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Performance Estimation of Inner-Product and its Application
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Abstract Inner product evaluation is one of an underlying factor for solving large scaled non-
symmetric system of linear equations. The bad remedy for inner product, however, sometimes
experiences stagnation and breakdown in the iterative process such as Conjugate Gradient like
method. An accumulation of round-off errors may hinder or preclude convergence. In this pa-
per, we present the compensated GPBiCG method by means of compensated algorithm which
substantially mitigates the problem of stagnation and breakdown. Numerical comparisons of the

compensated GPBiCG method and the original one are given.
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S=0.0 s=0.0;

DO K=1,N for (i=0; i<N; i++){
S=S+A(I)*B(I) s+=a[i]*b[i];

END DO }

2 AEEOERES
ROBI 1 RHRREREME TR T E2FRD,

Az =b. (2.1)
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5=0.0 S=A(1)*B(1)
DO I=1,N €=0.0
S=5+A(I)*B(I) D0 I=2,N
END DO [1L] Y=A(I)*B(I)-C
[2L] T=S+Y
(3Ll C=(T-S)-Y
f4L] s=T
END DO
(a) EH OWHEE (o) #EM E AR

B 1: Two evaluation methods for the inner-product.
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B 2: Mechanism of evaluation for the compensated
inner-product.
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gixiﬂ = N+1 (3:1)
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N
z sinizsin(i + 2)z
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i=1

cos(N + 3)x sin Nz (3.3
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DB oy Raleons Bl Ty gy G
Si+1) i+ (N+1)(N+2)
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Z cos(2i — 1)zsin2iz + Z cos(2¢ + 1)z sin 2iz
i=1 i=1
_ sin2(N +1)zsin2Nz
- 2sinz
(3.5)

B 3: Test problems for evaluation method of the
inner-product.
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BEERIAMNKEERERE S —ICRESO
= 2 BB OFER Compaq GS320 B XL Fujitsu
GP7000F/900 L TfTo/z. EHEMD /{4 % Table
11ZRY, FHEIZIE IPE(Processing Element) D&%
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Bhhvole, HERTRTERBERETIT /. BEE
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Table 212, BHEH GS-320 ZEAL L ED5DD
BREIC xS B EHERERERT, FBRIC, Table 312, &t
EH% GP7000F/900 2/ Lk L EOFRETERERER
T, BRIOBAIITRTI VR TH S, £/-. Table2
& Table3 ®” Computation” DD Tz M) 7-8%F

# 1: A specification of Compaq GS320 and Fujitsu
GP7000F/900.

GS320 GP7000F/900
Vendor | Compaq Fujitsu
CPU Alpha21264 | SPARC64
Clock 731 MHz 300 MHz
PE 32 64
Memory | 64 GB 64 GB
(O] Tru64UNIX | Solaris7

BREOEERRDEZ2ERL, TOLEDREDLR
Y. T, FROTORFIINEHEZERBEDICE
TL2LEDRZE 1 & LT & EDEREGEDRH
DHEBERT.

o “FEMR” : RN EWAMEFE O R,
o “BE” : BEED OBMEEORR.

o SSER : BHIEF OREMEMA Db, BHE
JEFFELYCE R4 & W RHEUE 2 AURR 7 (Shaf-
fle) & = DMMEA SHFREORER,

o “3.D” : UL Ty INERTIBRETEZEX
TEEE D OB EORKR.
(c)“S-#fH” & (d)“S-D” DHEIL. EFIDOFHD
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Liz & EDRER,

Table 2 BE U Table 3 DEEMSUTFDL4DDZ E
Bbhs,

1. EOMETHMUN EHMBEOHNEREDIT
HMEHRE 2T 5 KD bREVDRN,

2. EtERFRIS, FEM EHMEE DL GS320 T
1321% ~ 28%. GPT7000F/900 Tid#J 30% & &
REHTHN S,

3. M (Bl KPBWTTF—F 2T rvwINLHEE
Th, WEMAETRMAEOHIREND TN,



4. GP7000F/900 LD S04 75U —2ERTD L.
EEE ICHEMEEZITO EEX D HREN1/2
~ 1/ARBETRPT S, LnL, wEMEHEmat
BETOAMREND N,

#% 2: Computations, errors, CPU time (in millisec-
onds) and ratios of several evaluation methods for
inner-product of two millions data on GS320.

Computation Error|Time(ratio)
& | .9999995000002500 0.0] 46. (1.29)
E#H |.9999995000002957 [.457E-13| 37. (1.00)
S #f¥| .9999995000002501 |.111E-15| 253. (0.98)
S-D |.9999995000002670 |.171E-13| 258. (1.00)
#HIK | 13.33333333333332 0.0] 46. (1.28)
E# |13.33333333333331|.142E-13| 36. (1.00)
B | 540302.4574874059 0.0] 46. (1.249)
3 | 540302.4574874293 |.234E-07| 37. (1.00)
T |.2499999999998750 0.0] 46. (1.21)
TE#H | .2499999999976820|.219E-11| 38. (1.00)
A& |-.1921864745672792|.878E-12| 90. (1.22)
EH |-.1921865002368577|.256E-07| 74. (1.00)

GBI

(3.2)

33)

G4

(3.5)

# 3: Computations, errors, CPU time (in millisec-
onds) and ratios of several evaluation methods for
inner-product of two millions data on GP7000F /900.

Computation Error|Time(ratio)
.9999995000002500 0.0] 229. (1.29)
E#% |.9999995000002957 |.457E-13| 178. (1.00)
Lib. |.9999995000002745 |.245E-13| 179. (1.00)
S #5#| .9999995000002500 0.0| 268. (1.21)
S-D |.9999995000002938 |.438E-13| 221. (1.00)
1% | 13.33333333333332 0.0] 234. (1.31)
E# |13.33333333333331 |.142E-13| 178. (1.00)
18 | 540302.4574874059 0.0 234. (1.31)
B | 540302.4574874293 |.234E-07| 178. (1.00)
Lib. | 540302.4574874123 |.640E-08| 179. (1.00)
F1% |.2499999999998750 0.0} 234. (1.31)
T |.2499999999976820 [.219E-11| 178. (1.00)
Lib. |.2499999999991168 |.758E-12| 179. (1.00)
1R |-.1921864745672702(.878E-12| 461. (1.29)
EH |-.1921865002368577|.256E-07| 356. (1.00)
Lib. |-.1921864799223840|.535E-08| 358. (1.00)
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Fig4 12, z DEE LTKR (0, 7/2) 2SRRI 128
HEIU/ A THEIE (3.3) DEEZLEELEZD 2V O
HiE ERED (RPICHERETRY). MEdE (KF
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T=T7D ML EEDREGHEICOTH oL
ERET . 51, AROKHET, ZD0KHE: &
il D (Definition). (& (Compensated), T
75— (DSUM) TRIEIEEE Lz & & DEHFED
MEDBMTHEE Table 4 1TRT, TH5ORPE
DRI S, z DEITHND ST, WM E TR
HETD ARKBIREND BN &b o T,

R 4: Average errors of three evaluation methods for
problem (3.3) at 128 sample points of z defined in

0, w/2).

Definition DSUM
5.1803 E-07{8.5919 E-08
5.1803 E-07 -

Computer|Compensated
GP7000 | 3.4873 E-09
GS320 3.4844 E-09
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X
X 4: Plots of errors of two evaluation methods for
S = 2000000 iy i sin(i + 2)z at 128 sample points
of z defined in (0, 7 /2).
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4.1 R{EE GPBICGEICDWT

—LRB R EMRIED GPBICG #ED T IV T U X b
BUTOLSIcEED 503 [16),

@ GPBiCGiEDT IV TY X A:

Let x be an initial guess,

and put rq = b — Axyo.

Sett_y =w_1 =0, B_1 =0.

For k=0,1,..., do:

begin

P =Tk + Br-1(Pg—1 — Uk-1),

Yi = tk—1 — Tk — QpWk—1 + Ak APy,
ty = 1 — o Apy,

U = CGe APy + Me(te-1 — Tk + Br-1Uk—1),
2k = CkTk + Mk Zk—1 — CtkUk,

Tg41 = Tk + APy + 2k,

Trt1 = tk — MYy — CeAtk,

wi = Aty + B Ap;

end.

ZZT, WHRBRBIZBIINIA—F o & b 1T
_ 2.Tx) - 0s k41 >

o = (T;‘,ka y Bk = %i‘ . %ﬁl EH5 X515,

GPBiCGE T, EBIZTDDNT A—FHWMETH

v, %hé‘iﬁ%/)l’i\ ||'I‘k+1||2 = Htk—nkyk—CkAtk“Z

OR/MENEREEIND. TROB,

[tx — ey — CeAtill3

(ki) + 0 (Y Yie) + G (Ab, Aty) —

2{nk (tx, Yi) + k(Y Atx) — Sk (Yg, Atr)}
4.1)

lIrks1ll3

I

EREINBZDT, Cry Tk CELTRESLENSDE
20 &BLE, ROZOOANR/ENS,

(Atg, Atk )k + (Yp, Ate)me =
(Yks At )Ck + (Ups Y ) =

(te, Atr), (4.2)

(tk, yk)‘ (43)

INEZDOENE, NTRA—F § & n BHEUTO
LIITRKDENS,

G = (Ui Y ) (Bks Ati) — (Eks Ypo) (Yier Ali) 4)
£ T (A, At (Us Uk) — (Ui At) W Ate)
e = (Atk’ Atk)(tkv yk) — (ylw Atk)(tkv Atk) /4.5)

(Atk, Ati)(yy, Yi) = (Yps Ati) (Y Atk)\

il p— _ (Atkatk _
ELU. k=0DLE, ¢ = ALy, AL)’ m=0&T 3,

ZDZDDINTA—F G & ZHRETHEDIT, B
DORBET: (e, vk)s (Atksti), (Yitr), (Atk, Ati),
(Aty,y,) ZRDBBERH B, ZDd. GPBICG
ETIIAMEIE 2L DIERICITD CEMERICEET
HdD, T, #WESEAFREZEALZOR. =
DDINTA—F (i, i ZRDZT=DITHER 5 BEOA
BMRBEOHE L, Tiabb, TD CGHEDINT A—
% ay, Bk @E‘fﬁf‘%%?&ﬂﬁiﬁ%b:jmfl‘iiﬁﬁ
DICHFRE 21To 7. TA MIESZZDORED
HIZLESCHR [4) &R [7] TH B,

42 MBE1

Z 2TV, RO Toeplitz FTHIZX L TITD GP-
BiCG i & # B £ - 7= C-GPBiCG #E DX
RIEZTTE [4]. FTRIORTHEN 12 (a)16384(=1282)
& (b)262144(=5122) M2 r—ATH D, Ei=, HE
THNCRIAERIIMBHE L TR,

<2
L O N
LR O N =
—

Y 1 RABROADEIBERY MV T 1Tk
BESTEDR. T, KT A—F v OfE (a)1.50 5
51.70 £T. (b)1.5025 1.65 ETELSE=DDOK
BEOIH 2/, Table 5127 — X (a)N=1282
D& E, Table 6 127 —X (b)N=5122 D& E D, I
HETORBEERKE GS320 £ TD CPU Kl (BAL :
B) 2 LBICET., £, TRORFRRE1HDH
0 O CPU K] (B4 : 2 UH) & GPBICG DR
%#1.0&L7EEDC-GPBICG EDRHEIDLLETH
3. IWHCHIERMSHNBRZE 2 / VA |Irkll2/||rol]2 28
102 YFOEEELLE, BRI MVORHIET TR
T0. BRAREERIT 500 B & Lz, ZHPOD Iter.(RE
[E1%) DD “oo” ENARARBEERETOHRVEL T
HRK LMol L2RT., £, RFD “GP” i
GPBIiCG ¥%#%& L, “C-GP” &IgE{T ENHIREZ
-7z C-GPBIiCG ## &Y. £/, “It.” BRERK
T 1 IRMEERT.



INED2DDERMNS,

1. COMBETRNIA—Y v ODEEZAZIKRE
TB2ENTHORBEEOGMEIT KBDIKE
TRRNNS Z &,

2. Jo® GPBIiCG EIZEAR T4 &= 0 C-GPBICG
HOFNEDKER v OIEET, TRDBELD
BEICVIEE TR A T L,

3. WETZE D C-GPBICG EIIRE 1 @YD O
HREMEITWA DT, IR ETORERMIX
JT? GPBIiCG HEITHRTHT U BEO L Twin
WwWIZé&

RERDMND,

% 5: The number of iterations, total CPU time for
convergence (in seconds), CPU time per one itera-
tion (in mikki-sec.) and ratios of GPBiCG and C-
GPBiCG methods in case of (a)N=128 on GS320.

Parameter : v

1.50 1.55 | 1.60 1.65 1.70
It. T |It. T |It. T [It. T (It. T
GP | 68 1.10[c0 o 136 2.23] oo
16.2 1.0 16.4 1.0
C-GP| 56 1.23|80 1.41|94 1.65{107 1.88|116 2.04
17.6 1.08 - - |- - [17.6 1.07| - -

Fig.5 IZ (a)N=1282 OHA, =170 D& E D GP-
BiCG # & C-GPBiCG ED KO BEZERT. Rk
IZ, Fig.61Z (b)N=5122 DIFE, y=1.62D L ¥, Fig.7
IZ y=1.65 ® & F D GPBiCG # & C-GPBICG DX
ROBEZRT, WTFHORSHKEFETREEK,
TEFMIHENERZE 2 /VA (ERANKERE) £ 75,
RWBUTOZENBREINS.

1. Fig.5 T, 7LD GPBiCG ENRKREN 10~ £T
ULOBRENBDLRBRNWZ &, £-F0RIIERIC
Mokl &, ZHUTHL T, C-GPBICG DR
ZIERBED 10712 & TYUREHE 2% & $R4>
LERLEEZ &,

% 6: The number of iterations, total CPU time for
convergence (in sec.), CPU time per one iteration (in
milli-sec.) and ratios of GPBiCG and C-GPBiCG
methods in case of (b)N=5122 on GS320.

Parameter : v

1.50 1.55 1.60 1.62 1.65

It. T |It. T (It T |It. T |It. T

GP |69 28.0{ 75 30.4| 94 39.1|165 68.8| o0
405 1.0 405 1.0 (416 1.0 j417 1.0
72 30.5| 69 29.2( 83 35.1| 97 41.2(136 57.6

423 1.04|423 1.04]423 1.021424 1.02| - -

C-GP

2. Fig.6 Tid, 7LD GPBICG ETIIREMN 10710 %
TS 723 LEHZRDIHHEB S D123t
LT, C-GPBIiCG EIIFHIC L2 NKRDEN D
BEAERSPELEZ &,

3. Fig.7 T®, Fig.5 LF#RIZ. GPBICG EDERER
1070 X TLOAELETZEORIIRHM LIz &,
—7%. C-GPBIiCG EDBEZEIT 107 R ITELER
TR LEZ &,

4. WTNOHEDNDREZEOEENFERITREN
Ze.

N=16384, Gamma=1.70

Relative Residual
.

N L "
§0 100 150 200 250 300 350 400 450 500
herations

5: Convergence history of GPBiCG and C-
GPBiCG methods for y=1.70 in case of (a)N=1282.



N=262144,Gamma=1.62

c-BRBIEE =

Relative Residual

56 700 150 200
lterations

B 6: Convergence history of GPBiCG and C-
GPBIiCG methods for y=1.62 in case of (b)N=5122.

N=262144,Gamma=1.85

cGRHEE

°

ES

3
©

Relative Residuat
&

"

\.

" " — o
50 100 150 200 250 300
Iterations

B 7: Convergence history of GPBiCG and C-
GPBiCG methods for y=1.65 in case of (b)N=512.

4.3 [H7E 2

2 RITE [0,1] x [0,1) TL Dirichlet 7 &4
ZRLEUTORBSFER [7) 1T LT, BED2
RIGEE 5 RESD TREBOELIL, BoN/AEY 1 RF
BREZDOREME (LD GPBICG & &M &
C-GPBIiCG #) TfEWre, TTZT, D ILEK LT,

1 1 2
—Ugy — Uy +D{(y - 5)% +(z— g)(a: - §)uy}
—437%u = G(z,y)

HADEEK Gz, y) BEPET u(z,y) = 1+zy I
RBEIREDE, BTFREL128%=16384 &L, #
TFiE h(= mgrg) WREEBEDTM & Bz~ & Lie, B
MEELOBPEE T 4 M1 P EBEELIZWILUO) £
RERUEE LU TERLEHED 25 —ACDNWTR
HHEOIERE 2N, RESEOMEIZETO0, I
SOMIR SR LABRIRIE 2 / VA [[rela/llrollz 7S 1012
BTF&U,

Table 7 {ZHALEE/2 U DS, Table 8 & Table 912
ILU(0) $ROBE IR E TORBERK & F CPU B
fi (WAL : B) 2 &ITOLBRITRY., TERORFRIRE
1[E%7% ) © CPU B (4L : I UB) & GPBICG
EORMZ 1 ELEEEDHRTHD. 275, Table
8 & Table 9 DEVIIMR U= EHMHIEH GS320
L THREA GP7000F /900 72V TH %, 7. Table
TOLEORARERKEs FEELE, . &HH
D “oo” FIRIBAKEEKETRKEZRVERELTHI
RULAND I LERT. ZNEDHENDE,

1. Table 775, Dh DENKEL BB EWNKET
DRBEHIBHITHAL, WRLENT b5
5Z &, —%4, Table 8% Table 9ITRTLSIT
AIALER (ILU(0) £M8) % HEIFFICH S &.

2. PWRETOREEZKIZNWTNOXRBICEST S,

3. LDL, Dh=22~ 0 0LERMEIILKK
HEENEEZNWT &b 5, 51T,

4, F{EfTE D C-GPBICG &EIXT D GPBICG I
ERTREEREHNTDEE TR S T 558N
HBMN, EROERMOETIE, GS320 LTId
REfERE DZhR MDA, GP7000F/900 £T
IMh7200ENRD S

ZENbholz,
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B 8: Convergence history of nonpreconditioning

GPBiCG and nonpreconditioning C-GPBiCG meth-

ods for Dh=2"1,

3% 7: The number of iterations, total CPU time for
convergence (in seconds), CPU time per one itera-
tion (in mille-sec.) and ratios of nonpreconditioning

GPBiCG and C-GPBiCG methods on GS320.
Dh

0.0 2-3 22 21 2°
It. T| It. T} It. T| It. Tt T

GP | 1601 6.53{3903 15.9 Z648 31.6}20115 83.3[c0
4.076 1.0/ 4.07 1.0{4.13 1.0| 414 1.0

C-GP| 1649 9.42)3858 23.5|7694 44.7/13177 75.9{c0
5.71 1.40| 6.08 1.49} 4.13 1.41| 5.76 1.39

#% 8: The number of iterations, total CPU time for
convergence (in sec.), CPU time per one iteration
(in milli-sec.) and ratios of ILU(0)-GPBiCG and
ILU(0)-C-GPBiCG methods on GS320.

Dh

2-2 2-1 2° 22 23 24

It. T It. T| It. T k. T} It. T| It. T

GP |2008 11.3{2407 13.2|2452 13.5| 673 3.70| 321 1.82] 2371.31

5.63 1.0/5.46 1.0/5.49 1.0}5.49 1.05.67 1.0|5.52 1.0

C-GPJ1571 11.2|2564 18.4]2383 17.0} 742 5.33| 267 1.92| 168 1.22
7.141.27|7.18 1.31} 7.14 1.30{7.18 1.30}7.17 1.27|7.23 1.31

& 9: The number of iterations, total CPU time for
convergence (in sec.), CPU time per one iteration
(in milli-sec.) and ratios of ILU(0)-GPBiCG and
ILU(0)-C-GPBiCG methods on GP7000F/900.

Dh
2-2 27t 2° 22 2 2t
t. T It. Tf It. T| It T & T It T
2008 42.7|2407 50.6/2452 51.8] 673 14.2| 321 6.77] 237 5.00
21.3 1.0{21.0 1.0j21.1 1.0]21.0 1.0{21.1 1.0]21.1 1.0
C-GP|1571 36.8{2564 60.8|2383 55.9| 742 17.4] 267 6.29] 168 3.95
23.41.10( 23.7 1.18] 23.4 1.11|23.4 1.11/23.5 1.12{23.5 1.11

GP
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N=16384,Dh=0.25,1LU(0) Decomposition
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X 9: Convergence history of ILU(0)-GPBiCG and

ILU(0)-C-GPBiCG methods for Dh=2"2.
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