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I. Introduction

Recently unstable orbits in the vicinity of the libration points, or of the so-called Lagrangian [i)2fs [
in the circular restricted three-body problem (CRTBP) have attracted much attention, and station-keeping
on them has been studied by several auth89][ For formation flying along unstable orbits, a simple
feedback law was proposed by ScheeldE} py stabilizing the unstable manifold and creating additional
center manifolds. Based on the output regulation theory of a linear sydtfjma[ control law to realize
the formation flying and station-keeping was proposed by Bando and Ichik®aThe periodic Riccati
differential equations were used by Peng et al. for the station-keeping and formation flying based on the
linear periodic time-varying equation of the relative motion around a libration point Argjit [

In this paper, station-keeping and formation flying along unstable libration point orbits are considered.
Using the nonlinear output regulation thedfiy[[15], a general form of controller is analytically derived to
achieve station-keeping and formation flying of periodic and quasi-periodic (invariant tori) orbits embedded
on a four-dimensional center manifold in the CRTBP.

A standard approach to derive such a controller is to linearize the system along a reference orbit and then
stabilize the linearized systei®, [LE]. In our approach, the problem is solved as a nonlinear output regulation
problem which allows us to derive a general form for station-keeping and formation flying controllers without
the linearization assumption. However, the nonlinear output regulation problem cannot be applied directly

to this problem due to an unstable mode. Therefore, by using the center manifold theory in the formulation
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of the nonlinear output regulation problem, this paper proposes a station-keeping controller for a nonlinear
reference orbit which can be solved explicitly when the initial condition of such a trajectory is assumed
to be known exactly. Then, a Fourier series approximation is introduced to describe a periodic or quasi-
periodic orbit in the CRTBP when the initial condition is not exactly known. By using the Fourier series
approximation to describe a periodic or quasi-periodic orbit in the CRTBP, a neutrally stable exosystem to
describe a reference trajectory for station-keeping is developed and the explicit solution to the nonlinear
regulation problem is derived. However, it is nearly impossible to obtain the exact initial condition of a
periodic orbit or quasi-periodic orbit. Thus, the proposed method based on a Fourier series approximation
provides a practical controller to implement station-keeping or formation flying.

After describing the relevant theory and controller derivation, this paper presents numerical examples
using thel, Lagrange point of the Sun-Earth CRTBP. For performance indexes, two velocity changes are
calculated. Through the demonstrations of the transfer and station-keeping problem of the halo orbit, the
relation between the truncation order and the performance indexes is revealed. As a further application, the
result is applied to station-keeping and formation flying using artificial orbits. Furthermore, the controller is

verified under realistic situations including various perturbations.

Il. Equations of Motion in CRTBP

In the CRTBP, the equations of motion in the non-dimensional fdirhdre expressed as

ou
X//—ZY/: 07+UX
ou
Y 42X = Sy W (1)
ou
ZN == 87 + UZ

where {X,Y,Z} is the rotating frame whose origin is the barycenter of the system; the coordinates and
time are normalized by the distance between the two main bodies and by the period of the circular orbit

respectively;(-)’ denotes the differentiation ¢f) with respect to non-dimensional tinie(ux, uy, u,) is the



control acceleration;
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r= \/(X+;1)2+Y2+Z2

o= \/(X71+u)2+Y2+ZZ

andu = M/ (M1 + M) whereM; andM; are the masses of the two main bodies With> M.

Equation[{) has libration points known as Lagrangian poilgtsatisfying

Ju oJU JuU
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and the Lagrangian points are expressed as
L1 = (12(1),0,0), La=(I2(k),0,0), Lz=(I3(u),0,0)

Ls=(1/2—p,v/3/2,0), Ls=(1/2—pu,—/3/2,0)

&)

wherel;(u) are determined by setting= 0 and solvingg—l;( = 0. To describe the motion near a collinear

libration pointL; (i = 1, 2,3), it is convenient to use a coordinate system with the origin.afhus, replacing

{X,Y,Z} by {x+1;,y,z} and rewriting Eq.[D) in the state space form yield

' = Az + Bf(x)+ Bu
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Note thatf (x) is the higher-order terms that would be dropped in the linearization.
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lll.  Nonlinear Output Regulation Problem
The nonlinear output regulation theory is reviewed in this section. The detailed description is introduced

in [14,[15]. The output regulation problem for a general nonlinear system is modeled by

T = f(x,u,w) (4)
e=h(z,u,w) ©)
w = s(w) (6)

where stater € R", control inputu € R™, exogenous signab € RY, and regulated output € R". Equa-
tion (@) is a plant, and the exogenous sigmals generated by an external autonomous sys@mhich is
called an exosystem. Assume tfatR" x R x R — R", A : R" x R™ x RY — R", ands : RY — RY are at
least twice continuously differentiable, and also tfiéd,0,0) = 0, h(0,0,0) = 0, ands(0) = 0. Moreover,
the plant[@) and the exosysterf@) satisfy the following assumptions: the pé%(o,o,o), %(0,0,0))
is stabilizable and the exosystel@) {s neutrally stable, which are necessary conditions to solve the local
output regulation problem.

The local output regulation problem is to find a stabilizing feedback control law sucle thad as
time goes to infinity for any initial states in a vicinity sufficiently close(4#60),w(0)) = (0,0). This local
output regulation problem is solvable if and only if there exist mappin@s) andc(w) with v(0) = 0 and

¢(0) = 0 which satisfy the conditions:

s(w) = f(m(w),c(w), w) Q)

0 = h(m(w), c(w),w) 8

Then, an admissible feedback control law is given by

u=—F(z—m(w))+c(w) ©)
. : . of of .
whereF is an arbitrary matrix such th %(0,0,0) - R(O,O,O)F is stable.

IV. Station-Keeping and Formation Flying Controller
In this section, a station-keeping and formation flying problem for reference orbits is formulated as a
tracking problem. The problem is solved as a special case of the output regulation problem. Two types of

exosystems generating reference orbits are considered and the corresponding controllers are derived.



A. Controller for Exact Tracking

For station-keeping, a simple feedback contick —F(x — xef), Wherexes denotes a state of a
reference orbit, is often used,[17]. First we show that the simple feedback contiok —F (x — xef) is a
solution to the exact output tracking problem for a nonlinear reference trajectory.

The statere Of the reference orbit satisfies

Tret = Aret + B f (xret) (10)

It should be noted that the nonlinear output regulation theory cannot be applied directly to this problem,
because the matrid has one unstable eigenvalue as well as one stable and four center eigenvalues, and thus,
the assumption of the nonlinear output regulation problem does not hold. This paper, therefore, uses the
center manifold theoreniB, [19] to reduce the six dimensional system into the four dimensional one which
lies on the center manifold and is neutrally stable.

Equation[[[0) can be block-diagonalized by a transformation maffiromposed of eigenvectors df

into the following form:

wl :Pw+fC(waWSaWU) (11)
Ws, == qu+ fs('u.}’WS7 Wu) (12)
Wu, =TWy + fu('l,U,Ws7 Wu) (13)

.
where { w Ws Wy } =T lxres; (w,Ws,Wy) € R* x R x RY; P is the 4x 4 matrix whose eigenvalues

have zero real partg} < 0, andr > 0; the functionsf, : R® — R4, and fs, f, : R® — R* are zero at the

origin and their first derivatives evaluated at the origin are also zero. Then, the reduced system on the center

manifold [20] is given by

w' = Pw + fe (w,Ws(w),Wy(w)) £ s(w) (14)

w(0) = wo = [T *2rer(0)]1:4 (15)

wheres : R* — R* and|[(-)];.j signifies thé' to j'" components of vectdr). Since the reduced systefidy

is neutrally stable, it can be regarded as the exosystem for the reference periodic orbit. It should be noted
T
that because tha is the state of the reduced systenfw) =T | T ws(w) wy(w) | € R is the state



restricted on the center manifold and satisfies
7(w) = AT(w) + Bf(1(w)) (16)
Then, the regulated output is expressed as

X—Xref

e=| y—yor | =C(z—7(w)) a7)
Z—Zef

whereC' = [ Is Os } For Egs.[B), (I4) and [L7), the mappingsr(w) andc(w), which satisfy the condi-

tions [7), and ), are given by

w(w) = 1(w) (18)

c(w)=0 (19)

Note that it is confirmed that EqdI§) and {9 are the solutions to the regulator equations because
on or
7w ™) = 5w

Then, the controller to achieve asymptotic tracking is

w’' = 7/(w) and Eq.[[).

u=—F(x—7(w)) =—F(x— i) (20)

where F' is an arbitrary feedback gain matrix such théat— BF is stable. Thus, the nonlinear output
regulation theory can be applied to the station-keeping problem by introducing the center manifold theory.
Moreover, mappings can be obtained explicitly, and consequently, the controller is given in the simple feed-
back form. It should be noted that though the proposed contr@@iig a simple linear feedback controller,

it can achieve exact tracking to the nonlinear reference orbit.

B. Exosystem for Approximated Reference Orbit and Controller

The controller for a natural periodic orbit has been derived in the previous subsection. However, note
that since the initial conditioree(0) is only numerically available, the orbit departing from the obtained
xre£(0) diverges within a few periods. Moreover, the control@)(cannot deal with a formation flying

problem since a formation flying orbit no longer satisfies E€).(



This paper designs a neutrally stable exosystem and derives a general controller which is applicable for
both station-keeping and formation flying by using a reference orbit approximated by a Fourier series. Let
xref andxret n be a state of a target orbit and thiB-order approximation aoke ¢, respectively. The position

vector ofzret n is given by

]

Xrefn(t) = a0+ ) (axCoskwyt + by sinkat)

x
Il
fal

Yretn(t) =ao+ Y (aykCoskayt + byisinkayt) (21)

HM:

k=1

=}

Zefn(t) =an+ ) (8zCOSKwst + byisinkaw;t)
1

=
[l

wherewy, wy,, andw; are frequencies of the (quasi-) periodic reference orbit along each coordinate. In general
these frequencies are not the same values, thereby2Bgefresents a quasi-periodic orbit. As a special
case ofwy = wy = w,, Eq. ZI) becomes a periodic orbit.

The exosystem generating th&-order approximated reference orbit described by ). i expressed

as a linear state space form:
wy), = Spwn, wn(0) = wo (22)

T T
where wn = |:w;£n w;ll-.n w;':n:| X Wy n, Wyn,Wzn S R2n+l; wo = |:w;(ro w;l;o w;rO:| ) Sn =

diag[ Sxn Syn Szn :|; Sjn= diag[ 0 Dj1 Dj, -+ Djn } € R@1)x(2n+1).

T
Win= | Wjo|Wj1 Wj1|Wj2 Wjz|-|Wjn VVi,n]
- T
wijo = ajo | aj1 bjl a2 bjz -+ [ @jn bjn]
0 Nw;j )
Dijn= , (I=xy2
—nw; O
Then, the solutions to Eq2P) are given by
wio(t) = ajo
Wjn(t) = ajncosnwjt + bj, sinnwjt (23)
Wjn(t) = —ajnSinnwjt + bj, cosnwjt

Hence, the reference orbit E@®]) is expressed as the superposition of the first and second equations of



Eq. 23 as
n
Xreﬂn(t) = Z Wy k = wa,n,
K=0
n
Yrefn(t) = %Wy,k = Lwy, (24)
k=
n
Zref,n(t) = Z Wy = Lwzn
K=0
whereL = [11 0ol1 0l---]1 0}.
The regulated output is defined as

X—Xref,n
€=1 Y—VYetn | = Cxz — Dwn (25)
Z—Zefn
with D =diagL, L, L]. For Egs.[B), 22 and @5, the mappingsr,(wn) anden(wn), which satisfy the

conditions[f), and @), are given by

D A
7'l'n(’wn) = wn = IThwn (26)
DS,
en(wn) = — F(IIqywn) + (DS2 — KD — JDSp)wn 2 — f(Iqwy) + Thwn (27)

Note that the regulator equations are nonlinear but have explicit soluf@hsrid P7) since the designed

exosystem is linear.

Then, the controller for the™-order problem to achieve asymptotic tracking is obtained as
Un = _F(QZ — Hn’lﬂn) — f(]:[n'lﬂn) + Fan (28)

whereu has been replaced hy, in order to clarify the dependence on the truncation order. By applying the
feedback contro[d8), the stater asymptotically tracks the reference oritt  for any (x(0),w(0)) and

stays in the vicinity of it. When the reference orbit is exactly periodic, the control cost for station-keeping
evaluated in the absolute integrak. Ly norm, can be made arbitrarily small for sufficient large truncation
order of Fourier series. However, in practite norm does not exactly converge to zero because of the small
numerical error in the initial condition. Further, the discontinuities of the reference orbit & T might

lead an unexpected overshoot of control input at the discontinuity called Gibbs phenomenon. To avoid this,



the reference orbit must be modified to be a continuous periodic orbit. By using a interpolating technique,
the order of theL; norm for sufficiently largen andt is the same as that of the sum of the maximum error
between the states of the reference discontinuous trajectory and the interpolated orbit and that between the
interpolated orbit and the natural periodic orbit (see Appendix A).

Comparing the controlleg) with the controller[0), the controller28) requires not only a feedback
term but also additional terms to achieve tracking due to the approximation of the reference orbit. However,
the controller @) is the n"-order approximation of the controll€E®), and both controllers accord for a
sufficiently large truncation order (see Appendix B). The proposed controZ8wéalizes station-keeping
on a periodic orbit which is free motion in the considered system with few control input. Moreover, if a
reference orbit is not free motion in the system, the proposed controP@wcén achieve station-keeping

on an artificial orbit.

V. Simulation Results for Sun-Earth CRTBP
In this section, the control lavi2B) is applied to the nonlinear equations of motif &round thel,
Lagrange point of the Sun-Earth CRTBP. First, station-keeping on a halo orbit is considered to verify the
developed controller. Then, formation flying along the halo orbit is demonstrated as a further application.
Furthermore, the effects of perturbations on the performance of the controller is investigated. The period of
the orbit and the radius of the Sun-Earth system are assumedito-h86526 days andRy = 1.4960x 10°
km, respectively. Then, the parameters are specifigad-as3.0542x 107, I, = 1.0101, ando, = 3.9393.

The initial condition for the halo orbit in the normalized units is given by

Tet(0)= | _2.2556 0 22901 0 11721 0| x 1073 (29)

and its period i = 3.0934 (17970 days).

A. Station-Keeping on Libration Orbits

Note that the trajectory with the initial conditioB9) is not exactly periodic, and that it diverges within
four periods. First, the trajectory is interpolated to be a continuous periodic orbit by settin@) =
zret(0). Then, to represent the interpolated reference orbit in analytical form, the time history of the position

of the orbit during the first period is expanded in tif&order Fourier series. Th&"-order reference orbit,
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Fig. 1 Pseudo-periodic orbit (h = 8).

referred to apseudo-periodic orbjis shown in Figll The initial condition obtained for the pseudo-periodic
orbit zret g(0) is slightly different from Eq.[Z9) due to the truncation error of Fourier series.
As a preliminary step, the feedback gdihis designed by the linear quadratic regulator (LQR) theory

and is given byF = R~1BT X, whereX is the solution to the algebraic Ricatti equation
ATX+XA+Q-XBR'B'X=0

whereQ = Is andR = I.

A state that is slightly different from the stable manifold of the halo orbit is used as the initial state of

10
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Fig. 2 Controlled trajectory (n = 8); the solid and chain lines are the controlled and uncontrolled trajectories,

respectively, and the dashed line is the reference orbit.

the spacecraft. The state on the stable manifold given by

Tstable = [—2.4671 —0.061698 22600 068730 12131 0036903] x 1073 (30)

converges to the halo orbit after approximately 510 days without control. Then, the initiakgtaitet

includes the position erro(800km —100km 200km) for xgiapie@s

o= {—2.4651 —0.062367 22587 068730 12131 0036903} x 1073 (31)

is used for the simulation. Note that the trajectory departing figndiverges within one period without
control. The initial state of the exosystam is set using the Fourier coefficients and frequencies fer8.

The controlled trajectory by Eq28) is shown in Figl2, and the time history of the control input and
its enlargement are shown in F§. Figurel2 shows that the state asymptotically tracks the pseudo-periodic
orbit. It can be seen from Fi@@ that the input gets smaller as time passes and becomes periodic. This is
because the stateapproache¥l wn = zretn and the input converges td— f (Il wn) + Lnwn) ast — co.

Two performance indexes are considerAlty andAV;. The definition ofAVy is the absolute integral,
i.e. Ly norm, of the input until the tim&@cony When the distance from the reference trajectdrigecomes

smaller than a specific value Another index AV, is defined as thé; norm of the input for one-period

11
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Fig. 3 Time history of input (n= 8).

after timeTeony. That is,

TCOFIV TCOFIV

o= [ fun(t)idt= [ u(t)] + 0] + () 32
Teonvt T TeonvtT

AV = [ un(®ldt= [ fudt) 4 uy )]+ ) ot (33)

Here AV andAV; are calculated as a function of the truncation ordand shown in Figdiforn=3,4,--- .8,

for £ = 6.6846x 108 (corresponding to 10 km). Figugga)shows thai\Vy approaches the specific value
(31859 m/s) as increases. From Fiffi(b) AV, approaches zero. This is because the higher-order approxi-
mation generates a closer orbit to the reference orbit that is sufficiently close to a natural periodic orbit, and
hence, control effort for station-keeping approaches zero. However, in prabcepes not converges to

zero but converges to a small value (in this examfilg,goes to 018522 m/s) because the reference orbit is

not free motion.

B. Formation Flying using Quasi-Periodic Orbits

The derived controller applies to a general form of tracking problem, and formation flying can be
achieved by changing the parameters in the controller. Consider a chief satellite orbiting a reference halo
orbit generated by the initial conditioB9) and a deputy satellite which is to fly in formation with the chief.
As an example, a circular formation flying orbit in they plane is considered. By changirigyk, by to

(axk+ 1, by + 1) wherek is the index of the Fourier series, the relative motion of the deputy with respect to

12
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Fig. 4 Relation between performance indexes and.

T
the chiefdr = [ dx dy 52} become a circular orbit in they plane whose radius isas

OX(t) = r coskaxt
Oy(t) = rsinkayt (34)
oz(t)=0

Note that while the chief rotates one revolution, the deputy #aesolutions around the chief. The trunca-
tion order of the halo orbit and formation flying orbitsis= 8. To exaggerate the formation flying orbits, the
radius is set as= 2.0054x 10~* (30,000 km) in the simulation. The formation flying orbits foe= 2 and 8

are shown in Fighl Whenr = 2.0054x 10-° (300 km), the maintenance cost for the formation flying for

one period is 8918 m/s forkk = 2 and 70633 m/s fork = 8.

C. Effects of Perturbations on the Proposed Controller

In this subsection, the effects of the perturbations, including the solar radiation pressure (SRP), modeling
error, process noise, and measurement error, on the performance of the derived cd@8alerdonsidered.
Assume as follows: (i) the spacecraft is always perpendicular to the sun diréatidhe SRP acceleration
asrpis oriented along the radial direction, (ii) the process noise is represenigddR® and each compo-
nent ofd; has the normal distributiof(D, afz), (i) the measurement error about the position is represented
by dp € R3 and each component adl, has the normal distributio(0, GFZ,), and (iv) the measurement error

about the velocity is represented By € R3 and each component d has the normal distributio(0, 62).

13
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Fig. 5 Formation flying orbits (n = 8); the dashed and solid lines are orbits of the chief and the deputy, respectively.
Then, the CRTBP including the SRP and the process noise is expressed by
' = Az + Bf(z)+ Bu+ Basrp+ Bds (35)

The SRP acceleration is computed by

asre(@: B) = B 1;3“ r (36)
1

andp is the lightness number, defined as the ratio of the SRP acceleration to solar gravitational acceleration.
To investigate the effects of the perturbations to the control performance, station-keeping on the halo
orbit obtained by the initial conditiof28) is considered where the controll@g is applied to the disturbed

model B59). The initial state of the spacecraft is set as E),(and the initial state of the exosystam is

14



set using the Fourier coefficients and frequenciesfer8. Further, the parameters are sefBas 0.005,
o = 1.5x 10°3 mm/s?, g, = 10 km, ando; = 10 ny/s.

The controlled trajectory by Eq28) and the time history of the control input are shown in BlgDue to
the perturbations, the spacecraft does not converge to the reference orbit exactly but converges to the deviated
periodic orbit (Fig[6(a)), and the control input also does not approaches zero but becomes almost periodic
(Fig.[6(b).

The controller for dealing with the SRP can be easily derived as the extension of the coriE@)ller (
because the model of the perturbation is explicitly given. The modified controller including the measurement

error is obtained as

up = —F(x — IMywn) — f(IIhwn) — a(ITywn; B) + Thwn (37)

WhereB denotes the lightness number including the estimation errgr. ofhe modified controlledd?) is

applied to the disturbed model modBE]|. All the conditions are the same as those for gandﬁ is set as

B=11p.

The controlled trajectory by EqB%) and the time history of the control input are shown in .
Although the small error exists, the spacecraft almost converges to the reference orbif/it@fFigurther,
the control input in Figl7(b)is smaller than that in Fi¢s(b)] because the modified controller can deal with

the effect of the SRP.

VI. Conclusion

A new station-keeping strategy based on nonlinear output regulation theory has been proposed for the
periodic orbits in the circular restricted three-body problem. A Fourier series approximation was employed
to generate the desired orbits, and then, the output regulation theory for nonlinear systems was applied. The
output regulation problem was solved in an analytical form. The proposed controller has been applied and
verified in numerical simulations for the halo orbit of the Sun-Ea&gipoint. In the case that the reference
orbit is the natural periodic orbit, the controller can approximate the optimal controller in the sense of min-
imizing the station-keeping cost. As an application of the proposed method, formation flying using circular
orbits around the chief satellite have been worked out. In our framework, solving a various formation prob-

lem is equivalent to solving an output regulation problem with suitable parameters. Furthermore, the effects

15
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Fig. 6 Simulation results using the controller (28); (a) the solid line is the controlled trajectories and the dashed
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Fig. 7 Simulation results using the controller (32); (a) the solid line is the controlled trajectories and the dashed

line is the reference orbit; (b) time history of input.

of the perturbations, including the solar radiation pressure, modeling error, process noise, and measurement
noise, on the performance of the proposed controller have been investigated. Then, the modified controller
has been proposed and verified. The proposed control strategy is applicable to both station-keeping and

formation flying and easy to implement in practical situations.
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Appendix

A. Relation between truncation order and total control input

Let assume as follows: (i} is a state of an exact periodic orbit whose period@,iand the initial state
is given byxe (0), (i) Zet is a state of a reference trajectory defined on the int¢@y@[ and the initial state
is given byzref(0) that are slightly different frone £ (0), (iii) Zref is a state of a periodic function defined
by interpolatingzres such thatrret(T) = Zret(0), Where the initial state is given bye:(0) = Zref(0),
(iv) Zretn is thenth-order Fourier approximation afier, where the initial condition is given byet n(0) =
Zrer(0), (V) 0xn = Zretn — xret is the difference between the states of tieorder approximation of the
reference orbit and the exact periodic orbit, where its peridd is

First, it is shown thatdxn(t)| becomes equal to or less than a specific value by choosing sufficiently

largen andt. From the inequality
10zn(t)] < |Zretn(t) — Zret (V)] + [Eref(t) — Zret ()| + [Zret (t) — Tret(t)] (38)

|[0xn(t)| < hi+ hy = hfor sufficiently largen andt, where

Mm :te[g]tz'ii(T |Zref(t) — Zret(t)] (39)
h, :te[ﬁ%ﬁ |Zret (t) — Tref(t)] (40)

Next, it is shown that the order of the performance infex = [ |un(t)|dt = [T |ux(t)] + luy(t)|+

|u,(t)|dt is the same as that bfandh’ for sufficiently largen andt, whereh’ = h, +hj,

= - 41
1 te[';pt%-(ﬂ |xref(t) Zier ()] (41)
h, = max log(t 42
2 teft t+T] |mref( ) mref( )| ( )
The regulated output is given by
e = C(m - jref.n) (43)

Therefore, the convergenceefo zero impliegx(t) — &ret n| — 0 ast — c. Further, from the factfl w, =

;%ref’n and].—‘nwn - BT(:E;ef/n

— A&Zretn), EQ.(26) can be deformed as

Un = —F(CU - izref,n) - f(izref,n) + BT (i;ﬁlfegn - Aiz'ref,n)

g(wref)&cn—l—BT (8z), — Adzn) +O(52?) (44)

= —F(CB - iEref,n) - oz
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Then from the inequality

~ 7
< [Pl et +1825] + || 5 )| 1141 132l + O 5)
and neglecting the higher-order term
7
un® <+ || S @) 141 (46)

for sufficiently largen andt, where||(-)|| denotes the matrix norm ¢f) and||BT|| = 1 is used. Thus, the

maximum of the performance index for sufficiently largandt’ is

AV o t)[dt < t)T=(h of
v= [ i< mex fun®T = (W4 || @

+A||} h)T (47)

From this analysis, the order of the performance index for sufficiently la@®dt is the same as that bf
andh’. Note that when the reference orbit is periodie, et = Zret = Zref, h=h = 0 and consequently,

AV; = 0 for sufficiently largen andt.

B. Relation between the controllerg20) and (28
It is shown that the controlle2B) is the ni™-order approximation of the controlléEQ). The con-

troller (28) can be expressed as
Un = —F(w - il?ref,n) - f(wref,n) + BT (ﬁcéef,n - Awrenn) (48)

From a standard result of functional analy&8][ ||xret — xret n|| — O asnincreases, wherg- || denotes the

uniform norm over one period. The variation of the controll28 énd @8 can be deformed as

u—un=—F(xretn— Tref) + (f(mref,n) - f(mref)) - BT {(scéef,n - w;ef) — A(xrefn— wref)} (49)

|u—un| < ||F|||xretn— Tret| + | f(Tretn) — F(@rer)| + [Tres n — Trer| + | All|ret.n — Zret| (50)

Observe thaf (x) is a continuous function at, and thereforelu — un| — 0 as|@ret — @retn| — 0. That s,

two controllers accord for a sufficiently large
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