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Abstract

This paper proposes a new numerical method for finding libration point orbits

in the vicinity of collinear libration points in the circular restricted three-body

problem. The main advantage of this method is that it requires neither an initial

guess nor complex algebraic manipulations for finding both quasi-periodic and

periodic orbits. The proposed method consists of two steps: center manifold

design and differential correction. The first step provides a quasi-periodic orbit

parametrized by a single parameter vector. In the second step, the parameter

vector in the first step is used to obtain an exact periodic orbit. This method

is applied to find periodic and quasi-periodic orbits in the Sun-Earth restricted

three-body problem around the L1 and L2 libration points.

Keywords: Center Manifold Theorem, Periodic Orbit, Quasi-Periodic Orbit

1. Introduction

The libration point orbits in the circular restricted three-body problem

(CRTBP) have attracted much interest due to their advantageous properties

for space missions [1, 2, 3, 4]. There exist five libration points (also referred to

as Lagrangian points), and they are derived from geometric relationships [5, 6].5
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Moreover, there are several types of bounded orbits in the vicinity of the three

collinear libration points, referred to as libration point orbits [7, 8, 9, 10, 11, 12].

Lyapunov, vertical, and halo orbits are periodic, while Lissajous and quasi-halo

orbits are quasi-periodic. These libration point orbits have associated invariant

manifolds that could be stable or unstable. Therefore, it is possible to in-10

ject/eject spacecraft into/from a libration point orbit via these manifolds with

sufficiently small fuel consumption. Libration point orbits are also considered

as the best location for the new generation of formation flying missions [13, 14].

The design of a reference orbit is a primal problem for space missions since

an accurate knowledge of the orbit characteristics often results in considerable15

savings of fuel consumption. According to literature in the field, there are two

classical methods to find periodic orbits: the differential correction method and

the Lindstedt-Poincaré method. The former is a numerical method including

correction procedures based on Newton’s method. Howell constructed the nu-

merical determination method by iteratively correcting an initial guess of an20

initial condition of a libration point orbit, known as single-shooting differential

correction [8]. The latter is an analytical method based on perturbation the-

ory. Richardson constructed first- and third-order analytical approximations for

libration point orbits by linearizing the equations of motion and showed that

the third-order analytical approximation gives trajectories sufficiently close to25

numerical solutions obtained by differential correction [15]. On the other hand,

a number of studies have considered the problem of finding quasi-periodic or-

bits. Howell and Pernicka introduced a so-called multiple-shooting differential

correction that smoothly connects multiple patch points, and they proposed a

numerical procedure to numerically generate Lissajous orbits [16]. Koleman et30

al. presented a fully numerical method that employed multiple Poincaré sections

to find quasi-periodic orbits [17]. Olikara et al. proposed methods for computing

quasi-periodic invariant tori generated based on a natural parameterization and

a continuation scheme [18, 19]. Broschart et al. described the characteristics of

the quasi-periodic orbits in the solar radiation pressure perturbed Hill three-35

body problem [20]. Baresi et al. calculated the invariant tori to compute the
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quasi-periodic orbits around an asteroid as an alternative concept for future as-

teroid exploration missions [21]. However, finding accurate quasi-periodic orbits

around the libration points demands more complicated parametrization or com-

putation than finding periodic orbits. The station-keeping strategies for those40

orbits have also been intensively studied in recent years [22, 23, 24, 25, 26, 27].

Recently, Akiyama et al. proposed a new semi-analytical method to com-

pute a quasi-periodic orbit in the CRTBP [28, 29]. Independently, Nagata et

al. proposed the center manifold method for bounded orbits [30]. Both meth-

ods above relied on the successive approximation method to calculate center45

manifolds proposed by Suzuki et al. [31]. Comparing other proposed techniques

to obtain bounded orbits, the main advantage of the center manifold method is

that all the bounded orbits including quasi-periodic orbits lying on center man-

ifolds are parametrized by a single parameter vector. Furthermore, although

quasi-periodic orbitals are obtained in a successive manner, each iteration only50

needs to solve ordinary differential equations, and our approach does not require

selecting the Poincaré section. However, the main drawback is that most of the

orbits obtained by this method are quasi-periodic and it cannot be determined

in advance whether the obtained orbit is periodic or quasi-periodic.

In this paper, we extend our previous method to obtain periodic orbits in55

order to overcome the difficulties faced by conventional methods. The advan-

tages of the proposed method are that (1) periodic and quasi-orbits can be easily

generated without an initial guess or extensive algebraic manipulations, which

are necessary in the conventional methods, being required, and (2) the approach

does not require bifurcation analysis to reach solutions that are not predicted60

from linear analysis. The proposed method includes two steps: center manifold

design and differential correction. The first step generates a family of quasi-

periodic orbit (possibly periodic orbit) based on the center manifold theory and

provides an initial guess for the correction step via center manifold reduction.

Then, the differential correction is applied to obtain an exact periodic orbit65

from the family. To demonstrate the method, results of finding periodic and

quasi-periodic orbits in the Sun-Earth restricted three-body problem around L1

3



and L2 libration points are shown.

2. Equations of Motion in the CRTBP

In the CRTBP, the equations of motion in non-dimensional form [32] are

expressed as

X ′′ − 2Y ′ =
∂U

∂X

Y ′′ + 2X ′ =
∂U

∂Y
(1)

Z ′′ =
∂U

∂Z

where {X,Y, Z} is the rotating frame whose origin is the barycenter of the

system, the coordinates and time are normalized by the distance between two

main bodies and by the period of the circular orbit, respectively, (·)′ denotes

the differentiation of (·) with respect to the non-dimensional time t, and

U =
1− µ

r1
+
µ

r2
+

1

2

(
X2 + Y 2

)
r1 =

√
(X + µ)2 + Y 2 + Z2

r2 =
√
(X − 1 + µ)2 + Y 2 + Z2

where µ = M2/(M1 +M2), and M1 and M2 are the masses of the two main70

bodies with M1 > M2.

Equation (1) has libration points Li satisfying

∂U

∂X
=
∂U

∂Y
=
∂U

∂Z
= 0 (2)

giving

L1 = (l1(µ), 0, 0), L2 = (l2(µ), 0, 0), L3 = (l3(µ), 0, 0)

L4 = (1/2− µ,
√
3/2, 0), L5 = (1/2− µ,−

√
3/2, 0)

where li(µ) are determined by setting Y = 0 and solving ∂U/∂X = 0. To de-

scribe the motion near a collinear libration point Li (i = 1, 2, 3), it is convenient
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to use a coordinate system with the origin located at Li. Replacing {X,Y, Z}

with {x+ li, y, z} and rewriting Eq. (1) in the state space form yields

x′ = f(x) (3)

where x =
[
x y z x′ y′ z′

]T
and

f(x) =



x′

y′

z′

∂U

∂x
+ 2y′

∂U

∂y
− 2x′

∂U

∂z


(4)

Equation (3) can be divided into a linear term and a nonlinear term as

x′ = Ax+ f̃(x) (5)

where

A =
∂f

∂x

∣∣∣∣
0

=



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

2σi + 1 0 0 0 2 0

0 1− σi 0 −2 0 0

0 0 −σi 0 0 0


f̃(x) = f(x)−Ax

σi =
1− µ

|li(µ) + µ|3
+

µ

|li(µ)− 1 + µ|3

Since computation of a center manifold requires a higher-order nonlinear term,

a semi-linear form is useful to develop the procedure of calculation of the center

manifold.

The matrix A has four purely imaginary eigenvalues ±λc1 ,±λc2 , one nega-

tive real eigenvalue λs, and one positive real eigenvalue λu(= −λs). Accordingly,
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there exists a four-dimensional center manifold, a one-dimensional stable mani-

fold, and a one-dimensional unstable manifold for each of the collinear libration

points. Therefore, Eq. (5) can be transformed to diagonal form by the trans-

formation matrix T given by

T =
[
Re(vc1) Im(vc1) Re(vc2) Im(vc2) vs vu

]
(6)

where vj is the normalized eigenvector corresponding to λj (j = c1, c2, s, u).

The explicit notation of the transformation matrix T is given in Appendix A.

The new state vector z =
[
zc1 zc2 zc3 zc4 zs zu

]T
= T−1x is given by

z =



√
1 + σi√
σi

z′

−
√
1 + σiz

Λ2d2Q2

(d3 − d2) (σi − 1)

(
Λ2
3x+ d3y

′)

− d2Q2

(d3 − d2)
(d3y + x′)

− d3Q3

2 (d3 − d2)

[
Λ3

σi − 1

(
Λ2
2x− d2y

′)− (d2y + x′)

]

− d3Q3

2 (d3 − d2)

[
Λ3

σi − 1

(
Λ2
2x− d2y

′)+ (d2y + x′)

]



(7)

The diagonal form of Eq. (5) is expressed as

z′
c = Pzc + gc(zc, zs, zu)

z′s = Qzs + gs(zc, zs, zu) (8)

z′u = Rzu + gu(zc, zs, zu)

where zc =
[
zc1 zc2 zc3 zc4

]T
; (zc, zs, zu) ∈ R4 × R1 × R1; P is a 4 × 475

matrix whose eigenvalues are ±λc1 ,±λc2 , Q = λs, and R = λu; and gc, gs, and

gu are nonlinear functions.

6



3. Periodic and Quasi-Periodic Orbit Design

This section introduces a procedure to design periodic and quasi-periodic or-

bits in the CRTBP. The proposed method consists of two steps: center manifold80

design step and differential correction. The first step provides a quasi-periodic

(possibly periodic) orbit based on the center manifold theory. The second step

modifies the orbit obtained by the first step to generate a periodic orbit by

applying the differential correction.

3.1. Center manifold design step85

To compute the center manifold in the CRTBP, this step is based on the

center manifold theorem [33, 34] and the successive approximation method [31].

According to the center manifold theorem, there exist local center manifolds near

equilibria that describe the behavior of small bounded solutions. Therefore, if

the state z lies on the local center manifold, there exist local center manifolds

ψ1 and ψ2, and the reduced order system of Eq. (8) can be expressed as

zc
′ = Pzc + gc (zc, ψ1 (zc) , ψ2 (zc)) (9)

Furthermore, zs and zu are expressed as the function of zc rather than time as

zs = ψ1(zc) (10)

zu = ψ2(zc) (11)

The dimension of the state of the CRTBP is reduced from six to four since the

stable and unstable components are constrained by the reduced-order system.

Equation (9) can be transformed into an integral equation with a parameter

ξ = zc(t0) ∈ R4 as

zc (t, ξ) = eP tξ +

∫ t

0

eP (t−τ)gc (zc, zs, zu) dτ (12)

where states zs(t, ξ) and zu(t, ξ) in Eq. (12) can be calculated by solving the

following equations from t = ∞ and t = −∞, respectively, since zs(∞, ξ) = 0
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and zu(−∞, ξ) = 0.

zs (t, ξ) =

∫ t

−∞
eQ(t−τ)gs (zc, zs, zu) dτ (13)

zu (t, ξ) =

∫ ∞

t

eR(t−τ)gu (zc, zs, zu) dτ (14)

The solution to the initial value problem of Eqs. (9), (10), and (11) is found

by constructing a sequence of approximation solutions for integral equations

Eqs. (12), (13), and (14) recursively. A first approximation of the solution is

given by

zc,0 (t, ξ) = eP tξ, zs,0 (zc,0 (t, ξ)) = 0, zu,0 (zc,0 (t, ξ)) = 0 (15)

The next step is to use zc,0, zs,0, and zu,0 in Eq. (15) to generate better approxi-

mate solutions zc,1, zs,1, and zu,1. The successive approximation method repeats

this process, which gives the sequences of functions {zc,k (t, ξ)}, {zs,k (t, ξ)} and

{zu,k (t, ξ)} from the k-th approximation functions as follows:

zc,k+1 (t, ξ) = eP tξ +

∫ t

0

eP (t−τ)gc (zc,k, zs,k, zu,k) dτ

zs,k+1 (t, ξ) =

∫ t

−∞
eQ(t−τ)gs (zc,k, zs,k, zu,k) dτ (16)

zu,k+1 (t, ξ) =

∫ ∞

t

eR(t−τ)gu (zc,k, zs,k, zu,k) dτ k = 0, 1, 2, · · ·

The sequences {zc,k (t, ξ)}, {zs,k (t, ξ)}, and {zu,k (t, ξ)} define the approxima-

tions of the exact solution of Eqs. (12), (13), and (14). In addition, these

sequences are uniformly convergent to the exact solutions {zc (t, ξ)}, {zs (t, ξ)},90

and {zu (t, ξ)}, respectively, as k → ∞. For the CRTBP, applying Eq. (16)

yields the approximate solutions of bounded libration point orbits. It should be

noted that periodic and quasi-periodic orbits are completely parametrized by

the single 4-dimensional parameter vector ξ.

In the numerical computation of the center manifold step, the infinite integral95

in Eq. (16) is replaced by finite time Tt > 0, and large amplitude orbits require

large Tt to replace the infinite interval by a finite interval. However, a large time

interval leads divergence of state variables during the computation due to the
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instability of the system. To avoid numerical instability, starting with a small

T1 < Tt, the endpoint of the converged solution is used to extend the solution to100

T1 ≤ t ≤ Tt. Moreover, this procedure can provide quasi-periodic orbits, such

as quasi-vertical, quasi-halo, and Lissajous orbits, with long periods.

3.2. Differential correction step

In the previous section, the new computational method to find quasi-periodic

orbits was proposed. This method has the advantage that a single parameter105

vector ξ uniquely determines the remaining initial states to form a periodic

or quasi-periodic orbit. However, it does not give information on whether the

obtained orbit is an exact periodic orbit or not. Therefore, a modification

process to obtain an exact periodic orbit is required. In this process, the solution

to the first step is regarded as the initial guess for the differential correction step110

and corrected to form an exact periodic orbit.

3.2.1. State transition matrix

Let zn(t) =
[
zc1,n(t) zc2,n(t) zc3,n(t) zc4,n(t) zs,n(t) zu,n(t)

]T
be

a nominal periodic orbit, and define the variation δz(t) = z(t) − zn(t). The

time derivative of the variation is computed as

δz′(t) =

(
D +

∂g(z(t))

∂z(t)

∣∣∣∣
zn(t)

)
δz(t)

≜ W (t)δz(t) (17)

where D = diag
[
P Q R

]
and g =

[
gT
c gs gu

]T
. The solution of

Eq. (17) is given by

δz(t) = Φ(t, t0)δz(t0) (18)

where Φ(t, t0) is the state transition matrix (STM) that satisfies

Φ′(t, t0) = W (t)Φ(t, t0), Φ(t, t) = I (19)

9



3.2.2. Deviation of initial state

Periodic orbits in the CRTBP are symmetric with respect to the x-z plane.

The periodic orbit intersects the x-z plane with only a non-zero velocity com-

ponent in the y-direction and passes the plane at a time exactly equal to

one-half of the period, i.e., tc = 1
2 tp, where tp is the period of periodic or-

bit. From this observation and Eq. (7), the parameter vector can be set as

ξ = zc(t0) =
[
0 zc2(t0) zc3(t0) 0

]T
. This means that the symmetry with

respect to the x-z plane corresponds to one with respect to the zc2-zc3 plane.

Then, the state vectors of the nominal orbit at t = t0 and t = tc are given by

zn(t0)=
[
0 zc2,n(t0) zc3,n(t0) 0 zs,n(t0) zu,n(t0)

]T
(20)

zn(tc)=
[
0 zc2,n(tc) zc3,n(tc) 0 zs,n(tc) zu,n(tc)

]T
(21)

Similarly, the initial guess of zn(t0) and the corresponding state vector at t = tc

are given by

z(t0)=
[
0 zc2(t0) zc3(t0) 0 zs(t0) zu(t0)

]T
(22)

z(tc)=
[
zc1(tc) zc2(tc) zc3(tc) zc4(tc) zs(tc) zu(tc)

]T
(23)

Note that since the period tp is unknown, tp or tc must be obtained along

with z(t0) by the differential correction step. Let tc,n be the half-period of

the nominal periodic orbit, and define the deviation of the half-period as δtc =

tc − tc,n. Then, the variation δz(tc) = z(tc)− zn(tc) can be computed as

δz(tc) =
[
Φ(tc, t0) z′(tc)

] δz(t0)

δtc

 (24)

The derivation of Eq. (24) is given in Appendix B.

Comparing Eqs. (20)–(23) yields δzc1(t0) = δzc4(t0) = 0, δzc1(tc) = zc1(tc)115

and δzc4(tc) = zc4(tc). Thus, one can obtain the deviations by solving Eq. (24)
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for δzc1(tc) and δzc4(tc):

 δzc1(tc)

δzc4(tc)

 =

 ϕ12 ϕ13 ϕ15 ϕ16 z′c1(tc)

ϕ42 ϕ43 ϕ45 ϕ46 z′c4(tc)




δzc2(t0)

δzc3(t0)

δzs(t0)

δzu(t0)

δtc


(25)

where δzj(t) = zj(t)− wj,n(t) and ϕij = Φ(tc, t0)ij .

Here, zc2(t0), zc3(t0), and tc are considered as design parameters in the

process, and we consider two types of corrections for ξ: the zc2-fixed case and120

the zc3 -fixed case. If zc2(t0) is fixed, then δzc2(t0) = 0. The required variations

at tc are −zc1(tc) for δzc1(tc) and −zc4(tc) for δzc4(tc). Hence, from Eq. (25),

the initial variations are given by
δzc3(t0)

δzs(t0)

δzu(t0)

δtc

 =

 ϕ13 ϕ15 ϕ16 z′c1(tc)

ϕ43 ϕ45 ϕ46 z′c4(tc)

−1  −zc1(tc)

−zc4(tc)

 (26)

Similarly, the initial variations in the zc3 -fixed case are given by
δzc2(t0)

δzs(t0)

δzu(t0)

δtc

 =

 ϕ12 ϕ15 ϕ16 z′c1(tc)

ϕ42 ϕ45 ϕ46 z′c4(tc)

−1  −zc1(tc)

−zc4(tc)

 (27)

Equations (26) and (27) include the variations δzs(t0) and δzu(t0). However,125

corrections for zs(t0) and zu(t0) are not necessary in this process because zs(t0)

and zu(t0) are determined uniquely as functions of zc in the center manifold

design step. By repeating these corrections, the initial state and the crossing

time converge to those forming periodic orbits. To clarify these procedures, a

flow chart is given in Fig. 1. Moreover, the families of periodic orbits can be130

computed by numerical continuation technique.
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Figure 1: Flow chart of center manifold design method for periodic orbits.
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4. Simulations

In this section, the proposed method is applied to find quasi-periodic and

periodic orbits in the Sun-Earth system. The period of the Sun-Earth system is

T0 = 365.25 days and the radius is R0 = 1.4960× 108 km, which is the average135

distance between the Sun and Earth. The origin of the coordinates is fixed at

L1 or L2. Then, the related parameters are specified as µ = 3.0038×10−6, l1 =

0.98997, l2 = 1.0101, σ1 = 4.0612, and σ2 = 3.9393. The finite time in the center

manifold step is set as Tt = π. The convergence threshold is ε = 1.0 × 10−19

for the center manifold design step and ε′ = 1.0 × 10−12 for the differential140

correction step. All the simulations were performed by MATLAB R2017b on a

notebook computer with an Intel Core i7-4800MQ 2.70 GHz processor and 16.0

GB RAM. It should be noted that each iteration step for the center manifold

design step took 0.075 seconds on average on the notebook.

4.1. Physical meaning of the parameter vector145

All periodic or quasi-periodic orbits lying on the center manifold of the

system are parametrized by a single 4-dimensional vector ξ. From Eq. (7), only

zc1 and zc2 affect the out-of-plane motion. Therefore, planar libration point

orbits can be obtained by setting zc1(t0) = zc2(t0) = 0. Otherwise, the orbits

converge to three-dimensional periodic or quasi-periodic orbits.150

As examples, the libration point orbits are computed by setting one element

of the parameter vector to 0.01 and the remainder to 0. The Lagrangian point

is fixed at L1. The orbits obtained by each parameter vector are shown in

Figs. 2–4. When either zc1(t0) or zc2(t0) is nonzero, the obtained orbits are

quasi vertical Lyapunov orbits whose amplitudes in the z-direction are much155

higher than those in the x and y directions (Figs. 2 and 3). On the contrary,

the orbits using only zc3(t0) or zc4(t0) are planar periodic orbits called Lyapunov

orbits (Fig. 4).
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Figure 3: Quasi-periodic orbit (quasi vertical Lyapunov orbit): ξ = [0, 0.01, 0, 0]T. The initial

positions are shown by asterisks.
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-5 0 5
 x [km] 105

-8

-6

-4

-2

0

2

4

6

8

 y
 [

km
]

105

(b) zc3 (t0) = 0 and zc4 (t0) = 0.01

Figure 4: Periodic orbits (Lyapunov orbits): ξ = [0, 0, zc3 (t0), zc4 (t0)]
T. The initial positions

are shown by asterisks.
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(b) L2 Lyapunov Family

Figure 5: Lyapunov Family obtained by the center manifold design method.

4.2. Family of Lyapunov orbits

From the findings stated in Section 4.1, a Lyapunov orbit is found by a160

parameter vector

ξLyapunov =
[
0 0 zc3(t0) zc4(t0)

]T
(28)
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where at least one of zc3(t0) and zc4(t0) is nonzero. As examples, setting

zc4(t0) = 0 and zc3(t0) = 2n × 10−3 (n = 1, 2, · · · , 6), the L1 Lyapunov or-

bits and L2 Lyapunov orbits are obtained by the center manifold design step,

as shown in Fig. 5.165

4.3. Finding vertical Lyapunov orbit from quasi-periodic orbit around L1

For a vertical Lyapunov orbit, the initial parameter vector ξ is randomly

chosen as

ξ =
[
0 10 0 0

]T
× 10−3 (29)

This parameter vector generates a quasi-periodic orbit, which is already drawn

in Fig. 3. By setting a Poincaré section Σ to the x-y plane and the one-sided

Poincaré map as P+ including only the intersections of the quasi-periodic orbit

with Σ that have positive value of z′, the discrete points on Σ fall on a closed

curve. Therefore, the quasi-periodic orbit can be characterized by two periods:

returning time Tr and winding time Tw. Let the returning time Tr be the

average time taken for points starting from Σ to return back to it. That is,

Tr = lim
n→∞

1

n

n∑
i=1

(Ti+1 − Ti) (30)

where Ti is the discrete time obtained by the i-th iteration of P+. On the other

hand, according to the literature [35], the winding time represents the average

number of iterates of P+ required to return to x0. Let Pi be the discrete point

obtained by the i-th iteration of P+, and assume that Pik passes over P1 after

the discrete points move k times around the closed loop. Then, the winding

time is defined by

Tw = lim
k→∞

ik
k

(31)

However, it is impossible to compute exact Tr and Tw due to limits to infinity.

In practice, it is necessary to truncate to some order to compute approximate Tr

and Tw. Let Tr,n and Tw,k be the n-th and k-th terms of the limits, respectively.

Then, we consider that Tr,n and Tw,k converge to Tr and Tw, respectively, when170
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|Tr,n − Tr,n+1| < 10−5 and |Tw,k − Tw,k+1| < 10−2 are satisfied. Then, the

approximate returning time and winding time of the obtained quasi-periodic

orbit are computed as Tr = 3.1714 and Tw = 19.515, respectively. The period

of a periodic orbit that exists near quasi-periodic orbits seems to be close to

the returning time of the quasi-periodic orbit. On the other hand, from the175

definition of the winding time, it approaches zero as the periodicity of the orbit

increases. Therefore, the initial guess of the half-period of the periodic orbit

for the differential correction step is set as one half of the returning time, i.e.,

tc = 1.5857. Thus, the initial guess of the half-period of the periodic orbit

for the differential correction step is set as one half of the returning time, i.e.,180

tc = 1.5857.

When the parameter vector is of the form ξ =
[
0 zc2(t0) 0 0

]T
, purely

periodic orbit never exists except for the case zc2(t0) = 0; this is the libration

point. Therefore, zc2 is fixed and zc3 is modified in the differential correction

step as along with tc. It should be noted that the quasi-vertical orbit drawn

in Fig. 3 has small discontinuities at patch points because of the accumulation

of numerical errors, but these discontinuities are very small and negligible in

the differential correction step. In fact, there are 730 patch points in the quasi-

vertical orbit drawn in Fig. 3, and the averaged position and velocity differences

at the patch points are 1.1659×10−9 (174.42 m) and 3.7869×10−9 (1.1287×10−4

m/s), respectively. The initial set (ξ, tc) is corrected by using Eq. (26), and after

five iterations, it finally converges to

ξ =
[
0 10 −0.61160 0

]T
× 10−3, tc = 1.5855 (32)

This corrected set (ξ, tc) forms an exact periodic orbit, which is the vertical

Lyapunov orbit shown by the red line in Fig. 6. Note that the z-component

after the differential correction step is the same as that of the quasi vertical

Lyapunov orbit. This is because fixing zc2 is equivalent to fixing z from Eq. (7).185
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Figure 6: Periodic orbit obtained by differential correction step (zc2 -fixed case). The blue and

red orbits are obtained by the center manifold step and differential correction step, respectively.

The initial positions are shown by asterisks.

4.4. Finding halo orbit from quasi-periodic orbit around L2

Since the proposed method is applicable to any collinear libration point, a

halo orbit around the L2 point is now demonstrated. The initial parameter

18



vector ξ is randomly chosen as

ξ =
[
0 −5 −11 0

]T
× 10−3 (33)

This parameter vector generates a quasi-halo orbit, which is shown by blue

lines in Figs. 7 and 8. By setting the Poincaré section to the x-y plane, the

obtained quasi-periodic orbit is characterized by the approximate returning time

Tr = 3.1036 and the winding time Tw = 40.063, and therefore the initial guess190

of the half-period of the periodic orbit is set as one half of the returning time,

i.e., tc = 1.5518. It should be noted that the obtained quasi-halo orbit has

small discontinuities at patch points because of the accumulation of numerical

errors, but these discontinuities are very small and negligible in the differential

correction step.195

First, zc2 is fixed and zc3 is modified in the differential correction step as

along with tc. The initial set (ξ, tc) is corrected by Eq. (26), and after ten

iterations, it finally converges to

ξ =
[
0 −5 −12.688 0

]T
× 10−3, tc = 1.5470 (34)

This corrected set (ξ, tc) forms an exact periodic orbit, which is the halo orbit

shown by the red line in Fig. 7. Note that the z-component after the differential

correction step is the same as that of the quasi-halo orbit.

Similarly, the set (ξ, tc) can be corrected by Eq. (27), and after sixteen

iterations, it converges to

ξ =
[
0 −1.8058 −11 0

]T
× 10−3, tc = 1.5511 (35)

This corrected set (ξ, tc) generates the halo orbit shown by the red line in Fig. 8.

Note that unlike the zc2 -fixed case, all the components of the initial position200

are slightly changed by the differential correction step. The reason for this is

that fixing zc3 does not mean fixing any components of the position vector but

fixing the ratio of x and y′ from Eq. (7).

Whereas the classical differential correction method cannot provide a quasi-

periodic orbit, quasi-periodic orbits can be found by a simple procedure, and205

they can be modified to periodic orbits by the proposed method.
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Figure 7: Periodic orbit obtained by differential correction step (zc2 -fixed case). The blue and

red orbits are obtained by the center manifold step and differential correction step, respectively.

The initial positions are shown by asterisks.

5. Conclusion

A new numerical method for quasi-periodic and periodic orbits in the cir-

cular restricted three-body problem has been proposed based on the center

manifold theory. The proposed method approximates the center manifold itself210
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Figure 8: Periodic orbit by differential correction step (zc3 -fixed case). The blue and red

orbits are obtained by the center manifold step and differential correction step, respectively.

The initial positions are shown by asterisks.

by defining a successive sequence that converges to the center manifold, and

quasi-periodic and periodic orbits can be easily generated without an initial

guess or extensive algebraic manipulations, which are necessary in conventional

methods, being required. The proposed method includes two steps. The first
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step is the center manifold design step, which yields quasi-periodic orbits and215

provides initial guesses for the correction step, and the second step is the dif-

ferential correction step, which yields periodic orbits. Two different types of

correction equations have been demonstrated in numerical simulations.

Appendix A. Transformation Matrix

The explicit expressions of the eigenvalues of matrix T are give by ±λc1 ,220

±λc2 , λs, and λu where

λc1 = Λ1j, λc2 = Λ2j

λs = −Λ3, λu = Λ3

and

Λ1 =
√
σi

Λ2 =

√√
σi(9σi − 8)

2
−
(σi
2

− 1
)

Λ3 =

√√
σi(9σi − 8)

2
+
(σi
2

− 1
)

The matrixA can be transformed into the diaglonal formD by a transformation

matrix T

D = T−1AT =


P 0 0

0 Q 0

0 0 R

 (A. 1)

where

P =


0 Λ1 0 0

−Λ1 0 0 0

0 0 0 Λ2

0 0 −Λ2 0

 , Q = −Λ3, R = Λ3

The transformation matrix T is given by

T =
[
Re(vc1) Im(vc1) Re(vc2) Im(vc2) vs vu

]
(A. 2)

22



where

vc1 =

[
0 0 − 1√

1 + σi
j 0 0

√
σi√

1 + σi

]T
(A. 3)

vc2 =
1

Q2

[
1

Λ2
− 1

d2
j 0 j

Λ2

d2
0

]T
(A. 4)

vs =
1

Q3

[
− 1

Λ3
− 1

d3
0 1

Λ3

d3
0

]T
(A. 5)

vu =
1

Q3

[
− 1

Λ3

1

d3
0 −1

Λ3

d3
0

]T
(A. 6)

and the quantities Qi and di (i = 2, 3) are defined as

Q2 =

√
1

Λ2
2

+
1

d22
+ 1 +

Λ2
2

d22

Q3 =

√
1

Λ2
3

+
1

d23
+ 1 +

Λ2
3

d23

d2 =
4(σi − 1)

4− 3σi −
√
σi(9σi − 8)

d3 =
4(σi − 1)

4− 3σi +
√
σi(9σi − 8)

Appendix B. Derivation of Eq. (24)

Consider the new variable α(t) =
[
zT(t) tc

]T
. The differentiation of

α(t) with respect to the non-dimensional time unit is

α′(t) = D∗α(t) + g∗(α(t)) (B. 1)

where D∗ = diag
[
D 0

]
and g∗(α(t)) =

[
g(z(t))T 0

]T
. Let αn(t) =[

zT
n (t) tc,n

]T
be the nominal variable and define the variation δα(t) =

α(t)−αn(t). Then, the time derivative of the variation is computed as

δα′(t) =

(
D∗ +

∂g∗(α(t))

∂α(t)

∣∣∣∣
αn(t)

)
δα(t)

≜ W ∗(t)δα(t) (B. 2)

Therefore, the general solution is

δα(t) = Φ∗(t, t0)δα(t0) (B. 3)
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where STM Φ∗ satisfies Φ∗′
(t, t0) = W ∗(t)Φ∗(t, t0) and Φ∗(t, t) = I. Since the

STM Φ∗(t, t0) is defined as matrix partials, it is expressed as

Φ∗(t, t0) =
∂α(t)

∂α(t0)
=

 Φ(t, t0)
∂z(t)

∂tc

0 1

 (B. 4)

Then, substituting Eq. (B. 4) into Eq. (B. 3) yields δz(t)

δtc

=
 Φ(t, t0)

∂z(t)

∂tc

0 1


 δz(t0)

δtc

 (B. 5)

Finally, resolving and evaluating Eq. (B. 5) at t = tc yields

δz(tc) =
[
Φ(tc, t0) z′(tc)

] δz(t0)

δtc

 (B. 6)
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