−1
v ξ − ξ′) + pv. Hence (4.19) is equal

to

q−1
v (qv + 1)−1

∑
ξ,ξ′∈ov/pv

∫
o×
v

∫
(a−1ξ−ξ′)+pv

χv(av)|av|
1+

√
−1u
2

v dxvd
×av

= q−1
v (qv + 1)−1

∑
ξ,ξ′∈ov/pv

q−dv
v · q−1

v

= q−dv
v (qv + 1)−1.

(v) When v ∈ S, recall (2.13). Since Φv = Φv,sv is bi-Kv- invariant, the v-component of (4.15)
is equal to ∫

F×
v

∫
Fv

Φv,sv
((

av 0
0 1

) (
1 xv
0 1

))
χv(av)|av|

1+
√

−1u
2

v dxvd
×av

=
(
q
− sv+1

2
v − q

sv+1
2

v

)−1
∫
F×

v

∫
Fv

|av|
sv+1

2
v max(|av|v, |avxv|v, 1)−(sv+1)

× χv(av)|av|
1+

√
−1u
2

v dxvd
×av

=
(
q
− sv+1

2
v − q

sv+1
2

v

)−1
∫
F×

v

Fsv (av)χv(av)|av|
sv+

√
−1u

2 +1
v d×av. (4.20)

where Fsv is the complex-valued function on F×
v defined as in (4.13). Hence by Lemma 4.4, the
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integral (4.20) is equal to

q
− dv

2
v · −q

− sv+1
2

v

1− q−svv

∫
F×

v

max(|av|v, 1)−svχv(av)|av|
sv+

√
−1u

2
v d×av

= q
− dv

2
v · −q

− sv+1
2

v

1− q−svv

(∫
|av|v≤1

χv(av)|av|
sv+

√
−1u

2
v d×av +

∫
|av|v>1

χv(av)|av|
−sv+

√
−1u

2
v d×av

)

= q−dv
v · −q

− sv+1
2

v

1− q−svv

 1

1− χv($v)q
− sv+

√
−1u

2
v

+
χv($v)q

− sv−
√

−1u
2

v

1− χv($v)q
− sv−

√
−1u

2
v


= q−dv

v ·
(
−q−

sv+1
2

v

)(
1− χv($v)q

− sv+
√

−1u
2

v

)−1(
1− χv($v)q

− sv−
√

−1u
2

v

)−1

= q−dv
v ·

(
−q−

sv+1
2

v

)
Lv

(
sv+

√
−1u

2 , χv

)
Lv

(
sv−

√
−1u

2 , χv

)
.

(vi) When v ∈ Σfin − (S ∪ S(n)), the v-component of (4.15) is equal to∫
F×

v

∫
Fv

∫
Kv

∫
Kv

1ZvKv

(
k−1
v

(
av 0
0 1

) (
1 xv
0 1

)
k′v
)
χv(av)|av|

1+
√

−1u
2

v dkvdk
′
vdxvd

×av

=

∫
F×

v

∫
Fv

1ZvKv

((
av 0
0 1

) (
1 xv
0 1

))
χv(av)|av|

1+
√

−1u
2

v dxvd
×av

=

∫
o×
v

∫
ov

χv(av)|av|
1+

√
−1u
2

v dxvd
×av

= q−dv
v .

(vii) When v ∈ Σ∞, the v-component of (4.15) can be rewritten as∫
R×

∫
R

∫
O(2)

∫
O(2)

(det k−1k′)ϵ(χv)Φsv

(
k−1 ( a 0

0 1 ) (
1 x
0 1 ) k

′)
× (sgn(a))ϵ(χv)|a|

1
2+

√
−1(u

2 +a(χv))
v dkdk′dxd×a. (4.21)

We note that Φsv (g) vanishes unless det g > 0 and bi-SO(2)-invariant. By separating the
integral with respect to k and k′ into four parts, {k ∈ SO(2), k′ ∈ SO(2)}, {k ∈ SO(2), k′ /∈
SO(2)}, {k /∈ SO(2), k′ ∈ SO(2)}, and {k /∈ SO(2), k′ /∈ SO(2)} and using the change of
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variables, (4.21) is equal to

4

∫ ∞

0

∫
R

∫
SO(2)

∫
SO(2)

Φsv

(
k−1 ( a 0

0 1 ) (
1 x
0 1 ) k

′) a 1
2+

√
−1(u

2 +a(χv))dkdk′dxd×a

=

∫ ∞

0

∫
R
Φsv ((

a 0
0 1 ) (

1 x
0 1 )) a

1
2+

√
−1(u

2 +a(χv))dxd×a

=

∫ ∞

0

∫
R
Φsv ((

a x
0 1 )) a

− 1
2+

√
−1(u

2 +a(χv))dxd×a

=
1

4π

N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+1

2 )2

Γ(si,v + 1)

×
∫ ∞

0

∫
R

{
4a

(a+1)2+x2

} si,v+1

2

2F1

(
si,v+1

2 ,
si,v+1

2 ; si,v + 1; 4a
(a+1)2+x2

)
a−

1
2+

√
−1(u

2 +a(χv))dxd×a

(4.22)

by (2.10). For s, w ∈ C with Re(s) > |Re(w)|, we set

I(s, w) =
1

4π

Γ( s+1
2 )2

Γ(s+ 1)

∫ ∞

0

∫
R

{
4a

(a+1)2+x2

} s+1
2

2F1

(
s+1
2 , s+1

2 ; s+ 1; 4a
(a+1)2+x2

)
a

w−1
2 dxd×a.

(4.23)
A formal computation and the change of variable x→ (a+ 1)x give

I(s, w) =
1

4π

∞∑
n=0

Γ( s+1
2 + n)2

n!Γ(s+ 1 + n)

∫ ∞

0

∫
R

{
4a

(a+1)2+x2

} s+1
2 +n

a
w−1

2 dxd×a

=
1

4π

∞∑
n=0

Γ( s+1
2 + n)2

n!Γ(s+ 1 + n)
4

s+1
2 +n

∫
R
(1 + x2)−

s+1
2 −ndx

∫ ∞

0

a
s+w

2 +n(a+ 1)−s−2nd×a

=
1

4π

∞∑
n=0

Γ( s+1
2 + n)2

n!Γ(s+ 1 + n)
4

s+1
2 +n · π 1

2
Γ( s2 + n)

Γ( s+1
2 + n)

·
Γ( s+w2 + n)Γ( s−w2 + n)

Γ(s+ 2n)

=

∞∑
n=0

Γ( s+w2 + n)Γ( s−w2 + n)

n!Γ(s+ 1 + n)

=
Γ( s+w2 )Γ( s−w2 )

Γ(s+ 1)
2F1(

s+w
2 ; s−w2 ; s+ 1; 1)

=
Γ( s+w2 )Γ( s−w2 )

Γ(s+ 1)
· Γ(s+ 1)Γ(1)

Γ( s−w2 + 1)Γ( s+w2 + 1)

= ( s+w2 )−1( s−w2 )−1

=
(
s2−w2

4

)−1

=
(

1−w2

4 − 1−s2
4

)−1

.

In the above computation, we use the well-known formulas∫
R
(1 + x2)−νdx = π

1
2
Γ(ν − 1

2 )

Γ(ν)
, Re(ν) >

1

2
, (4.24)∫ ∞

0

as(a+ 1)−νd×a =
Γ(s)Γ(ν − s)

Γ(ν)
, Re(ν) > Re(s) > 0,
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Γ(2s) = π− 1
2 22s−1Γ(s)Γ(s+ 1

2 ),

and

2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
, Re(c− a− b) > 0.

Because Γ(s + n) � Γ(Re(s) + n) (n ∈ Z≥0) holds for s ∈ C with Re(s) 6= 0,−1,−2, . . . by
Stirling’s formula, we can obtain a dominated series by replacing s and w by Re(s) and Re(w)
respectively. Hence the above calculation is justified.

By putting s = si,v and w = 2
√
−1(u2 + a(χv)), (4.22) is equal to

N∑
i=1

µ(i)
v (s∞)I

(
si,v, 2

√
−1(u2 + a(χv))

)
=

N∑
i=1

µ(i)
v (s∞)

{
1+4(u2 +a(χv))

2

4 − 1−s2i,v
4

}−1

=

N∏
i=1

{
1+4(u2 +a(χv))

2

4 − 1−s2i,v
4

}−1

=

N∏
i=1

{
s2i,v
4 +

(
u
2 + a(χv)

)2}−1

.

Remark 4.6. The matrix coefficient 〈π√−1u(Φ)f
χ
ι |fχι 〉 is independent of ι ∈ A(χ)n.

4.2.2 The continuities of ΦEis and Φres

By Lemmas 3.1, 4.3, and 4.5, we can rewrite (4.10) as

ΦEis(g, h) =
vol(A1/F×)−1

8π

×
∑

χ∈Ξ(o)

∑
ι∈A(χ)n

∫
R
D′
χ(n|sS , s∞,

√
−1u)Efχι (g,

√
−1u)Efχι (h,

√
−1u)du (4.25)

where

D′
χ(n|sS , s∞, z) = D−1

F [Kfin : K0(n)]
−1

×
∏
v∈S

(
−q−

sv+1
2

v

)
Lv
(
sv+z

2 , χv
)
Lv
(
sv−z

2 , χv
)

×
∏
v∈Σ∞

[
N∏
i=1

{
s2i,v
4 +

(
z

2
√
−1

+ a(χv)
)2}−1

]
. (4.26)

We remark that the estimate∣∣D′
χ(n|sS , s∞,

√
−1u)

∣∣� ∏
v∈ΣF

(
1 + |u2 + a(χv)|

)−2N
, χ ∈ Ξ(o), u ∈ R (4.27)

holds.
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Lemma 4.7. Let ε1, ε2, . . . , εnF−1 ∈ o× be a fundamental system of units of F . For any χ =∏
v∈ΣF

χv ∈ Ξ(o), we have ∑
v∈Σ∞

a(χv) = 0 (4.28)

and ∑
v∈Σ∞

(log |εj |v)a(χv) ∈ πZ, j ∈ {1, 2, . . . , nF − 1}. (4.29)

Proof. Recall that χ is trivial on F× and R+. Hence, for any x ∈ R+, and i ∈ {1, 2, . . . , nF − 1},
we have

χ((1fin, x
1

nF , . . . , x
1

nF )) =
∏
v∈Σ∞

χv(x
1

nF ) =
∏
v∈Σ∞

x
√

−1
nF

a(χv) = e
√

−1
nF

(log x)(
∑

v∈ΣF
a(χv)) = 1

and
χ(ε2j ) =

∏
v∈ΣF

χv(ε
2
j ) =

∏
v∈Σ∞

χv(ε
2
j ) = e2

√
−1

∑
v∈Σ∞ (log |εj |v)a(χv) = 1.

Therefore, we get (4.28) and (4.29).

Let {v1, v2, . . . , vnF
} = Σ∞. It is well-known that the nF × nF -matrix

B =


1 1 · · · 1

log |ε1|v1 log |ε1|v2 · · · log |ε1|vnF

...
...

. . .
...

log |εnF−1|v1 log |εnF−1|v2 · · · log |εnF−1|vnF


has non-zero determinant. By Lemma 4.7, the set

L(Ξ(o)) =



a(χv1)
a(χv2)

...
a(χvnF

)

+ πn


1
1
...
1

 ∈ RnF

∣∣∣∣∣∣∣∣∣ χ ∈ Ξ(o), n ∈ Z


is contained in the lattice πB−1ZnF .

Remark 4.8. If χ, χ′ ∈ Ξ(o) satisfy

a(χv) = a(χ′
v) for any v ∈ Σ∞, (4.30)

then we have (χ−1χ′)2 = 1. Hence, for fixed χ, the number of χ′ satisfying (4.30) is at most
#{χ ∈ Ξ(o) | χ2 = 1} ≤ h+F . Here, h+F is the narrow class number of F .

Proposition 4.9. The sum (4.25) converges locally uniformly absolutely on g, h ∈ GA. In
particular, there exists a constant N1 > 0 such that the estimate∑

χ∈Ξ(o)

∑
ι∈A(χ)n

∫
R

∣∣∣D′
χ(n|sS , s∞,

√
−1u)Efχι (g,

√
−1u)Efχι (h,

√
−1u)

∣∣∣ du
� y(g)N1y(h)N1 , g, h ∈ S1

holds if N is large enough. In particular, ΦEis(g, h) is continuous.
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Proof. By the estimate in ([19, Proposition 15.1]), there exists a constant N1 > 0 such that

Efχι (g,
√
−1u) �

∏
v∈Σ∞

(
1 + |u2 + a(χv)|

)N1
y(g)N1 , u ∈ R, g ∈ S1 (4.31)

with the implied constant independent of χ ∈ Ξ(o) and ι ∈ A(χ)n. From (4.27) and (4.31), it
suffices to show that ∑

χ∈Ξ(o)

∫
R

∏
v∈Σ∞

(
1 + |u2 + a(χv)|

)−r
du < +∞ (4.32)

for large r > 0. We set the function f : RnF → R as

f(x1, x2, . . . , xnF
) =


nF−1∏
j=1

(
1 +

∣∣∣xnF

2
+ xj

∣∣∣)−r
(1 + ∣∣∣xnF

2
− x1 − · · · − xnF−1

∣∣∣)−r .
Then it holds that

f(x1, x2, . . . , xnF
) �

nF∏
j=1

(1 + |xj |)−r (4.33)

and (4.32) is equal to ∑
χ∈Ξ(o)

∫
R
f
(
a(χv1), . . . , a(χvnF −1

), u
)
du.

From (4.33), this series converges if and only if∑
χ∈Ξ(o)

∑
n∈Z

f
(
a(χv1), . . . , a(χvnF −1

), πn
)
du < +∞. (4.34)

The left-hand side of (4.34) is bounded above by

h+F
∑

a∈L(Ξ(o))

f(a) ≤ h+F
∑

a∈πB−1ZnF

f(a). (4.35)

Again from (4.33), the right-hand side of (4.35) converges for r > 1 since∫
R
· · ·
∫
R

nF∏
j=1

(1 + |xj |)−r dx1 . . . dxnF

=

(∫
R
(1 + |x|)−r dx

)nF

< +∞.

The proof is completed.

Next, we prove the continuity of Φres.

Lemma 4.10. For χ ∈ Ξ− Ξ(o), we have∫
ZA\GA

Φ(g)χ(det g)dg = 0.

Proof. Let a = (av)v∈ΣF
∈ A× be an idele such that av ∈ o×v for v ∈ Σfin, av = 1 for v ∈ Σ∞,

and χ(a) 6= 1. Then we can prove the statement by the change of variable g → ( a 0
0 1 ) g.
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From Lemma 4.10, we can rewrite (4.11) as

Φres(g, h) = vol (ZAGF \GA)
−1

∑
χ∈Ξ(o)

χ2=1

χ(det g)χ(deth)

∫
ZA\GA

Φ(x)χ(detx)dx. (4.36)

Proposition 4.11. The function Φres(g, h) is continuous and bounded.

Proof. This is obvious because (4.36) is a finite sum.

4.3 The calculation of Ires(n|sS, s∞; β)

Note that the function Φres(g, g) is a constant function on g ∈ GA from (4.36). By the
calculation in ([16, 5.1]), we have the following lemma.

Lemma 4.12. For any β ∈ B1, ∫
ZAGF \GA

E∗
β(g)dg = 0.

Proof. See ([16, pp. 2999–3000]).

Proposition 4.13. For any β ∈ B1,

Ires(n|sS , s∞;β) = 0.

Proof. This is immediate from Lemma 4.12.

4.4 The calculation of IEis(n|sS, s∞; β)

The calculations occurring in this section are based on ([10]). We set

H (g, h) = ΦEis(g, h) +Φres(g, h), g, h ∈ GA.

Note that the estimate
ΦEis(g, g) � y(g)2N1 , g ∈ S1 (4.37)

holds for some N1 > 0 by Propositions 4.9 and 4.11. Thus, the integral IEis(n|sS , s∞;β) converges
absolutely from Proposition 3.8 and (4.37).

Let σ > 1, by means of the uniform absolute convergence of E(z; g) =
∑
γ∈BF \GF

y(g)
z+1
2

for Re(z) = σ, the estimate
∫
Lσ

|β(z)ΛF (z+1)||dz| < +∞ from (3.20), and Proposition 4.13, we
have
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IEis(n|sS , s∞;β) = IEis(n|sS , s∞;β) + Ires(n|sS , s∞;β)

=

∫
ZAGF \GA

H (g, g)

(∫
Lσ

β(z)E∗(z; g)dz

)
dg

=

∫
ZAGF \GA

H (g, g)

(∫
Lσ

β(z)ΛF (z + 1)E(z; g)dz

)
dg

=

∫
ZAGF \GA

H (g, g)

 ∑
γ∈BF \GF

∫
Lσ

β(z)ΛF (z + 1)y(γg)
z+1
2 dz

 dg

=

∫
ZABF \GA

H (g, g)

(∫
Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg

=

∫
ZANAHF \GA

(∫
NF \NA

H (ng, ng)dn

)

×
(∫

Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg. (4.38)

For g ∈ GA, the function (x1, x2) 7→ H
((

1 x1
0 1

)
g,
(
1 x2
0 1

)
g
)
on A2 has the Fourier expansion of

the form
H
((

1 x1
0 1

)
g,
(
1 x2
0 1

)
g
)
=
∑
α,β∈F

cg(α, β)ψ(αx1 + βx2)

where cg(α, β) is given by

cg(α, β) =

∫
A/F

∫
A/F

H
((

1 u1
0 1

)
g,
(
1 u2
0 1

)
g
)
ψ(−αu1 − βu2)du1du2.

We get∫
NF \NA

H (ng, ng)dn =
∑
α∈F

cg(α,−α)

=
∑
α∈F

∫
A/F

∫
A/F

H
((

1 u1
0 1

)
g,
(
1 u2
0 1

)
g
)
ψ(α(−u1 + u2))du1du2

=

∫
(NF \NA)

2

H (n1g, n2g) dn1dn2

+
∑
α∈F×

∫
(NF \NA)

2

H (n1 ( α 0
0 1 ) g, n2 ( α 0

0 1 ) g)ψ(n
−1
1 n2)dn1dn2. (4.39)

In the first term of (4.39), we can replace H by Φ since H (g, h) = Φ(g, h)−Φcus(g, h) and
Φcus has no constant term with respect to g and h. In the second term of (4.39), we can replace
H by ΦEis since Φres has no non-constant Fourier coefficients.

Hence, substituting (4.39) into (4.38), We obtain the decomposition

IEis(n|sS , s∞;β) = I1(β) + I2(β) (4.40)

where

Ij(β) =
∫
ZANAHF \GA

Hj,N (g, g)

(∫
Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg (j = 1, 2) (4.41)
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with

H1,N (g, h) =

∫
(NF \NA)

2

Φ (n1g, n2h) dn1dn2, (4.42)

H2,N (g, h) =
∑
α∈F×

∫
(NF \NA)

2

ΦEis (n1 ( α 0
0 1 ) g, n2 ( α 0

0 1 )h)ψ(n
−1
1 n2)dn1dn2 (4.43)

for g, h ∈ GA.

4.4.1 Computatoins of I1(β)

We have to show that the integral I1(β) makes sense.

Lemma 4.14. For any M > 0, α ∈ R× and β ∈ R, we have∣∣∣∣∫
Lσ

β(z)ΛF (z + 1)tαz+βdz

∣∣∣∣�M,α,β max
{
t, t−1

}−M
, t ∈ R+.

Proof. Suppose t ≥ 1. Due to β(0) = β(±1) = 0 and (3.20), the function z 7→ β(z)ΛF (z+1)aαz+β

is entire and tends to 0 if Re(z) is bounded and |Im(z)| → +∞. Hence we can shift the contour Lσ
to L−M

α − β
α
by considering the contour integral along the rectangle whose vertices are σ−

√
−1T ,

σ +
√
−1T , −M

α − β
α +

√
−1T , and −M

α − β
α −

√
−1T oriented counter-clockwise and taking

T → +∞. Thus,∣∣∣∣∫
Lσ

β(z)ΛF (z + 1)tαz+βdz

∣∣∣∣ =
∣∣∣∣∣∣
∫
L

−M
α

− β
α

β(z)ΛF (z + 1)tαz+βdz

∣∣∣∣∣∣
≤
∫
L

−M
α

− β
α

|β(z)ΛF (z + 1)||dz| × t−M .

In the case of t < 1, we can also prove by shifting the contour Lσ to LM
α − β

α
.

For c > 1 and a finite subset S′ ⊂ Σfin, let A1 = A1(c, S′) be the set consisting of all
a = (av)v∈ΣF

∈ A1 such that

|av|v = 1 for all v ∈ ΣF − S′, max{|av|v, |av|−1
v } < c for all v ∈ S′.

By the compactness of the space A1/F×, it holds that A1 = A1F× for some c and S′. In the
following, we fix such an A1.

Lemma 4.15. The estimate∣∣∣∣∣∣∣∣(a 0
0 1

)∣∣∣∣∣∣∣∣
A
� max{|a|A, |a|−1

A }, a ∈ A1R+

holds.

Proof. We write a = a1x with a1 = (a1,v)v∈ΣF
∈ A1 and x ∈ R+. By an easy calculation, we

have ∣∣∣∣∣∣∣∣(a 0
0 1

)∣∣∣∣∣∣∣∣
v

=


1 (v ∈ Σfin − S′)

max{|a1,v|v, |a1,v|−1
v } (v ∈ S′)√

|a1,vx
1

nF |2 + |a1,vx
1

nF |−2 + 1 (v ∈ Σ∞)
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We can check that the factor at v ∈ S′ is bounded above by c and the factor at v ∈ Σ∞ is

bounded above by
√
3c ·max{x

1
nF , x

− 1
nF }. Hence we get the following:∣∣∣∣∣∣∣∣(a 0

0 1

)∣∣∣∣∣∣∣∣
A
�

∏
v∈Σ∞

max{x
1

nF , x
− 1

nF } = max{x, x−1} = max{|a|A, |a|−1
A }.

Lemma 4.16. The estimate∫
ZANAHF \GA

∫
(NF \NA)2

∑
γ∈ZF \GF

∣∣Φ(g−1n−1
1 γn2g)

∣∣ dn1dn2
×
∣∣∣∣∫
Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

∣∣∣∣ dg < +∞ (4.44)

holds. Hence, the integral I1(β) makes sense.

Proof. By Proposition 2.1 (i) and Lemma 2.9, we have∑
γ∈ZF \GF

∣∣Φ(g−1n−1
1 γn2g)

∣∣� ||n1g||mA , n ∈ NA, g ∈ GA

for some m > 1. When n1 ∈ NA belongs to a compact subset, it holds that

||n1g||mA ≤ ||n1||mA ||g||mA � ||g||mA , g ∈ GA.

Thus, we obtain∫
(NF \NA)2

∑
γ∈ZF \GF

∣∣Φ(g−1n−1
1 γn2g)

∣∣ dn1dn2 � ||g||mA , g ∈ GA.

LetM > m+1 , by Lemmas 4.14, 4.15, and calculating by means of the Iwasawa decomposition,
the integral (4.44) is dominated by∫

A×/F×
max{|a|A, |a|−1

A }−M+m|a|−1
A d×a

= vol(A×/F×)

∫ ∞

0

max{x, x−1}−M+mx−1d×x

= vol(A×/F×)

(∫ 1

0

xM−m−1d×x+

∫ ∞

1

x−M+m−1d×x

)
<+∞.

We complete the proof.

Next, by using the Bruhat decomposition of γ ∈ GF :

GF = BF
⊔( ⊔

ν∈NF

BFw0ν

)
,
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we can rewrite Φ(g, h) as

Φ(g, h) =
∑
ν∈NF

α∈F×

Φ(g−1ν−1 ( α 0
0 1 )h) +

∑
ν1,ν2∈NF

α∈F×

Φ(g−1ν−1
1 ( α 0

0 1 )w0ν2h).

Hence we get the decomposition

H1,N (g, h) = H ′
1,N (g, h) + H ′′

1,N (g, h)

with

H ′
1,N (g, h) =

∫
NF \NA

(∫
NA

∑
α∈F×

Φ(g−1n−1
1 ( α 0

0 1 )n2h)dn1

)
dn2

=

∫
NA

∑
α∈F×

Φ(g−1n−1 ( α 0
0 1 )h)dn.

H ′′
1,N (g, h) =

∫
N2

A

∑
α∈F×

Φ(g−1n−1
1 ( α 0

0 1 )w0n2h)dn1dn2.

Here, the second line follows from the change of variable n1 → ( α 0
0 1 )n2

(
α−1 0
0 1

)
n1.

We note that the functions H ′
1,N (g, g) and H ′′

1,N (g, g) on g ∈ GA are left ZANAHF -invariant.
Let

I1(β) = I′1(β) + I′′1(β)

be the corresponding decomposition of I1(β). These integrals also make sense from Lemma 4.16.

Lemma 4.17. For any β ∈ B1, we have

I′1(β) = 0.

Proof. By Lemma 4.16 we have the following termwise integral:

I′1(β) =
∑
α∈F×

∫
ZANAHF \GA

∫
NA

Φ(g−1n−1 ( α 0
0 1 ) g)dn

(∫
Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg

=
∑
α∈F×

∫
K

∫
A×/F×

∫
NA

Φ(k−1
(
a−1 0
0 1

)
n−1 ( α 0

0 1 ) (
a 0
0 1 ) k)dn

×
(∫

Lσ

β(z)ΛF (z + 1)|a|
z−1
2

A dz

)
d×adk

=
∑
α∈F×

∫
K

∫
NA

Φ(k−1n−1 ( α 0
0 1 ) k)dndk

×
∫
A×/F×

(∫
Lσ

β(z)ΛF (z + 1)|a|
z+1
2

A dz

)
d×a.

Here, we use the change of variable n → ( a 0
0 1 )n

(
a−1 0
0 1

)
in the fourth line. It suffices to show

that ∫
A×/F×

(∫
Lσ

β(z)ΛF (z + 1)|a|
z+1
2

A dz

)
d×a = 0. (4.45)
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The contour Lσ can be shifted to L−σ in the same way of the proof of Lemma 4.14. Hence, if
σ > 1, we have ∫

A×/F×

(∫
Lσ

β(z)ΛF (z + 1)|a|
z+1
2

A dz

)
d×a

= vol(A1/F×)

∫ ∞

0

(∫
Lσ

β(z)ΛF (z + 1)x
z+1
2 dz

)
d×x

= vol(A1/F×)

(∫ 1

0

+

∫ ∞

1

)(∫
Lσ

β(z)ΛF (z + 1)x
z+1
2 dz

)
d×x

= vol(A1/F×)

∫ 1

0

(∫
Lσ

β(z)ΛF (z + 1)x
z+1
2 dz

)
d×x

+ vol(A1/F×)

∫ ∞

1

(∫
L−σ

β(z)ΛF (z + 1)x
z+1
2 dz

)
d×x.

= vol(A1/F×)

∫
Lσ

2β(z)ΛF (z + 1)

z + 1
dz

− vol(A1/F×)

∫
L−σ

2β(z)ΛF (z + 1)

z + 1
dz.

Note that Fubini’s theorem guarantees the above calculation.
Since β(0) = β(±1) = β′(±1) = 0, the integrand is entire, which allows us to apply contour

shifting again. We get (4.45).

Next, we calculate I′′1(β).

I′′1(β) =
∫
ZANAHF \GA

∫
N2

A

∑
α∈F×

Φ(g−1n−1
1 ( α 0

0 1 )w0n2g)dn1dn2

×
(∫

Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg

=

∫
K

∫
A×/F×

∫
A2

∑
α∈F×

Φ
(
k−1

(
a−1 0
0 1

) (
1 −u1
0 1

)
( α 0
0 1 )w0

(
1 u2
0 1

)
( a 0
0 1 ) k

)
du1du2

×
(∫

Lσ

β(z)ΛF (z + 1)|a|
z−1
2

A dz

)
dg. (4.46)

Substituting the identity(
a−1 0
0 1

) (
1 −u1
0 1

)
( α 0
0 1 )w0

(
1 u2
0 1

)
( a 0
0 1 ) = ( a 0

0 a )
(

1 −a−1u1
0 1

) (
a−2α 0

0 1

)
w0

(
1 a−1u2
0 1

)
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into (4.46) and changing variables u1 → au1 and u2 → au2, we have

I′′1(β) =
∫
K

∫
A×/F×

∫
A2

∑
α∈F×

Φ
(
k−1

(
1 −u1
0 1

) (
a−2α 0

0 1

)
w0

(
1 u2
0 1

)
k
)
du1du2

×
(∫

Lσ

β(z)ΛF (z + 1)|a|
z+3
2

A dz

)
dg

=

∫
A×/F×

∑
α∈F×

ξβ(a
2α)d×a

=

∫
A1/F×

∫
R+

∑
α∈F×

ξβ(a
2
1x

2α)d×xd×a1 (4.47)

where we set

ξβ(a) =

∫
Lσ

β(z)ΛF (z + 1)|a|
z+3
4

A dz

∫
K

∫
N2

A

Φ
(
k−1n−1

1

(
a−1 0
0 1

)
w0n2k

)
dn1dn2dk (4.48)

for β ∈ B1 and a ∈ A×.

Lemma 4.18. The function F : A1/F× → C defined by

F(a1) =

∫
R+

∑
α∈F×

ξβ(a1x
2α)d×x ∈ C (4.49)

is U(n)-invariant and continuous.

Proof. We recall that Φ is bi-K0(n)-invariant. Hence, the former statement is true since ξβ(a) is
U(n)-invariant by means of certain change of variables in the integral (4.48). It remains to prove
the continuity of F .

For a ∈ A×, we obtain∑
α∈F×

ξβ(aα)

=

∫
Lσ

β(z)ΛF (z + 1)|a|
z+3
4

A dz

∫
K

∫
N2

A

∑
α∈F×

Φ
(
k−1n−1

1

(
a−1α 0

0 1

)
w0n2k

)
dn1dn2dk

=

∫
Lσ

β(z)ΛF (z + 1)|a|
z−1
4

A dz

×
∫
K

∫
(NF \NA)

2

∑
α∈F×

β1,β2∈F

Φ
(
k−1

(
a−1 0
0 1

)
n−1
1

(
1 β1

0 1

)
( α 0
0 1 )w0

(
1 β2

0 1

)
n2k

)
dn1dn2dk

=

∫
Lσ

β(z)ΛF (z + 1)|a|
z−1
4

A dz

×
∫
K

∫
(NF \NA)

2

∑
γ∈ZF \(GF−BF )

Φ
(
k−1

(
a−1 0
0 1

)
n−1
1 γn2k

)
dn1dn2dk. (4.50)

By Proposition 2.1 the series (4.50) converges absolutely and locally uniformly on a ∈ A×, and
hence is continuous on a ∈ A×.
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Let a = a1x
2 with a1 ∈ A1 and x ∈ R+. By applying the same way as in the proof of Lemma

4.16, we get∫
K

∫
NF \NA

∑
γ∈ZF \(GF−BF )

∣∣Φ (k−1
(
a−1 0
0 1

)
n−1
1 γn2k

)∣∣ dndk �
∣∣∣∣( a−1 0

0 1

)∣∣∣∣m � max{x, x−1}2m,

a = a1x
2, a1 ∈ A1, x ∈ R+

for some m > 1. Let M > 2m, by Lemmas 4.14 and 4.15, it holds that∣∣∣∣∣ ∑
α∈F×

ξβ(g, a1x
2α)

∣∣∣∣∣�M max
{
x, x−1

}−M+2m
, a ∈ A1R+.

Hence, there exists a constant C > 0 which is independent of a1 ∈ A1 such that∣∣∣∣∣ ∑
α∈F×

ξβ(g, a1x
2α)

∣∣∣∣∣ ≤ Cmax
{
x, x−1

}−M+2m
.

For any ε > 0, there exist c > 1 and an open neighborhood V ⊂ A1 of a1 such that(∫ c−1

0

+

∫ ∞

c

)
max

{
x, x−1

}−M+2m
dx <

ε

2C

and ∫ c

c−1

∣∣∣∣∣ ∑
α∈F×

ξβ(g, a
′
1x

2α)−
∑
α∈F×

ξβ(g, a1x
2α)

∣∣∣∣∣ dx < ε

2
for any a′1 ∈ V

by the uniform continuity on the compact subset {a1x2 | a1 ∈ A1, c−1 ≤ x ≤ c} ⊂ A1R+. By a
short computation, we have

|F(a′1)−F(a1)| < ε for any a′1 ∈ V.

Hence F is continuous.

Lemma 4.19. Let ξ : A1/F× → C be a U(n)-invariant continuous function. Then we have∫
A1/F×

ξ(a21)d
×a1 =

∑
χ∈Ξ(n)

χ2=1

ξχ

with

ξχ =

∫
A1/F×

ξ(a1)χ(a1)d
×a1.

Proof. By the Stone-Weierstrass theorem, there exists a sequence {ξn}n∈N consisting of contin-
uous functions on A1/F× such that

(a) ξn ∈
⊕

χ∈Ξ(n) Cχ (algebraic direct sum)

(b) sup
{
|ξ(a1)− ξn(a1)|

∣∣ a1 ∈ A1/F×} < 1
n
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Then we have the finite sum

ξn(a1) = (vol(A1/F×)−1
∑

χ∈Ξ(n)

ξn,χχ(a1),

(
ξn,χ =

∫
A1/F×

ξn(a1)χ(a1)d
×a1

)
.

By replacing a1 by a21 and integrating over A1/F×, we have∫
A1/F×

ξn(a
2
1)d

×a1 = (vol(A1/F×)−1
∑

χ∈Ξ(n)

ξn,χ

∫
A1/F×

χ(a21)d
×a1

=
∑

χ∈Ξ(n)

χ2=1

ξn,χ.

Since the number of χ ∈ Ξ(n) with χ2 = 1 is finite, the statement holds by taking n→ +∞.

Let F be as in (4.49), by (4.47) and Lemmas 4.18 and 4.19, we can rewrite I′′1(β) as

I′′1(β) =
∑

χ∈Ξ(n)

χ2=1

∫
A1/F×

F(a1)χ(a1)d
×a1

=
∑

χ∈Ξ(n)

χ2=1

∫
A1/F×

∫
R+

∑
α∈F×

ξβ(a1x
2α)d×x · χ(a1)d×a1

=
1

2

∑
χ∈Ξ(n)

χ2=1

∫
A1/F×

∫
R+

∑
α∈F×

ξβ(a1xα)χ(a1)d
×xd×a1 (x→ x

1
2 )

=
1

2

∑
χ∈Ξ(n)

χ2=1

∫
A×

ξβ(a)χ(a)d
×a

=
1

2

∑
χ∈Ξ(n)

χ2=1

∫
A×

∫
K

∫
N2

A

Φ
(
k−1n1

(
a−1 0
0 1

)
w0n2k

)
χ(a)dn1dn2dk

×
(∫

Lσ

β(z)ΛF (z + 1)|a|
z+3
4

A dz

)
d×a.

Substituting a→ a−1, we get

I′′1(β) =
1

2

∑
χ∈Ξ(n)

χ2=1

∫
A×

∫
K

∫
N2

A

Φ
(
k−1n1 ( a 0

0 1 )w0n2k
)
χ(a)dn1dn2dk

×
(∫

Lσ

β(z)ΛF (z + 1)|a|−
z+3
4

A dz

)
d×a

=
1

2

∑
χ∈Ξ(n)

χ2=1

∫
Lσ

β(z)ΛF (z + 1)Î0res,χ(z)dz (4.51)
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where we set

Î0res,χ(z) =

∫
A×

∫
K

∫
N2

A

Φ
(
k−1n1 ( a 0

0 1 )w0n2k
)
χ(a)|a|−

z+3
4

A dn1dn2dkd
×a. (4.52)

We note that the change of the order of the integrals in (4.51) is guaranteed by the proof of
Lemma 4.18. To calculate (4.52), we consider the local integrals given as

Î0res,χ,v(z) =

∫
F×

v

∫
Kv

∫
N2

v

Φv
(
k−1n1 ( a 0

0 1 )w0n2k
)
χv(a)|a|

− z+3
4

v dn1dn2dkd
×a

=

∫
F×

v

∫
Kv

∫
F 2

v

Φv
(
k−1

(
u1 u1u2−a
1 u2

)
k
)
χv(a)|a|

− z+3
4

v du1du2dkd
×a, v ∈ ΣF .

We need the following two lemmas to get explicit formulas for Î0res,χ,v(z).

Lemma 4.20. Let v ∈ Σfin, u1, u2 ∈ Fv, and a ∈ F×
v .

(i)
(
u1 u1u2−a
1 u2

)
∈ ZvKv if and only if(

u1, u2 ∈ ov, a ∈ o×v
)

or
(
u1, u2 ∈ $−n

v o×v , a ∈ u1u2(1 + pnv ) for some n ∈ N
)
.

(ii)
(
u1 u1u2−a
1 u2

)
∈ ZvK0(pv) if and only if

u1, u2 ∈ $−n
v o×v , a ∈ u1u2(1 + pnv ) for some n ∈ N.

(iii)
(

u2 −1
−u1u2+a −u1

)
∈ ZvK0(pv) if and only if

u1, u2 ∈ $−n
v o×v , a ∈ u1u2(1 + pn+1

v ) for some n ∈ Z≥0.

Proof.
(i) The condition

(
u1 u1u2−a
1 u2

)
∈ ZvKv is equivalent to(
ϖn

v u1 ϖ
n
v (u1u2−a)

ϖn
v ϖn

v u2

)
∈ Kv for some n ∈ Z

⇐⇒ u1, u2, u1u2 − a ∈ $−n
v ov and a ∈ $−2no×v (4.53)

for some n ∈ Z≥0.

When n = 0 it is immediate that (4.53) ⇐⇒ u1, u2 ∈ ov and a ∈ o×v .
When n ≥ 1, by the strong triangle inequality, we have

q2nv = |a|v ≤ max{|u1u2 − a|v, |u1u2|v} ≤ q2n.

Since |u1|v, |u2|v ≤ qnv and |u1u2 − a|v ≤ qnv < q2nv , it must hold that |u1|v = |u2|v = qn, hence
u1, u2 ∈ $−no×v . Then we can write

u1 = $−n
v εu1 , u2 = $−n

v εu2 , a = $−2n
v εa, (εu1 , εu2 , εa ∈ o×v ).

Since u1u2 − a ∈ $−n
v ov, we have εu1

εu2
− εa ∈ $n

v ov = pnv ⇐⇒ εa ∈ εu1
εu2

(1 + pnv ) ⇐⇒
a ∈ u1u2(1 + pnv ), hence it holds that (4.53) ⇐⇒ u1, u2 ∈ $−n

v o×v and a ∈ u1u2(1 + pnv ).

(ii) By the same way as in (i) it can be easily checked that(
u1 u1u2−a
1 u2

)
∈ ZvK0(pv) ⇐⇒ (4.53) for some n ∈ N.
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Therefore, the (ii) is valid from the proof of (i).

(iii) By the same way as in (i), we also have(
u2 −1

−u1u2+a −u1

)
∈ ZvK0 ⇐⇒ u1, u2 ∈ $−n

v ov, u1u2 − a ∈ $−n+1
v ov, and a ∈ $−2n

v o×v

for some n ∈ Z≥0

⇐⇒ u1, u2 ∈ $−n
v o×v and a ∈ u1u2(1 + pn+1

v ) for some n ∈ Z≥0.

Lemma 4.21. For v ∈ Σfin and s ∈ C with Re(s) > 1, we define the function Fs : F
×
v → C as

Fs(a) =

∫
F 2

v

max {1, |u1|v, |u2|v, |u1u2 − a|v}−s−1
du1du2.

Then, we have the following:

(i) If |a|v ≤ 1,

Fs(a) = q−dv
v

(
1− q−s−1

v

1− q−sv

)2

.

(ii) If |a|v > 1,

Fs(a) = q−dv
v

1− q−s−1
v

(1− q−sv )2

[
(q−1
v + q−sv − 2q−s−1

v )q−smv

+ (1− q−1
v )(1− q−sv )

∑
ℓ

0≤ℓ≤m

max
{
qm−ℓ
v , qℓv

}−s ]

with |a|v = qmv .

Proof.
(i) If |a|v ≤ 1, by means of the strong triangle inequality,

max {1, |u1|v, |u2|v, |u1u2 − a|v} = max {1, |u1|v, |u2|v, |u1u2|v}
= max {1, |u1|v}max {1, |u2|v} .

By recalling the complex-valued function Fs on F×
v given by (4.13) and Lemma 4.4, we obtain

Fs(a) =

∫
F 2

v

max {1, |u1|v, |u2|v, |u1u2|v}−s−1
du1du2

=

∫
Fv

max {1, |u1|v}−s−1
du1

∫
Fv

max {1, |u2|v}−s−1
du2

= Fs(1)2

= q−dv
v

(
1− q−s−1

v

1− q−sv

)2

.

(ii) If |a|v > 1, it is easy to check that

max {1, |u1|v, |u2|v, |u1u2 − a|v} = max {|u1|v, |u2|v, |u1u2 − a|v} .
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Then we have

Fs(a) =

∫
F 2

v

max {|u1|v, |u2|v, |u1u2 − a|v}−s−1
du1du2

=

(∫
|u1u2|v>|a|v

+

∫
|u1u2|v<|a|v

+

∫
|u1u2|v=|a|v

)
max {|u1|v, |u2|v, |u1u2 − a|v}−s−1

du1du2

= S1 + S2 + S3

with obvious notations.
Firstly, we calculate S1. Putting |a|v = qmv (m > 0), we have

S1 =

∫
|u1u2|v>|a|v

max {|u1|v, |u2|v, |u1u2 − a|v}−s−1
du1du2

=

∫
|u1u2|v>|a|v

max {|u1|v, |u2|v, |u1u2|v}−s−1
du1du2

=
∑
n>m

∫
|u1u2|v=qnv

max {|u1|v, |u2|v, |u1u2|v}−s−1
du1du2

=
∑
n>m

∑
ℓ∈Z

∫
|u1|v=qℓv

|u2|v=qn−ℓ
v

max
{
qℓv, q

n−ℓ
v , qnv

}−s−1
du1du2

= q−dv
v (1− q−1

v )2
∑
n>m

qnv
∑
ℓ∈Z

max
{
qℓv, q

n−ℓ
v , qnv

}−s−1

= q−dv
v (1− q−1

v )2
∑
n>m

qnv

∑
ℓ<0

q−(s+1)(n−ℓ)
v +

∑
0≤ℓ≤n

q−(s+1)n
v +

∑
ℓ>n

q−(s+1)ℓ
v


= q−dv

v (1− q−1
v )2

∑
n>m

qnv

(
q
−(s+1)(n+1)
v

1− q−s−1
v

+ (n+ 1)q−(s+1)n
v +

q
−(s+1)(n+1)
v

1− q−s−1
v

)

= q−dv
v (1− q−1

v )2
∑
n>m

(
2q−s−1
v

1− q−s−1
v

q−snv + (n+ 1)q−snv

)
= q−dv

v (1− q−1
v )2

×

{
2q−s−1
v

(1− q−s−1
v )(1− q−sv )

q−s(m+1)
v +

(m+ 2)q
−s(m+1)
v − (m+ 1)q

−s(m+2)
v

(1− q−sv )2

}

= q−dv
v (1− q−1

v )2
{
mq−sv
1− q−sv

+
2q−sv − q−2s

v − q−3s−1
v

(1− q−s−1
v )(1− q−sv )2

}
q−smv .

In the above computation, we use the following summation formula:∑
n>m

(n+ 1)xn =
(m+ 2)xm+1 − (m+ 1)xm+2

(1− x)2
(|x| < 1).
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Secondly, we calculate S2 in a similar way.

S2 =

∫
|u1u2|v<|a|v

max {|u1|v, |u2|v, |u1u2 − a|v}−s−1
du1du2

=

∫
|u1u2|v<|a|v

max {|u1|v, |u2|v, |a|v}−s−1
du1du2

=
∑
n<m

∫
|u1u2|v=qnv

max {|u1|v, |u2|v, |a|v}−s−1
du1du2

=
∑
n<m

∑
ℓ∈Z

∫
|u1|v=qℓv

|u2|v=qn−ℓ
v

max
{
qℓv, q

n−ℓ
v , qmv

}−s−1
du1du2

= q−dv
v (1− q−1

v )2
∑
n<m

qnv
∑
ℓ∈Z

max
{
qℓv, q

n−ℓ
v , qmv

}−s−1

= q−dv
v (1− q−1

v )2
∑
n<m

qnv

 ∑
ℓ<n−m

q−(s+1)(n−ℓ)
v +

∑
n−m≤ℓ≤m

q−(s+1)m
v +

∑
ℓ>m

q−(s+1)ℓ
v


= q−dv

v (1− q−1
v )2

∑
n<m

qnv

(
q
−(s+1)(m+1)
v

1− q−s−1
v

+ (2m− n+ 1)q−(s+1)m
v +

q
−(s+1)(m+1)
v

1− q−s−1
v

)

= q−dv
v (1− q−1

v )2

{
2q

−(s+1)(m+1)
v

1− q−s−1
v

qm−1
v

1− q−1
v

+

(
mqm−1

v

1− q−1
v

+
qm−1
v (2− q−1

v )

(1− q−1
v )2

)
q−(s+1)m
v

}

= q−dv
v

{
q−1
v (2− q−1

v ) +mq−1
v (1− q−1

v ) +
2q−s−2
v (1− q−1

v )

1− q−s−1
v

}
q−smv .

Finally, we calculate S3 separating it further.

S3 =

∫
|u1u2|v=|a|v

max {|u1|v, |u2|v, |u1u2 − a|v}−s−1
du1du2

=

∫
|u1u2|v=qmv

|u1|v<1

+

∫
|u1u2|v=qmv
|u1|v>qmv

+

∫
|u1u2|v=qmv
1≤|u1|v≤qmv


max {|u1|v, |u2|v, |u1u2 − a|v}−s−1

du1du2

= S3,1 + S3,2 + S3,3

with obvious notations. Then S3,1 and S3,2 are calculated easily as follows.

S3,1 =

∫
|u1u2|v=qmv

|u1|v<1

|u2|−s−1
v du1du2

=
∑
ℓ<0

q−(s+1)(m−ℓ)
v

∫
|u1|v=qℓv

|u2|v=qm−ℓ
v

du1du2

= q−dv
v (1− q−1

v )2
∑
ℓ<0

q(s+1)ℓ
v q−smv

= q−dv
v (1− q−1

v )2
q−s−1
v

1− q−s−1
v

q−smv .
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S3,2 =

∫
|u1u2|v=qmv
|u1|v>qmv

|u1|−s−1
v du1du2

=

∫
|u1u2|v=qmv

|u2|v<1

|u1|−s−1
v du1du2

= S3,1

= q−dv
v (1− q−1

v )2
q−s−1
v

1− q−s−1
v

q−smv .

The integral S3,3 can be calculated as follows.

S3,3 =

∫
|u1u2|v=qmv
1≤|u1|v≤qmv

max {|u1|v, |u2|v, |u1u2 − a|v}−s−1
du1du2

=

∫
|u1u2|v=qmv
1≤|u1|v≤qmv

max
{
|u1|v, |u2|v, |u1u2 −$−m

v |v
}−s−1

du1du2 (u1 → a$m
v u1)

=
∑
ℓ

0≤ℓ≤m

∫
|u1|v=qℓv

|u2|v=qm−ℓ
v

max
{
qℓv, q

m−ℓ
v , |u1u2 −$−m

v |v
}−s−1

du1du2

=
∑
ℓ

0≤ℓ≤m

qmv

∫
|u1|v=|u2|v=1

max
{
qℓv, q

m−ℓ
v , qmv |u1u2 − 1|v

}−s−1
du1du2

(u1 → $−ℓ
v u1, u2 → $ℓ−m

v u2)

=
∑
ℓ

0≤ℓ≤m

q−smv

∫
|u1|v=|u2|v=1

max
{
qℓ−mv , q−ℓv , |1− u1|v

}−s−1
du1du2 (u1 → u−1

2 u1)

= q
− dv

2
v (1− q−1

v )
∑
ℓ

0≤ℓ≤m

q−smv

∫
u∈o×

v

max
{
qℓ−mv , q−ℓv , |1− u|v

}−s−1
du

= q
− dv

2
v (1− q−1

v )
∑
ℓ

0≤ℓ≤m

q−smv Sm,ℓ3,3 (4.54)

where Sm,ℓ3,3 for 0 ≤ ` ≤ m is given by

Sm,ℓ3,3 =

∫
u∈o×

v

max
{
qℓ−mv , q−ℓv , |1− u|v

}−s−1
du

=

(∫
ov

−
∫
pv

)
max

{
qℓ−mv , q−ℓv , |1− u|v

}−s−1
du

=

∫
ov

max
{
qℓ−mv , q−ℓv , |1− u|v

}−s−1
du−

∫
pv

max
{
qℓ−mv , q−ℓv , |1− u|v

}−s−1
du

Since |1 − u|v = 1 if u ∈ p, the second integral becomes the volume of pv and hence equals

q
− dv

2
v q−1

v . By the change of variable u→ 1−u and putting m0 = min{m− `, `}, the first integral

52



equals ∫
ov

max
{
qℓ−mv , q−ℓv , |u|v

}−s−1
du

=

∫
ov

max
{
q−m0
v , |u|v

}−s−1
du

=

∞∑
n=0

∫
pn
v−pn+1

v

max
{
q−m0
v , q−nv

}−s−1
du

=q
− dv

2
v (1− q−1

v )

∞∑
n=0

q−nv max
{
q−m0
v , q−nv

}−s−1

=q
− dv

2
v (1− q−1

v )

{
m0∑
n=0

q−nv · qn(s+1)
v +

∞∑
n=m0+1

q−nv · qm0(s+1)
v

}

=q
− dv

2
v (1− q−1

v )

{
1− qsv · qm0s

v

1− qsv
+

q−1
v

1− q−1
v

qm0s
v

}
=q

− dv
2

v

{
q−s−1
v − q−sv
1− q−sv

+

(
1− q−s−1

v

1− q−sv

)
qm0s
v

}
=q

− dv
2

v

[
q−s−1
v − q−sv
1− q−sv

+

(
1− q−s−1

v

1− q−sv

)
max{qℓ−mv , q−ℓv }−s

]
.

Hence we get

Sm,ℓ3,3 = q
− dv

2
v

[
2q−s−1
v − q−sv − q−1

v

1− q−sv
+

(
1− q−s−1

v

1− q−sv

)
max

{
qℓ−mv , q−ℓv

}−s]
. (4.55)

Substituting (4.55) into (4.54), we have

S3,3 = q−dv
v (1− q−1

v )

[
2q−s−1
v − q−sv − q−1

v

1− q−sv
(m+ 1)q−smv

+

(
1− q−s−1

v

1− q−sv

) ∑
ℓ

0≤ℓ≤m

max
{
qm−ℓ
v , qℓv

}−s ]
.

The above results and a computation show that

Fs(a) = S1 + S2 + S3

= S1 + S2 + S3,1 + S3,2 + S3,3

= q−dv
v

1− q−s−1
v

(1− q−sv )2

[
(q−1
v + q−sv − 2q−s−1

v )q−smv

+ (1− q−1
v )(1− q−sv )

∑
ℓ

0≤ℓ≤m

max
{
qm−ℓ
v , qℓv

}−s ]
.

From the above two lemmas, explicit formulas for Î0res,χ,v(z) are given as follows.
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Lemma 4.22. For v ∈ ΣF and z ∈ C, we have the following equations.

(i) If v ∈ Σfin − (S ∪ S(n)) and Re(z) > −1, we have

Î0res,χ,v(z) = q
− 3

2dv
v

ζv(
z+1
2 )

ζv(
z+3
2 )

.

(ii) If v ∈ S(n) and Re(z) > −1, we have

Î0res,χ,v(z) = δ(χv is unramified)q
− 3

2dv
v

(1− q−1
v )(1 + q

− z+1
2

v )

(qv + 1)
ζv
(
z+1
2

)
.

(iii) If v ∈ S and −1 < Re(z) < 2Re(sv)− 1, we have

Î0res,χ,v(z) = Sres,v,χv
(sv, z)

where Sres,v,χv
(sv, z) is defined as in (1.9).

(iv) If v ∈ Σ∞ and −1− 2Re(si,v) < Re(z) < 2Re(si,v)− 1 (1 ≤ i ≤ N), we have

Î0res,χ,v(z) =
ΓR(

z+1
2 )

ΓR(
z+3
2 )

N∏
i=1

{
s2i,v
4 − (z+1)2

16

}−1

.

Proof. Recall that Φ is given as in (2.15).

(i) When v ∈ Σfin − (S ∪ S(n)), the integrand is equal to

1ZvKv

(
k−1

(
u1 u1u2−a
1 u2

)
k
)
χv(a)|a|

− z+3
4

v = 1ZvKv

((
u1 u1u2−a
1 u2

))
χv(a)|a|

− z+3
4

v .

Note that χv is unramified and χ2
v = 1. By Lemma 4.20 (i), we have

Î0res,χ,v(z) =

∫
o2
v

∫
o×
v

χv(a)|a|
− z+3

4
v du1du2d

×a

+

∞∑
n=1

∫
(ϖ−n

v o×
v )

2

∫
a∈u1u2(1+pn

v )

χv(a)|a|
− z+3

4
v du1du2d

×a

=

∫
o2
v

∫
o×
v

du1du2d
×a+

∞∑
n=1

χv($
−2n
v )q

−n( z+3
2 )

v

∫
(ϖ−n

v o×
v )

2

∫
a∈u1u2(1+pn

v )

du1du2d
×a

= q
− 3

2dv
v + q

− 3
2dv

v

∞∑
n=1

q
−n( z+3

2 )
v · q2nv (1− q−1

v )2 · q−n+1
v (qv − 1)−1

= q
− 3

2dv
v + q

− 3
2dv

v (1− q−1
v )

∞∑
n=1

q
−n( z+1

2 )
v

= q
− 3

2dv
v + q

− 3
2dv

v (1− q−1
v ) · q

− z+1
2

v

1− q
− z+1

2
v

= q
− 3

2dv
v

ζv(
z+1
2 )

ζv(
z+3
2 )

.
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(ii) When v ∈ S(n), we use the following decomposition

Kv = K0(pv)
⊔ ⊔

ξ∈ov/pv

(
ξ −1
1 0

)
K0(pv)

 .

Then, for any g ∈ Gv,∫
Kv

1ZvK0(pv)(k
−1gk)dk

= (qv + 1)−1

1ZvK0(pv)(g) +
∑

ξ∈ov/pv

1ZvK0(pv)

((
0 1
−1 ξ

)
g
(
ξ −1
1 0

)) .

Substituting g =
(
u1 u1u2−a
1 u2

)
and the equation

(
0 1
−1 ξ

) (
u1 u1u2−a
1 u2

) (
ξ −1
1 0

)
=
(

ξ+u2 −1
(ξ−u1)(ξ+u2)+a ξ−u1

)
,

we have

Î0res,χ,v(z) = (qv + 1)−1

∫
F×

v

∫
F 2

v

1ZvK0(pv)

((
u1 u1u2−a
1 u2

))
χv(a)|a|

− z+3
4

v du1du2d
×a

+ (qv + 1)−1
∑

ξ∈ov/pv

∫
F×

v

∫
F 2

v

1ZvK0(pv)

((
ξ+u2 −1

(ξ−u1)(ξ+u2)+a ξ−u1

))
× χv(a)|a|

− z+3
4

v du1du2d
×a.

By the change of variables u1 → u1 + ξ, u2 → u2 − ξ, we have

Î0res,χ,v(z) = (qv + 1)−1

∫
F×

v

∫
F 2

v

1ZvK0(pv)

((
u1 u1u2−a
1 u2

))
χv(a)|a|

− z+3
4

v du1du2d
×a

+ qv(qv + 1)−1

∫
F×

v

∫
F 2

v

1ZvK0(pv)

((
u2 −1

−u1u2+a −u1

))
χv(a)|a|

− z+3
4

v du1du2d
×a.

Note that χv is trivial on 1 + pv and χ2
v = 1. By Lemma 4.20 (ii), the first term is equal to

(qv + 1)−1
∞∑
n=1

∫
(ϖ−n

v o×
v )

2
χv(u1u2)|u1u2|

− z+3
4

v

(∫
u1u2(1+pn

v )

d×a

)
du1du2

=q
− dv

2
v (qv + 1)−1

∞∑
n=1

(qv − 1)−1q−n+1
v

(∫
ϖ−n

v o×
v

χv(u)|u|
− z+3

4
v du

)2

=q
− dv

2
v qv(q

2
v − 1)−1

∞∑
n=1

q
−n( z+1

2 )
v

(
χv($

−n
v )

∫
o×
v

χv(u)du

)2

(u→ $−n
v u)

=q
− dv

2
v qv(q

2
v − 1)−1

(∫
o×
v

χv(u)du

)2
q
− z+1

2
v

1− q
− z+1

2
v

=δ(χv is unramified) · q−
3
2dv

v
qv − 1

qv(qv + 1)
· q

− z+1
2

v

1− q
− z+1

2
v

.
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By Lemma 4.20 (iii), the second term is equal to

qv(qv + 1)−1
∞∑
n=0

∫
(ϖ−n

v o×
v )

2
χv(u1u2)|u1u2|

− z+3
4

v

(∫
u1u2(1+pn+1

v )

d×a

)
du1du2

=q
− dv

2
v qv(qv + 1)−1

∞∑
n=0

(qv − 1)−1q−nv

(∫
ϖ−n

v o×
v

χv(u)|u|
− z+3

4
v du

)2

=q
− dv

2
v qv(q

2
v − 1)−1

∞∑
n=0

q
−n( z+1

2 )
v

(
χv($

−n
v )

∫
o×
v

χv(u)du

)2

(u→ $−n
v u)

=q
− dv

2
v qv(q

2
v − 1)−1

(∫
o×
v

χv(u)du

)2
1

1− q
− z+1

2
v

=δ(χv is unramified) · q−
3
2dv

v
qv − 1

qv(qv + 1)
· 1

1− q
− z+1

2
v

.

Hence we have

Î0res,χ,v(z) = δ(χv is unramified) · q−
3
2dv

v
(1− q−1

v )(1 + q
− z+1

2
v )

(qv + 1)
ζv(

z+1
2 )

(iii) When v ∈ S, we have

Φv,sv
(
k−1

(
u1 u1u2−a
1 u2

)
k
)
= Φv,sv

((
u1 u1u2−a
1 u2

))
=
(
q
− sv+1

2
v − q

sv+1
2

v

)−1 {
|a|−1

v max {1, |u1|v, |u2|v, |u1u2 − a|v}2
}− sv+1

2

=
(
q
− sv+1

2
v − q

sv+1
2

v

)−1

|a|
sv+1

2
v max {1, |u1|v, |u2|v, |u1u2 − a|v}−(sv+1)

.

From (2.13). Let Fs as in Lemma 4.21, then we obtain(
q
− sv+1

2
v − q

sv+1
2

v

)
Î0res,χ,v(z) =

∫
F×

v

χv(a)|a|
sv
2 − z+1

4
v Fsv (a)d

×a. (4.56)

By the formula

∑
ℓ

0≤ℓ≤m

max{qm−ℓ
v , qℓv}−s =


2q

−s(m+1
2

)
v −2q−s(m+1)

v

1−q−s
v

(m is odd)

q
− sm

2
v +

2q
−s(m

2
+1)

v −2q−s(m+1)
v

1−q−s
v

(m is even)

, m > 0

and Lemma 4.21, we can check that (4.56) is equal to the sum of four integrals as follows.(
q
− sv+1

2
v − q

sv+1
2

v

)
Î0res,χ,v(z) = I1 + I2 + I3 + I4

where

I1 = q−dv
v

(
1−q−sv−1

v

1−q−sv
v

)2 ∫
|a|v≤1

χv(a)|a|
sv
2 − z+1

4
v d×a

= q
− 3

2dv
v

(
1−q−sv−1

v

1−q−sv
v

)2
Lv(

sv
2 − z+1

4 , χv) (∵ χv is unramified),
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I2 = q−dv
v

(1−q−sv−1
v )(q−1

v +q−sv
v −2q−sv−1

v )

(1−q−sv
v )2

∫
|a|v=qmv
m>0

χv(a)q
m( sv

2 − z+1
4 )

v · q−svmv d×a

= q
− 3

2dv
v

(1−q−sv−1
v )(q−1

v +q−sv
v −2q−sv−1

v )

(1−q−sv
v )2

χv($v)q
− sv

2 − z+1
4

v Lv(
sv
2 + z+1

4 , χv) (∵ χ2
v = 1),

I3 = q−dv
v

(1−q−sv−1
v )(1−q−1

v )

(1−q−sv
v )2

∫
|a|=qmv
m>0:odd

χv(a)q
m( sv

2 − z+1
4 )

v

(
2q

−sv(m+1
2 )

v − 2q−sv(m+1)
v

)
d×a

= q
− 3

2dv
v

(1−q−sv−1
v )(1−q−1

v )

(1−q−sv
v )2

∞∑
ℓ=1

χv($
2ℓ−1
v )q

(2ℓ−1)( sv
2 − z+1

4 )
v

(
2q−svℓv − 2q−2svℓ

v

)
= 2q

− 3
2dv

v
(1−q−sv−1

v )(1−q−1
v )

(1−q−sv
v )2

χv($v)q
− sv

2 + z+1
4

v

∞∑
ℓ=1

(
q
−ℓ( z+1

2 )
v − q

−ℓ(sv+ z+1
2 )

v

)
= 2q

− 3
2dv

v
(1−q−sv−1

v )(1−q−1
v )

(1−q−sv
v )2

χv($v)
{
q
− sv

2 − z+1
4

v ζv(
z+1
2 )− q

− 3
2 sv−

z+1
4

v ζv(sv +
z+1
2 )
}
,

and

I4 = q−dv
v

(1−q−sv−1
v )(1−q−1

v )

1−q−sv
v

×
∫

|a|=qmv
m>0:even

χv(a)q
m( sv

2 − z+1
4 )

v

(
q
− svm

2
v +

2q
−sv(m

2
+1)

v −2q−sv(m+1)
v

1−q−s
v

)
d×a

= q−dv
v

(1−q−sv−1
v )(1−q−1

v )

1−q−sv
v

×
∞∑
ℓ=1

χv($
2ℓ
v )q

2ℓ( sv
2 − z+1

4 )
v

{
q−svℓv +

2(q−sv(ℓ+1)
v −q−sv(2ℓ+1)

v )

1−q−sv
v

}
= q−dv

v
(1−q−sv−1

v )(1−q−1
v )

1−q−sv
v

∞∑
ℓ=1

{(
1+q−sv

v

1−q−sv
v

)
q
−ℓ( z+1

2 )
v −

(
2q−sv

v

1−q−sv
v

)
q
−ℓ(sv+ z+1

2 )
v

}
= q−dv

v
(1−q−sv−1

v )(1−q−1
v )

(1−q−sv
v )2

{
(1 + q−svv )q

− z+1
2

v ζv(
z+1
2 )− 2q

−2sv− z+1
2

v ζv(sv +
z+1
2 )
}
.

Hence (iii) holds by a simple calculation.

(iv) When v ∈ Σ∞, recall that Φsv is bi-ZvSO(2)-invariant and satisfies

Φsv (
(
1 0
0 −1

)
g
(
1 0
0 −1

)
) = Φsv (g), g ∈ Gv(= GR)

by (2.10). Due to the equation(
u1 u1u2 − a
1 u2

)
=

(
a√
1+u2

2

u1
√
1 + u22 − au2√

1+u2
2

0
√

1 + u22

) u2√
1+u2

2

−1√
1+u2

2
1√
1+u2

2

u2√
1+u2

2

 ,

and (2.10), we get

Φsv

(
k−1

(
u1 u1u2 − a
1 u2

)
k

)
= Φsv

((
a√
1+u2

2

u1
√

1 + u22 − au2√
1+u2

2

0
√
1 + u22

))
,

for any u1, u2 ∈ R, a ∈ R×, k ∈ O(2). Hence by using the change of variables u1 → u1 +
au2

1+u2
2

and a→ (1 + u22)a, we have
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Î0res,χ,v(z) =

∫
R×

∫
O(2)

∫
R2

Φsv (k
−1
(
u1 u1u2−a
1 u2

)
k)χv(a)|a|−

z+3
4 du1du2dkd

×a

=

∫
R
(1 + u22)

− z+3
4 du2

∫ ∞

0

∫
R
Φsv ((

a u1
0 1 ))a−

z+3
4 du1d

×a

since χ2
v = 1. From (4.24), we have∫

R
(1 + u22)

− z+3
4 du2 =

π
1
2Γ( z+1

4 )

Γ( z+3
4 )

=
ΓR(

z+1
2 )

ΓR(
z+3
2 )

.

Recall the integral I(s, w) defined as in (4.23). Then, by the same way as the proof of Lemma
4.5 for v ∈ Σ∞, we have∫ ∞

0

∫
R
Φsv ((

a u1
0 1 ))a−

z+3
4 du1d

×a =

N∑
i=1

µ(i)
v (s∞)I(si,v,− z+1

2 )

=

N∑
i=1

µ(i)
v (s∞)

{
1−( z+1

2 )2

4 − 1−s2i,v
4

}−1

=

N∏
i=1

{
1−( z+1

2 )2

4 − 1−s2i,v
4

}−1

=

N∏
i=1

{
s2i,v
4 − (z+1)2

16

}−1

.

Here, the last line follows from Lemma 2.4.
Thus, we obtain

Î0res,χ,v(z) =
ΓR(

z+1
2 )

ΓR(
z+3
2 )

N∏
i=1

{
s2i,v
4 − (z+1)2

16

}−1

.

Suppose −1 < Re(z) < 1, then from Lemma 4.22, we see that the integral (4.52) converges
absolutely and has the formula

Î0res,χ(z) =δ(χ ∈ Ξ(o))D
− 3

2

F

ζF (
z+1
2 )

ζF (
z+3
2 )

∏
v∈S(n)

(1− q−1
v )(1 + q

− z+1
2

v )

qv + 1
ζv(

z+3
2 )

×
∏
v∈S

ζv(
z+3
2 )

ζv(
z+1
2 )

Sres,v,χv (sv, z)
∏
v∈Σ∞

[
N∏
i=1

{
s2i,v
4 − (z+1)2

16

}−1
]
. (4.57)

Hence the function Î0res,χ(z) is holomorphic on the region −1 < Re(z) < 1 and is vertically of
moderate growth. From (4.51), we obtain

I′′1(β) =
1

2

∫
Lσ

β(z)ΛF (z + 1)

( ∑
χ∈Ξ(o)

χ2=1

Î0res,χ(z)

)
dz (4.58)

for −1 < σ < 1.
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4.4.2 Computations of I2(β)

We recall the Whittaker functions of Eisenstein series discussed in ([10]). Let χ ∈ Ξ and
f ∈ H(χ). For z ∈ C with Re(z) > 1, the Bruhat decomposition gives

Ef(g, z) = Szf(g) +
∑
ν∈NF

Szf(w0νg)

and hence ∫
NF \NA

Ef(ng, z)ψ(−n)dn =

∫
NA

Szf(w0ng)dn.

We denote this meromorphic function by Wf(g, z). For Ψ ∈ S(A2) and χ ∈ Ξ, we apply the
same construction to E(g,Ψ, χ, z). We define

W (g,Ψ, χ, z) =

∫
NF \NA

E(ng,Ψ, χ, z)ψ(−n)dn, g ∈ GA, z ∈ C.

It can also be written as

W (g,Ψ, χ, z) =

∫
NA

f(w0ng,Ψ, χ, z)ψ(−n)dn (4.59)

= χ(det g)|det g|
z+1
2

A

∫
NA

∫
A×

Ψ[(0, t)w0ng]χ
2(t)|t|z+1

A ψ(−n)d×tdn

= χ(det g)|det g|
z+1
2

A

∫
A×

∫
A
Ψ[(t, tx)g]ψ(−x)dx · χ2(t)|t|z+1

A d×t

= χ(det g)|det g|
z+1
2

A

∫
A×

¨̂
gΨ[(t, t−1)] · χ2(t)|t|zAd×t (4.60)

where gΨ denotes the function gΨ[(x, y)] = Ψ[(x, y)g].

Lemma 4.23. ([10, Lemma 1]) Let Ψ ∈ S(A2) and χ ∈ Ξ. Then, for any ε > 0, there exists
Θ ∈ S (A) such that the estimate

|W (( a 0
0 1 ) k,Ψ, χ, z)| ≤ Θ(a)|a|

1
2−

1
2 |Re(z)|−ε

A , a ∈ A×, k ∈ K (4.61)

holds.

Proof. See ([10, pp. 8–9]).

Now we recall the integral I2(β) defined by (4.41). Then we can rewrite I2(β) as

I2(β) =
∫
ZANA\GA

∫
(NF \NA)2

ΦEis(n1g, n2g)ψ(n
−1
1 n2)dn1dn2

×
(∫

Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg.
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The integral with respect to n1, n2 ∈ NF \NA can be rewritten formally as∫
(NF \NA)2

ΦEis(n1g, n2g)ψ(n
−1
1 n2)dn1dn2

=
vol(A1/F×)−1

8π

∫
(NF \NA)2

∑
χ∈Ξ(o)

∑
ι∈A(χ)n

∫
R
D′
χ(n|sS , s∞,

√
−1u)

× Efχι (n1g,
√
−1u)Efχι (n2g,

√
−1u)du ψ(n−1

1 n2)dn1dn2

=
vol(A1/F×)−1

8π

∑
χ∈Ξ(o)

∑
ι∈A(χ)n

∫
R
D′
χ(n|sS , s∞,

√
−1u)Wfχι (g,

√
−1u)Wfχι (g,

√
−1u)du

where D′
χ(n|sS , s∞, z) is defined by (4.26) The above calculation is guaranteed by the locally

uniform convergence of ΦEis, which in turn follows from Lemma 4.9 and the compactness of
NF \NA.

Hence we also get formally

I2(β) =
vol(A1/F×)−1

8π

×
∫
ZANA\GA

∑
χ∈Ξ(o)

∑
ι∈A(χ)n

∫
R
D′
χ(n|sS , s∞,

√
−1u)Wfχι (g,

√
−1u)Wfχι (g,

√
−1u)du

×
(∫

Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg

=
vol(A1/F×)−1

8π

∑
χ∈Ξ(o)

∑
ι∈A(χ)n

∫
R
D′
χ(n|sS , s∞,

√
−1u)Jχι (β;

√
−1u)du (4.62)

where

Jχι (β;u) =
∫
ZANA\GA

Wfχι (g, u)Wfχι (g,−u)

×
(∫

Lσ

β(z)ΛF (z + 1)y(g)
z+1
2 dz

)
dg (4.63)

for u ∈ C and β ∈ B1. The justification of the above calculation is given later by computing the
integral Jχι (β;u).

Let Ψι ∈ S(A2) (ι ∈ A(χ)n) be as in Lemma 3.2. Then, by Lemma 3.2, we get

Wfχι (g, u) = C1(χ, n, u)W (g,Ψι, χ, u) (4.64)

where

C1(χ, n, u) = D
1
2

FLF (u+ 1, χ)−1

 ∏
v∈S(n)

Lv(u+ 1, χ2)

 .

Due to Lemmas 4.14 and 4.23, the integral (4.63) converges absolutely for all non-vanishing and
non-singular points u ∈ C of C1(χ, n, u).

Let Ψ0 ∈ S(A2) defined as in (3.16), substituting the equation

y(g)
z+1
2 = ζF (z + 1)−1|det g|

z+1
2

A

∫
A×

Ψ0[(0, t)g]|t|z+1
A d×t, Re(z) > 0
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into (4.63), we can write

Jχι (β;u) =
∫
NA\GA

Ψ0[(0, 1)g]Wfχι (g, u)W
χ
ι (g,−u)

×
(∫

Lσ

β(z)D
z+1
2

F |det g|
z+1
2

A dz

)
dg. (4.65)

The following proposition is a special case of ([10, Proposition 1]), but in our case, the
function Ψι ∈ S(A2) (ι ∈ A(χ)n) is defined explicitly, hence a more precise formula of (4.65) can
be described.

Proposition 4.24. Let χ ∈ Ξ(o), ι ∈ A(χ)n, and z ∈ C. If Re(z) > 1, as a function of u ∈ C,

Jχι (u, z) =

∫
NA\GA

Ψ0[(0, 1)g]Wfχι (g, u)Wfχι (g,−u)|det g|
z+1
2

A dg (4.66)

is meromorphic on the region |Re(u)| < Re(z)−1
2 and is holomorphic on the imaginary axis.

Moreover, an explicit form is given by

Jχι (u, z) =D
z−5
2

F [Kfin : K0(n)]
− 1

2 C1(χ, n, u)C1(χ
−1, n,−u)

× ζF (
z+1
2 )2LF (u+ z+1

2 , χ2)LF (−u+ z+1
2 , χ−2)

×
∏

v∈S(n)
ιv=0

{
−q−1

v + q−2
v + q

z−1
2

v + q
− z+1

2
v − q−u−1

v χv($v)
2 − qu−1

v χv($v)
−2
}

×
∏

v∈S(n)
ιv=1

{
q

1
2
v − q

− 1
2

v + q
z
2−1
v + q

− z
2−1

v − q
−u− 1

2
v χv($v)

2 − q
u− 1

2
v χv($v)

−2
}
.

In preparation for proving Proposition 4.24, we observe how to proceed with the calculation
of the integral (4.66). Applying the equation (4.59) to W (g,Ψ, χ,−u), we obtain

Jχι (u, z) = C1(χ
−1, n,−u)

∫
GA

Ψ0[(0, 1)g]Wfχι (g, u)f(w0g,Ψι, χ,−u)|det g|
z+1
2

A dg.

= C1(χ
−1, n,−u)

∫
GA

Ψ0[(0, 1)g]Wfχι (g, u)χ
−1(det g)|det g|

−u+z
2 +1

A

×
∫
A×

Ψι[(t, 0)g]χ
−2(t)|t|1−uA d×tdg.

Here, we use the property Wf(ng, s) = ψ(n)Wf(g, s), (n ∈ NA) in the first line. By the change
of variables t→ t−1 and g → ( t 0

0 1 ) g, we can rewrite as

Jχι (u, z) = C1(χ
−1, n,−u)

∫
GA

Ψ0[(0, 1)g]Ψι[(1, 0)g]χ
−1(det g)|det g|

−u+z
2 +1

A

×
∫
A×

Wfχι ((
t 0
0 1 ) g, u)χ(t)|t|

u+z
2

A d×tdg

= C1(χ
−1, n,−u)

∫
GA

Υι(g)χ
−1(det g)|det g|

−u+z
2 +1

A V fχι (g;u, z)dg (4.67)

where we set
Υι(g) = Ψ0[(0, 1)g]Ψι[(1, 0)g], g ∈ GA
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and

V f(g;u, z) =

∫
A×

Wf(( a 0
0 1 ) g, u)χ(a)|a|

u+z
2

A d×a, g ∈ GA, f ∈ H(χ), u, z ∈ C

as in ([10, Lemma 2]). We need to prove the following two lemmas.

Lemma 4.25. The integral V fχι (g;u, z) converges absolutely for Re(z) > 1, Re(u) > 1
2 −

1
2Re(z)

and has a meromorphic continuation in u, z. In particular, the value at g = w0 is given by

V fχι (w0;u, z) =D
z
2−1

F [Kfin : K0(n)]
1
2 C1(χ, n, u)LF (u+ z+1

2 , χ2)ζF (
z+1
2 )

×
∏

v∈S(n)
ιv=0

q
z−1
2

v Lv(u+ z+1
2 , χ2

v)
−1

∏
v∈S(n)
ιv=1

q
− 1

2
v (1− q

z−1
2

v ). (4.68)

Proof. The proof of the first claim is referred to [10, Lemma 2]. To understand details, we
describe again. From (4.60), we get

V fχι (g;u, z) = χ(det g)|det g|
u+1
2

A C1(χ, n, u)

×
∫
A×

∫
A×

¨̂
gΨι[(at, t

−1)]χ2(a)|a|u+
z+1
2

A χ2(t)|t|uAd×td×a

= χ(det g)|det g|
u+1
2

A C1(χ, n, u)

×
∫
A×

∫
A×

¨̂
gΨι[(a, t)]χ

2(a)|a|u+
z+1
2

A |t|
z+1
2

A d×td×a (4.69)

(substituting a→ at−1, t→ t−1)

Since
¨̂
gΨ ∈ S(A2), the integral (4.69) converges if Re(z) > 1 and Re(u) > 1

2 − 1
2Re(z) and is a

product of an entire function and LF (u+ z+1
2 , χ2)ζF (

z+1
2 ).

The second claim can be proved by a direct calculation. From (4.69), we have

V fχι (w0;u, z) = C1(χ, n, u)

∫
A×

∫
A×

¨̂
w0Ψι[(a, t)]χ

2(a)|a|u+
z+1
2

A |t|
z+1
2

A d×td×a

= C1(χ, n, u)

∫
A×

∫
A×

˙̂
Ψι[(t,−a)]χ2(a)|a|u+

z+1
2

A |t|
z+1
2

A d×td×a

because
¨̂

w0Ψ[(x, y)] =
˙̂
Ψ[(y,−x)] (Ψ ∈ S (A2)). We recall that an explicit form of

˙̂
Ψι =∏

v∈ΣF

˙̂
Ψι,v is given in Lemma 3.3 as

˙̂
Ψι,v[(xv, yv)] =


q
− dv

2
v 1p−dv

v ×ov
[(xv, yv)] (v ∈ Σfin − S(n))

q
− dv

2
v (qv + 1)

1
2 q−1
v 1p−dv−1

v ×o×
v
[(xv, yv)] (v ∈ S(n), ιv = 0)

q
− dv

2
v (1 + q−1

v )
1
2

(
1p−dv

v ×ov
− q−1

v 1p−dv−1
v ×ov

)
[(xv, yv)] (v ∈ S(n), ιv = 1)

e−π(x
2
v+y

2
v) (v ∈ Σ∞)

.

Hence, V fχι (w0;u, z) becomes the product of local integrals. We get (4.72) by a short calculation.

Lemma 4.26. For g ∈ GA, we have

V fχι (g;u, z) =
∑

f∈B(χ)

(∫
K

y(kg)
u
2 fχι (kg)f(kw0)dk

)
V f(w0;u, z).
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Proof. By noting (3.1), we have

Suf
χ
ι (g) = Suf

χ
ι (w0w

−1
0 g)

= (R(w−1
0 g)Suf

χ
ι )(w0)

= Su(πu(w
−1
0 g)fχι )(w0)

=
∑

f∈B(χ)

〈πu(w−1
0 g)fχι |f〉Suf(w0)

and

〈πu(w−1
0 g)fχι |f〉 =

∫
K

y(kw−1
0 g)

u
2 y(k)−

u
2 fχι (kw

−1
0 g)f(k)dk =

∫
K

y(kg)
u
2 fχι (kg)f(kw0)dk.

Hence the claim follows.

Lemma 4.27. It holds that

Jχι (u, z) = C1(χ
−1, n,−u)

∑
κ∈A(χ)n

V fχκ (w0;u, z)Dι,κ(u, z)

where

Dι,κ(u, z) = D
− 3

2

F [Kfin : K0(n)]
−1
ζF (

z+1
2 )LF (−u+ z+1

2 , χ−2)

×
∏

v∈S(n)
ιv=0,κv=0

Lv(−u+ z+1
2 , χ−2

v )−1
∏

v∈S(n)
ιv=0,κv=1

(1− q−1
v )q

− z
2

v

×
∏

v∈S(n)
ιv=1,κv=0

q
1
2
v Lv(−u+ z+1

2 , χ−2
v )−1

∏
v∈S(n)

ιv=1,κv=1

(qv − 1).

Proof. Applying Lemma 4.26 to (4.67), we obtain

Jχι (u, z) = C1(χ
−1, n,−u)

∑
f∈B(χ)

V f(w0;u, z)

×
∫
GA

Υι(g)χ
−1(det g)|det g|

−u+z
2 +1

A

(∫
K

y(kg)
u
2 fχι (kg)f(kw0)dk

)
dg. (4.70)

By the change of variables g → k−1g and k → kw−1
0 , the integral (4.70) becomes∫

K

(∫
GA

Υι(w0k
−1g)χ−1(det g)|det g|

−u+z
2 +1

A y(g)
u
2 fχι (g)dg

)
χ(det k)f(k)dk. (4.71)

It is easy to check that the integral inside the bracket on (4.71) belongs to the space H(χ)n|K
defined in the proof of Lemma 4.3 as the function of k ∈ K. Therefore, the integral (4.71) is equal
to the inner product of some function in H(χ)n and f , hence is equal to 0 unless f = fχκ ∈ B(χ)n.
To prove the claim, it only remains to verify that the integral (4.71) coincides with Dι,κ(u, z).
We denote the integral (4.71) by D′

ι,κ(u, z). By means of the Iwasawa decomposition of GA, we
have

D′
ι,κ(u, z) =

∫
A×

∫
A×

∫
A

∫
K

∫
K

Υι
(
w0k

−1 ( a n0 b ) k
′)χ(det kk′−1)

× fχι (k
′)fχκ (k)χ

−2(b)|a|
z+1
2

A |b|−u+
z+1
2 dkdk′dnd×ad×b.
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If Re(z) > 1 and Re(u) < − 1
2 + 1

2Re(z), this integral converges absolutely and decomposes to
the product of local integrals

D′
ι,κ(u, z) =

∏
v∈ΣF

D′
ι,κ(u, z)v

We calculate D′
ι,κ(u, z)v by noting that the function g 7→ Υι(w0g) = Ψ0[(1, 0)g]Ψι[(0,−1)g] is

bi-K0(n)×O(2)Σ∞ -invariant.

(i) When v ∈ Σfin − S(n), we have

D′
ι,κ(u, z)v =

∫
F×

v

∫
F×

v

∫
Fv

1o2
v
[(a, n)]1o2

v
[(0,−b)]χ−2

v (b)|a|
z+1
2

v |b|−u+
z+1
2

v dnd×ad×b

= q
− dv

2
v

∫
ov−{0}

∫
ov−{0}

χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v dnd×ad×b

= q
− 3

2dv
v ζv(

z+1
2 )Lv(−u+ z+1

2 , χ−2
v ).

(ii) When v ∈ S(n), we calculate in four cases by using the decomposition (4.16).
(ii-i) If ιv = 0, κv = 0,

D′
ι,κ(u, z)v = (qv + 1)−1

∫
F×

v

∫
F×

v

∫
Fv

1o2
v
[(a, n)]1pv×o×

v
[(0,−b)]

× χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v dnd×ad×b

= q
− dv

2
v (qv + 1)−1

∫
o×
v

∫
ov−{0}

χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v d×ad×b

= q
− 3

2dv
v (qv + 1)−1ζv(

z+1
2 ).

(ii-ii) If ιv = 0, κv = 1, substituting the identity
(
ξ −1
1 0

)−1
( a n0 b ) =

(
0 b
−a ξb−n

)
, we have

D′
ι,κ(u, z)v = q

− 1
2

v (qv + 1)−1
∑

ξ∈ov/pv

∫
F×

v

∫
F×

v

∫
Fv

1o2
v
[(0, b)]1pv×o×

v
[(a,−ξb+ n)]

× χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v dnd×ad×b

= q
− dv

2
v q

1
2
v (qv + 1)−1(1− q−1

v )

×
∫
ov−{0}

∫
pv−{0}

χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v d×ad×b

= q
− 3

2dv
v (1− q−1

v )(qv + 1)−1q
− z

2
v ζv(

z+1
2 )Lv(−u+ z+1

2 , χ−2
v ).

(ii-iii) If ιv = 1, κv = 0, substituting the identity ( a n0 b )
(
ξ −1
1 0

)
=
(
ξa+n −a
b 0

)
, we have

D′
ι,κ(u, z)v = q

− 1
2

v (qv + 1)−1
∑

ξ∈ov/pv

∫
F×

v

∫
F×

v

∫
Fv

1o2
v
[(ξa+ n,−a)]1o×

v ×ov
[(−b, 0)]

× χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v dnd×ad×b

= q
− dv

2
v q

1
2
v (qv + 1)−1

∫
o×
v

∫
ov−{0}

χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v d×ad×b

= q
− 3

2dv
v (qv + 1)−1q

1
2
v ζv(

z+1
2 ).
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(ii-iv) If ιv = 1, κv = 1, substituting the identity
(
ξ −1
1 0

)−1
( a n0 b )

(
ξ′ −1
1 0

)
=
(

b 0
−ξ′a+ξb−n a

)
,

we have

D′
ι,κ(u, z)v = q−1

v (qv + 1)−1
∑

ξ,ξ′∈ov/pv

∫
F×

v

∫
F×

v

∫
Fv

1o2
v
[(b, 0)]1o×

v ×ov
[(ξ′a− ξb+ n,−a)]

× χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v dnd×ad×b

= q
− dv

2
v (1− q−1

v )qv(qv + 1)−1

∫
ov−{0}

∫
ov−{0}

χ−2
v (b)|a|

z+1
2

v |b|−u+
z+1
2

v d×ad×b

= q
− 3

2dv
v (qv − 1)(qv + 1)−1ζv(

z+1
2 )Lv(−u+ z+1

2 , χ−2
v ).

(iii) When v ∈ Σ∞, since the integrand is independent of k, k′ ∈ O(2), we have

D′
ι,κ(u, z)v =

∫
R×

∫
R×

∫
R
e−π(a

2+b2+n2)|a|
z+1
2 |b|−u+

z+1
2 +

√
−1a(χ−2

v )
v dnd×ad×b

=

∫
R×

∫
R×

e−π(a
2+b2)|a|

z+1
2 |b|−u+

z+1
2 +

√
−1a(χ−2

v )
v d×ad×b

= ΓR(
z+1
2 )ΓR(−u+ z+1

2 +
√
−1a(χ−2

v )).

This completes the proof.

Now we prove Proposition 4.24.

Proof of Proposition 4.24.
By Lemmas 4.25 and 4.27,

Jχι (u, z) =D
z−5
2

F [Kfin : K0(n)]
− 1

2 C1(χ, n, u)C1(χ
−1, n,−u)

× ζF (
z+1
2 )2LF (u+ z+1

2 , χ2)LF (−u+ z+1
2 , χ−2)

×
∑

κ∈A(χ)n

{ ∏
v∈S(n)

ιv=0,κv=0

q
z−1
2

v Lv(u+ z+1
2 , χ2

v)
−1Lv(−u+ z+1

2 , χ−2
v )−1

×
∏

v∈S(n)
ιv=0,κv=1

(1− q
z−1
2

v )(1− q−1
v )q

− z+1
2

v

×
∏

v∈S(n)
ιv=1,κv=0

q
z
2
v Lv(u+ z+1

2 , χ2
v)

−1Lv(−u+ z+1
2 , χ−2

v )−1

×
∏

v∈S(n)
ιv=1,κv=1

q
− 1

2
v (1− q

z−1
2

v )(qv − 1)

}
. (4.72)
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Since the index κ = (κv)v∈S(n) runs over all family {0, 1}S(n), the sum in (4.72) equals∏
v∈S(n)
ιv=0

{
q

z−1
2

v Lv(u+ z+1
2 , χ2

v)
−1Lv(−u+ z+1

2 , χ−2
v )−1 + (1− q

z−1
2

v )(1− q−1
v )q

− z+1
2

v

}

×
∏

v∈S(n)
ιv=1

{
q

z
2
v Lv(u+ z+1

2 , χ2
v)

−1Lv(−u+ z+1
2 , χ−2

v )−1 + q
− 1

2
v (1− q

z−1
2

v )(qv − 1)
}

=
∏

v∈S(n)
ιv=0

{
−q−1

v + q−2
v + q

z−1
2

v + q
− z+1

2
v − q−u−1

v χv($v)
2 − qu−1

v χv($v)
−2
}

×
∏

v∈S(n)
ιv=1

{
q

1
2
v − q

− 1
2

v + q
z
2−1
v + q

− z
2−1

v − q
−u− 1

2
v χv($v)

2 − q
u− 1

2
v χv($v)

−2
}

by a simple calculation. Hence the claim follows.

Finally, we get an explicit formula of I2(β). For u ∈
√
−1R and z ∈ C with Re(z) > 1, it

can be easily checked that the dominating function of the integrand of (4.66) can be obtained by
replacing z by Re(z). Therefore Jχι (u, z) is bounded on the vertical line Re(z) = σ with σ > 1.

Due to
∫
Lσ

|β(z)D
z+1
2

F ||dz| < +∞, we can exchange the order of integral in (4.65) as

Jχι (β;u) =
∫
Lσ

β(z)D
z+1
2

F Jχι (u, z)dz (σ > 1).

Due to the formula of Jχι (u, z) in Proposition 4.24, a short calculation shows that

D
z+1
2

F D′
χ(n|sS , s∞, u)

∑
ι∈A(χ)n

Jχι (u, z) = ζF (
z+1
2 )I0Eis,χ(u, z) (4.73)

where I0Eis,χ(u, z) is defined as in (1.7).
Let V be a subset of C of the form {z ∈ C | σ1 ≤ Re(z) ≤ σ2 or Re(z) ≥ σ3} for some positive

real numbers σ1, σ2, and σ3 such that 0 < σ1 < σ2 < 1 < σ3. Then, by (1.1), (1.2) and Stirling’s
formula, we have

LF (
z+1
2 +

√
−1u, χ2)LF (

z+1
2 −

√
−1u, χ−2)

LF (1 +
√
−1u, χ2)LF (1−

√
−1u, χ−2)

�V
∏
v∈Σ∞

(
1 +

∣∣∣u+Im(z)
2 + a(χv)

∣∣∣)2N0+ε

�V
∏
v∈Σ∞

(1 + |Im(z)|)2N0+ε
∏
v∈Σ∞

(
1 +

∣∣u
2 + a(χv)

∣∣)2N0+ε
, u ∈ R, z ∈ V

for some ε > 0, and hence we obtain∣∣∣D z+1
2

F D′
χ(n|sS , s∞,

√
−1u)

∣∣∣ ∑
ι∈A(χ)n

|Jχι (u, z)|

�V (1 + |Im(z)|)2N0+ε
∏
v∈Σ∞

(1 + |u2 + a(χv)|)−2N+2N0+ε, u ∈ R, z ∈ V
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from (4.27). We remark that the implied constants of the above estimates are independent of
χ ∈ Ξ(o). Therefore, by the same way as in the proof of Lemma 4.9 and the assumption of
β ∈ B1, we can check that the order of all the summations and the integrals in (4.62) can be
exchanged freely whenever σ > 1 and the function

Î0Eis(sS , s∞, z) = ζF (
z+1
2 )

vol(A1/F×)

8π
√
−1

∑
χ∈Ξ(o)

∫
√
−1R

I0Eis,χ(u, z)du

defines a holomorphic function on the region {z ∈ C | −1 < Re(z) < 1 or Re(z) > 1}. By chang-
ing the order of the summations and the integrals in (4.62), we have

I2(β) =
∫
Lσ

β(z)Î0Eis(sS , s∞, z)dz, (σ > 1). (4.74)

Our aim is to shift the contour Lσ with σ > 1 to Lσ with −1 < σ < 1. By considering the same
modification of contour and calculations studied in ([10, pp. 32–35]), we can show that there
exists a holomorphic function I on the region Re(z) > −1 such that

(a) I (z) = Î0Eis(sS , s∞, z) if Re(z) > 1.

(b) I (z) = Î0Eis(sS , s∞, z) +
1
2ΛF (z)

∑
χ∈Ξ(o)

χ2=1

Îres(−z) if −1 < Re(z) < 1.

(c) I (z) is vertically of moderate growth.

where we recall the function Îres(z) defined in (4.57). By using I , we can shift the contour
in (4.74) as

I2(β) =
∫
Lσ

β(z)

(
Î0Eis(sS , s∞, z) +

1

2
ΛF (−z + 1)

∑
χ∈Ξ(o)

χ2=1

Îres,χ(−z)

)
dz, (−1 < σ < 1). (4.75)

Remark 4.28. We note that the complex variable s in ([10]) coincides with z+1
2 in our notation

and the Haar measure on A× in ([10]) is normalized so that the volume of A1/F× equals 1.

Set

Î0res(sS , s∞, z) =
1

2

∑
χ∈Ξ(o)

χ2=1

(
ΛF (z + 1)Î0res,χ(z) + ΛF (−z + 1)Î0res,χ(−z)

)

Then Î0res(sS , s∞, z) and Î0Eis(sS , s∞, z) are holomorphic on the region −1 < Re(z) < 1 and
vertically of moderate growth satisfying

IEis(n|sS , s∞;β) =

∫
Lσ

β(z)
(
Î0Eis(sS , s∞, z) + Î0res(sS , s∞, z)

)
dz

by (4.58) and (4.75).

5 The geometric side

We recall the notations used in the definition of the test function. Let n ⊂ o be a non-zero ideal
and S be a finite subset of Σfin such that S∩S(n) = ∅ and |2|v = 1 for any v ∈ S∪S(n). For a large
enough positive integer N , the parameters sS ∈ XS and s∞ = (sv = (si,v)1≤i≤N )v∈Σ∞ ∈ (CN )Σ∞
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such that Re(sv) > 0 for v ∈ S and Re(si,v) > 1 and Re(si,v) 6= Re(sj,v) if i 6= j for v ∈ Σ∞
are fixed. The functions Φ(g) = Φ(n|sS , s∞; g) and Φ(g, h) = Φ(n|sS , s∞; g, h) are defined as in
(2.15) and (2.16). The notations and calculations in the following sections, for the most part,
are based on ([16]).

From the classification of the conjugacy classes of ZF \GF , we have

Φ(g, g) = Jid(g) + Juni(g) + Jhyp(g) + Jell(g)

where the four terms on the right-hand side is defined as follows (see [7], [10]).

Jid(g) = Φ(1),

Juni(g) =
∑

ξ∈ZFNF \GF

Φ
(
g−1ξ−1 ( 1 1

0 1 ) ξg
)
,

Jhyp(g) =
1

2

∑
ξ∈HF \GF

∑
a∈F×−{1}

Φ
(
g−1ξ−1 ( a 0

0 1 ) ξg
)
,

Jell(g) =
1

2

∑
E∈E

∑
ξ∈TE\GF

∑
γ∈ZF \(TE−ZF )

Φ
(
g−1ξ−1γξg

)
,

where E is the set of all quadratic division algebra E ⊂ M2(F ) and TE = E× viewed as an
F -elliptic torus of GL(2). For each conjugacy class \ ∈ {id,uni,hyp, ell} we calculate the integral

J♮(β) =
∫
ZAGF \GA

E∗
β(g)J♮(g)dg

explicitly in the succeeding three sections. We shall show the following theorem.

Theorem 5.1. For each \ ∈ {id,uni,hyp, ell}, there exists a holomorphic function Ĵ0
♮ (sS , s∞, z)

on the region −1 < Re(z) < 1 which is vertically of moderate growth and satisfies

J♮(β) =
∫
Lσ

β(z)Ĵ0
♮ (sS , s∞, z)dz

for −1 < σ < 1.

5.1 The identity term

It is quite easy to show that Jid(β) = 0 from Lemma 4.12. If we put Ĵ0
id(sS , s∞, z) = 0,

Theorem 5.1 is valid for the identity term.

5.2 The unipotent term

By noting vol(NF \NA) = 1, we have

Juni(β) =
∫
ZANF \GA

Φ(g−1 ( 1 1
0 1 ) g)E

∗
β(g)dg

=

∫
ZANA\GA

Φ(g−1 ( 1 1
0 1 ) g)E

∗
β.◦(g)dg (5.1)
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where E∗
β.◦(g) =

∫
NF \NA

E∗
β(ng)dn is the constant term which is given as

E∗
β.◦(g) =

∫
Lσ

β(z)
(
ΛF (−z)y(g)

z+1
2 + ΛF (z)y(g)

−z+1
2

)
dz.

To compute Juni(β), we consider the integral

U(w) =

∫
ZANA\GA

Φ(g−1 ( 1 1
0 1 ) g)y(g)

wdg, (w ∈ C) (5.2)

and the local integrals

Uv(w) =

∫
ZvNv\Gv

Φv(g
−1 ( 1 1

0 1 ) g)y(g)
w
v dg =

∫
F×

v

∫
Kv

Φv(k
−1 ( 1 a0 1 ) k)|a|

1−w
v d×adk

for any v ∈ ΣF .

Lemma 5.2.
(i) For any v ∈ S and w ∈ C with −Re(sv) < Re(w) < 1, we have

Uv(w) = q
− dv

2
v × (−q−

sv+1
2

v )(1− qw−1
v )−1(1− q−sv−wv )−1.

(ii) For any v ∈ S(n) and w ∈ C with Re(w) < 1, we have

Uv(w) = q
− dv

2
v (1 + qwv )(1 + qv)

−1(1− qw−1
v )−1.

(iii) For any v ∈ Σfin − (S ∪ S(n)) and w ∈ C with Re(w) < 1, we have

Uv(w) = q
− dv

2
v (1− qw−1

v )−1.

(iv) For any v ∈ Σ∞ and w ∈ C with −min{Re(si,v) | 1 ≤ i ≤ N} < Re(w) < 1, we have

Uv(w) = 2−w−1π−w+1
2 ΓR(1− w)Γ( 1−w2 )

{
N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+w

2 )

Γ(
si,v−w

2 + 1)

}
.

Proof. The formulas (i), (ii), and (iii) are proved in ([16, Lemma 5.1]). Thus, it only remains
to verify (iv). For v ∈ Σ∞, note that Φv(k

−1gk) = Φsv (k
−1gk) = Φsv (g) for any g ∈ Gv and

k ∈ Kv = O(2) by the formula (2.10). Hence we have

Φv(k
−1 ( 1 a0 1 ) k) = Φv(( 1 a0 1 ))

=
1

4π

N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+1

2 )2

Γ(si,v + 1)

{
4

a2+4

} si,v+1

2

2F1

(
si,v+1

2 ,
si,v+1

2 ; si,v + 1; 4
a2+4

)
=

1

4π

N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+1

2 )2

Γ(si,v + 1)
× 4

si,v+1

2 |a|−si,v−1
2F1

(
si,v+1

2 ,
si,v+1

2 ; si,v + 1;−4a−2
)

Here, we use the second equation of ([12, p. 47, (2.4.1)]) in the last line. Therefore we need to
compute the following integral

I(s, w) =
∫
R×

2F1(
s+1
2 , s+1

2 ; s+ 1,−4a−2)|a|−w−sd×a

= 2

∫ ∞

0
2F1(

s+1
2 , s+1

2 ; s+ 1,−4a−2)a−w−sd×a

= 2−w−s
∫ ∞

0
2F1(

s+1
2 , s+1

2 ; s+ 1,−a)a
s+w

2 d×a (substituting a→ 2a−
1
2 )
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with s ∈ C such that Re(s) > 1.
We can show that this integral converges absolutely if −Re(s) < Re(w) < 1 by means of the

well-known integral formula:

2F1(a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

tb−1(1− t)c−b−1(1− tz)−adt, (5.3)

(Re(c) > Re(b) > 0, z ∈ C− [1,+∞)).

Moreover, from ([3, p. 336 (3)]), we obtain

I(s, w) = 2−w−sΓ(s+ 1)

Γ( s+1
2 )2

Γ( 1−w2 )2Γ( s+w2 )

Γ( s−w2 + 1)

= 2−w−sπ
−w+1

2
Γ(s+ 1)

Γ( s+1
2 )2

× ΓR(
1−w
2 )Γ( 1−w2 )

Γ( s+w2 )

Γ( s−w2 + 1)

By applying this formula to the obvious identity

Uv(w) =
1

4π

N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+1

2 )2

Γ(si,v + 1)
× 4

si,v+1

2 I(si,v, w),

we are done.

Suppose that −1 < Re(w) < 0, from Lemma 5.2, the integral (5.2) converges absolutely and
equals

U(w) = D
− 1

2

F ζF (1− w)
∏
v∈S

−q−
sv+1

2
v

1− q−sv−wv

∏
v∈S(n)

1 + qwv
1 + qv

×
∏
v∈Σ∞

2−w−1π−w+1
2 Γ

(−w+1
2

){ N∑
i=1

µ(i)
v (s∞)

Γ(
si,v+w

2 )

Γ(
si,v−w

2 + 1)

}
.

Then U(w) has a meromorphic continuation to C and is holomorphic on 0 < Re(w) < 1. By
changing the order of the integral (5.1), we obtain

Juni(β) =
∫
Lσ

β(z)
(
ΛF (−z)U( z+1

2 ) + ΛF (z)U(−z+1
2 )

)
dz

=

∫
Lσ

β(z)Ĵ0
uni(sS , s∞, z)dz

where we set

Ĵ0
uni(sS , s∞, z) = D

z
4

F ζF (
z+1
2 )

{
Ĵ1
uni(sS , s∞, z) + Ĵ1

uni(sS , s∞,−z)
}

(5.4)

with

Ĵ1
uni(sS , s∞, z) = D

z−2
4

F ΛF (−z)
∏
v∈S

−q−
sv+1

2
v

1− q
−sv− z+1

2
v

∏
v∈S(n)

1 + q
z+1
2

v

1 + qv

×
∏
v∈Σ∞

2−
z+3
2 π− z+3

4 Γ
(−z+1

4

){ N∑
i=1

µ(i)
v (s∞)

Γ(
si,v
2 + z+1

4 )

Γ(
si,v
2 − z−3

4 )

}
.

Then Ĵ0
uni(sS , s∞, z) is the desired function in Theorem 5.1 for the unipotent term.
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5.3 The hypergeometric series in two variables

In this subsection, we state a brief explanation of a certain hypergeometric series in two
variables to describe the hyperbolic term and the elliptic term. In ([14], see also [11]), the
Kampé de Fériet function is defined as follows:

Fλ:r;sν:u;v

(α1,...,αλ:a1,...,ar;c1,...,cs
β1,...,βµ:b1,...,bu;d1,...,dv ;x, y

)
=

∞∑
m,n=0

(α1,...,αλ)m+n(a1,...,ar)m(c1,...,cs)n
m!n!(β1,...,βµ)m+n(b1,...,bu)m(c1,...,cv)n

xmyn

where (a1, . . . , ar)n = (a1)n . . . (ar)n and (a)n is the Pochhammer symbol given by (a)n = Γ(a+n)
Γ(a) .

It is known that the convergence condition of this series depends on the number of parameters.
The Kampé de Fériet function can be regarded as a generalization of the Appell series ([1]).

For example,

F 0:2;2
1:0;0

(
−:α,α′;β,β′

γ:−;− ;x, y
)
=

∞∑
m,n=0

(α)m(α′)m(β)n(β
′)n

m!n!(γ)m+n
xmyn

= F3(α, α
′, β, β′, γ, x, y)

for |x|, |y| < 1 where F3 is the Appell series of the third kind. Let p and q be non-negative
integrers. To simplify notation, we set

F
(p,q)
3

(
a1,...,ap+2;b1,...,bq+2

a′1,...,a
′
p;b

′
1,...,b

′
q ;c

;x, y
)
= F 0:p+2;q+2

1:p;q

(
−:a1,...,ap+2;b1,...,bq+2

c:a′1,...,a
′
p;b1,...,b

′
q

;x, y
)

(5.5)

which is a generalization of F3. We remark that F
(0,0)
3 coincides with F3. Let us see some

properties of F
(p,q)
3 we need in this article.

First, we see several convergence conditions of F
(p,q)
3 .

Proposition 5.3. Let

σ = Re(c+ a′1 + · · ·+ a′p − a1 − · · · − ap+2)

and
τ = Re(c+ b′1 + · · ·+ b′q − b1 − · · · − bq+2).

(i) The series F
(p,q)
3 always converges absolutely for |x| < 1, |y| < 1.

(ii) The series F
(p,q)
3 converges absolutely for

|x| ≤ 1, |y| ≤ 1 if σ > 0, τ > 0,

|x| ≤ 1, |y| < 1 if σ > 0, τ ≤ 0,

|x| < 1, |y| ≤ 1 if σ ≤ 0, τ > 0.

Proof. Stirling’s formula tells us that

Γ(α+m)

Γ(β +m)
∼ (m+ 1)α−β (m→ +∞)
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For all α, β ∈ C. Hence we have

(a1)m · · · (ap+2)m(b1)n . . . (bq+2)n
m!n!(a′1)m . . . (a

′
p)m(b′1)n . . . (b

′
q)n(c)m+n

�
∣∣∣ Γ(a1+m)...Γ(ap+2+m)
Γ(1+m)Γ(a′1+m)...Γ(a′p+m)Γ(c+m)

∣∣∣ ∣∣∣ Γ(b1+n)...Γ(bq+2+n)
Γ(1+n)Γ(b′1+n)...Γ(b

′
q+n)Γ(c+n)

∣∣∣ ∣∣∣Γ(c+m)Γ(c+n)
Γ(c+m+n)

∣∣∣
� (m+ 1)−σ−1(n+ 1)−τ−1. (5.6)

This shows the claim.

Second, we prove the following integral formula of F
(p,q)
3 which gives us an analytic continu-

ation of F
(p,q)
3 to the region x, y ∈ C− [1,+∞).

Proposition 5.4. Suppose x, y ∈ C satisfy the convergence condition in Proposition 5.3. Then,
if Re(c) > Re(ap+2) > 0, we have

F
(p,q)
3

(
a1,...,ap+2;b1,...,bq+2

a′1,...,a
′
p;b

′
1,...,b

′
q ;c

;x, y
)

=
Γ(c)

Γ(ap+2)Γ(c− ap+2)

×
∫ 1

0

tap+2−1(1− t)c−ap+2−1
p+1Fp

(
a1,...,ap+1

a′1,...,a
′
p
;xt
)
q+2Fq+1

(
b1,...,bq+2

b′1,...,b
′
q,c−ap+2

; y(1− t)
)
dt.

where rFs is the generalized hypergeometric function.

Proof. By means of the well-known integral formula for p+2Fp+1 given as

p+2Fp+1

(
α1,...,αp+2

α′
1,...,α

′
p+1,

; z
)
=

Γ(α′
p+1)

Γ(αp+2)Γ(α′
p+1 − αp+2)

×
∫ 1

0

tαp+2−1(1− t)α
′
p+1−αp+2−1

p+1Fp

(
α1,...,αp+1

α′
1,...,α

′
p,
; zt
)
dt

(Re(α′
p+1) > Re(αp+2) > 0),
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we obtain

F
(p,q)
3

(
a1,...,ap+2;b1,...,bq+2

a′1,...,a
′
p;b

′
1,...,b

′
q ;c

;x, y
)

=
∑
m,n≥0

(a1)m · · · (ap+2)m(b1)n . . . (bq+2)n
m!n!(a′1)m . . . (a

′
p)m(b′1)n . . . (b

′
q)n(c)m+n

xmyn

=
∑
m,n≥0

(a1)m · · · (ap+2)m(b1)n . . . (bq+2)n
m!n!(a′1)m . . . (a

′
p)m(b′1)n . . . (b

′
q)n(c+ n)m(c)n

xmyn

=
∑
n≥0

(b1)n . . . (bq+2)n
(b′1)n . . . (b

′
q)n(c)nn!

yn · p+2Fp+1

(
a1,...,ap+2

a′1,...,a
′
p,c+n

;x
)

=
∑
n≥0

(b1)n . . . (bq+2)n
(b′1)n . . . (b

′
q)n(c)nn!

yn · Γ(c+ n)

Γ(ap+2)Γ(c− ap+2 + n)

×
∫ 1

0

tap+2−1(1− t)c−ap+2+n−1
p+1Fp

(
a1,...,ap+1

a′1,...,a
′
p
;xt
)
dt

=
Γ(c)

Γ(ap+2)Γ(c− ap+2)

∑
n≥0

(b1)n . . . (bq+2)n
(b′1)n . . . (b

′
q)n(c− ap+2)nn!

yn

×
∫ 1

0

tap+2−1(1− t)c−ap+2+n−1
p+1Fp

(
a1,...,ap+1

a′1,...,a
′
p
;xt
)
dt

=
Γ(c)

Γ(ap+2)Γ(c− ap+2)

×
∫ 1

0

tap+2−1(1− t)c−ap+2−1
p+1Fp

(
a1,...,ap+1

a′1,...,a
′
p
;xt
)
q+2Fq+1

(
b1,...,bq+2

b′1,...,b
′
q,c−ap+2

; y(1− t)
)
dt.

Finally, we show the following lemma for later use.

Lemma 5.5. Suppose y ∈ C− [1,+∞) and Re(b1) > 0 or Re(b2) > 0.
(i) For |x| < 1, We have

∞∑
m=0

(a1)m(a2)m
m!(a′1)m

xm2F1(b1, b2; c+m; y) = F
(1,0)
3

(
a1,a2,c;b1;b2

a′1;c
;x, y

)
. (5.7)

(ii) If Re(c+ a′1 − a1 − a2 − a3) > 0, we have

∞∑
m=0

(a1)m(a2)m(a3)m
m!(a′1)m(c)m

2F1(b1, b2; c+m; y) = F
(1,0)
3

(
a1,a2,a3;b1;b2

a′1;c
; 1, y

)
. (5.8)

Proof. The identities (5.7) and (5.8) are obvious if |y| < 1 by Proposition 5.3. We assume
Re(b2) > 0. Let U ⊂ C− [1,+∞) be a compact subset and y ∈ U . By the integral formula (5.3)
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and Stirling’s formula, we have the estimate

|2F1(b1, b2; c+m; y)| ≤
∣∣∣∣ Γ(c+m)

Γ(b2)Γ(c− b2 +m)

∣∣∣∣ ∫ 1

0

tRe(b2)−1(1− t)Re(c−b2)+m−1|1− yt|−Re(b1)dt

�U

∣∣∣∣ Γ(c+m)

Γ(b2)Γ(c− b2 +m)

∣∣∣∣ ∫ 1

0

tRe(b2)−1(1− t)Re(c−b2)+m−1dt

=

∣∣∣∣ Γ(c+m)

Γ(b2)Γ(c− b2 +m)

∣∣∣∣ Γ(Re(c− b2) +m)Γ(Re(b2))

Γ(Re(c) +m)

�U

∣∣∣∣ Γ(c+m)

Γ(Re(c) +m)

∣∣∣∣ ∣∣∣∣Γ(Re(c− b2) +m)

Γ(c− b2 +m)

∣∣∣∣
�U 1

for large m ∈ Z≥0. Since |x| < 1 and Re(c + a′1 − a1 − a2 − a3) > 0, we have the dominating
series

∞∑
m=0

∣∣∣∣ (a1)m(a2)m
m!(a′1)m

xm2F1(b1, b2; c+m; y)

∣∣∣∣�U

∞∑
m=0

∣∣∣∣ (a1)m(a2)m
m!(a′1)m

xm
∣∣∣∣ < +∞

and

∞∑
m=0

∣∣∣∣ (a1)m(a2)m(a3)m
m!(a′1)m(c)m

2F1(b1, b2; c+m; y)

∣∣∣∣�U

∞∑
m=0

∣∣∣∣ (a1)m(a2)m(a3)m
m!(a′1)m(c)m

∣∣∣∣ < +∞.

Therefore, the series (5.7) and (5.8) define holomorphic functions with respect to y ∈ C−[1,+∞).
Hence, (i) and (ii) follow from analytic continuation.

6 The F -hyperbolic term

In this subsection, we compute the integral Jhyp(β) and estimate its absolute convergence.

6.1 An overview of the F -hyperbolic term

From Lemmas 2.9 and 3.8, we get the following estimation:∫
ZAGF \GF

|E∗
β(g)|

∑
ξ∈HF \GF

∑
a∈F×−{1}

∣∣Φ(g−1ξ−1 ( a 0
0 1 ) ξg)

∣∣ dg
≤
∫
ZAGF \GF

|E∗
β(g)|

∑
γ∈ZF \GF

∣∣Φ(g−1γg)
∣∣ dg < +∞.

Hence by changing the order of the summations and the integral, we have

Jhyp(β) =
1

2

∑
a∈F×−{1}

∫
ZAHF \GA

E∗
β(g)Φ(g

−1 ( a 0
0 1 ) g)dg

=
1

2

∑
a∈F×−{1}

∫
K

∫
A

∫
A×/F×

E∗
β ((

t 0
0 1 ) (

1 x
0 1 ))Φ(k

−1
(
1 −x
0 1

)
( a 0
0 1 ) (

1 x
0 1 ) k)d

×tdxdk

=
1

2

∑
a∈F×−{−1}

∫
K

∫
A
Φ(k−1

(
a (a−1)x
0 1

)
k)Pβ(0; ( 1 x0 1 ))dxdk (6.1)
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where we set

Pβ(w; g) =

∫
A×/F×

E∗
β((

t 0
0 1 ) g)|t|

w
Ad

×t

for w ∈ C and g ∈ GA. Note that Proposition 3.8 ensures the absolute convergence of this
integral. From the Fourier expansion of E∗(z; g) in (3.18), the value E∗

β((
t 0
0 1 ) (

1 x
0 1 )) can be

written as
E∗
β((

t 0
0 1 ) (

1 x
0 1 )) = C+

β (t) + C−
β (t) +Wβ(t, x)

where

C±
β (t) =

∫
Lσ

β(z)ΛF (∓z)|t|
±z+1

2

A dz,

Wβ(t, x) =

∫
Lσ

β(z)ΛF (−z)
∑
a∈F×

Wψ (z; ( at 0
0 1 ) (

1 x
0 1 )) dz

with σ > 1. Then we have

Pβ(w; ( 1 x0 1 )) = C+
β (w) + C−

β (w) +Wβ(w;x)

where

C±
β (w) =

∫
A×/F×

C±
β (t)|t|

w
Ad

×t = vol(A1/F×)

∫
R+

C±
β (t)|t|

wd×t, (6.2)

Wβ(w;x) =

∫
A×/F×

Wβ(t, x)|t|wAd×t

=

∫
Lσ

β(z)ΛF (−z)
(∫

A×
Wψ (z; ( t 0

0 1 ) (
1 x
0 1 )) |t|

w
Ad

×t

)
dz. (6.3)

By Lemma 4.14 and the estimate∫
A×

|Wψ (z; ( t 0
0 1 ) (

1 x
0 1 ))| |t|

Re(w)
A d×t� 1, Re(w) > 1

2 |Re(z)|+
1
2

which follows from (3.19), the integrals (6.2) and (6.3) converge absolutely for all w ∈ C and for
Re(w) > σ+1

2 respectively.
For σ, σ1 ∈ R such that σ1 < −2Re(w)− 1 < σ, by the same way as the proof of Lemma 4.14

and the residue theorem, we have∫
R+

C+
β (t)|t|

w
Ad

×t =

∫ ∞

0

∫
Lσ

β(z)ΛF (−z)tw+ z+1
2 dzd×t

=

∫
Lσ

(∫ 1

0

β(z)ΛF (−z)tw+ z+1
2 d×t

)
dz

+

∫
Lσ1

(∫ ∞

1

β(z)ΛF (−z)tw+ z+1
2 d×t

)
dz

=

∫
Lσ

β(z)ΛF (−z)
1

w + z+1
2

dz −
∫
Lσ1

β(z)ΛF (−z)
1

w + z+1
2

dz

= 2π
√
−1 Res

z=−2w−1

(
β(z)ΛF (−z)

1

w + z+1
2

)
= 4π

√
−1β(−2w − 1)ΛF (2w + 1).
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Hence we get
C+
β (w) = 4π

√
−1vol(A1/F×)β(−2w − 1)ΛF (2w + 1).

In a similar manner, we can also calculate the integral C−
β (w) as

C−
β (w) = −4π

√
−1vol(A1/F×)β(2w + 1)ΛF (2w + 1).

Because β(±1) = β′(±1) = 0, the terms C+
β (0) and C−

β (0) do not contribute to Pβ(0; ( 1 x0 1 )).
Next, we observe the integral (6.3). Referring to ([16, Lemma 6.1]) and ([16, p. 3005]), we

have the following Lemma.

Lemma 6.1. For any g = (gv)v∈ΣF
and z, w ∈ C with Re(w) > 1

2Re(z) +
1
2 , we have∫

A×
Wψ (z; ( t 0

0 1 ) g) |t|
w
Ad

×t = D
w− z+1

2

F

ζF (w + z+1
2 )ζF (w + −z+1

2 )

ζF (z + 1)

∏
v∈ΣF

ϕ(w,z)
v (gv) (6.4)

where ϕ
(w,z)
v is the Kv-spherical function on Gv such that

ϕ(w,z)
v

((
t1 0
0 t2

)
( 1 x0 1 ) k

)
=

∣∣∣∣ t1t2
∣∣∣∣−w
v

{
Av(w, z)h

(w,z)
v (x) +Av(w,−z)h(w,−z)v (x)

}
(6.5)

with

h(w,z)v (x) =

{
max{1, |x|v}−

z+2w+1
2 (v ∈ Σfin)

(1 + x2)−
z+2w+1

4 2F1

(
z+2w+1

4 , z−2w+1
4 ; z+2

2 ; 1
1+x2

)
(v ∈ Σ∞),

Av(w, z) = ζv(1)ζv(−z)ζv(−z+2w+1
2 )−1ζv(

−z−2w+1
2 )−1.

We denote the right-hand side of (6.4) by F (w, z). Suppose σ > 1 and Re(w) > σ+1
2 . We fix

σ′ > σ such that σ′−1
2 < Re(w) < σ′+1

2 . Then, the possible pole occurs only at z = 2w − 1 on
the region σ < Re(z) < σ′. Therefore, by Lemma 6.1 and shifting the contour Lσ to Lσ′ we have

Wβ(w;x) =

∫
Lσ

β(z)ΛF (−z)F (w, z)dz

=

∫
Lσ′

β(z)ΛF (−z)F (w, z)dz

− 2π
√
−1 Res

z=2w−1
β(z)ΛF (−z)F (w, z)

=

∫
Lσ′

β(z)ΛF (−z)F (w, z)dz

+ 4π
√
−1
{
Res
s=1

ζF (s)
}
β(2w − 1)ΛF (1− 2w).

The first term is a holomorphic function on 1−σ′

2 < Re(w) < σ′+1
2 , and the second term is entire

due to β(0) = β(±1) = β′(±1) = 0. Hence by substituting w = 0 and shifting the contour Lσ′

to Lσ for −1 < σ < 1, we have

Pβ(0; ( 1 x0 1 )) = Wβ(0;x) =

∫
Lσ

β(z)ζF (
z+1
2 )ζF (

−z+1
2 )

∏
v∈ΣF

ϕ(0,z)
v

((
1 xv
0 1

))
dz. (6.6)
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6.2 The orbital integral

By the expressions (6.1), (6.6), and formally changing the order of integrals, the integral

F(z)(a) =

∫
K

∫
A
Φ
(
k−1

(
a (a−1)x
0 1

)
k
) ∏
v∈ΣF

ϕ(0,z)
v

((
1 xv
0 1

))
dxdk, a ∈ F× − {1} (6.7)

arises naturally. We set its local integrals as

F(z)
v (a) =

∫
Kv

∫
Fv

Φv
(
k−1

(
a (a−1)x
0 1

)
k
)
ϕ(0,z)
v

((
1 xv
0 1

))
dxdk, a ∈ F×

v − {1} (6.8)

for v ∈ ΣF . The following proposition is sufficient to guarantee the formal computation explained
above.

Proposition 6.2. Let a ∈ F× − {1}, then the integral (6.7) converges absolutely in the region

|Re(z)| < min{2Re(sv)− 1|v ∈ S} ∪ {2Re(si,v) + 1|v ∈ Σ∞, 1 ≤ v ≤ N}.

On this region, we have the product formula F(z)(a) =
∏
v∈ΣF

F
(z)
v (a). Moreover, it holds that

F(z)(a) = 0 unless a ∈ o(S)+.

We shall compute explicit formulas of local integrals (6.8). The proof of Proposition 6.2 is
given in the proof of the following Proposition for v ∈ Σ∞ and the calculations in ([16, §9.1]) for
v ∈ Σfin.

Proposition 6.3. Let v ∈ ΣF and a ∈ F×
v − {1}.

(i) For v ∈ Σfin − (S ∪ S(n)), we have

F(z)
v (a) = δ(a ∈ o×v )q

− dv
2

v O1,(z)
v,0 ((a− 1)−2a).

In particular, F
(z)
v (a) = q

− dv
2

v if |a|v = |a− 1|v = 1.

(ii) For v ∈ S(n), we have

F(z)
v (a) = δ(a ∈ o×v )q

− dv
2

v O1,(z)
v,1 ((a− 1)−2a).

(iii) Suppose v ∈ S. For z ∈ C with |Re(z)| < 2Re(sv) + 1, we have

F(z)
v (a) = q

− dv
2

v S1,(z)
v (sv; (a− 1)−2a).

(iv) Suppose v ∈ Σ∞. For z ∈ C with |Re(z)| < 2min{Re(si,v)|1 ≤ i ≤ N}+ 1, we have

F(z)
v (a) = δ(a > 0)

π− 1
2

4

N∑
i=1

µ(i)
v (s∞)

∣∣∣a+1
a−1

∣∣∣ { 4a
(a+1)2

} si,v+1

2 Γ(
si,v
2 + z+1

4 )Γ(
si,v
2 − z−1

4 )

Γ(si,v + 1)

× F
(1,0)
3

(
si,v
2 + z+1

4 ,
si,v
2 − z−1

4 ,
si,v+1

2 ; z+1
4 ,−z+1

4

si,v+1;
si,v+1

2

; 4a
(a+1)2 ,−

4a
(a−1)2

)
=

N∑
i=1

µ(i)
v (s∞)O+,(z)

v

(
si,v;

a+ 1

a− 1

)
where F

(1,0)
3 is the hypergeometric series in two variables defined in (5.5)
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Proof. The identities (i), (ii), and (iii) have been already proved in ([16, Theorem 6.4 and §9]).
Here, it suffices to verify the formula (iv). Suppose v ∈ Σ∞. We recall that Φsv (k

−1gk) = Φsv (g)
holds for any g ∈ Gv = GR and k ∈ Kv = O(2) and Φsv (g) = 0 if det g < 0. Hence, we have

F
(z)
v (a) = 0 for a < 0.

Suppose a > 0. Then, by (2.10) and (6.5), the local integral F
(z)
v (a) becomes

F(z)
v (a) =

∫
Fv

Φv
((

a (a−1)x
0 1

))
ϕ(0,z)
v

((
1 xv
0 1

))
dx

=
π− 1

2

4

N∑
i=1

µ(i)
v (s∞) {I(si,v, z; a) + I(si,v,−z; a)} (6.9)

where we set

I(s, z; a) =
Γ( s+1

2 )2

Γ(s+ 1)

Γ(− z
2 )

Γ(−z+1
4 )2

∫
R
F(s, z, x; a)dx (6.10)

with

F(s, z, x; a) =
{

4a
(a+1)2+(a−1)2x2

} s+1
2

( 1
1+x2 )

z+1
4

× 2F1

(
s+1
2 , s+1

2 ; s+ 1; 4a
(a+1)2+(a−1)2x2

)
2F1

(
z+1
4 , z+1

4 ; z2 + 1; 1
1+x2

)
for x ∈ R and s, z ∈ C with Re(s) > 1. Because Re( z2 + 1) − Re( z+1

4 ) − Re( z+1
4 ) = 1

2 > 0 and
a 6= 1, We have the estimate

|F(s, z, x; a)| �s,z,a (1 + |x|)−Re(s)−Re(z)+3
2 , x ∈ R,

which shows the absolute convergence of the integral I(s, z; a) when Re(s) + Re(z)+3
2 > 1. By

the condition Re(s) > 1, we may assume that 0 < Re(z) < 1 from now on. By substituting the
uniform absolute convergence sum

F(s, z, x; a) =
Γ(s+ 1)

Γ( s+1
2 )2

Γ( z2 + 1)

Γ( z+1
4 )2

×
∞∑

m,n=0

Γ( s+1
2 +m)2

m!Γ(s+ 1 +m)

Γ( z+1
4 + n)2

n!Γ( z2 + 1 + n)

{
4a

(a+1)2+(a−1)2x2

} s+1
2 +m

( 1
1+x2 )

z+1
4 +n

into (6.10), we get

I(s, z; a) =
Γ( z2 + 1)Γ(− z

2 )

Γ( z+1
4 )2Γ(−z+1

4 )2

∞∑
m,n=0

Γ( s+1
2 +m)2

m!Γ(s+ 1 +m)

Γ( z+1
4 + n)2

n!Γ( z2 + 1 + n)

{
4a

(a−1)2

} s+1
2 +m

×
∫
R

{
x2 + (a+1

a−1 )
2
}− s+1

2 −m
(x2 + 1)−

z+1
4 −ndx. (6.11)

For c, α ∈ C with c /∈
√
−1R and Re(α) > 1

4 , the function on R defined by x → (x2 + c2)−α

belongs to L2(R). From ([12, p. 401]), its Fourier transform is given as follows:∫
R
(x2 + c2)−αe−2π

√
−1xydx = 2

(
π|y|
c

)α− 1
2

π
1
2Γ(α)−1Kα− 1

2
(2πc|y|). (6.12)
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By means of the Plancherel theorem for L2(R), the integral in (6.11) equals∫
R

{
x2 + (a+1

a−1 )
2
}− s+1

2 −m
(x2 + 1)−

z+1
4 −ndx

=4π
s+1
2 +mπ

z+1
4

∣∣∣a−1
a+1

∣∣∣ s2+m Γ( s+1
2 +m)−1Γ( z+1

4 + n)
−1

×
∫
R
K s

2+m

(
2π
∣∣∣a+1
a−1

∣∣∣ |y|)K z−1
4 +n(2π|y|)|y|

s
2+m|y| z+1

4 +n− 1
2 dy

=8π
s
2+

z+3
4 +m+n

∣∣∣a−1
a+1

∣∣∣ s2+m Γ( s+1
2 +m)−1Γ( z+1

4 + n)−1

×
∫ ∞

0

K s
2+m

(
2π
∣∣∣a+1
a−1

∣∣∣ y)K z−1
4 +n(2πy)y

s
2+

z+3
4 +m+n−1dy. (6.13)

Substituting the above integral into (6.11) and changing variable y → π−1y, we have

I(s, z; a) =
8Γ( z2 + 1)Γ(− z

2 )

Γ( z+1
4 )2Γ(−z+1

4 )2

∣∣∣a+1
a−1

∣∣∣ 12 ∞∑
m,n=0

Γ( s+1
2 +m)

m!Γ(s+ 1 +m)

Γ( z+1
4 + n)

n!Γ( z2 + 1 + n)

{
4a

|a2−1|

} s+1
2 +m

×
∫ ∞

0

K s
2+m

(
2
∣∣∣a+1
a−1

∣∣∣ y)K z−1
4 +n(2y)y

s
2+

z+3
4 +m+n−1dy. (6.14)

By Kα(z) =
1
2

∫∞
0

exp(− z
2 (u+ u−1))y−α−1du, the integral in (6.14) equals∫ ∞

0

K s
2+m

(
2
∣∣∣a+1
a−1

∣∣∣ y)K z−1
4 +n(2y)y

s
2+

z+3
4 +m+n−1dy

=
1

4

∫ ∞

0

∫ ∞

0

exp(−
∣∣∣a+1
a−1

∣∣∣ y(u+ u−1))u−
s
2−m−1du

×
∫ ∞

0

exp(−y(v + v−1))v−
z+3
4 −ndvy

s
2+

z+3
4 +m+n−1dy

=
1

4

∫ ∞

0

∫ ∞

0

∫ ∞

0

exp
(
−
(∣∣∣a+1
a−1

∣∣∣u−1 + v−1
)
y2
)
dy exp(−

∣∣∣a+1
a−1

∣∣∣u)u s
2+m−1du

× exp(−v)v
z−5
4 +ndv (substituting u→ yu−1, v → yv−1).

Since
∫∞
0
e−tx

2

dx = 1
2π

1
2 t−

1
2 for t > 0, the above integral becomes

π
1
2

8

∫ ∞

0

∫ ∞

0

(∣∣∣a+1
a−1

∣∣∣u−1 + v−1
)− 1

2

exp(−
∣∣∣a+1
a−1

∣∣∣u)u s
2+m−1du

× exp(−v)v
z−5
4 +ndv

=
π

1
2

8

∫ ∞

0

∫ ∞

0

(
u+

∣∣∣a+1
a−1

∣∣∣ v)− 1
2

exp(−
∣∣∣a+1
a−1

∣∣∣u)u s
2+m− 1

2 du

× exp(−v)v
z−3
4 +ndv

=
π

1
2

8

∣∣∣a−1
a+1

∣∣∣ z+1
4 +n

∫ ∞

0

∫ ∞

0

(u+ v)
− 1

2 exp(−
∣∣∣a+1
a−1

∣∣∣u)u s
2+m− 1

2 du

× exp
(
−
∣∣∣a−1
a+1

∣∣∣ v) v z−3
4 +ndv (substituting v →

∣∣∣a−1
a+1

∣∣∣ v).
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Substituting this into (6.14) and changing the order of the integrals and the summation, we get

I(s, z; a) =
π

1
2Γ( s+1

2 )Γ(− z
2 )

Γ(s+ 1)Γ( z+1
4 )Γ(−z+1

4 )2

(
4a

|a2−1|

) s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
4

×
∫ ∞

0

∫ ∞

0

(u+ v)−
1
2u

s−1
2 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)
du

× v
z−3
4 exp

(
−
∣∣∣a−1
a+1

∣∣∣ v) 1F1

(
z+1
4 ; z2 + 1;

∣∣∣a−1
a+1

∣∣∣ v) dv. (6.15)

This calculation is guaranteed as follows. The dominating function of the integrand of (6.15)
can be obtained by replacing s and z by Re(s) and Re(z) respectively from Stirling’s formula.
Moreover, it holds that

(u+ v)−
1
2u

Re(s)−1
2 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
Re(s)+1

2 ; Re(s) + 1; 4a
|a2−1|u

)
× v

Re(z)−3
4 exp

(
−
∣∣∣a−1
a+1

∣∣∣ v) 1F1

(
Re(z)+1

4 ; Re(z)
2 + 1;

∣∣∣a−1
a+1

∣∣∣ v)
≤2−

1
2u

Re(s)
2 − 3

4 exp
(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
Re(s)+1

2 ; Re(s) + 1; 4a
|a2−1|u

)
× v

Re(z)
4 −1exp

(
−
∣∣∣a−1
a+1

∣∣∣ v) 1F1

(
Re(z)+1

4 ; Re(z)
2 + 1;

∣∣∣a−1
a+1

∣∣∣ v) ,
which is integrable on R2

+ from the assumptions Re(s) > 1 and 0 < Re(z) < 1 and the asymptotic
formula

1F1(a; c; z) =
Γ(c)

Γ(a)
ezza−c

{
1 +O(z−1)

}
, (Re(z) → +∞) (6.16)

stated in ([12, p. 289]). Hence the above formal computation is justified.
By the change of variable v → uv, the integral in (6.15) equals∫ ∞

0

∫ ∞

0

(u+ v)−
1
2u

s−1
2 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)
du

× v
z−3
4 exp

(
−
∣∣∣a−1
a+1

∣∣∣ v) 1F1

(
z+1
4 ; z2 + 1;

∣∣∣a−1
a+1

∣∣∣ v) dv
=

∫ ∞

0

u
s
2+

z−3
4 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

×
∫ ∞

0

(1 + v)−
1
2 v

z−3
4 exp

(
−
∣∣∣a−1
a+1

∣∣∣uv) 1F1

(
z+1
4 ; z2 + 1;

∣∣∣a−1
a+1

∣∣∣uv) dvdu. (6.17)

By using the integral formulas

1F1(a; c; z) =
Γ(c)ez

Γ(a)Γ(c− a)

∫ 1

0

e−zttc−a−1(1− t)a−1dt, (Re(c) > Re(a) > 0),

U(a, c, z) =
1

Γ(a)

∫ ∞

0

e−ztta−1(1 + t)c−a−1dt, (Re(a) > 0,Re(z) > 0)
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from ([12, p. 275, 277]), we have the following computation:∫ ∞

0

(1 + v)−
1
2 v

z−3
4 exp

(
−
∣∣∣a−1
a+1

∣∣∣uv) 1F1

(
z+1
4 ; z2 + 1;

∣∣∣a−1
a+1

∣∣∣uv) dv
=

Γ( z2 + 1)

Γ( z+1
4 )Γ( z+3

4 )

∫ ∞

0

(1 + v)−
1
2 v

z−3
4

∫ 1

0

exp
(
−
∣∣∣a−1
a+1

∣∣∣uvt) t z−1
4 (1− t)

z−3
4 dtdv

=
Γ( z2 + 1)

Γ( z+1
4 )Γ( z+3

4 )

∫ 1

0

t
z−1
4 (1− t)

z−3
4

∫ ∞

0

exp
(
−
∣∣∣a−1
a+1

∣∣∣uvt) v z−3
4 (1 + v)−

1
2 dvdt

=
Γ( z2 + 1)

Γ( z+3
4 )

∫ 1

0

t
z−1
4 (1− t)

z−3
4 U

(
z+1
4 , z+3

4 ,
∣∣∣a−1
a+1

∣∣∣ut) dt. (6.18)

Here, we can easily check the absolute convergence of the integral in the second line which ensures
the change of the order of the integrals. By (6.15), (6.17), and (6.18), the integral I(s, z; a) is
equal to

I(s, z; a) =
π

1
2Γ( s+1

2 )Γ( z2 + 1)Γ(− z
2 )

Γ(s+ 1)Γ( z+1
4 )Γ( z+3

4 )Γ(−z+1
4 )2

(
4a

|a2−1|

) s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
4

×
∫ ∞

0

u
s
2+

z−3
4 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

×
∫ 1

0

t
z−1
4 (1− t)

z−3
4 U

(
z+1
4 , z+3

4 ,
∣∣∣a−1
a+1

∣∣∣ut) dtdu. (6.19)

The identity (6.19) holds for z ∈ C such that −1 < Re(z) < 1 by analytic continuation. By
applying the equation

U(a, c, z) =
Γ(1− c)

Γ(1 + a− c)
1F1(a; c; z) +

Γ(c− 1)

Γ(a)
z1−c1F1(1 + a− c; 2− c; z) (6.20)

from ([12, p. 264]), (6.19) can be rewritten as

I(s, z; a) =
Γ( s+1

2 )Γ( z2 + 1)Γ(− z
2 )

Γ(s+ 1)Γ( z+1
4 )Γ( z+3

4 )Γ(−z+1
4 )

(
4a

|a2−1|

) s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
4

×
∫ ∞

0

u
s
2+

z−3
4 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

×
∫ 1

0

t
z−1
4 (1− t)

z−3
4 1F1

(
z+1
4 ; z+3

4 ;
∣∣∣a−1
a+1

∣∣∣ut) dtdu
+
π

1
2Γ( s+1

2 )Γ( z2 + 1)Γ( z−1
4 )Γ(− z

2 )

Γ(s+ 1)Γ( z+1
4 )2Γ( z+3

4 )Γ(−z+1
4 )2

(
4a

|a2−1|

) s+1
2

×
∫ ∞

0

u
s−1
2 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

×
∫ 1

0

(1− t)
z−3
4 1F1

(
1
2 ;

−z+5
4 ;

∣∣∣a−1
a+1

∣∣∣ut) dtdu.
We denote the first term by I1(s, z; a) and the second term by I2(s, z; a). Then the absolute
convergence of the integrals in I1(s, z; a) and I2(s, z; a) for Re(s) > 1 and −1 < Re(z) < 1 can
by checked by using the asymptotic formula (6.16).
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First, we compute the value of I2(s, z; a). By ([4, p. 200, (95)]), the integral in I2(s, z; a)
with respect to t becomes∫ 1

0

(1− t)
z−3
4 1F1

(
1
2 ;

−z+5
4 ;

∣∣∣a−1
a+1

∣∣∣ut) dt = Γ( z+1
4 )

Γ( z+5
4 )

2F2

(
1, 12 ;

z+5
4 , −z+5

4 ;
∣∣∣a−1
a+1

∣∣∣u) .
Hence we have

I2(s, z; a) =
π

1
2Γ( s+1

2 )Γ( z2 + 1)Γ( z−1
4 )Γ(− z

2 )

Γ(s+ 1)Γ( z+1
4 )Γ( z+3

4 )Γ( z+5
4 )Γ(−z+1

4 )2

(
4a

|a2−1|

) s+1
2

×
∫ ∞

0

u
s−1
2 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

2F2

(
1, 12 ;

z+5
4 , −z+5

4 ;
∣∣∣a−1
a+1

∣∣∣u) du
=

8π
1
2Γ( s+1

2 )

Γ(s+ 1)

zΓ( z2 )Γ(−
z
2 )

(z2 − 1)Γ( z+1
4 )2Γ(−z+1

4 )2

(
4a

|a2−1|

) s+1
2

×
∫ ∞

0

u
s−1
2 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

2F2

(
1, 12 ;

z+5
4 , −z+5

4 ;
∣∣∣a−1
a+1

∣∣∣u) du
because Γ(x+ 1) = xΓ(x). The above formula shows that

I2(s, z; a) + I2(s,−z; a) = 0 (6.21)

on −1 < Re(z) < 1 (the singularity at z = 0 is removable).

Second, we calculate the value I1(s, z; a). By ([4, p. 200, (94)]), the integral in I1(s, z; a)
with respect to t equals∫ 1

0

t
z−1
4 (1− t)

z−3
4 1F1

(
z+1
4 ; z+3

4 ,
∣∣∣a−1
a+1

∣∣∣ut) dt = Γ( z+1
4 )Γ( z+3

4 )

Γ( z2 + 1)
1F1

(
z+1
4 ; z2 + 1;

∣∣∣a−1
a+1

∣∣∣u) .
Hence we have

I1(s, z; a) =
Γ( s+1

2 )Γ(− z
2 )

Γ(s+ 1)Γ(−z+1
4 )

(
4a

|a2−1|

) s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
4

×
∫ ∞

0

u
s
2+

z−3
4 exp

(
−
∣∣∣a+1
a−1

∣∣∣u) 1F1

(
s+1
2 ; s+ 1; 4a

|a2−1|u
)

1F1

(
z+1
4 ; z2 + 1;

∣∣∣a−1
a+1

∣∣∣u) du
=

Γ( s+1
2 )Γ(− z

2 )

Γ(s+ 1)Γ(−z+1
4 )

{
4a

(a+1)2

} s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
2

×
∫ ∞

0

u
s
2+

z−3
4 exp (−u) 1F1

(
s+1
2 ; s+ 1; 4a

(a+1)2u
)

1F1

(
z+1
4 ; z2 + 1; (a−1

a+1 )
2u
)
du

(6.22)

by changing the variable u →
∣∣∣a−1
a+1

∣∣∣u. Let z ∈ C such that z 6= 0 and −1 < Re(z) < 1. Then,
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from (6.20), (6.21), and (6.22), we get

I(s, z; a) + I(s,−z; a)
=I1(s, z; a) + I1(s,−z; a)

=
Γ( s+1

2 )

Γ(s+ 1)

{
4a

(a+1)2

} s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
2

∫ ∞

0

us+
z−5
4 exp (−u) 1F1

(
s+1
2 ; s+ 1; 4a

(a+1)2u
)

×
[

Γ(− z
2 )

Γ(−z+1
4 )

1F1(
z+1
4 ; z2 + 1; (a−1

a+1 )
2u) +

{
(a−1
a+1 )

2u
}− z

2 Γ( z2 )

Γ( z+1
4 )

1F1(
−z+1

4 ;− z
2 + 1; (a−1

a+1 )
2u)

]
du

=
Γ( s+1

2 )

Γ(s+ 1)

{
4a

(a+1)2

} s+1
2
∣∣∣a−1
a+1

∣∣∣ z−1
2

×
∫ ∞

0

u
s
2+

z−3
4 exp (−u) 1F1

(
s+1
2 ; s+ 1; 4a

(a+1)2u
)
U( z+1

4 , z2 + 1, (a−1
a+1 )

2u)du. (6.23)

From this equation, the singularity at z = 0 is removable. By applying the integral formula

U(a, c, z) =
ez

Γ(a)

∫ ∞

1

e−zt(t− 1)a−1tc−a−1dt

from ([12, p. 277]) to the integral in (6.23), we obtain∫ ∞

0

u
s
2+

z−3
4 exp (−u) 1F1

(
s+1
2 ; s+ 1; 4a

(a+1)2u
)
U( z+1

4 , z2 + 1, (a−1
a+1 )

2u)du

=Γ( z+1
4 )−1

∫ ∞

0

u
s
2+

z−3
4 exp

(
− 4a

(a+1)2u
)

1F1

(
s+1
2 ; s+ 1; 4a

(a+1)2u
)

×
∫ ∞

1

exp(−(a−1
a+1 )

2ut)(t− 1)
z−3
4 t

z−1
4 dtdu

=Γ( z+1
4 )−1

∫ ∞

1

(t− 1)
z−3
4 t

z−1
4

∫ ∞

0

u
s
2+

z−3
4 1F1

(
s+1
2 ; s+ 1; 4a

(a+1)2u
)

× exp
(
−
{

4a
(a+1)2 + (a−1

a+1 )
2t
}
u
)
dudt (∵ (6.16))

=
Γ( s2 + z+1

4 )

Γ( z+1
4 )

∫ ∞

1

(t− 1)
z−3
4 t

z−1
4

{
4a

(a+1)2 + (a−1
a+1 )

2t
}− s

2−
z+1
4

× 2F1

(
s+1
2 , s2 + z+1

4 ; s+ 1;
4a

(a+1)2

4a
(a+1)2

+( a−1
a+1 )

2t

)
dudt. (6.24)

In the above computation, we use the integral formula∫ ∞

0

tλ−1e−zt1F1(a; c; kt)dt =Γ(λ)z−λ2F1(a, λ; c;
k
z ),

(Re(z) > Re(k), |z| > |k|,Re(λ) > 0)

from ([12, p. 278]). Since 0 <
4a

(a+1)2

4a
(a+1)2

+( a−1
a+1 )

2t
≤ 4a

(a+1)2 < 1 for t ≥ 1, (6.24) equals the following
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termwise integral:

Γ(s+ 1)

Γ( s+1
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4 )

∞∑
m=0
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dt (substituting t→ t−1)

=
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)
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m=0
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2
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(a−1)2
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(6.25)

by means of the integral formula (5.3) and the transformation formula ([12, (2.4.1), 1st line]).
Therefore, due to (6.23), (6.24), and (6.25), we have

I(s, z; a) + I(s,−z; a)

=
∣∣∣a+1
a−1

∣∣∣ { 4a
(a+1)2

} s+1
2

∞∑
m=0

Γ( s2 − z−1
4 +m)Γ( s2 + z+1

4 +m)

m!Γ(s+ 1 +m)

{
4a

(a+1)2

}m
× 2F1

(
z+1
4 , −z+1
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2 +m;− 4a

(a−1)2

)
=
∣∣∣a+1
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∣∣∣ { 4a
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2 Γ( s2 + z+1

4 )Γ( s2 − z−1
4 )

Γ(s+ 1)

× F
(1,0)
3

(
s+1
2 , s2+

z+1
4 , s2−

z−1
4 ; z+1

4 ,−z+1
4

s+1; s+1
2

; 4a
(a+1)2 ,−

4a
(a−1)2

)
=4π

1
2O+,(z)

v

(
s;
a+ 1

a− 1

)
(6.26)

from Lemma 5.5. This equation holds for all z ∈ C such that |Re(z)| < 2Re(s) + 1 by analytic
continuation. Hence, the claim follows by (6.9) and (6.26).

Next we discuss the convergence property of the sum
∑
a∈F×−{1} F

(z)(a).

Proposition 6.4. Suppose Re(sv) > 2 for all v ∈ S. Let 0 < σ < 1. The series∑
a∈F×−{1}

F(z)(a) (6.27)

84



converges absolutely and uniformly for |Re(z)| ≤ σ, locally uniformly in sv (v ∈ S), and uniformly
with restect to the imaginary parts of si,v (1 ≤ i ≤ N, v ∈ Σ∞). Moreover, the series (6.27)
defines a holomorphic function on the region

|Re(z)| < min{1} ∪ {Re(sv)− 2|v ∈ S}.

The estimation of the upper bounds of the local integrals F
(z)
v (a) for v ∈ Σfin have been

completed in ([16, §6]). Proposition 6.4 can be proved by simulating their method if we get a

“good” upper bound of F
(z)
v (a) for v ∈ Σ∞. The following Lemmas enables us to use the same

way as the proof of ([16, Proposition 6.12]).

Lemma 6.5. Let α, β, γ ∈ C with Re(γ) > Re(β) > 0. Then we have

|2F1 (α, β; γ;u)| �
∣∣∣∣ Γ(γ)
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∣∣∣∣ Γ(Re(γ − β))

Γ(Re(α))
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(n+ 1)Re(α+β−γ)−1un (0 ≤ u < 1).

with the implied constant independent of the imaginary parts of α, β, and γ.

Proof. From the integral formula (5.3), we have
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≤
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un (0 ≤ u < 1).

By means of Stirling’s formula, we have

Γ(Re(α) + n)Γ(Re(β) + n)

n!Γ(Re(γ) + n)
� (n+ 1)Re(α+β−γ)−1 (n ∈ Z≥0)

with the implied constant independent of the imaginary parts of α, β, and γ. We complete the
proof.

Lemma 6.6. Let v ∈ Σ∞, s ∈ C with Re(s) > 1, and 0 < σ < 1. Then we have∣∣∣∣O+,(z)
v

(
s;
a+ 1

a− 1

)∣∣∣∣�σδ(a > 0)
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∣∣−1

× (1 + a)
−Re(s)+|Re(z)|

2 |a− 1|−
|Re(z)|+1

2
v

{
log

(
3 +

1

|a− 1|v

)}2

(6.28)

uniformly for a ∈ F×
v − {1} and |Re(z)| ≤ σ. Moreover, the implied constant is independent of

the imaginary part of s.

Proof. Let a > 0 and z ∈ C with a 6= 1 and |Re(z)| ≤ σ. By the transformation formula ([12,
(2.4.1), 4th line]), we have

(1 + x2)−
z+1
4 2F1(

z+1
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4 ; 1
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z
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4 )2
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=ϕ(0,z)
v (( 1 x0 1 )) .
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Hence, by (6.9) and (6.26), we get

O+,(z)
v

(
s;
a+ 1

a− 1

)
=

1
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z+1
4

× 2F1

(
s+1
2 , s+1

2 ; s+ 1; 4a
(a+1)2+(a−1)2x2

)
2F1

(
z+1
4 , z+1

4 ; 1
2 ;

x2

1+x2

)
dx.

(6.29)

By Lemma 6.5 and noting u−1 log 1
1−u � log(1 + 1

1−u ) (0 ≤ u < 1), we have the estimate∣∣∣2F1

(
s+1
2 , s+1

2 ; s+ 1; 4a
(a+1)2+(a−1)2x2

)∣∣∣
�
∣∣∣∣Γ(s+ 1)

Γ( s+1
2 )2

∣∣∣∣ ∞∑
n=0

(n+ 1)−1
{

4a
(a+1)2+(a−1)2x2

}n
=

∣∣∣∣Γ(s+ 1)

Γ( s+1
2 )2

∣∣∣∣ { 4a
(a+1)2+(a−1)2x2

}−1

log

(
1

1− 4a
(a+1)2+(a−1)2x2

)

�
∣∣∣∣Γ(s+ 1)

Γ( s+1
2 )2

∣∣∣∣ log
(
1 +

1

1− 4a
(a+1)2+(a−1)2x2

)

≤
∣∣∣∣Γ(s+ 1)

Γ( s+1
2 )2

∣∣∣∣ log
(
1 +

1

1− 4a
(a+1)2

)

�
∣∣∣∣Γ(s+ 1)

Γ( s+1
2 )2

∣∣∣∣ log(3 + 1

|a− 1|

)
.

Moreover, if −σ ≤ Re(z) ≤ 0, we have∣∣∣2F1
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for a > 0 and x ∈ R. From these estimates and (6.29), we get∣∣∣∣O+,(z)
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By the change of variable x→ |a+1
a−1 |x, the following estimate holds.∣∣∣∣O+,(z)

v
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)∣∣∣∣
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−Re(s)−Re(z)

2 |a− 1|
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{
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(
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.

By the symmetry of O+,(z)
v

(
s; a+1
a−1

)
between z and −z, the statement holds.

By Proposition 6.4, we can change the order of integrals in (6.1) as

Jhyp(β) =
1

2

∫
Lσ

β(z)ζF (
z+1
2 )ζF (

−z+1
2 )

 ∑
a∈F×−{1}

F(z)(a)

 dz.

If we put

Ĵ0
hyp(sS , s∞, z) =

1

2
ζF (

z+1
2 )ζF (

−z+1
2 )

 ∑
a∈F×−{1}

F(z)(a)

 , (6.30)

then this is the desired function in Theorem 5.1 for the hyperbolic term. In fact, we can check
that the upper bounds for the local integrals investigated in ([16, §6]) for v ∈ Σfin are independent
of the imaginary part of z ∈ C. Moreover, the upper bound of (6.28) depends only on the real
part of z ∈ C and the gamma factors. Hence Ĵ0

hyp(sS , s∞, z) is vertically of moderate growth
from (1.2) and Stirling’s formula.

7 The F -elliptic term

In this section, we calculate the integral Jell(β). We recall the assumption that the the prime
2 splits completely in F/Q, i.e. Fv ∼= Q2 for v ∈ Σdyadic where Σdyadic denotes the set of all
v ∈ Σfin such that |2|v < 1.

7.1 Preliminaries for computation

We recall the notations of the parametrization of elliptic elements defined in ([16, §7.1]). Set
QF = {(t, n) ∈ F 2|t2 − 4n 6= 0}. Two elements (t, n), (t′, n′) ∈ QF are said to be F -equivalent
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if there exists c ∈ F× such that (t′, n′) = (ct, c2n). The F -equivalence class of an element
(t, n) ∈ QF is denoted by (t : n)F . The quotient set of QF by the F -equivalence relation is
denoted by QF . Set

QIrr
F = {(t : n)F ∈ QF |t2 − 4n /∈ (F×)2}.

For γ̃ ∈ QIrr
F , we fix its representative (t, n) ∈ QF once and for all and set γ =

(
t
2 1
∆
4

t
2

)
∈ GF and

∆ = t2 − 4n. Then, the GF -conjugacy class with the characteristic polynomial X2 − tX + n is
represented by the element γ. Let E be a quadratic extension of F such that E ∼= F [x]/(x2− ∆

4 )
and ι∆ : E ↪→ M2(F ) be the F -algebra embedding given by

ι∆(a+
b
2

√
∆) =

(
a b
b
4∆ a

)
, a, b ∈ F.

Then the centralizer of γ in GF is Gγ,F = ι∆(E
×).

For v ∈ ΣF , the element 4−1∆ can be written in Fv as 4−1∆ = ∆0
vm

2
v where mv ∈ F×

v and
∆0
v ∈ F× − (F×)2. We may assume that ∆0

v ∈ (pv − p2v) ∪ {1} ∪ (o×v − (o×v )
2) for v ∈ Σfin

and ∆0
v ∈ {1,−1} for v ∈ Σ∞. We fix such a factorization of 4−1∆ in F×

v . Since the prime 2
splits completely in F , we have o×v /(o

×
v )

2 ∼= Z×
2 /(1 + 8Z2) = {±5,±1}, thus we may suppose

∆0
v ∈ {±5,±1,±10,±2} for all v ∈ Σdyadic.

We have the direct sum decomposition Ev = Fv +
√
∆0
vFv as vector spaces, which determine

an Fv-algebra embedding ι∆0
v
: Ev ↪→ M2(Fv) as

ι∆0
v
(a+ b

√
∆0
v) =

(
a b
b∆0

v a

)
, a, b ∈ Fv, if ∆

0
v 6= 1,

ι∆0
v
(a+ b

√
∆0
v) =

(
a+b 0
0 a−b

)
, a, b ∈ Fv, if ∆

0
v = 1.

We set T∆,v = ι∆0
v
(E×

v ) and R∆,v ∈ Gv as

R∆,v =

{(
mv 0
0 1

)
if ∆0

v 6= 1(
1 1
1 −1

) (
mv 0
0 1

)
if ∆0

v = 1.

Then we have the relation
R−1

∆,vT∆,vR∆,v = Gγ,v.

Since ∆ ∈ o×v for almost all v ∈ Σfin, the system R∆ = (R∆,v)v∈ΣF
belongs to GA. We define a

closed subgroup T∆ of GA by

T∆ = {h = (hv)v∈ΣF
∈ GA|hv ∈ T∆ ∩Kv for almost all v ∈ Σfin} .

Then, we have R−1
∆ T∆R∆ = Gγ,A. By a similar calculation in ([16, p. 3005]), we obtain

Jell(β) =
1

2

∑
γ̃∈QIrr

F

∫
ZAGF \GA

∑
ξ∈Gγ,F \GF

Φ(g−1ξ−1γξg)E∗
β(g)dg

=
1

2

∑
γ̃∈QIrr

F

∫
Gγ,A\GA

Φ(g−1γg)

{∫
ZAGγ,F \Gγ,A

E∗
β(hg)dh

}
dg

=
1

2

∑
γ̃∈QIrr

F

∫
T∆\GA

Φ(g−1R∆γR
−1
∆ g)(E∗

β)
∆(g)dg

=
1

2

∑
γ̃∈QIrr

F

∫
T∆\GA

Φ(g−1γ̂g)(E∗
β)

∆(g)dg (7.1)
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with a certain Haar measure on Gγ,A where γ̂ = (γ̂v)v∈ΣF
∈ GA such that

γ̂v =

(
t

2mv
1

∆0
v

t
2mv

)
if ∆0

v 6= 1 (7.2)

γ̂v =
( t

2mv
+1 0

0 t
2mv

−1

)
if ∆0

v = 1 (7.3)

and

(E∗
β)

∆(g) =

∫
ZAGγ,F \Gγ,A

E∗
β(hR

−1
∆ g)dh.

This integral is the periods of Eisenstein series along with elliptic tori. Let dE/F be the relative
discriminant of E/F and ε∆ be the idele class character corresponding to the quadratic extension
E/F by class field theory.

By ([16, (7.5)]) and ([16, Proposition 7.7]), we have

(E∗
β)

∆(g) =

∫
Lσ

β(z)ΛF (z + 1)E∆(z; g) (7.4)

where
E∆(z; g) = E∆(z; 1)

∏
v∈ΣF

ϕ∆,(z)
v (gv), g ∈ GA (7.5)

with

E∆(z; 1) =D
− 1

2

F N(dE/F )
z+1
4

∏
v∈ΣF

|mv|−1
∏
v∈ΣF

∆0
v=1

|2|−1
v

×
ζ( z+1

2 )LF (
z+1
2 , ε∆)

ζF (z + 1)

∏
v∈Σ∞
∆0

v=−1

2−1
∏

v∈Σdyadic

∆0
v=5

3−12
z+1
2 +1(1 + 2−z) (7.6)

and ϕ
∆,(z)
v (v ∈ ΣF ) is a unique smooth function on Gv satisfying the properties in ([16, Lemma

7.5]).

7.2 The local orbital integral

For v ∈ ΣF and z ∈ C, we set

E(z)
v (γ̂v) =

∫
T∆,v\Gv

Φv(g
−1γ̂vg)ϕ

∆,(z)
v (g)dg

where γ̂v is given as in (7.2) and (7.3). Explicit formulas of this integral for v ∈ Σfin are calculated
in ([16, Theorem 7.9]). It remains to compute the integral for v ∈ Σ∞.

Proposition 7.1. For v ∈ ΣF , we have the following equations.
(i) When v ∈ Σfin − (S ∪ S(n) ∪ Σdyadic) or v ∈ Σdyadic with ∆0

v 6= 5, we have

E(z)
v (γ̂v) = q

− dv
2

v |2mv|vO
∆0

v,(z)
v,0

(
n

4m2
v

)
δ
(

t
2mv

/∈ o×v or n
4m2

v
/∈ pv

)
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if ∆0
v = 1, and otherwise

E(z)
v (γ̂v) =q

− dv
2

v |mv|vO
∆0

v,(z)
v,0

(
n
m2

v

)

×


1 (v /∈ Σdyadic, ∆0

v ∈ o×v − (o×v )
2)

δ
(

t
2mv

/∈ o×v

)
(v ∈ Σdyadic, ∆0

v ∈ {−1,−5})

δ
(

t
2mv

/∈ pv

)
(∆0

v ∈ pv − p2v).

(ii) When v ∈ Σdyadic with ∆0
v = 5, we have

E(z)
v (γ̂v) = q

− dv
2

v |2mv|v2
−z−1

2 3(1 + 2−z)−1O∆0
v,(z)

v,0

(
n

4m2
v

)
.

(iii) When v ∈ S(n), we have

E(z)
v (γ̂v) = q

− dv
2

v |mv|vO
∆0

v,(z)
v,1

(
n
m2

v

)
×


δ
(

t
2mv

/∈ o×v or n
m2

v
/∈ pv

)
(∆0

v = 1)

δ
(
n
m2

v
/∈ ov

)
(∆0

v ∈ o×v − (o×v )
2)

δ
(
n
m2

v
/∈ pv

)
(∆0

v ∈ pv − p2v).

(iv) When v ∈ S, for |Re(z)| < 2Re(sv) + 1, we have

E(z)
v (γ̂v) = q

− dv
2

v |mv|vS
∆0

v,(z)
v

(
sv;

n
m2

v

)
.

(v) When v ∈ Σ∞, for |Re(z)| < 1, we have

E(z)
v (γ̂v) = 2|mv|v

N∑
i=1

µ(i)
v (s∞)Osgn(∆0

v),(z)
v

(
si,v;

t
2mv

)
.

In preparation for proving the above Proposition, we need the following lemma.

Lemma 7.2. Let s ∈ C such that Re(s) > 1.
(i) For a non-negative integer m, we have∫ ∞

0

xs−1(1 + x)−2s−2m(1− x)2mdx =
(2m)!

m!

Γ(s)Γ(s+m)

Γ(2s+ 2m)
. (7.7)

(ii) For any z ∈ C− [1,+∞), we have∫ ∞

0

xs−1(1 + x)−2s
2F1

(
a, b; 1

2 ; z(
1−x
1+x )

2
)
dx = π

1
2 2−2s+1 Γ(s)

Γ(s+ 1
2 )

2F1(a, b; s+
1
2 ; z). (7.8)

Proof. We prove (i) by induction on m. The case of m = 0 is immediate from ([3, p. 310, (19)]).
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Suppose (7.7) holds for m and any s with Re(s) > 1. Then we have∫ ∞

0

xs−1(1 + x)−2s−2(m+1)(1− x)2(m+1)dx

=

∫ ∞

0

xs−1(1 + x)−2s−2m−2(1− x)2m
{
(1 + x)2 − 4x

}
dx

=

∫ ∞

0

xs−1(1 + x)−2s−2m(1− x)2mdx

− 4

∫ ∞

0

x(s+1)−1(1 + x)−2(s+1)−2m(1− x)2mdx

=
(2m)!

m!

{
Γ(s)Γ(s+m)

Γ(2s+ 2m)
− 4

Γ(s+ 1)Γ(s+m+ 1)

Γ(2s+ 2m+ 2)

}
by the induction hypothesis. By an easy calculation, this equals (2m+2)!

(m+1)!
Γ(s)Γ(s+m+1)
Γ(2s+2m+2) . Hence (i)

follows.
Next, we show (ii). Since the integral (7.8) converges locally uniformly on z ∈ C− [1,+∞),

it suffice to check that (7.8) holds for |z| < 1 by analytic continuation. When |z| < 1, we get the
following termwise integral:∫ ∞

0

xs−1(1 + x)−2s
2F1

(
a, b; 1

2 ; z(
1−x
1+x )

2
)
dx

=
Γ( 12 )

Γ(a)Γ(b)

∞∑
m=0

Γ(a+m)Γ(b+m)

m!Γ( 12 +m)
zm
∫ ∞

0

xs−1(1 + x)−2s−2m(1− x)2mdx

=
π

1
2

Γ(a)Γ(b)

∞∑
m=0

Γ(a+m)Γ(b+m)

m!Γ( 12 +m)
zm

(2m)!

m!

Γ(s)Γ(s+m)

Γ(2s+ 2m)
(∵ (i)). (7.9)

Since m!Γ( 12 +m) = 2−2mπ
1
2 (2m)! and Γ(2s+ 2m) = 22s+2m−1π− 1

2Γ(s+m)Γ(s+ 1
2 +m),

(7.9) becomes

π
1
2 2−2s+1 Γ(s)

Γ(a)Γ(b)

∞∑
m=0

Γ(a+m)Γ(b+m)

m!Γ(s+ 1
2 +m)

zm

=π
1
2 2−2s+1 Γ(s)

Γ(s+ 1
2 )

2F1(a, b; s+
1
2 ; z).

We complete the proof.

Proof of Proposition 7.1. We repeat that the estimates of formulas (i), (ii), (iii), and (iv) have
been done in ([16, Theorem 7.9]), we only prove (v).

Suppose ∆0
v = 1, then T∆,v = Hv. We note that n 6= 0 and t 6= 2mv because t2 − 4n ∈

F×− (F×)2. The proofs of ([16, Lemma 7.5]) and ([16, Lemma 6.1]) say that the function ϕ
∆,(z)
v

coincides with ϕ
(0,z)
v defined in (6.5). To simplify notations, set a = t

2mv
∈ Fv−{1} and b = a+1

a−1 .
Then we have

E(z)
v (γ̂v) = |2mv|F(z)

v (b)

by the same reason as in ([16, p. 3021]) where F
(z)
v is given by (6.8). Hence the claim follows

from Proposition 6.3.
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Next, suppose ∆0
v = −1. In a similar manner as ([16, (9.11)]), we get

E(z)
v (γ̂v) = |mv|−1

∫
R×

∫
R

∫
O(2)

Φsv

(
k−1

(
a+x t−1(1+x2)
−t a−x

)
k
)
|t|

z−1
2 dkdxd×t

= |mv|−1

∫
R×

∫
R
Φsv

((
a+x t−1(1+x2)
−t a−x

))
|t|

z−1
2 dxd×t

because Φsv (k
−1gk) = Φsv (g) for g ∈ GR and k ∈ O(2). Then, from (2.10), we have

E(z)
v (γ̂v) = |mv|−1

N∑
i=1

µ(i)
v (s∞)I(si,v, z) (7.10)

where

I(s, z) =
1

4π

Γ( s+1
2 )2

Γ(s+ 1)

∫
R×

∫
R

{
4(a2+1)t2

(x2+c2)(x2+c2)

} s+1
2

× 2F1

(
s+1
2 , s+1

2 ; s+ 1; 4(a2+1)t2

(x2+c2)(x2+c2)

)
|t|

z−1
2 dxd×t (7.11)

for Re(s) > 1 with c = (t2 + 1 + 2
√
−1at)

1
2 . Suppose that |Re(z)| < 2Re(s) + 1. Then by

exchanging the order of the integrals and the summation formally, we have

I(s, z) =
1

4π

∞∑
m=0

Γ( s+1
2 +m)2

m!Γ(s+ 1 +m)

∫
R×

∫
R

{
4(a2+1)t2

(x2+c2)(x2+c2)

} s+1
2 +m

|t|
z−1
2 dxd×t

=
1

4π

∞∑
m=0

Γ( s+1
2 +m)2

m!Γ(s+ 1 +m)

{
4(a2 + 1)

} s+1
2 +m

×
∫
R×

|t|s+
z+1
2 +2m

∫
R
(x2 + c2)−

s+1
2 −m(x2 + c2)−

s+1
2 −mdxd×t. (7.12)

We can obtain a dominating function by replacing s and z by Re(s) and Re(z) respectively.
Thus, the justification of the above computation is obtained by computing an explicit formula
of (7.12). By the Plancherel theorem for L2(R), (6.12), and a similar way as the calculation in
(6.13), we have∫

R
(x2 + c2)−

s+1
2 −m(x2 + c2)−

s+1
2 −mdx

=8πs+2m+1Γ( s+1
2 +m)−2|c|−s−2m

∫ ∞

0

K s
2+m

(2πcy)K s
2+m

(2πcy)ys+2mdy. (7.13)

By substituting (7.13) into (7.12), we get

I(s, z) =2

∞∑
m=0

1

m!Γ(s+ 1 +m)
πs+2m

{
4(a2 + 1)

} s+1
2 +m

×
∫
R×

|t|s+
z+1
2 +2m|c|−s−2m

∫ ∞

0

K s
2+m

(2πcy)K s
2+m

(2πcy)ys+2mdyd×t. (7.14)
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By Kα(z) =
1
2

∫∞
0

exp(− z
2 (u+ u−1))u−α−1du, the integral with respect to y becomes∫ ∞

0

K s
2+m

(2πcy)K s
2+m

(2πcy)ys+2mdy

=
1

4

∫ ∞

0

ys+2m

∫ ∞

0

exp(−πcy(u+ u−1))u−
s
2−m−1du

×
∫ ∞

0

exp(−πcy(v + v−1))v−
s
2−m−1dvdy

=
1

4

∫ ∞

0

∫ ∞

0

∫ ∞

0

exp(−π(cu+ cv)y2)dy exp(−πcu−1)u−
s
2−m−1du

× exp(−πcv−1)v−
s
2−m−1dv (u→ yu, v → yv)

=
1

4

∫ ∞

0

∫ ∞

0

(cu+ cv)−
1
2 exp(−πcu−1)u−

s
2−m−1du exp(−πcv−1)v−

s
2−m−1dv

=
1

4

∫ ∞

0

∫ ∞

0

(cu+ cv)−
1
2 exp(−πcu)u s

2+m− 1
2 exp(−πcv)v s

2+m− 1
2 dudv (7.15)

(u→ u−1, v → v−1).

As a function of complex variables u, v, the integrand of (7.15) is holomorphic on the region

{(u, v) ∈ C2 | u, v 6= 0, |Arg(u)|, |Arg(v)| < π
4 }.

As long as |Arg(u)| < π
4 and |Arg(v)| < π

4 , the integrand decays exponentially as |u|, |v| → +∞
and that is bounded above by O(|u|

Re(s)
2 −1) as |u| → 0 and O(|v|

Re(s)
2 −1) as |v| → 0 because

|Arg(c)| < π
4 . Hence we can shift the contours {u|u > 0} to {cu|u > 0} and {v|v > 0} to

{cv|v > 0} by Cauchy’s integral theorem. Then, (7.15) becomes

=
1

4
|c|s+2n

∫ ∞

0

∫ ∞

0

(u+ v)−
1
2 exp(−πc2u)u s

2+m− 1
2 exp(−πc2v)v s

2+m− 1
2 dudv

=
1

4
π−s−2n− 1

2 |c|s+2n

∫ ∞

0

∫ ∞

0

(u+ v)−
1
2 exp(−c2u)u s

2+m− 1
2 exp(−c2v)v s

2+m− 1
2 dudv

(u→ π−1u, v → π−1v).

Recall that c = (t2 + 1 + 2
√
−1at)

1
2 . Substituting the above equation into (7.14), we have

I(s, z) =π− 1
2

∞∑
m=0

{
4(a2 + 1)

} s+1
2 +m

m!Γ(s+ 1 +m)

∫ ∞

0

e−(u+v)t2 cos(2a(u− v)t)ts+
z+1
2 +2m−1dt

×
∫ ∞

0

∫ ∞

0

(u+ v)−
1
2 e−u−vu

s
2+m− 1

2 v
s
2+m− 1

2 dudv. (7.16)

By the integral formula∫ ∞

0

e−αx
2

cos(βx)xs−1dx = 1
2α

− s
2Γ( s2 )exp(−

β2

4α )1F1(− 1
2s+

1
2 ;

1
2 ;

β2

4α )

= 1
2α

− s
2Γ( s2 )1F1(− s

2 ;
1
2 ;−

β2

4α ) (Re(s) > 0,Re(α) > 0)
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from ([3, p. 320, (30)]), we can rewrite (7.16) as

I(s, z) =π− 1
2

∞∑
m=0

Γ( s2 + z+1
4 +m)

m!Γ(s+ 1 +m)

{
4(a2 + 1)

} s+1
2 +m

×
∫ ∞

0

∫ ∞

0

(u+ v)−
s
2−

z+3
4 −me−u−vu

s
2+m− 1

2 v
s
2+m− 1

2 1F1

(
s
2 + z+1

4 +m; 1
2 ;−

a2(u−v)2
u+v

)
dudv

=π− 1
2

∞∑
m=0

Γ( s2 + z+1
4 +m)

m!Γ(s+ 1 +m)

{
4(a2 + 1)

} s+1
2 +m

×
∫ ∞

0

∫ ∞

0

u
s
2−

z−1
4 +m−1e−(1+v)u

1F1

(
s
2 + z+1

4 +m; 1
2 ;−

a2(1−v)2
1+v u

)
du

× (1 + v)−
s
2−

z+3
4 −mv

s
2+m− 1

2 dv (v → uv). (7.17)

By applying the equation∫ ∞

0

xs−1e−αx1F1(β; ρ;λx)dx = α−sΓ(s)2F1(β, s; ρ;
λ
α )

(Re(s) > 0,Re(α) > max {0,Re(λ)})

from ([3, p. 337, (9)]), the value (7.17) becomes

I(s, z) =π− 1
2

∞∑
m=0

Γ( s2 + z+1
4 +m)Γ( s2 − z−1

4 +m)

m!Γ(s+ 1 +m)

{
4(a2 + 1)

} s+1
2 +m

×
∫ ∞

0

(1 + v)−s−2m−1v
s
2+m− 1

2 2F1

(
s
2 + z+1

4 +m, s2 − z−1
4 +m; 1

2 ;−a
2( 1−v1+v )

2
)
dv

=2

∞∑
m=0

Γ( s2 + z+1
4 +m)Γ( s2 − z−1

4 +m)Γ( s+1
2 +m)

m!Γ( s2 + 1 +m)Γ(s+ 1 +m)
(a2 + 1)

s+1
2 +m

× 2F1

(
s
2 + z+1

4 +m, s2 − z−1
4 +m; s2 + 1 +m;−a2

)
=2(a2 + 1)

∞∑
m=0

Γ( s2 + z+1
4 +m)Γ( s2 − z−1

4 +m)Γ( s+1
2 +m)

m!Γ( s2 + 1 +m)Γ(s+ 1 +m)

× 2F1

(
z+3
4 , −z+3

4 ; s2 + 1 +m;−a2
)

(7.18)

by Lemma 7.2 (ii) and ([12, (2.4.1), 1st line]). Then, from Lemma 5.5, the sum (7.18) equals

I(s, z) =2(a2 + 1)
Γ( s2 + z+1

4 )Γ( s2 − z−1
4 )Γ( s+1

2 )

Γ(s+ 1)Γ( s2 + 1)

× F
(1,0)
3

(
s
2+

z+1
4 , s2−

z−1
4 , s+1

2 ; z+3
4 ,−z+3

4
s+1; s2+1

; 1,−a2
)

= 2×O−,(z)
v (s; a). (7.19)

The claim follows from (7.10) and (7.19).

It remains to discuss the absolute convergence of the series
∑
γ∈QIrr

F

(∏
v∈ΣF

E
(z)
v (γ̂v)

)
.

Proposition 7.3. For any σ ∈ R such that 0 < σ < 1, we have∑
γ=(t:n)F∈QIrr

F

|ΛF (z + 1)||E∆(z; 1)|
∏
v∈ΣF

|E(z)
v (γ̂v)| < +∞ (7.20)

94



uniformly for z, sv (v ∈ S), and the imaginary parts of si,v (1 ≤ i ≤ N, v ∈ Σ∞) such that
min{Re(sv)|v ∈ S} > 2max

{
Re(si,v)

∣∣v∈Σ∞,
1≤i≤N

}
+ 1 and |Re(z)| < δ.

It suffices to obtain the upper bound of E
(z)
v (γ̂v) for v ∈ Σ∞ since the estimations of upper

bounds of E
(z)
v (γ̂v) for v ∈ Σfin has been already done in ([16, Lemma 7.14]). The following

lemma is a substitution of ([16, Lemma 7.14, (4) and (5)]) which allows us to apply the same
way as the proof of the absolute convergence of (7.20) investigated in ([16, §7]).

Lemma 7.4. Let v ∈ Σ∞, s ∈ C with Re(s) > 1, and 0 < σ < 1. Then we have the following
estimates.
(i)

|O+,(z)
v (s; a)| �σ δ(a > 1)

∣∣Γ( z+1
4 )Γ(−z+1

4 )
∣∣−1

×min{1, |a− 1|v}−
Re(s)+1

2 |a|
|Re(z)|+1

2
v {log (3 + |a|v)}2 ,

uniformly on a ∈ Fv and |Re(z)| ≤ σ. Moreover, the implied constant is independent of the
imaginary part of s.

(ii)

|O−,(z)
v (s; a)| �σ (1 + |a|v)

|Re(z)|+1
2 log(3 + |a|v)

uniformly on a ∈ Fv and |Re(z)| ≤ σ. Moreover, the implied constant is independent of the
imaginary part of s.

Proof. The estimate (i) is a consequence of Lemma 6.6. It suffices to check (ii). From the proof
of Lemma 6.5, we have the inequality∣∣∣∣Γ( s+1

2 )2

Γ(s+ 1)

∣∣∣∣ ∣∣2F1(
s+1
2 , s+1

2 ; s+ 1;u)
∣∣ ≤ Γ(Re(s)+1

2 )2

Γ(Re(s) + 1)
2F1(

Re(s)+1
2 , Re(s)+1

2 ; Re(s) + 1;u)

for 0 ≤ u < 1. Hence, by (7.11) and (7.19), we have∣∣∣O−,(z)
v (s; a)

∣∣∣ ≤ O−,(Re(z))
v (Re(s); a).

Therefore, we may assume that s, z ∈ R. By (7.18) and (7.19),

O−,(z)
v (s; a) =(a2 + 1)

∞∑
m=0

Γ( s
2+

z+1
4 +m)Γ( s

2−
z−1
4 +m)Γ( s+1

2 +m)

m!Γ( s
2+1+m)Γ(s+1+m)

× 2F1

(
z+3
4 , −z+3

4 ; s2 + 1 +m;−a2
)
. (7.21)

Suppose 0 ≤ z ≤ δ. From the third line of ([12, (2.4.1)]), the series (7.21) equals

O−,(z)
v (s; a) =(a2 + 1)

z+1
4

∞∑
m=0

Γ( s
2+

z+1
4 +m)Γ( s

2−
z−1
4 +m)Γ( s+1

2 +m)

m!Γ( s
2+1+m)Γ(s+1+m)

× 2F1

(
−z+3

4 , s2 − z−1
4 +m; s2 + 1 +m; a2

a2+1

)
=Γ(−z+3

4 )−1(a2 + 1)
z+1
4

×
∞∑

m,n=0

Γ( s
2+

z+1
4 +m)Γ( s+1

2 +m)Γ(−z+3
4 +n)Γ( s

2−
z−1
4 +m+n)

m!n!Γ(s+1+m)Γ( s
2+1+m+n) ( a2

a2+1 )
n.
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By Stirling’s formula, we have∣∣∣Γ( s
2+

z+1
4 +m)Γ( s+1

2 +m)Γ(−z+3
4 +n)Γ( s

2−
z−1
4 +m+n)

m!n!Γ(s+1+m)Γ( s
2+1+m+n)

∣∣∣
�(m+ 1)

z−5
4 (n+ 1)

−z−1
4 (m+ n+ 1)

−z−3
4

≤(m+ 1)
σ−5
4 (n+ 1)−1 (m,n ≥ 0) (7.22)

uniformly on 0 ≤ z ≤ σ. Hence we obtain

|O−,(z)
v (s; a)| � |Γ(−σ+3

4 )|−1(a2 + 1)
z+1
4

∞∑
m,n=0

(m+ 1)
σ−5
4 (n+ 1)−1( a2

a2+1 )
n

�σ (a2 + 1)
z+1
4

{
−( a2

a2+1 )
−1 log

(
1− a2

a2+1

)}
�σ (1 + |a|)

z+1
2 log(3 + |a|), a ∈ R.

By the symmetry of O−,(z)
v (s; a) between z and −z, we are done.

Recall that

(E∗
β)

∆(g) =

∫
Lσ

β(z)ΛF (z + 1)E∆(z; 1)
∏
v∈ΣF

ϕ∆,(z)
v (gv)dz, g = (gv)v∈ΣF

from (7.4) and (7.5). By substituting this into (7.1) and changing the order of integrals, we
obtain

Jell(β) =
1

2

∑
γ̃∈QIrr

F

∫
Lσ

β(z)ΛF (z + 1)E∆(z; 1){
∏
v∈ΣF

E(z)
v (γ̂v)}dz.

Here, the change of the order of the integrals is guaranteed by (1.2), Stirling’s formula and a
similar manner as in ([16, Lemma 7.21]). We set the function

Ĵ0
ell(sS , s∞, z) =

1

2

∑
γ̃∈QIrr

F

ΛF (z + 1)E∆(z; 1){
∏
v∈ΣF

E(z)
v (γ̂v)}

which is vertically of moderate growth on −1 < Re(z) < 1 from Proposition 7.3. Then, this is
the desired function in Theorem 5.1 for the elliptic term.

8 Proofs of the main results

Proof of Theorem 1.1. For [ ∈ {cus,Eis, res} and \ ∈ {uni,hyp, ell}, let Î0♭ (sS , s∞, z) and Ĵ
0
♮ (sS , s∞, z)

be the holomorphic functions defined from §4 to §7. Then, by Proposition 3.9, we have the iden-
tity

Î0cus(sS , s∞, z) + Î0Eis(sS , s∞, z) + Î0res(sS , s∞, z)

= Ĵ0
uni(sS , s∞, z) + Ĵ0

hyp(sS , s∞, z) + Ĵ0
ell(sS , s∞, z) (8.1)

for −1 < Re(z) < 1 and min{Re(sv)|v ∈ S} > 2max
{
Re(si,v)

∣∣v∈Σ∞,
1≤i≤N

}
+ 1 (cf. Proposition 7.3).

By the same discussion for the elliptic term done in ([16, §8.1]), we can check that

Î0♭ (sS , s∞, z) = ζF (
z+1
2 )I0♭ (sS , s∞, z), ([ ∈ {cus,Eis, res})
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Ĵ0
♮ (sS , s∞, z) = ζF (

z+1
2 )J0

♮ (sS , s∞, z), (\ ∈ {uni,hyp, ell})

where I0♭ (sS , s∞, z) and J
0
♮ (sS , s∞, z) are the function defined in (1.5), (1.6), (1.8), and Theorem

1.1. Dividing (8.1) by ζF (
z+1
2 ), we complete the proof.

Proof of Corollary 1.2. Recall the notations sS = (sv)v∈S and s∞ = ((si,v)1≤i≤N )v∈Σ∞ . From
now on, we fix the parameters si,v for v ∈ Σ∞, i > 1 and regard s1,∞ := (s1,v)v∈Σ∞ ∈ CΣ∞ as

complex variables. For v ∈ Σ∞ and αv ∈ Av, we define α
(1)
v ∈ Av by

α(1)
v (s1,v) =

 ∏
1<j≤N

(
s2j,v − s21,v

4

)αv(s1,v) = µ(1)
v (s∞)−1αv(s1,v).

For α = ⊗v∈S∪Σ∞αv ∈ AS∪Σ∞ , [ ∈ {cus,Eis, res}, and \ ∈ {uni,hyp, ell}, we put

α(1) = (⊗v∈Sαv)⊗ (⊗v∈Σ∞α
(1)
v ),

Ĩ0♭ (α|n; z) =
(

1
2π

√
−1

)#S∪Σ∞
∫
L(c)

I0♭ (sS , s∞, z)α
(1)(sS , s1,∞)dµ(sS , s1,∞),

and

J̃0♮ (α|n; z) =
(

1
2π

√
−1

)#S∪Σ∞
∫
L(c)

J0
♮ (sS , s∞, z)α

(1)(sS , s1,∞)dµ(sS , s1,∞)

where c = (cv)v∈S ∈ RS∪Σ∞ such that cv > 1 is sufficiently large for each v ∈ S ∪ Σ∞,
L(c) =

∏
v∈S∪Σ∞

Lv(cv), and dµ(sS , s1,∞) =
∏
v∈S dµv(sv)

∏
v∈Σ∞

dµv(s1,v). Then, it can be
checked that

Ĩ0♭ (α|n; z) = I0♭ (α|n; z)

and
J̃0♮ (α|n; z) = J0♮ (α|n; z)

by the following formulas:

1

2π
√
−1

∫
Lv(cv)

{q
ν+1
2

v +q
−ν+1

2
v −q

sv+1
2

v −q
sv+1

2
v }−1αv(sv)dµ(sv) = −αv(ν), (v ∈ S, |Re(ν)| < cv),

1

2π
√
−1

∫
Lv(cv)

{s21,v − λ2}−1α(1)
v (s1,v)dµv(s1,v) =

1

2
α(1)
v (ν), (v ∈ Σ∞, |Re(ν)| < cv),

1

2π
√
−1

∫
Lv(cv)

µ(i)
v (s∞)α(1)

v (s1,v)dµv(s1,v) = 0, (v ∈ Σ∞, i > 1).

Thus, Corollary 1.2 follows from Theorem 1.1.
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[4] A. Erdélyi, W. Magnus, F. Oberhettinger, F. G. Tricomi, Tables of Integral Transforms.
Vol. II. Based, in part, on notes left by Harry Bateman, McGraw-Hill Book Company, Inc.,
New York-Toronto-London, 1954.

[5] S. Gelbert, Automorphic forms on adele groups. Ann. of Math. Studies, No. 83, Princeton
Univ. Press, Princeton, N. J., 1975.

[6] S. Gelbart, H. Jacquet, A relation between automorphic representations of GL(2) and GL(3).
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