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Abstract. We consider the long time behavior of solutions to the initial value prob-
lem for the “complex-valued” cubic nonlinear Klein-Gordon equation (NLKG) in one
space dimension. In [12], Sunagawa derived the L°° decay estimate of solutions to
(NLKG). In this note, we obtain the large time asymptotic profile of solutions to
(NLKG).
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1. Introduction

In this note, we consider the long time behavior of solutions to the
initial value problem for the “complex-valued” cubic nonlinear Klein-Gordon
equation in one space dimension:

(O + Du = Nul|?u teR,x R,

u(0,2) = up(z), Owu(0,z) =ui(x) =z €R, (1)
where O = 02 — 92 is d’Alembertian, u : R x R — C is an unknown function,
ug, 41 : R — C are given functions, and A is a non-zero real constant. The
complex-valued nonlinear Klein-Gordon equation/system arise in various
fields of physics. For example, the nonlinear Dirac equation, which is an
important model in the relativistic quantum fields [4], [14], can be reduced
to a system of complex valued nonlinear Klein-Gordon equations. Therefore
we believe that our study will aid in understanding the long time behavior
of solution to such physical models.

Since L*° decay rate of solution to the one dimensional linear Klein-
Gordon equation is O(|t|~/?) as |t| — oo, the linear scattering theory in-
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188 J. Segata

dicates that the cubic nonlinear term is the long range type. In fact, it
is well-known that the non-trivial solutions to (1.1) do not scatter to the
free solution, see [5], [6], [11]. Therefore the asymptotic behavior in time of
solution to (1.1) is different from that of the linear equation. For the real-
valued case, the asymptotic behavior in time of solution to (1.1) is studied
by the several authors. Delort [2] obtained an asymptotic profile of a time
global solution to the general quasilinear Klein-Gordon equation including
(1.1) for the small initial data with compact support. See also Lindblad
and Soffer [9] for an alternative proof of his result for (1.1). Note that the
compact support assumption in [2] is removed by Hayashi and Naumkin
[7] for (1.1). Recently, Stingo [13] extended Delort’s result for the general
quasilinear Klein-Gordon equation to mildly decaying initial data.

For the complex-valued case, Sunagawa [12] derived the L decay esti-
mate of solutions to (1.1). The main purpose of this note is to obtain the
large time asymptotic profile of solutions to the initial value problem (1.1).
We consider the case ¢ > 0 only since the case ¢ < 0 can be treated in a
similar way.

Our main result is as follows.

Theorem 1.1 Let m > 11 be an integer. Then, there exists eg > 0 with
the following properties: If ug and uy are compactly supported and satisfy
e = |lug||lgm + ||u1| gm-1 < €0, then, there exists a unique global solution
u € C([0,00); H™(R)) N C([0,00); H™~Y(R)) to (1.1) which satisfies
lu(®)l| e < Ce(141)~? (1.2)

for any t > 0. Furthermore, there exist @1 € L>®(R) such that
1 T
u(t,r) = WCIMF ( )exp( V2 =z +iv (¥) logt)
1 x . 5, x
+ W(IL (Z) exp (—z\/t — |x|2 410 (;) logt)
+0 <€t73/2+08> as t — 0o, (1.3)

where W are given by
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W) =~ AW P (122 w)F + 202 ()),

T= Tyl (214 () + |2 ()P

and C' is a positive constant independent of €.

From (1.3), we see that an asymptotic profile of time global solution
to (1.1) is given by solution to the linear Klein-Gordon equation with a
logarithmic phase correction. It is known that ®_ = ®_ for the real-valued
case (see [2]). Note that in [10] we constructed a solution to (1.1) which
converge to “prescribed” final states in the sense of (1.3).

Remark 1.2 We mention the paper by Candy and Lindblad [1] who
obtained the large time asymptotics of solutions for the one dimensional
cubic nonlinear Dirac equation which is called the Thirring model [14] and
can be reduced to a system of complex-valued Klein-Gordon equations with
derivative interactions. Here, the asymptotic behavior of the solution is
given by the solution to the linear Dirac equation with a logarithmic phase
correction as in Theorem 1.1.

Remark 1.3 In [10], we studied large time behavior of complex-valued
solutions to the Klein-Gordon equation with a gauge invariant quadratic
nonlinearity in two space dimensions:

(04 Du = Au|u te R,z € R? (1.4)

where O = 97 — 92, — 92, is d’Alembertian, u : R x R? — C is an unknown
function, and A is a non-zero real constant. As in the one dimensional cubic
case, (1.4) is long range type. We constructed a solution to (1.4) which
converges to prescribed final states, where the final state is given by the
free solution with a logarithmic phase correction. Note that the logarithmic
phase correction given by [10] has one more parameter which is characterized
by the final data. It is an interesting open question whether all small global
solutions to (1.4) behave like such an asymptotic profile.

We give an outline of the proof of Theorem 1.1. As in [2], [3], [12], we
first reduce the Cauchy problem for (1.1) on [0,00) X R into the initial value
problem in the interior of hyperbola:
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D={(t,x) eRxR|t>0, (t+2B)*— |z|* =73}, (1.5)

where B and 7y are positive constants which are determined by the initial
data (see Section 2). Then we analyze the solution to (1.1) in D by using
the hyperbolic coordinate:

t+ 2B = tcosh z, x = T sinh z, T =17, 2 €R.

For a solution u to (1.1), we introduce a new unknown function v = v(r, 2)
via the identity

1

ult, z) = 71/2 cosh kz

v(T, 2), (1.6)

where & is a positive constant which is fixed later. Indeed, we shall choose
k > 5/2 to derive a large time asymptotics of u from an asymptotics of v in
T, see Section 4 for the detail.

Furthermore, we define functions ¢4 = ¢4 (7, 2) by

v(1,2) = oo (1, 2)e™ + ¢p_(1,2)e” 7.

For the real-valued case, we are able to take ¢_ = ¢ +. However, for the
complex-valued case, we cannot expect such a relation. Hence, to determine
¢+ uniquely, we impose

00(1,2) = iy (1,2)e’™ —ip_(1,2)e” "7,

that is,

¢4(1,2) = %(U(T, 2) Fi0v(r, 2))eT.

Then the evolution equations for ¢ are given by

1 A , A . , _
87- - T T et 2 T eI e FIT
b+ ¢27(Coshm)2’¢+€ +¢_e T (P + e Te

+0(172), (1.7)

as T — oo (see (3.5) for the derivation), where the first term on the right
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hand side of (1.7) is contribution from the nonlinear term. We rewrite (1.7)
as follows:

) A
06+ = =5 oo 16+ +216-)0s
) A — o ,
=5 oo e BB + (2o +19- )67 45, g2
+0(r7%),

We have a similar equation for ¢_. For the second term (non-resonant
term), we shall see that the oscillation factors e™™ enable us to replace the
non-resonant term by a term which has better decay by a normal forms
procedure. To treat the first term (resonant term), we consider the large
time behavior of |¢4|?. Since the resonant terms for the evolution equations
of |¢+|? are purely imaginary, we see that {|¢+(7,)|*}r>-, are Cauchy se-
quences in L as 7 — oo and |¢+(7,-)|? converge to some non-negative
functions ax € L$® as 7 — oo. By using the function ai and the gauge
transform, we obtain the large time asymptotic profiles of ¢+ which yields
(1.3).

The rest of the paper is organized as follows. In Section 2, we reduce
the Cauchy problem for (1.1) on [0, 00) X R into the initial value problem on
the domain D given by (1.5). Then, in Section 3, we derive the L> estimate
of the solution to (1.1) in D. In Section 4, we obtain the asymptotic profile
of solution to (1.1) by analyzing the large time behaviors of ¢..

2. Reduction of the problem

In this section, we reduce the Cauchy problem for (1.1) on [0,00) x R
into the initial value problem on the interior of the hyperbola D by using
the argument by [2], [3], [12].

Let B be a positive constant which satisfies

supp uo U supp u; C {x € R | |z| < B}.

We fix a positive number 79 > max{1,2B}. We employ the following result
by Delort [2, Proposition 1.4].

Proposition 2.1 Let m > 3 be an integer. Then there exists g > 0
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with the following properties: If (ug,u;) € H™(R) x H™ Y(R) satisfies € :=
luo || grm + ||ur || grm—1 < €0, then, there exist T > (18 —3B2)/(2B) and unique
solution u € C([0,T]; H™(R)) N C’l([O T); H™ 1(R)) (1.1). Especially, u
is defined on {(t,r) € R?||z| < (78 — 3B?)/(2B),(t + 2B)? — |z|* = 73}.
Furthermore, u satisfies

2 _ 2
/y|<T0 3B

Proof of Proposition 2.1. By the standard local existence theorem for the
nonlinear Klein-Gordon equation (see [8] for instance), there exist T =
O(1/¢) and unique solution u € C([0,T]; H™(R)) N C*([0,T); H™ *(R))
o (1.1) such that

k 2
8 a u‘(t z)=(\/72+y>—2B,y) dy Ce

0<j+k<m

sup ([[u(®)]zm + [[0cu(t) || gm-) < Ce.

0t

Furthermore, by the property of finite speed of propagation for the solution
o (1.1), we have supp u(t) C {zr € R | |z| <t+ B} for 0 < ¢t < T. Choosing
e > 0 sufficiently small, we can take T > (78 — 3B?)/(2B). Then we have
the conclusion. 0

By Proposition 2.1 and the property of finite speed of propagation for
the solution to (1.1), it suffices to consider the solution u to (1.1) on the
domain D.

3. L°° estimate of solution

In this section, we derive the L>° decay estimate of solution to (1.1) in
the region D given by (1.5). Although the L> decay estimate of solution
has already been proven by [12], we give the detail of the proof because we
use the several estimates in the proof to derive the asymptotic behavior of
the solution.

As in the papers [2], [3], [9], [12], we use the hyperbolic coordinate

t+ 2B = Tt cosh z, x = T sinh z, T =17, 2 €R.

Let u be a solution to (1.1). We introduce a new unknown function v =
v(T, z) via the identity
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1

ult, z) = 71/2 cosh k2

u(T, 2), (3.1)

where k > 5/2 is fixed later (see Section 4). Furthermore, we define functions
¢:|: = d):l:(T: Z) by

0(1,2) = 64 (1, 2)eT + 6 (1, 2)e ", (3.2)

0rv(T,2) = iy (1,2)e"™ —ip_(7,2)e 7. (3.3)

By a simple calculation, we see that v satisfies

1
5 Jv|?v + ﬁPv, (3.4)

02 =——
Ut 7(cosh kz)

where P is a differential operator given by

i , 1 2K2
P =07 — 2k(tanh k2)0, + k* — 4 (coshkz)?’

Hence we obtain

_ z:F’L"T 2 — f A 2 eFiT fip FiT
Ordx = Foet T (Orv+v) = F5 e Vv F g p Pt (35)

We derive the L™ estimates for ¢4. For T > 7, let

9 21/2
Mri= s (lov(mal +lo-(na)f)
(7,2)€[10,T] xR

Lemma 3.1 Let m = |2k| + 6! and k > 0. Assume that ||uglgm +
llur]| grm—1 < €0, where ¢ is given by Proposition 2.1. Then, there exists
g1 > 0 such that if My < eY2 holds for some 0 < e < ey and T = 19, then
we have Mrp < Ce, where C' is a positive constant independent of € and T.

If k > 5/2 and |lug||gi2e1+6 + ||ur|gi2s)+5 is sufficiently small, then
Proposition 2.1 ensures that M, < e < €1. Therefore we need m > 11 in
Theorem 1.1. Combining this with Lemma 3.1 and the standard continuity

1| - ] denotes the usual floor function.
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argument, we obtain My < Ce for any T' > 19. Hence we obtain the decay
estimate (1.2) for the solution to (1.1).

Proof of Lemma 3.1. We assume that v satisfies M7 < ¢'/2. Throughout
the proof, we denote by C' or C; positive constants which are independent
of e and T.

We first prove

|Pu(r,2)| < Cer® (3.6)

for any 79 < 7 < T'. To show (3.6), we employ the energy estimates used by
Delort, Fang and Xue [3]. Let us define

= ;Z/ <}878§v(7',z)‘ ‘alﬂ v(T, 2 ’ + |9v(r, z)’2> dz.
j=1"F

We shall show
Es[v)(1) < Ce2rCe. (3.7)

Then (3.6) follows from the Sobolev embedding and (3.7). Let us prove (3.7).
By a similar argument as that in [3, Proposition 2.1.2], for any m € Z, and
¢ =0,1, we have

S Enlol(r) € s Emlo)(7) + CEnlol 2(7) [|(82 = 772P + 1) 0(r) |
+ Bl

Equation (3.4) and the assumption My < £'/2 yield
H (83 R 1) v 7')HHm

A A C
< orotie < iz oy < Cemat ).

Hence
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T Enlil(0) € T Baelil) + (S 4 5) Balr). @9

T T2
By (3.8) with m = |2k] 4+ 5 and ¢ = 0, we obtain

d 2+ Coe C
— B2y 15[v](7) < (2 + 7_2) B2y 15[v](T)

dr
< (\_2/€J —1—5/4+ C

T

T T2

) Ejon15[0](7),

provided Cse < 1/4. Then the Gronwall lemma and Proposition 2.1 yield

Elan|15[0(r) < Ejan)+5[v] (7o) exp (/TT (WHW N C> dg>

) o o2
< Ce?rl2nl+5/4, (3.9)

Combining (3.9) and (3.8) with m = |2k] + 4 and ¢ = 1, we obtain

T Pl aldl0) < 25 Blanysslol(r) + (5 4 ) Blaaalelr)

dr 2
B Ce C
< Ce2plzel-3/4 (T + 72> E| o) 44[v](7).

Then by the Gronwall lemma and Proposition 2.1, we have
E|ox)44[v](T) < Ce2rl2ml+1/4,
Repeating this argument, we obtain
Ey)(1) < Ce2rY/4, (3.10)
Combining (3.10) and (3.8) with m = 3 and ¢ = 1, we have

d

B0 < BEbO+ (5 Blle)

Ce? Ce C
S -
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Then the Gronwall lemma and Proposition 2.1 yield (3.7).
We turn to the estimates for ¢1. From (3.5), (3.6) and the assumption
Mr < 51/2, we see

Ce3/2 Ce Ce

’ar(b:l:(’r’ Z)| < - + 72—Cie < ?7 (311)

provided Cie < 1. This is not enough to obtain the boundedness of ¢ .
To derive the desired bound, we make use of the oscillation factors in the
nonlinear term. A direct calculation shows

0?0 = 3 6_e¥T + (|94 > + 206 [*)pye’”
+ oy P+ oo™+ dpte (3.12)

Substituting (3.12) into (3.5), we find

) A 1 11 :
O = 24216 |? —N, — ——=Pve ™™ 1
o+ 2T(Coshm)2(|¢+| + 2[¢| )¢++T + 5 lbve (3.13)
1 A 1 11 -
O = ———(2 2 _|P)d_ + =N_ 4+ = = Pve'” 14
¢ 92 T(COShlﬁlz)Q( ’¢+‘ + |¢ ‘ )(b + - + 2 72 ve (3 )

where Ny = N4 (7, z) are given by

' A — o o 4
e e GG TR DERS  }

' A - 4 S .
= 5 oo - (194 206 Yo 45, g2,

N+ —
N_

Since the first term on the right hand side of (3.13) is purely imaginary,
(3.13) implies

6(r )P = 6 (ro )P 42 [ ROV.B,)do
T 1 o )
+/TO ;%(quxre*”)da. (3.15)

By the Sobolev embedding and Proposition 2.1, we have
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|4 (10, 2)|* < O™ (3.16)

To evaluate the second term on the right hand side of (3.15), we make use
of the oscillation factor €™, w # 0. Integrating by parts, we have

T 627,'(7 0 .
[ 16+ Pos0 (0,2)d0

0

2T - 24T o
= 557 194016 (7,2) = 510+ 7616 (r0,2)
1 T _2io o 1 T g2ic —
T A R e e A

Combining the above identity, My < /2 and (3.11), we find

T e2i0 _
/ 164613 (0, 2)do

0

Ce? " do " do
< +C€2+CE2/ 2+C’€2/ — < O
T o O 0 O
In a similar way, we obtain

< Ce?. (3.17)

‘2 / ém(m@)da

For the third term on the right hand side of (3.15), the Young inequality
and (3.6) yield

1

T 1 2 2
<y ) palPol + 1oy 2)do

T 1 o —iT
/TUZ%(PU¢+6 )do

0

T 1 1
g 052/ 0_22015d0'+/ ;‘¢+‘2d0

0 0

T 1
<052+/T §|¢+|2da, (3.18)

0

provided that Cie < 1/4.
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Let &1 = min(1,1/(4C4),1/(4C53)). Then by (3.15), (3.16), (3.17) and
(3.18), we see that if 0 < € < &1, then

1
oo (7, 2)|* < Ce? +/ §|¢+|2(0, z)do.

0

We have the similar estimate for ¢_. Then the Gronwall lemma yields
Mp < Ce. This completes the proof of Lemma 3.1. O

4. Large time asymptotics of solution

In this section we derive the large time asymptotics of solution to (1.1).
By Lemma 3.1, for any 7 > 79 and z € R, we have

¢+ (7, 2)| < Ce. (4.1)

Combining (4.1) with the argument used in the previous section, for any
T2 19 and z € R, we have

Pu(r,2)| < Cer€%,  |9rou(r, =) < 25 (4.2)
T
From (3.13), for 79 < 71 < 72 we have
‘¢+(TQVZ>‘2 - ’¢+(71,Z)’2

— 2/ lﬂ?(N+¢+)dU +/ %Q(Pv&re_”)da. (4.3)

1

Combining the same argument as that in (3.17) with (4.1) and (4.2), we
have

2 1 4
' / Ly, a,)de| < €5 (4.4)
1
From (4.1) and (4.2), we see
15 ir Ce?
L E\S(PUQZL'_G )dO' < 7_11—76'5 (45)
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Collecting (4.3), (4.4) and (4.5), we obtain

Ce?
1-Ce~
T

|[64(72, 2)* = |94.(11,2) | (4.6)

N

We have the similar estimate for ¢_. Therefore, we find that {|¢+(7,")]*}r>r,
are Cauchy sequences in L° as 7 — oco. Hence there exist non-negative
functions a4+ € L such that

Ce?
|||¢:|:(T)|2 - a:l:”L? < i—ce (4.7)

for 7 > 19. Note that a satisfies

[ee] [ee]

1 = 1 > —T
g%(N+¢+)dO' +/ ES(P’UQS_’_G )dO’

7o

ar(2) = los(m,2) +2 [

70

Hence (3.6) yields ay € W1, Similarly, we have a_ € W1,
By (3.13) and (3.14),

Oy (2) = Y (ai() 20 () (o) Re(rz),  (48)

2 7(cosh k2)
Db (2) = L (a,(x) +a_(2))6_(2) + R_(r,2),  (49)

~ 27(cosh kz)?

where Ry = R4 (7, z) are given by

Ry _;T(COS?l r2)? (I + 2|9 1)t + ;m}mz)g(a+ + 2a_)p4
+ %NjL - %%Pve*”,
Re = 5ot (Cloa + 160 — gt (0 + )0
%N, + %T%Pve”.

It follows from (4.8) and (4.9) that
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. {wz) exp (2 ot @)+ 20 () log ) }

o, {¢><z> exp (—iAz<2a+<z> a (=) log ) }

— Ry(r,2)exp

(a4 (2) + 2a_(2)) log ) ,

2 (cosh kz)
=R_(7,2)exp ( Z.(COS}THZ)(2CL+(Z) + a_(z))log7'> .

By (4.1), (4.2), (4.7) and the argument used in the proof of (3.17), we have

/T1 Ry (0,2)exp (;(COS}?K’Z)Q(M(Z) +2a_(z)) log 0’> do| < Cer 'HC5,
T i A —1+Ce
- <
/T1 Ri(0,z)exp ( 3 (cosh r2)? (2a4(2) +a—(2))log a> do| < Cery

for any 0 <7 <7o. By the above estimates, we see that ¢ exp(% m (ay
+2a_)log7) and ¢_ exp(—% W (2a4+a_)logT) are Cauchy sequences
in L® as 7 — oo. Therefore we find that there exist functions by € LZ°
such that

) A Ce
’ ¢4 (7) exp (2((:0shf<;z)2(a+ + 2@—)10g7) — by L S qlCe
1 A Ce
"¢_ (T) exXp (—2(Coshnz)2(2a+ + (I_) log 7'> —b_ . S m

for 7 > 79. Especially, we have ay = |b+|? and bL € W1, Hence we have

i A

bulr ) =)o (5 A

(b ()P +2|b_<z>|2>logf)

+0 (—ez) - (4.10)

71-Ce
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A
_ —b_ 2 B 2
6-7:2) = 0- ()b (§ ooz 0GP + - () og )
+0 (=) (4.11)
as 7 — o0o. Let
cosh z)1/2 cx(tanh ™ y) if [y <1,
c+(z) = (cosh2) 77, (2),  di(y) = .
cosh kz 0 if |y| > 1
Then by (3.1), (3.2), (4.10) and (4.11), we have
1 2
u(t,z) = Wd+ (y)exp | i(t + 2B) ly
1
— 21—l (Jds I +21d- W)I*)
xlog<t+2B |2>>
Y=1738
LIS (t+2B)y/1 - Jy|?
+ (t+23)1/2 ( )exp _Z =+ - ‘y|
1
+ 501yl (21ds @) + ld- W)I*)
x log ((t +2B)y\/1 — \y|2>>
Y= t+2B
+0 <€t_%+ca> , (4.12)

as t — o0.
Furthermore, introducing

e+(y) = d+(y) exp <2ZB\/W)

1
exp (W= WP ) + 2d- ()P o VI= 0T ).
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e—(y) :==d_(y)exp (*QiB 1- \ylz)
<exp (GAVT= PRI ) + 1d- () og VT=ToF )

we see that the first term on the right hand side of (4.12) is equal to

(t—i—213)1/26+ (y) exp (it\/ 1- |92)
X exp (—;A\/ L= P (les @ +2]e- W)P) 1ogt>

+O (Et_3/2+05> , (4.13)

_ =
Y=1i52B

x exp (i04 (t,y))

as t — oo, where O is defined by

O1(t.3) = ~ ;AT WP ) + 20 ()P og (1427 ).

A direct calculation shows (c.f. [2, page 59])

1 1
(t+2B)1/2  {1/2

\/ t+ZB \/ ‘t = x‘/t/t’

<Ct? (1 - m2> o . (4.15)

Since by € W} we see that the function

<COt3/2, (4.14)

g (t.9) = ex ) exp -~ GAVT= WP er O + 2le- (1)) o

satisfies
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1099+ (t,y)| < Cie(logt)? (1 — |y|)~/?7 1/

for j =0,1. Hence

g+ t: L — 9+ <t7£)
t+ 2B t

log t ) log t
< OBt { <1 - m) n t} < OBt (4.16)
Jr

t

for k > 5/2. We also note

exp <i@+ (t, . fQB)) —140 (f) . (4.17)

Combining (4.13), (4.14), (4.15), (4.16) and (4.17), we have that the first
term on the right hand side of (4.12) is equal to

1 2 ,2Bm/t

t1/2 exp 1- \/T
(—éAx/l—\‘ff(!u ) w2l ()]

L0 (Et—3/2+ce> 7

as t — oco. We have a similar asymptotic formula for the second term on the

' ' . . 2By?
right hand side of (4.12). Hence choosing ®4(y) = e (y) eXP<iZ\/1_yT|2)7

we obtain the asymptotic formula (1.3). This completes the proof of Theo-
rem 1.1.
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