
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

Impact of Liner Elasticity on Couple Stress
Lubricated Partial Bearing

Sanjeev Kumar Lambha
Department of Mechanical Engineering National Institute of Technology, Kurukshetra

Kumar, Vinod
Department of Mechanical Engineering National Institute of Technology, Kurukshetra

Verma, Rajiv
Department of Mechanical Engineering National Institute of Technology, Kurukshetra

https://doi.org/10.5109/4774217

出版情報：Evergreen. 9 (1), pp.56-71, 2022-03. Transdisciplinary Research and Education Center
for Green Technologies, Kyushu University
バージョン：
権利関係：Creative Commons Attribution-NonCommercial 4.0 International



EVERGREEN Joint Journal of Novel Carbon Resource Sciences & Green Asia Strategy, Vol. 09, Issue 01, pp56-71, March 2022 

 

Impact of Liner Elasticity on Couple Stress Lubricated Partial 
Bearing 

 
Sanjeev Kumar Lambha*, Vinod Kumar, Rajiv Verma 

Department of Mechanical Engineering 
National Institute of Technology, Kurukshetra 

Kurukshetra, Haryana, India 
 

*Author to whom correspondence should be addressed: 
 E-mail: sanjeev.lambha@gmail.com 

 
(Received July 22, 2021; Revised November 28, 2021; accepted January 25, 2022). 

 
Abstract: In this modern age of fast growing technology, it is required to attain the need of 

compact size and high speed of rotation in rotating machines. The lubrication is an important 
aspect along with the bearing geometry, which significantly influence the bearing conduct. The 
arc length studied here is 100 degrees for partial bearing with a medium for lubrication as fluid 
with couple stresses (i.e. CSF). The influence of elastic deformation along with the fluid on 
performance of bearing in static and dynamic manner is obtained by solving the modified 
Reynold’s equation and an elasticity equation. The set of system equations are solved by using 
FEM approach. The results show a significant improvement in static and dynamic characteristics 
of partial bearing and the stability of the bearing is also improved while operating with couple 
stress fluid compared to Newtonian.  

 
Keywords: EHL film lubrication, partial arc bearing, couple stress fluid, stability, static properties, 

dynamic properties 
 

1.  Introduction 

The journal bearing with hydrodynamic lubrication are 
used from past decades as an important application in 
rotating machines. It is required to understand the correct 
geometry to attain the emerging increased need of high 
rotational speed with machine compactness as well as 
high load carrying capacity in modern machineries. From 
geometry point of view, the bearings are used according 
to the arc length, which covers the shaft (journal). The 
bearing with arc length of 360° are most preferably used 
which are known as full journal bearings but the bearings 
with arc length less than 360° known as partial bearing. 
Partial bearings have their remarkable influence on the 
performance of rotating system over full journal bearing, 
in cases of small-scale applications with high speeds. The 
partial journal bearings are characterized as their notable 
advantage compared to the full bearing systems. In case 
of high speed rotating machines, the introduction of 
vibrations and unbalanced forces causes the system to be 
failure. So to get the exact solution of performance 
characteristics, the effect of elasticity of journal and 
bearing both should also be considered practically while 
analysis. An assumption is made that the journal is a rigid 
body whereas the bearing is an elastic body because the 
material used for journal is more inflexible than material 
of bearing. The effect of elastic deformation on the 

conduct of bearings with partial arc is also required to be 
studied. In the series of determination of significant 
effects of various parameters on the conduct of bearing 
with partial arc, the results were in good agreement with 
the available results of Raimondi when compared for 
statically and dynamically rather numerically1). A study 
was performed2) to know the effect of change in arc length 
as 150° on the force unbalanced and its transmission in a 
system of bearing with symmetric rotor. The Reynold’s 
equation for partial arc gas bearing was solved by an 
inexpensive, fast and accurate approach3) using Galerkin’s 
method. The bearing load and stability derivatives were 
obtained by solving the set of equations in standard form 
according to compressibility number. The results for a 
journal bearing having an arc length of 60° with the 
consideration of two values of clearance ratios and 
Reynolds number up to 12000 emulated4) with the 
turbulent theory available and the laminar theory as well. 
A good resemblance for some particular range of 
empirical factor was observed whereas the correlation 
becomes poorer progressively beyond this range. The 
bearing of arc length 120° studied5) to find the effects of 
variation in compressibility factor ranging 0 to infinite, 
which showed that at low compressibility numbers the 
bearing clearance ratio and pivot location maintained 
close to the optimum conditions for highest load capacity 
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and minimum frictional coefficient. It was founded that 
the bearing load capacity and coefficient of friction 
effected substantially due to choice of pivot location for 
higher compressibility numbers. The magneto 
hydrodynamic partial bearing studied analytically and 
experimentally6) such that the external current flow axially 
between journal and bearing by an induced external field. 
The experimental results showed an optimum Hartman 
number to give an increased load carrying capacity peaks 
and have good agreement with theory. The study of steady 
state and dynamic characteristics for the two geometries 
of self-acting journal bearings (360° arc and 100° arc)7) in 
super laminar regimes up to the range of mean Reynolds 
number 13300 showed that test performed were in good 
agreement with that of the data available in published 
theory. It was also concluded that theory generated may 
be used to design various bearings working on the 
principle of self-acting in high speed machinery and a 
lubrication of fluid with low kinematic viscosity, either in 
laminar or in super laminar flow regimes. An approximate 
numerical method used to solve the equations of a 100° 
arc partial bearing8). It was concluded that while 
considering the isothermal solution with the dependence 
on bearing angle and aspect ratio; the thermo-
hydrodynamic effect lessens the dependence of specific 
load on constant eccentricity. The effect of deformation 
coefficient on a bearing arc of short span (60°) is more 
compared to a long span (120°) whereas there was a 
reduction in attitude angle for 60° and 120° type bearing 
span with an increase in deformation9). The design chart 
of various parameters was presented10) for conduct of 
centrally loaded gas bearings with partial arc. The 
rotationally non-symmetric bearings i.e. pivoted pad 
radial bearings, bearings with partial arc, and oil grooved 
pivoted bearings modelled by a method11) of mobility and 
impedence tensor introduced for modelling of journal 
bearings. It was observed that the capacity of load 
carrying decreased for an increase in the misalignment 
factor and increase in non-Newtonian behaviour12), while 
studying the influence of misalignment in bearings with 
partial arc. The thermo-hydrodynamic solution of a finite 
width partial arc bearing lubricated by non-Newtonian 
lubricants was obtained13) with an assumption, that the 
flow of heat was observed in radial direction only, in 
respect of the bush. The static characteristics were 
compared with the experimental results by using an 
approximate solution method14) which shows a good 
agreement. The impact of heat transfers on surfaces of 
journal and bearing bush also analysed by assuming the 
adiabatic boundary conditions. The combined effect of 
pad deformation and mixed lubrication studied by using a 
deterministic numerical solution15) for partial journal 
bearing. The impact of circumferential scratches studied16) 
on the conduct of partial bearing in continuation of 
previous research. The impact of change in bearing 
eccentricity, arc angle, slenderness ratio and the dimple 
shape, showed an effective improvement in bearing 

performances compared to smooth bearings17) in terms of 
friction coefficient. The resilience in liner had a 
significant influence on the conduct of cylindrical 
bearing18). A combined approach with the combination of 
FEM and a new method known as boundary element 
used19) to analyse the deformation in bearing housing. The 
conduct of journal bearing with an impact of flexibility in 
liner, determined20) by deformation coefficient parameter 
defined relatively by the factors Rj, C, t, µ, Uo and Em. An 
inverse model of porous bearing with flexibility was 
proposed21) to evaluate the parameter of permeability and 
eccentric ratio. In case of diesel engines, the journal 
bearings are widely used so it is required to know 
performance of system with bearings. In this concern, the 
dimensions of bearings and stiffness in housing combined 
on connecting rod was studied22). A numerical algorithm 
through which the Reylond’s: Koiter model solved for 
differentiating the effect of elasticity on load constraint 
presented23) to predict the distribution of pressure in fluid 
film properly. 

Conventionally it was assumed that behaviour of 
lubricant to be Newtonian for elasto-hydrodynamic 
lubrication. Whereas on going through the extensive 
literature review it was founded that to fulfil the emerging 
demands of modern machineries, the performance of 
lubricant need to be upgraded. In this view the 
performance of lubricant is going to be changed and 
improved when the additives are added with them such 
that the lubricant becomes Newtonian to non-Newtonian. 
The influence of the types and viscosities of lubricants on 
the basis of interaction with refrigerant, effect on 
compressor and impact on system performance were 
investigated24) which for developing new lubricants to be 
used in heat pump for better efficiency. The rheology of 
the working fluid as non-Newtonian25) examined to 
investigate the particles effect for spiral and circular pipes. 
When the Newtonian fluids are blended with polymer 
additives of long chain, the nature of fluid becomes non-
Newtonian and it is known to be a CSF (Couple Stress 
Fluid). The rheological behaviour of non-Newtonian 
lubricants was explained by many micro-continuum 
theories. The influence of couple stresses was elaborated 
on the basis of small micro-continuum theory, by a model 
known as Stokes model26). The load capacity improvised 
and the friction coefficient reduced on addition of polymer 
particles to lubricants27-28). The properties because of an 
action of squeezing in bearings with partial arc studied by 
a model29-31) for a lubrication of (CSF). The impact of liner 
flexibility with (CSP) studied32) and concluded that with 
an improvement in static and dynamic properties, the load 
capacity of cylindrical journal bearing also enhanced. The 
key factors, which govern the highest load capacity and 
film thickness ratio, were bearing geometric features, 
factor of couple stress and magnetic based parameters33). 
The impact of CSP on the conduct of double layered 
bearing showed34) that load capacity increased whereas 
friction reduced. The wear and friction near edges were 
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decreased35) by using the (CSF) in finite line contacts. A 
3-D elasticity model36) was used for CSP and elasticity 
parameter to evaluate the static and dynamic performance 
characteristics along with stability parameters for 
hydrodynamic journal bearing. On evaluating the static 
and dynamic characteristics of circular bearing37), it was 
founded that the non-linear trajectories become unstable 
for the condition of equivalence in mass with critical mass 
for both Newtonian and micropolar fluid. The impacts of 
irregularities in shapes for a six pocket bearings38) 
indicated that the bearing performance was influenced due 
to presence of geometrical irregularities, whereas the 
characteristic parameters have an improvement by using 
fluid with couple stress as lubricant. The amount of radial 
deformation had different values in both the upper as well 
as lower lobe in two lobe bearing39) for different couple 
stress parameter and eccentricity ratio. The stiffness and 
damping coefficients as dynamic characteristics with 
static properties were obtained for different values of 
couple stress parameter43), which showed a significant 
improvement in dynamic coefficients of bearing. A 
flexible journal bearing lubricated with non-Newtonian 
nanolubricant studied and compared with rigid bearings to 
find the static performance for different values of power 
law index and eccentricity ratio44). The maximum pressure, 
load capacity and friction force or nanolubricants 
increased compared to base lubricant whereas decreased 
for all values of power law index due to elastic 
deformation. The introduction of couple stresses in fluids 
improved the efficiency of two lobe bearings45) showed an 
increase in load capacity, reduction in attitude angle and 
enhanced the damp ability of bearings to rotor 
perturbations which in turn improvise the stability. In a 
combined study46) of turbulence and non-Newtonian 
lubrication the static, dynamic and stability characteristics 
showed an enhancement in performance of the bearings. 

Through an extensive literature review as mentioned 
above it is obvious that the impact of elasticity in bearing 
liner and (CSF) is significant and is required to evaluate 
the performance characteristics with these parameters. 
This paper includes the study of properties in a bearing 
with partial arc in terms of static and dynamic behaviour. 
The cumulative effect of deformation in bearing and 
(CSP) is evaluated in this paper. The approach used for 
solution of system equations is FEM (i.e. Finite Element 
Method). A 100° arc of bearing considered with λ = 1.0 
for analysis to know the effect using a bearing of arc 
length between long arc (180- degree) and short arc (60-
degree). The properties discussed are capacity of load 
bearing, pressure distributed, stability parameters and 
other performance characteristics of static behaviour and 
dynamic behaviour. The study of partial arc bearing using 
couple stress fluid with bearing flexibility has not been 
studied yet to the best knowledge of authors. This study 
will be helpful for the designers and researchers for 
enhancement in performance of bearing with partial arcs.  

 

2.  Analysis 

A system of bearing with partial arc with a bearing arc 
of 100°, denoted by  and a flexible liner of thickness t 
considered here in this study for analysis. The bearing 
with its geometric properties for partial arc is represented 
by Fig. 1 in which the journal is characterized by radius Rj 
with Oj as the center of journal and the bearing center is 
depicted as Ob with Rb as the radius of bearing. The gap 
between the journal and liner surfaces separated with fluid 
film, known as clearance space and denoted by c, such that 
the fluid used is non-Newtonian in nature. The fluid used 
for lubrication, blended with the polymer additives of long 
chain to the fluid of Newtonian nature, considering the 
polar effects, which is termed as the (CSF). The body 
forces and body couples are assumed to be absent during 
the analysis. The characteristics of couple stress fluid are 
defined by the characteristic length (l) of couple stress 
fluid, where l = (η/μ)1/2 which depends on new material 
constant denoted by ƞ, such that l* = l/c (non-
dimensional). The Reynold’s equation in general terms for 
fluid flow alongwith the elasticity equation for 
deformation in bearing liner are solved simultaneously to 
calculate the performance of a journal bearing system. The 
set of equations used for the formulation of system 
explained below. 

 
Fig. 1: Geometry of bearing with partial arc with flexible 

liner 
 

2.1.  Modified Reynold’s equation  

The flow of fluid between the journal and liner surfaces 
alongwith flexibility is commanded by the modified 
Reynold’s equation. The governing (Reynold’s) 
equation40) of the couple stress fluid flow obtained by 
using the continuity equation and momentum equation 
based on the stokes model26) assuming the lubrication 
theory of thin film for an incompressible flow. The 
continuity equation and the momentum equation 
governing the motion are: 

𝜌
஽𝒗

஽௧
ൌ  െ∇𝑝 ൅  𝜌𝑭 ൅ 1

2ൗ 𝜌∇x𝐂 ൅  μ∇ଶ െ 𝜂∇ସ𝑽    

(1) 

∇𝑉 ൌ 0          (2) 
where, V = Velocity vector, 

 F = Body force per unit mass, 
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 C = Body couple per unit mass, 

 ρ = Density, 

 µ = shear viscosity, 

 p = pressure, 

 ƞ = material constant responsible for 

couple stress fluid property.  
  After applying the assumptions made for the study, 

motion equation in Cartesian coordinate can be expressed 
as: 

డ௣

డ௫
ൌ  𝜇

డమ௨

డ௬మ െ  𝜂
డర௨

డ௬ర    (3) 

డ௣

డ௬
ൌ 0     (4) 

డ௣

డ௭
ൌ  𝜇

డమ௪

డ௬మ െ  𝜂
డర௪

డ௬ర     (5) 

డ௨

డ௫
൅  

డ௩

డ௬
൅  

డ௪

డ௭
ൌ 0    (6) 

 u, v, w denotes the velocity components in 
x, y, z directions. 

The boundary conditions applicable to bearing as 
well as journal surface are: 

𝑢௬ୀ଴ ൌ 0; 𝑣௬ୀ଴ ൌ 0; 𝑤௬ୀ଴ ൌ 0   (7.1) 

డమ௨

డ௬మ
௬ୀ଴

ൌ  
డమ௪

డ௬మ
௬ୀ଴

ൌ 0    (7.2) 

  (equation (7) for bearing surface) 

𝑢௬ୀ௛ ൌ 𝑈; 𝑣௬ୀ௛ ൌ 𝑉; 𝑤௬ୀ௛ ൌ 0  (8.1) 

డమ௨

డ௬మ
௬ୀ௛

ൌ  
డమ௪

డ௬మ
௬ୀ௛

ൌ  0    (8.2) 

 

Integrating equation (3) and equation (5) by applying 

boundary conditions to get velocity components as: 

𝑢 ൌ 𝑈 𝑦
ℎൗ ൅ 1

2𝜇ൗ
డ௣

డ௫
 ቊ𝑦ሺ𝑦 െ ℎሻ ൅ 2𝑙ଶ ቆ1 െ

 
ୡ୭ୱ ௛ቀ

మ೤ష೓
మ೗ ቁ

ୡ୭ୱ ௛൫௛
ଶ௟ൗ ൯

ቇቋ     (9.1) 

𝑤 ൌ  
ଵ

ଶఓ

డ௣

డ௭
ቊ𝑦ሺ𝑦 െ ℎሻ ൅ 2𝑙ଶ ቆ1 െ 

ୡ୭ୱ ௛ቀ
మ೤ష೓

మ೗ ቁ

ୡ୭ୱ ௛൫௛
ଶ௟ൗ ൯

ቇቋ  (9.2) 

where, 𝑙 ൌ  ට𝜂
𝜇ൗ  , characteristic length of additives 

The modified form of Reynolds equation can be obtained 

by integrating the continuity equation (6) w.r.t. y using 

velocity components with the boundary condition as 

below: 
డ

డ௫
ቀ𝐺ሺℎ, 𝑙ሻ డ௣

డ௫
ቁ ൅ 

డ

డ௭
ቀ𝐺ሺℎ, 𝑙ሻ 

డ௣

డ௭
ቁ ൌ 6𝜇 ቀ𝑈

డ௛

డ௫
൅ 2𝑉ቁ 

     (10)

  In non-dimensional form the flow equation 

can be expressed as, 
 

డ

డఏ
ቀ

ீሺ௛ഥ,௟∗ሻ

ఓഥ

డ௣̅

డఏ
ቁ ൅ 

ଵ

ସఒమ

డ

డ௓ത
ቀ

ீሺ௛ഥ,௟∗ሻ

ఓഥ

డ௣̅

డ௓ത
ቁ ൌ 6

డ௛ഥ

డఏ
൅ 12

డ௛ഥ

డఛ
    

(11) 

where,   𝐺൫ℎത, 𝑙∗൯ ൌ ℎതଷ െ 12𝑙∗ଶℎത ൅ 24𝑙∗ଷ tan ℎ ቀ
௛ഥ

ଶ௟∗ቁ  

The factors used for non-dimensionalisation of 
equation (1) are, 

θ ൌ
ଡ଼

ୖౠ
;  Zത ൌ

୞

୐
; λ ൌ

୐

ଶୖౠ
;  hത ൌ  

୦

ୡ
; h ൌ 1 ൅ ε cos θ ; ε ൌ

ୣ

ୡ
;   

 

𝑝̅ ൌ  
௣௖మ

ఓబఠೕோೕ
మ; 𝜇̅ ൌ  

ఓ

ఓబ
; 𝜏 ൌ  𝜔௝𝑡; 𝑈 ൌ  𝑅௝𝜔௝; 

𝑙∗ ൌ  𝑙 𝑐ൗ ; 𝑙 ൌ  ට𝜂
𝜇ൗ  

Ƞ = new material constant, such that ƞ = 0 for 
Newtonian fluids, and  

µ = Newtonian viscosity (Dynamic viscosity). 

The expression for thickness of fluid film for the journal 
bearing system with liner flexibility is expressed by; 

ℎത ൌ 1 െ ൫𝑋ത௝ െ  Δ𝑋ത൯ cos 𝜃 െ ൫𝑍̅௝ െ  Δ𝑍̅൯ sin 𝜃 ൅
 𝛿௥̅  

     (12) 

where, 𝑋ത𝑗 & 𝑍̅𝑗 = the steady state coordinates of 
journal center 

such that 𝑋ത𝑗 ൌ  𝜀 sin 𝜙,  &  𝑍̅𝑗 ൌ  െ𝜀 cos 𝜙,  

∆𝑋ത 𝑎𝑛𝑑 ∆𝑍̅ = the perturbation components of journal 
center from steady state, 

𝛿௥̅ = the radial deformation of bearing liner 

 
2.2.  FEM formulation of Reynolds equation  

The equation of fluid flow Eq. (11) is a nonlinear 
differential equation, which have a complex form of 
solution, and it is complicated to solve the equation 
analytically, so an approach of Finite Element Method 
introduced here for the solution the equations. The fluid 
flow is discretized into elements with The variation of 
pressure 𝑝̅ over an element e in the discretized flow field 
is represented by:  
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𝑝̅௘ ൌ  ∑ 𝑁௜
௜ୀସ
௜ୀଵ 𝑝̅௜

௘ ;   (13) 
where,  

Ni = shape function for the ith node, & 

𝑝̅௜
௘= corresponding nodal pressure of eth element 

Now after applying the Galerkin’s orthogonal residual 
approach for the solution of equation (11), the form of 
equation after finite element formulation can be expressed 
as: 

∑ ∬ ቂ
డ

డఏ
ቀ

ீሺ௛ഥ,௟∗ሻ

ఓ

డ௣೐

డఏ
ቁ ൅

డଵ

ସఒమ

డ

డ௓ത
ቀ

ீሺ௛ഥ,௟∗ሻ

ఓ

డ௣೐

డ௓ത
ቁ െ 6

డ௛ഥ

డఏ
െ௜ୀ௡

௜ୀଵ

12
డ௛ഥ

డఛ
ቃ 𝑁௜

௘𝑑𝜃 𝑑𝑍̅ ൌ 0    (14) 

It can also be written as  
∑ ൫ൣ𝐹௜௝

௘ ൧ሾ𝑝̅௜
௘ሿ െ ൣ𝐴௜௝

௘ ൧ െ ሾ𝐵௜
௘ሿ൯ ൌ 0 ௜ୀ௡

௜ୀଵ   (15) 
 
For isoviscous lubricants, µ = 1.0 (here the viscosity is 

independent of both the pressure and temperature) 
From equation (15); 

ൣ𝐹௜௝
௘ ൧ ൌ  ∬ ൜𝐺൫ℎത, 𝑙∗൯ ൤

డே೔
೐

డఏ

డேೕ
೐

డఏ
൅

డே೔
೐

డ௓ത

డேೕ
೐

డ௓ത
൨ൠ 𝑑𝜃𝑑𝑍̅஺೐  , 

          (16.1) 
i, j = 1,2,3,4 

ൣ𝐴௜௝
௘ ൧ ൌ  6 ∬

డ௛ഥ

డఏ
𝑁௜

௘𝑑𝜃𝑑𝑍̅஺೐ ,   i, j = 1,2,3,4    (16.2) 

ሾ𝐵௜
௘ሿ ൌ 12 ∬

డ௛ഥ

డఛ
𝑁௜

௘ 𝑑𝜃𝑑𝑍̅஺೐ ൌ 0, i, j = 1,2,3,4  (16.3) 

The expression for complete domain of fluid flow is 
expressed as: 

ൣ𝐹௜௝൧ሾ𝑝̅௜ሿ ൌ  ൣ𝐴௜௝൧   (17) 

where,  

ൣ𝐹௜௝൧ = Assembled coefficient matrix also known as 

fluidity matrix, 

ൣ𝐴௜௝൧ = Assembled column vector consisting of vector 

terms, 

ሾ𝑝̅௜ሿ   = Nodal pressure vector. 
The pressure distribution for a system of bearing with 

partial arc and flexible liner is obtained by solving the 
equation (14) along with an elasticity equation (18) used 
to find the impact of deformation in liner used in bearing, 
as discussed in section below. 

 
2.3.  Deformation of Bearing Liner 

As the liner is flexible compared to the journal and the 
bearing housing material, the deformation in the liner 
effects the conduct of the system considerably. The 

approach used to discretize the bearing liner is an 
isoparametric, 8-noded hexahedral elements as shown in 
Fig. 2. The displacement of any node in the liner is in three 
directions viz. circumferential, radial and axial as δx, δy, δz. 
For calculation of deformation in liner due to film 
thickness, only radial (δy) component is considered as the 
effect of tangential force is negligible on the 
circumferential deformations for the present analysis.  
The displacement in three direction is represented by,  

𝛿 ൌ  ൝
δx
δy
δz

ൡ , and for this study the expression used for 

deformation is 𝛿௥ ൌ  ൝
0

δy
0

ൡ as only radial deformation is 

considered for effect of flexibility in partial bearing. The 

deformation of liner in radial direction is obtained by 

using an elasticity equation36) for the discretized bearing 

liner, expressed as: 

ሾ𝐾ഥሿቄ𝛿௥̅
ഥ ቅ ൌ 𝐶ௗሼ𝐹തሽ    (18) 

where,      

ሾ𝐾ഥሿ ൌ  ൬1
𝐸௅𝑅௝

ൗ ൰ ሾ𝐾ሿ  (known as stiffness 

matrix)  ൫∵ ሾ𝐾ሿ௘ ൌ ׬  𝐵ത்𝐷ഥ𝐵ത𝑑𝑉௘
௏ ൯       (19.1) 

ሼ𝐹തሽ ൌ  ቆ𝑐ଶ

𝑝̅𝜇଴𝜔௝𝑅௝
ସ൘ ቇ ሼ𝐹ሽ (surface traction vector)

 ∵ ൫ሼ𝐹ሽ௘ ൌ ׬  𝑁்𝐹𝑑𝐴௘
஺೐ ൯       (19.2) 

൛𝛿௥̅ൟ ൌ  ቀ
ଵ

௖
ቁ ሼ𝛿௥ሽ (displacement vector) 

൫∵ ሼ𝛿௥ሽ ൌ  ሺ𝐶ௗ ൈ 𝑝̅ሻ൯         (19.3)  

𝐶ௗ ൌ  ቀ
ఓబఠೕ

ா
ቁ ൬

௧௛ഥ

ோೕ
൰ ൬

ோೕ
య

௖య൰ (coefficient of 

deformation)          (19.4) 

 
Fig. 2: Eight-noded hexahedral discretised liner 
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The pressure obtained from the iterative solution of 

Reynold’s equation along with elasticity equation is used 
to calculate the various characteristics of bearing with 
partial arc system. The behavior of the system is 
represented by static characteristics and dynamic 
characteristics.  

The characteristics of the system statically calculated in 
this analysis are as follows: 

 
Load Bearing Capacity: 

The capacity of load bearing has its two components for 
journal bearing. The load capacity of the system can be 
calculated by using the expressions20) of radial and 
tangential components as expressed below: 

𝑊ഥ௫ ൌ ׬  ׬ 𝑝̅
ାଵ

ିଵ cos 𝜃 𝑑𝜃𝑑𝑧̅
ఉమ

ఉభ
 and   

𝑊ഥ௭ ൌ ׬  ׬ 𝑝̅
ାଵ

ିଵ sin 𝜃 𝑑𝜃𝑑𝑧̅
ఉమ

ఉభ
   (20) 

The expression for obtaining the load capacity is as 
follows: 

𝑊ഥ ൌ  ඥ𝑊ഥ௫
ଶ ൅ 𝑊ഥ௭

ଶ   (21) 
The attitude angle can also be obtained by using 

equation (12) as follows: 

tan ∅ ൌ  
ௐഥ೥

ௐഥೣ
   (22) 

The Somerfield number can be expressed as: 

𝑆 ൌ  
ଶఒ

గௐഥ
    (23) 

The static characteristics obtained at the position of 
steady state of journal, whereas the characteristics 
obtained at disturbed position of journal are dynamic 
characteristics. These dynamic properties give a measure 
to the stability of the system of journal bearing at the 
position of disturbed system. The dynamic response for 
the system of journal bearing is calculated by obtaining 
the associated stiffness and damping properties. The 
expressions used for calculation of stiffness 
characteristics are as follows: 

൤
𝐾ഥ௫௫ 𝐾ഥ௫௭

𝐾ഥ௭௫ 𝐾ഥ௭௭
൨ ൌ  ቎

ௗ

ௗ௑ത
ௗ

ௗ௓ത

቏ ሾ𝑊ഥ௫ 𝑊ഥ௭ሿ         (24.1) 

(where, 𝑋ሶത ൌ  𝑍ሶ̅ ൌ 0)    

൤
𝐾ഥ௫௫ 𝐾ഥ௫௭

𝐾ഥ௭௫ 𝐾ഥ௭௭
൨ ൌ  െ ׬ ׬ ቎

ௗ௣̅

ௗ௑ത
ௗ௣̅

ௗ௓ത

቏ ሾcos 𝜃 sin 𝜃ሿ𝑑𝜃𝑑𝑍̅
ାଵ

ିଵ
ఉమ

ఉభ
 

           (24.2) 
Whereas the expressions for calculation of damping 

characteristics are: 

ቈ
𝐶̅௫௫ 𝐶̅௫௭

𝐶̅௭௫ 𝐶̅௭௭
቉ ൌ  െ ቎

ௗ

ௗ௑ത
ௗ

ௗ௓ത

቏ ሾ𝑊ഥ௫ 𝑊ഥ௭ሿ        (25.1) 

(where, 𝑋ത ൌ  𝑍̅ ൌ 0)    

ቈ
𝐶̅௫௫ 𝐶̅௫௭

𝐶̅௭௫ 𝐶̅௭௭
቉ ൌ  െ ׬ ׬ ቎

ௗ௣̅

ௗ௑ሶത

ௗ௣̅

ௗ௓ሶത

቏ ሾcos 𝜃 sin 𝜃ሿ𝑑𝜃𝑑𝑍̅
ାଵ

ିଵ
ఉమ

ఉభ
 

           (25.2) 

The values of ௗ௣̅

ௗ௑ത
,

ௗ௣̅

ௗ௓ത
,

ௗ௣̅

ௗ௑ሶത ,
ௗ௣̅

ௗ௓ሶത are obtained by solving the 

Reynolds’s equation expressed above. 
The non-dimensional form of linearized motion 

equations is: 
ൣ𝑀ఫതതത൧ቂ𝑋ሷതቃ ൌ  ൣ𝐶̅௜௝൧ቂ𝑋ሶതቃ ൅ ൣ𝐾ഥ௜௝൧ሾ𝑋തሿ        (26.1) 

ൣ𝑀ఫതതത൧ቂ𝑍ሷ̅ቃ ൌ  ൣ𝐶̅௜௝൧ቂ𝑍ሶ ̅ቃ ൅  ൣ𝐾ഥ௜௝൧ሾ𝑍̅ሿ        (26.2) 
Thus, equation for distributed motion of journal can be 

expressed as: 

ൣ𝑀ഥ௝൧ ൤𝑋ሷത

𝑍ሷ ̅
൨ ൌ  ቊ

Δ𝐹௑ሺ𝑋ത, 𝑍̅, 𝑋ሶത, 𝑍ሶ ̅ሻ

Δ𝐹௓ሺ𝑋ത, 𝑍̅, 𝑋ሶത, 𝑍ሶ ̅ሻ
ቋ   (27) 

where,  ൣ𝑀ഥ௝൧ ൌ  ቈ
𝑀ഥ௝ 0

0 𝑀ഥ௝
቉ = ( 𝑀ഥ௝  is the diagonal 

mass matrix),  

൤𝑋ሷത

𝑍ሷ ̅
൨  = the components of acceleration in X and Z 

directions, 

ΔFX and ΔFZ = unbalance forces on journal in X and Z 

directions. 
By substituting the respective values, the equation of 

motion can be expressed as: 
𝑀ഥ௝𝑋ሷ െ 𝐶̅௑௑𝑋ሶത െ 𝐶̅௑௓𝑍ሶ̅ െ  𝐾ഥ௑௑𝑋ത െ 𝐾ഥ௑௓𝑍̅ ൌ 0   (28.1) 

𝑀ഥ௝𝑍ሷ െ 𝐶̅௓௑𝑋ሶത െ 𝐶̅௓௓𝑍ሶ̅ െ  𝐾ഥ௑௓𝑋ത െ 𝐾ഥ௓௓𝑍̅ ൌ 0   (28.2) 

The characteristic equation in form of polynomial 

equation can be written as: 

𝜎ସ ൅ 𝐴ଵ𝜎ଷ ൅ 𝐴ଶ𝜎ଶ ൅ 𝐴ଷ𝜎 ൅ 𝐴ସ ൌ 0  (29) 

where,  σ = Complex variable, 

 Ai = function for mass of journal & dynamic 

coefficients. i = 1, 2, 3…….. 
The polynomial form of characteristic equation is 

solved by using the Routh’s criteria to know the stability 
in a system of the bearing with partial arc, in terms of 
critical mass (𝑀ഥ௖). For a stable system it is assumed that 
the value of 𝑀ഥ௝ should be less than 𝑀ഥ௖. 

Threshold speed (the speed of journal at instability 
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threshold) is calculated by the use of expression as 
expressed below: 

𝜔௧௛ ൌ  ටெഥ೎

ௐഥ
   (30) 

where,  𝑀ഥ௖ ൌ  𝐾𝐼
𝜈ଶൗ  

𝜈ଶ ൌ  
ሺ௄ഥ೉೉ି௄ூሻሺ௄ഥೋೋି௄ூሻି௄ഥ೉ೋ௄ഥೋ೉

ሺ஼೉̅೉஼ೋ̅ೋି஼೉̅ೋ஼ೋ̅೉ሻ
,   (31) 

(υ is the whirl frequency ratio at threshold instability) 

𝐾𝐼 ൌ  
ሺ௄ഥ೉೉஼ೋ̅ೋା௄ഥೋೋ஼೉̅೉ି௄ഥ೉ೋ஼ೋ̅೉ି௄ഥೋ೉஼೉̅ೋሻ

ሺ஼೉̅೉ା஼ೋ̅ೋሻ
   (32) 

  
2.5.  Solution Procedure  

The set of equations used in the present study, solved 
by applying an iterative scheme/procedure to find the 
nodal pressure in first stage of solution. The input 
parameters are initialised primarily at an initial stage. The 
system initialized by storing some initial values of ε and ϕ 
along with the other required geometric properties into the 
memory of the program.  

The elastic deformation of liner changes the film 
thickness under various loading conditions for bearing 
with partial arc. Due to this change in film thickness the 
pressure at different node positions also changes because 
of the deformation in liner. The sketch of the solution 
procedure is shown in Fig. 3.  

Thus with consideration of initial values stored in first 
step the nodal pressures at various node positions are 
calculated, by the solution of Reynolds equation (equation 
(4)) along with the equation of elasticity as equation (8). 
The solution of the equations is obtained by using Gauss 
Siedel iterative approach such that it should satisfy the 
boundary conditions stated as follows: 

𝑝̅ ൌ 0 𝑎𝑡 𝑧̅ ൌ  െ1  (33.1) 

𝑝̅ ൌ 0 𝑎𝑡 𝑧̅ ൌ  ൅1  (33.2) 

𝑝̅ ൌ 0 𝑎𝑡 𝑧̅ ൌ  𝛽ଵ  (33.3) 

𝑝̅ ൌ 0 𝑎𝑡 𝑧̅ ൌ  𝛽ଶ  (33.4) 

ቀ
డ௣̅

డఈ
ቁ

ఈమ
ൌ 0, Trailing edge  (33.5) 

൬
௉೔

ೖି௉೔షభ
ೖ

௉೔
ೖ ൰ ൏ ሺ1 10ହ⁄ ሻ , pressure convergence criteria

    (33.6) 

where, i is iteration index and k = 1,2, 3….. n. 

The thickness of fluid film obtained once are used to 
find the pressure distributed along the film thickness, 
which satisfy the boundary conditions mentioned above. 
The same procedure is continued in a repetitive way for 
the ε = 0.1, 0.3, 0.5 and (l*) as 0.0, 0.1, 0.2. 

3.  Results and Discussions  

In elasto-hydrodynamic lubrication analysis, the 
material for liner is softer than the material used for 
journal and bearing housing. Therefore, due to difference 
in pressure profile at the interaction of surfaces, a 
deformation in liner is produced. As in fluid film the 
pressure is a function of the factors µo, Rj, and c, so with 
the deformation of bearing liner the fluid film thickness 
varies due which the pressure distribution also varies. So 
it is obvious that the deformation of liner and the 
distribution of pressure are two interdependent properties. 
The property of the fluid used for lubrication have an 
impact on the fluid film thickness. According to stokes 
theory of micro continuum, on adding some additives to  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3: Solution Procedure 
 
the fluid of Newtonian nature the molecular dimension 

of fluid changes. The factor η is responsible for the 
property of couple stresses in lubricants of Non-
Newtonian nature. (CSF) is characterizes by the 
characteristic length, l = (η/µ) 1/2, whereas the factor l* = 
l/c, termed as the parameter for couple stresses (CSP) 
which characterizes the effect of couple stress on the 
system. A cumulative effect of (Cd) and (CSP) studied 
here to determine the performance characteristics 

S TA RT

I N ITI ALI ZE 

Generate the stiffness & force matrix 

Apply boundary conditions   

Apply Gauss Siedel approach 

Establish trailing edge 

Compute Nodal pressures (𝒑ഥ) 

Check 

IF 𝒑ഥ ൏ 𝟏
𝟏𝟎𝟓ൗ

Converged pressure obtained

Compute different forces in X & Z directions 

(Wx & Wz) 

Converged pressure obtained 

Check 

IF  𝑾𝒙
𝑾𝒛

ൗ ൏

Compute static characteristics by solving 

equations (10) – (13) 

Compute dynamic characteristics by solving 

equations (14) – (21) 

E N D 
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(statically and dynamically) of a 100° arc journal bearing. 
The properties of the system are obtained statically and 
dynamically for (CSP), (l*) as 0.0 (rigid), 0.1, and 0.2, 
whereas the (Cd) varies from 0.0 to 1.0. 

 
To check the affirmation of model and solution 

procedure used to obtain results in this study, the results 
for circular journal bearing and 120° are compared and 
validated with the published results in form of plots and 
table below.  

 

 
Fig. 4: Validation of static properties  

 
The static characteristics are validated by comparing 

the results of circular bearing for variation of attitude 
angle with load carrying [40] and eccentricity ratio [41] 
both in Fig. 4. The program is validated to use for study 
of partial bearing by comparing the results of 1200 partial 
arc journal bearing in Table After going through an 
extensive literature review, it is observed that results for 
dynamic and stability characteristics of partial bearing 
with couple stress lubrication are not available, so to 
validate the program for dynamic characteristics the 
results of Kxx and Cyy for two different values of couple 
stress parameter as l* = 0.0 and 0.1, are compared for a 
circular bearing [36] in Fig. 5. In Fig. 6, stability 
characteristics of a circular bearing are compared for 
critical mass and threshold speed [42]. 

Table 1. Validation of results with published results for β = 
120o, Cd=0.0 and λ = 1.0 

Validation Validation of Load characteristics (β = 120o , Cd=0.0 and λ = 1.0) 

ε= 0.1 ε = 0.2 ε = 0.3 ε = 0.4 ε = 0.5 ε = 0.6 ε = 0.7 

Load by 

Ref. [9] 

0.36 0.64 1.05 1.75 2.5 3.95 6.3 

Load by 

Present 

0.29459

8678 

0.6349

21731 

1.0570

34318 

1.6461

69757 

2.5269

19162 

3.9308

78482 

6.46199

5914 

        

Validation Validation of Pressure characteristics (β = 120o , Cd=0.0 and λ = 1.0) 

ε = 0.1 ε = 0.2 ε = 0.3 ε = 0.4 ε = 0.5 ε = 0.6  

Pressure 

by Ref.[9]

0.2 0.4 0.65 1.105 1.7 2.755  

Pressure 

by Present

0.17215

5961 

0.3768

23593 

0.6445

08865 

1.0393

98577 

1.6672

51688 

2.7600

56022 

 

        

 

Fig. 5: Validation of dynamic characteristics (Kxx and Cyy) 

 

Ref. [40] 

Ref. [41] 

Ref. [36]

Ref. [36]
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Fig. 6: Validation of stability characteristics (Mc and ωth) 

 
On comparing, the results calculated using present 

program, with the available results of reference it shows a 
good agreement. The only difference shown here is due to 
the difference in approach used for solving the problem. 

 
3.1.  Static Properties 

The distribution of pressure field along the bearing span 
in partial journal bearing towards circumferential and 
axial direction is illustrated by the curves shown in Fig. 4 
(a) – (f). The pressure distribution for six different 
geometric conditions and eccentricity ratio ε = 0.5, are 
shown for hydrodynamic (Cd = 0.0) and elasto-
hydrodynamic (Cd = 0.7) bearings. 

 
 (a) 

 
(b) 

 
(c) 

 
(d)  

 
(e) 

Ref. [42] 

Ref. [42] 
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(f) 

Fig. 7: Pressure distributed in discretized domain of partial 
journal bearing for ε = 0.5 and λ = 1.0 

 
(a) Cd = 0.0, l* = 0.0 (b) Cd = 0.0, l* = 0.1(c) Cd = 0.0, l* = 0.2 

(d) Cd = 0.7, l* = 0.0 (e) Cd = 0.7 l* = 0.1 (f) Cd = 0.7, l* = 0.2 

It is observed from Fig. 7 (a) – (c) that in case of 
hydrodynamic bearings without flexibility in bearing liner, 
the pressure 𝑝̅ increases as the value of (CSP) changes 
from 0.0 (Newtonian) to 0.1 and 0.2. In the same manner, 
the pressure field in partial bearings with consideration of 
liner deformation is enhanced for the case of (CSP) as 0.0 
(Newtonian) to 0.1, and 0.2, as observed from Fig. 7 (d) – 
(f). 

 
Fig. 8: Maximum pressure (Pmax) with Cd 

 
Fig. 9: Load bearing capacity (Wഥ ) with Cd 

 

The change of maximum pressure, Pmax with change in 
the deformation coefficient (Cd) and different values of (ε), 
depicted from Fig. 8, according to which the Pmax 

decreases as the value of (Cd) increases from 0.0 to 0.7. It 
is also observed that for the value of ε = 0.1, 0.3 and 0.5, 
the maximum pressure increases with an increase in (ε). A 
considerable change in the value of Pmax observed by using 
(CSF) as lubricant in comparison to fluid with Newtonian 
nature. When the flexibility of bearing liner increases for 
a particular eccentricity for both the Newtonian and (CSF) 
lubricant, the load capacity is reduced as shown in Fig. 6. 
It is clear from the graph that on increasing eccentricity 
ratio for any (Cd), the capacity of load bearing is increased. 
The result of using (CSF) in comparison to Newtonian 
fluid causes an enhancement in the capacity of load 
bearing for any (Cd) at any eccentricity. The load capacity 
is increased with an increase in the value of (CSP) l* as 
depicted from Fig. 9. 

 
Fig. 10: Somerfeld Number (S) with Cd 

 

The variation of Somerfeld number with flexibility (Cd), 
presented in Fig. 10. The parameter (S) improved with an 
improvement in the value of (Cd), ranging from 0.0 to 0.7, 
but when the medium of fluid is changed from Newtonian 
to non- Newtonian (i.e CSF) the value of Somerfield 
number is decreased. There is a decrease of Somerfield 
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 (

P
) 
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number from 1.023338 in Newtonian fluid to 0.89737 in 
couple stress fluid, which shows a decrement of 12.597% 
in couple stress fluid compared to Newtonian fluid. The 
Somerfield number also reduced with the increase of 
eccentricity ratio in flexible bearing. 

 
3.1.  Dynamic Properties 

When the flexibility of bearing increases it effects the 
pressure, as it shows a decreased trend. The increase in 
flexibility generates an increase in the space between 
surfaces of journal and bearing which effect the pressure 
profile in fluid film. Which in turn effects the reaction of 
fluid film in journal bearing system during operation. Due 
to a decrease in pressure and reaction in fluid film, the 
capacity of load bearing for the system is reduced. Fig. 11 
(a), (b) shows the behavior of direct stiffness coefficient 
in flexible bearing with the change in eccentricity ratio 
and (Cd). The Direct stiffness coefficients 𝐾ഥ xx and 𝐾ഥ௬௬ 
both increases with an increase in the (CSP) from l* = 0.0 
to 0.2. For small eccentricity i.e. ε = 0.1 both the 𝐾ഥxx and 
𝐾ഥ௬௬  shows a small change in their behavior with 
increased (CSP). With an increase in (Cd) both the 𝐾ഥ xx 
and 𝐾ഥ௬௬  seems to be almost constant and shows 
negligible change in their values. It shows that there is no 
effect or very small effect of flexibility on stiffness 
coefficients for small eccentricities. On increasing, the 
value of ε from 01 to 0.3, 𝐾ഥ xx & 𝐾ഥ zz both shows an 
enhanced increment in their values with the increase in 
(CSP), whereas a trend of decrease is shown by their 
graphs after increasing the (Cd) (0.1 to 0.7). 

 
(a) 

 
(b) 

 
Fig. 11: Direct Coupled Stiffness (Kഥxx, Kഥ௬௬) with Cd:  

(a) Kഥxx, (b) Kഥyy 

 
The variation of 𝐾ഥyy with an increase in (Cd) for 

eccentricity ratio, ε = 0.5 and l* = 0.2, shows an 
oscillating trend, initially between (Cd) = 0.0 - 0.2 it 
decreases, then increases from 0.2 - 0.3. After 0.3 - 0.5 
the value of 𝐾ഥyy again decreases, whereas from 0.5 - 
0.6 it is increased and from 0.6 – 0.7 it shows a 
decrease in its value such that at (Cd) = 0.7 it gives us 
a negative value. 𝐾ഥxx shows a similar trend as of 𝐾ഥyy 
for higher eccentricities. In case of cross stiffness 
coefficients it is shown by Fig. 12 (a), (b) that by 
increasing the value of (CSP) (l* = 0.0 to 0.2) 𝐾ഥxz is 
going to be increased whereas 𝐾ഥzx decreases with l* 
increases. When the partial arc bearing is working with 
using the Newtonian fluid and couple stress fluid, a 
change in the behavior of cross stiffness coefficient is 
there in the case using (CSF) in comparison with 
Newtonian fluid as shown by Fig. 12 (a), (b). At ε = 
0.1, the effect of change in (Cd) on 𝐾ഥxy and 𝐾ഥyx shows 
a very small change in their behavior. Whereas at 
higher eccentricity ratios i.e. ε = 0.5, 𝐾ഥyx is increasing 
with increase in (Cd). From Fig. 9 (a) it shows that 𝐾ഥxy 
gives an oscillating behavior (first decreasing , then 
increasing and again further decreasing and then 
increasing) with an increase in (Cd)  at higher 
eccentricity ratio (ε = 0.5) for l* = 0.2. This behavior 
with abrupt changes with (Cd) help us to know that 
how the stability of the partial arc bearing system is 
affected at higher eccentricity ratios and higher values 
of CSP (l* = 0.2). 
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(a) 

 
(b) 

Fig. 12: Cross-Coupled Stiffness (Kഥxy, Kഥyx) with Cd:  
(a) Kഥxy, (b) Kഥyx 

 
It is shown in Fig. 13 (a), (b) that how the direct 

damping coefficients varies with an increase in (CSP) (l*) 
and flexibility parameter (Cd). The direct damping 
coefficient 𝐶̅௫௫ is increased with an increase in l* and an 
increase in the value of eccentricity ratio. The 𝐶̅ yy also 
shows the same pattern of changing behavior with l* and 
eccentricity ratio. The variation of direct damping 
coefficient 𝐶̅xx and 𝐶̅yy with (Cd)  is found to be remains 
constant or very small change with an increase in (Cd)  at 
ε = 0.1. On the high value of eccentricity ratio (ε = 0.5) 
both the damping coefficients (direct) ( 𝐶̅ xx and 𝐶̅ yy) 
decreases with the increase in flexibility parameter (Cd). 
As the load, capacity 𝑊ഥ   is affected by the increase in 
(Cd) such that the capacity of load bearing 𝑊ഥ  decreases 
with an increase in (Cd). Due to this pressure in the fluid 
film decreases and the thickness of fluid film, such that 
reactions are varying proportional to the 𝑊ഥ , and with a 
decrease in fluid film reactions the pressure decreases. 
Therefore an increase in (Cd)  give rise to a decrease in 
𝑊ഥ  , which leads to a reduction in direct damping 
coefficients (𝐶̅xx & 𝐶̅yy) at ε = 0.5 and l* = 0.2.  

 
(a) 

 

(b) 

Fig. 13: Direct Coupled Damping (Cതxx, Cതyy) with Cd:  (a) Cതxx, 
(b) Cതyy 

 

 
Fig. 14: Cross Coupled Damping (Cതxy = Cതyx) with Cd 

 

Fig. 14 gives us the results for the variation of cross 
damping coefficients with l*, (Cd), and ε. At an 
eccentricity ratio 0.1, 𝐶̅ xy & 𝐶̅ yx shows a very small 
change in their values with increasing l*. On increasing 
the value of ε, the cross damping coefficient 𝐶̅xy and 𝐶̅yx 
shows an enhanced decrease in their values when 
increasing l* and eccentricity ratio. The cross damping 
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coefficients (𝐶̅xy & 𝐶̅yx) improved with an increase in (Cd) 

at higher values of eccentricity ratios and (CSP). Fig. 14 
shows that 𝐶̅xy & 𝐶̅yx have negative values for the entire 
ε and (Cd) with changing l*. 

 
Fig. 15: Critical Mass (Mഥ ୡ) with Cd 

 
Fig. 16: Threshold Speed (ωth) with Cd 

 
Fig. 17: Whirl Frequency (υ) with Cd  

 
Fig. 15-17 represents stability margins in terms of 

critical mass ( 𝑀ഥ௖ ), threshold speed (ωth) and whirl 
frequency (υ). It is founded from Fig. 15 that critical mass 
( 𝑀ഥ௖ ) is increased with an increase in the (CSP) (l*), 
whereas it is decreased with an increase in (Cd). The 
decrease in the value of (𝑀ഥ௖) with (Cd) is at a faster rate in 
case of higher eccentricity when ε = 0.5 and l* = 0.2 in 

comparison with the Newtonian fluid. Fig. 16 gives the 
variation of threshold speed (ωth) with the change in l* and 
(Cd). The value of (ωth) is increased with an increase in l* 
and the variation of (ωth) with (Cd) exhibits the same 
manner of increased behavior as observed in case of 
variation with l*. The whirl frequency (υ) is found to be 
decreased with an increase in l* and (Cd) both as shown in 
Fig. 17. Thus, it is observed from Fig. 12-14 that the 
stability of the partial arc bearing with flexibility is 
increased by using the (CSF) as lubricant in comparison 
to the fluid with Newtonian nature. 

 
4.  Conclusion 

The change in the reactions of fluid film caused due to 
change in the fluid film extent in a bearing with partial arc 
with flexible liner studied here with β = 100° and a 
lubrication of (CSF). The pressure profile enhanced due 
to flexibility and the (CSF), such that the characteristics 
(static and dynamic) of the bearing are enhanced by using 
(CSF). The conclusions   made are as follows:  

1. The pressure in both the hydrodynamic and elasto-
hydrodynamic bearing increases with an increase 
in (CSP) (l*). 

2. The value of maximum pressure i.e. Pmax 
decreases with an increase in flexibility parameter (Cd), 
whereas with an increase in (CSP) the value of Pmax 
increases. 

3. The capacity of load bearing (𝑊ഥ ) is reduced for 
any value of (ε) with an increase in (Cd). With an increase 
in (CSP) for any (Cd), the (𝑊ഥ ) is increased in comparison 
with Newtonian fluid. 

4. The sommerfeld number (S) for the bearing is 
increased with an increase in (Cd), whereas it is decreased 
with (CSP) in comparison with Newtonian fluid. 

5. The direct stiffness (𝐾ഥxx) and (𝐾ഥyy) increases 
with increase in (CSP) for high values of eccentricity 
ratios. The effect of change in flexibility parameter (Cd) 
for small eccentricity ratio is very small, whereas for 
higher eccentricity ratios the (𝐾ഥxx) and (𝐾ഥyy) shows a trend 
of decrease with an increase in (Cd). 

6. The cross- coupled stiffness coefficients (𝐾ഥyx) 
is increasing with an increase in (Cd) whereas (𝐾ഥxy) gives 
an oscillating behaviour with increase in (Cd) at = 0.5 
and l* = 0.2, such the magnitude of 𝐾ഥxz is increased from 
1.0678 at (Cd) = 0.0 to 1.157 at (Cd) = 0.7. The influence 
of change in (CSP) on cross stiffness is such that, 𝐾ഥxy is 
increased with an increase in (CSP) whereas 𝐾ഥ yx is 
decreased. 

7. The change in direct damping coefficients (𝐶̅xx) 
and (𝐶̅yy) with (Cd) is very small for small eccentricity 
ratios, whereas at higher eccentricity ratio i. e. = 0.5, 
both 𝐶̅xx and 𝐶̅yy are decreased with an increase in (Cd). 
The cross damping coefficients (𝐶̅xy) and (𝐶̅yx) decreases 
with an increase in l* and whereas these are increasing 
with an increase in (Cd). 
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8. The stability of the partial journal bearing 

obtained and presented by critical mass (𝑀ഥ௖), threshold 
speed th) and whirl frequency The critical mass 
(𝑀ഥ௖) is found to be increased with an increase in (CSP), 
whereas it is decreased with increasing (Cd). The threshold 
speed th) is improved with increase in l* and (Cd) both. 
The whirl frequency ( is decreased with an increase in 
(Cd) and l* both. 

 
Thus, it is concluded that the conduct of a bearing with 

partial arc in terms of static and dynamic properties is 
enhanced by using couple stress fluid (CSF) as lubricant 
in comparison to a fluid with Newtonian nature. It is also 
concluded that the stability of a bearing with partial arc is 
improved by using the couple stress fluid (CSF) as 
lubricant in comparison to a fluid with Newtonian nature. 
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Nomenclature 

c Radial clearance (mm), c = R-r 
Cd Deformation coefficient 
Cij Damping coefficient (dimensional) 

(Ns/mm) 
𝐶̅௜௝ Damping coefficient (non-dimensional), 

𝐶̅௜௝ ൌ  
஼೔ೕ௖య

ఓబோೕ
ర 

𝐶̅௫௫, 𝐶̅௬௬ Direct damping coefficients (non-
dimensional) 

𝐶̅௫௬, 𝐶̅௬௫ Cross damping coefficients (non-
dimensional) 

D Journal Diameter (mm), D = 2Rj 
e Eccentricity of journal (mm) 

[F] Surface traction vector 
h Fluid film thickness (dimensional) (mm) 
ℎത Fluid film thickness (non-dimensional), 

ℎത ൌ  ℎ 𝑐ൗ  
Kij Stiffness coefficients (dimensional) 

(N/mm) 
𝐾ഥ௜௝ Stiffness coefficient (non-dimensional), 

𝐾௜௝ ൌ  
௄೔ೕ௖య

ఓ ఠೕோర 
𝐾ഥ௫௫, 𝐾ഥ௬௬ Direct stiffness coefficients (non-

dimensional) 
𝐾ഥ௫௬, 𝐾ഥ௬௫ Cross stiffness coefficients (non-

dimensional) 
L Length of bearing (mm) 

l Characteristic length of additives (mm), l 

=(ɳ/μ)1/2 
l* Dimensionless couple-stress parameter, l* = 

l/c 
𝑀ഥj Mass of journal (Kg) 
𝑀ഥc Critical mass of journal (Kg) 
Ob Centre of bearing 
Oj Centre of journal 
p Pressure distribution (dimensional) 

(N/mm2) 
𝑝̅ Pressure distribution (non-dimensional), 

𝑝̅ ൌ
௣௖మ

ఓ ఠೕோమ 
𝑅௝ Radius of journal (mm) 
S Somerfield Number 
t Time (s) 

W Load bearing capacity (dimensional) (N) 
𝑊ഥ  Load bearing capacity (non-dimensional), 

ௐ௖య

ఓ ఠೕோర 
𝑊ഥ௫, 𝑊ഥ௭ Load in x direction and z direction 
𝑋௝, 𝑍௝ Journal centre coordinates 

𝑧̅ Axial coordinate, 𝑧̅ ൌ 𝑍
𝐿ൗ  

θ Circumferential coordinate, θ = X/R 
µ Lubricant dynamic viscosity (Pa-s) 
𝜇଴ Dynamic viscosity for reference (Pa-s) 
𝜇̅ Dynamic viscosity (non-dimensional), 𝜇̅ ൌ

𝜇
𝜇଴ൗ ൌ 1 

𝜔௝ Rotational speed of journal (rad/s) 
𝜔௧௛ Threshold speed (non-dimensional) 
Φ Attitude angle (0) 
ɳ new material constant peculiar to CSF 
ε Eccentricity ratio, ε = e/c 
λ Aspect ratio, λ = L/D 
β Arc length of partial arc bearing 

𝛽ଵ Angular position at start of partial bearing 
𝛽ଶ Angular position at end of partial bearing 
𝛿௥ Radial deformation of bearing liner 
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