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Abstract

Recently, many Markov chain Monte Carlo methods have been developed with
deterministic reversible transform proposals inspired by the Hamiltonian Monte
Carlo method. The deterministic transform is relatively easy to reconcile with
the local information (gradient etc.) of the target distribution. However, as the
ergodic theory suggests, these deterministic proposal methods seem to be incom-
patible with robustness and lead to poor convergence, especially in the case of
target distributions with heavy tails. On the other hand, the Markov kernel using
the Haar measure is relatively robust since it learns global information about the
target distribution introducing global parameters. However, it requires a density
preserving condition, and many deterministic proposals break this condition. In
this paper, we carefully select deterministic transforms that preserve the value of
the density function and create a Markov kernel, the Weave-Metropolis kernel, us-
ing the deterministic transforms. By combining with the Haar measure, we also
introduce the Haar-Weave-Metropolis kernel. In this way, the Markov kernel can
employ the local information of the target distribution using the deterministic pro-
posal, and thanks to the Haar measure, it can employ the global information of the
target distribution. Finally, we show through numerical experiments that the per-
formance of the proposed method is superior to other methods in terms of effective
sample size and mean square jump distance per second.

Key Words and Phrases: Markov chain, Hamiltonian Monte Carlo, Haar measure, Bayesian
inference.

1. Introduction

The fundamental object of Bayesian statistics is the posterior distribution, and all
statistical inference is performed by integrating a given quantity with respect to the
posterior distribution. Therefore, the evaluation of the integral is the main obstacle in
Bayesian statistics, and Bayesian computational methods have been developed for this
purpose. The Markov chain Monte Carlo method, especially, the Metropolis—Hastings
kernel has been the gold standard for Bayesian computation for the last thirty years.
However, its efficiency seems to be diminishing due to the arise of modern big data with
complex dependent models. Most Bayesian computational methods work efficiently
for high-dimensional models in the 1990 sense, but have difficulty in the modern era.
Bayesian computation needs a breakthrough to keep pace with change.
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Recently, the Metropolis—Hastings kernel based on deterministic reversible
transform have been developed such as Murray et al. (2010), Song et al. (2017),
Levy et al. (2017), Zhang (2018). Typical, and the earliest example is the Hamilton
Monte Carlo method by Duane et al. (1987). Reversible transform-based methods can
use local information, that is, the gradients of the target probability density function.
In addition, these methods can train the transition kernels, e.g., through the neural
network strategy using the generated random sequences. However, due to the lack of
global information, reversible transform-based methods can lead to poor performance
because the local information is sometimes less informative, e.g., for heavy-tailed target
distributions.

On the other hand, it is possible to use global information of the target distribu-
tion by introducing a global parameter into the Metropolis—Hastings kernel. The global
parameters are estimated from random samples. If there is a sufficient information, we
can plug in this information to the estimator. However, this is not a robust strategy
because a poor estimate leads directly to poor convergence. It is advisable to set a non-
informative prior as it leads to robust choice. In this purpose, it is natural to use the Haar
measure for the prior distribution of the parameter. The usefulness of Haar measure
has been analysed such as Liu et al. (1999), Liu et al. (2000), Nishihara et al. (2014),
Shariff et al. (2015), Kamatani (2017), Kamatani (2018). This strategy sometimes im-
proves the performance of Markov chain Monte Carlo drastically. The improvement is
theoretically proved for a specific kernel in terms of ergodic property by Kamatani (2017)
and high-dimensional convergence speed by Kamatani (2018). In this paper, we will pro-
vide a general theory (Theorem 3.3) that partly explain the benefit of the use of Haar
measure.

Therefore, on the one hand, there is an efficient method based on the reversible
transform, which takes into account the local information of the target distribution.
On the other hand, there is a method based on the Haar measure that uses global
information. It is natural to consider a combination of local and global information
methods to solve complicated problems. However, this is not an easy task because, at
least in our framework, the Haar measure-based methods require that the transform is
measure preserving respect to a probability measure. In other words, it should satisfy
a density preserving condition (see the paragraph after Definition 4.2). The locally-
informed reversible transform usually destroys this structure. In this paper, we carefully
select reversible transforms that satisfy the density preserving condition.

As in the Hamiltonian Monte Carlo kernel, the reversible transform is defined for
the variable (x,v), where z is the state variable and v is an auxiliary variable. If we focus
on the behaviour of x, then the path of x evolves with the elliptic motion induced by
the Circle transform. After a certain time, the bounce forces z to follow another ellipse.
Because of this property, the path looks like a weaving behaviour. For this reason, we
call this transform the Weaving transform. See Figure 1 for a typical behaviour of the
path of the Weave transform.

Thanks to the Bounce transform going in the opposite direction to the gradient,
the Weaving transform does not change the corresponding potential energy (negative
log-likelihood) as much. This is similar to the Hamiltonian flow, which does not change
the value of the Hamiltonian as much. In addition, the Weave transform does not
change the distance from the origin. This avoids an unfavourable behaviour for the
super-light target distribution. See, e.g. Theorem 4.2 of Roberts et al. (1996). The
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Figure 1: Both the left and right panels show the trace of the Weave transform with
step number L = 40. The left panel is target on a 2—dimensional Student ¢-distribution
and the right panel is toward on 3—dimensional Student ¢-distribution.

Weave transform itself is not sufficient to move throughout the state space. This local
behaviour, reinforced by the Haar motion, traverses the state space quite well.

1.1. Paper organisation

The paper is organised as follows. Section 2 gives a brief overview of the augmented
Metropolis—Hastings kernel (Definition 2.3) as a combination of the Metropolis kernel
(Definition 2.1) and the flipped reversible transform (Definition 2.2). The Bounce trans-
form (Definition 2.6) is an example of the flipped reversible transform, and Examples
2.4-2.7 are examples of the augmented Metropolis—Hastings kernel. These definitions
and examples are more or less well known.

Our main contribution begins in Section 3. In Section 3, we introduce the Haar
mixture Metropolis kernel (Definition 3.1) with Example 3.2 as an example to illustrate
how to construct a Haar mixture Metropolis kernel. In addition, we explain the ad-
vantage of using heavy-tailed reference measure for Metropolis kernels (Theorem 3.3).
As far as we are aware, this is the first general result for the uniform ergodicity of the
Metropolis kernel. Note here that the definition of the Metropolis kernel is wider than
the usual one (see Definition 2.1).

In Section 4, we define augmented Metropolis kernel (Definition 4.1) as Metropolis
counterparts of Definition 2.3. Also we introduce augmented Haar—Metropolis kernel
(Definition 4.2) as combination of Definition 3.1 and Definition 4.1. Then by introducing
the Circle transform (Definition 4.3) as a flipped reversible transform, we propose the
Weave-Metropolis kernel (Definition 4.4) as an augmented Haar—-Metropolis kernel using
a combination of Circle and Bounce transform as flipped reversible transform. Also
we define Haar-Weave-Metropolis (Definition 4.5) as the Haar-Metropolis counterpart.
Some theoretical properties are summarised in Propositions 4.7 and 4.8 using a result
of reversible transform (Proposition 4.6). The proposed algorithms (Weave-Metropolis
and Haar-Weave-Metropolis) and related algorithms in this paper are summarised in
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Table 1.
Section 5 studies the limit behaviour of the Weave transform (Proposition 5.2 and
Theorem 5.3) that illustrates a good insight into how to evolve the Weave transform.
In Section 6, we compare the proposed algorithms with other Markov chain Monte
Carlo methods through some numerical experiments.

Table 1: Summary of the algorithms in this paper. HMC stands for the Hamiltonian
Monte Carlo and Ny stands for the d-dimensional normal distribution. Also, II is the
target probability measure. The reference measures in this table are those of the aug-
mented Metropolis(—Hastings) kernel.

Transform Reference measure Augmented Augmented
‘ Metropolis(-Hastings) Haar—Metropolis
Sec. 2. Hamiltonian I N, HMC -
Leap-fro
. d d P g _
Ex.2.4 Leap-frog Leb® ® Leb approximated HMC
Ex.2.5 (A version of) Leb? ® Leb? Infinite dimensional -
HMC

Leap-frog
Ex.2.7 Hug Leb? ® Leb® Hug Metropolis —
Def.4.4, Weave Na @ Ny Weave-Metropolis Haar-Weave-

Def.4.5 Metropolis

1.2. Notation

Write My(u, ) for the d-dimensional normal distribution with mean p and variance
Y. Write (i, X) when d = 1. Similarly, we write G(v, @) for the gamma distribution
with shape parameter v and rate parameter «, and we write Be(a,aq) for the Beta
distribution with shape parameters a; and as. Let T3(v, 4, ¥) be a d-dimensional mul-
tivariate Student ¢-distribution with shift parameter u, scale parameter > and degree of
freedom v > 0.

For a vector x = (11,...,24) € RY, |z| = (Z;izl 22)'/2 is the Euclidean norm. If A
is a d x d-square matrix, [A| = sup,=1 yera |Az|. Iq is the d x d-identity matrix.

2. Reversible transform based Metropolis—Hastings kernel

A Markov kernel @ on (F,E) is called p-reversible for a measure p if

[ Q. B) = [ n(do)Q(z, )

A B

for any A,B € £. The Metropolis kernel, defined as follows, is Il-reversible where
II(dz) = exp(—U(x))p(dx) is a probability measure, where U : E — R. The definition
here is somewhat broader than usual, which is useful for our purpose. We want to
define the Metropolis kernel as a subclass of the Metropolis—Hastings kernel such that
the acceptance rate can be written as a fraction of the target densities.

DEFINITION 2.1 METROPOLIS KERNEL. Let u be a o-finite measure. For a pu-
reversible Markov kernel @ on (E, &), a Markov kernel P defined by

P(a, A) = 8,(A) (1 - Q(x,dy>a<x,y>) + [ @anatey)

yel
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is called the Metropolis kernel, where d,, is the Dirac measure on x € E, and

a(z,y) = min{1,exp(-U(y) + U(z))} . (1)

The Markov kernel @ is called the proposal kernel, the function « is called the acceptance
probability, and the measure p is called the reference measure for the Metropolis kernel.

We call any one-to-one measurable mapping ® from F to itself a transform. Fur-
thermore, we call a transform gradient-based if it uses gradient information of the target
density. For L € N, we write

.
¥ (z)=DPo---0P(x).

We introduce a Metropolis kernel based on a transform. We call ® y-measure preserving
if
p({z € E: ®(x) € A}) = pu(A)

for A € £. We also call ® p-reversible transform if
u({x € A: ®(x) € B}) = p({x € B: ®(z) € A}) (2)

for A, B € £. Note that every p-reversible transform & is p-measure preserving, and if
the p-measure preserving transform @ satisfies the condition ® o ®(z) = x, then it is
p-reversible. For the construction of a Metropolis kernel based on p-measure preserving
transform, we need a slightly more general version of reversibility, flipped reversibility,
which is sometimes called skew reversibility.

DEFINITION 2.2 FLIPPED REVERSIBLE TRANSFORM. Let p be a probability mea-
sure on (E,€). Let k : E — E be a p-measure preserving transform such that
kok(z) =x (x € E). Wecall ® : E — E (u,k)-reversible transform if x o ® is
p-reversible.

The properties of the flipped reversible transform are explored in Section 4.3. We
will design a Metropolis—Hastings kernel, that uses a flipped reversible transform. Let
us consider an extended state space (E2,£%?) so that the construction of the flipped
reversible transform becomes simpler in practice. Let

p®%(dz, dv) = p(dz)p(dv), p@ A(dz,dv) = p(dz)A(dv).

DEFINITION 2.3 AUGMENTED METROPOLIS-HASTINGS KERNEL. Let x(z,v) =
(r,—v). Let ® : E? — E? be (u®? k)-reversible transform. Let II(dz) =
exp(—U(z))u(dz) and A(dv) = exp(—K(v))u(dv) be probability measures on (E,€&)
such that K(v) = K(—v). The augmented Metropolis—Hastings kernel is a Markov
kernel on (E, &) defined by

Pla, A) = 6, (A) (1 - /UGE Mdv)a((z, v), &(a, v))>

+ /EE 1({®(z,v) € A x E}) Adv)a((z,v), (z,v))
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with the acceptance probability
a((z,v), (z*,v*)) = min{1,exp(—H (z*,v*) + H(z,v))}
where the function H(x,v), the so-called Hamiltonian, is defined by
H(z,v) =U(x) + K(v).
We call u the reference measure.

See Section 4.3. for the proof of Il-reversibility of P. The Hamiltonian Monte Carlo
kernel belongs to this class. In this case u is the Lebesgue measure on (R¢, B(R?)) and
A is a normal distribution. For h > 0, the Hamiltonian transform ®(x,v) = (xp,vp) is
defined by the solution (zy,v¢)¢>0 of

de  O0H dv OH

dt  ov’ dt Oz
The Hamiltonian flow does not change the value of the Hamiltonian. Thanks to this
property together with the (Lebd’7 k)-reversible property, the Hamiltonian transform is
(II® A, k)-reversible and the acceptance probability is always 1 (see Proposition 4.6). In
practice, however, we need a discretisation, and the leap-frog approximation is commonly
used.

EXAMPLE 2.4 LEAP-FROG APPROXIMATED HAMILTONIAN MONTE CARLO KERNEL.
Let h > 0. Suppose U : R = R and K : R? — R are differentiable. The leap-frog
approximated transform ¢, (z,v) = (zp,vn) is defined by

Ve =v— EVU(2)
T =x+h VK(’U;L/Q)
Vh = Uh/g - %VU(CL’}L).

In practice, the iterated transform ®(x,v) = (¢n)"(z,v) is used, where L € N. The
approximated transform no longer preserves the Hamiltonian and is therefore not (II ®
A, k)-reversible. However, it is still (Lebd, k)-reversible. Therefore, we can construct an
augmented Metropolis-Hastings kernel where the underlying measure y is the Lebesgue
measure on (R?, B(RY)).

EXAMPLE 2.5 INFINITE DIMENSIONAL HAMILTONIAN MONTE CARLO KERNEL. A ver-
sion of the leap-frog transform, which replaces the middle step with the Circle trans-
form (Definition 4.3) and replaces U (z) by U (x)+|xz|?/2, is also (Leb?, k)-reversible. The
corresponding Metropolis—Hastings kernel is called the infinite dimensional Hamiltonian
Monte Carlo kernel. See Neal (2011), Beskos et al. (2011). Because of the similarity to
the kernel we will introduce, we will focus on this kernel later in Section 6.

Now let us look at another closely related kernel, the Hug kernel introduced in
Ludkin et al. (2019). The core for the kernel is the Bounce transform. Let & : R — R?
be a vector-valued function. Let N'= {x € R?: £(x) = 0}. For any x € N°, let

e
@)= @

The function £(z) is indeterminate if x € N.

(4)
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DEFINITION 2.6. (Bounce transform) For any z,v € RY, consider an operation

R(z) v =v —2(§(x) "v)é(z) = (I — 2(2)&(z) ")v ()

if ¢ N and set R(z)v = —v if z € N. We call ®pounce(x,v) = (2, R(z)v) the Bounce
transform. More generally, for a d-dimensional vector M with a symmetric positive
definite matrix 3, we consider an operation

T .'Z:T
R(x|M,Z)v:M+<I—2?é()T)g§()$)> (v — M)

and set Ppounce(T,v | M,X) = (z, R(x | M,¥)v). We have &(z) T (R(x | M,X)v — M) =
—&(x) T (v — M). In particular, £(z) T R(x)v = —£(x) To.

The Bounce transform reflects the velocity v with respect to the hyper-plane
orthogonal to (). The Bounce transform has been used in the Monte Carlo lit-
erature, for example in Neal (2003), Peters et al. (2012), Sherlock and Thiery (2021),
Ludkin et al. (2019). Note that the general bounce operation R(z | M,3) and the cor-
responding transform ®Ppounce(z,v | M,Y) are used only in the simulation section. In
the rest of the paper, for simplicity, we consider only R(z) and Ppounce-

EXAMPLE 2.7 HUG KERNEL. Let h > 0. Assume that U and K are differentiable. The
Hug transform ¢y, (z,v) = (xp,vp) is defined by

Tpa =T+ %VK(v)
vh = R(xp ) v
xp =Tp/2 + %VK(Uh).

This transform is (Lebd, k)-reversible. The augmented Metropolis—Hastings kernel using
® = (¢p,)L will be referred to as the Hug Metropolis kernel for L € N.

Under suitable conditions, the transform ® changes the potential energy U(z) on
the order of h? when h — 0. See Ludkin et al. (2019). On the other hand, the trans-
form lacks the ability to efficiently traverse the state space, so it is slow to converge to
equilibrium. In Ludkin et al. (2019), a different Markov kernel, called the Hop kernel,
was introduced to support traveling in the state space.

3. Haar mixture Metropolis kernel
3.1. Haar masure and Haar mixture kernel

In this section, we recall the Haar mixture Metropolis kernel discussed in
Kamatani et al. (2020) that is a trick improving convergence of Metropolis kernels. Let
(G, x) be a locally compact topological group with a Borel o-algebra. We also assume
that the topological group is unimodular, that is, the left Haar measure and the right
Haar measure coincide up to a multiplicative constant. Let v be the Haar measure. The
Haar measure satisfies v(H) = v(gH) for every g € G and every Borel set H of G. Let
FE be an abelian topological group with a Borel o-algebra £. We assume that E is a
G-module, i.e., there is an operation (g, x) — gz such that ga+ gb = g(a+b). A typical
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example of the pair G and F is R and R? with a scalar multiplication (a,z) — ax as
the left group action.

Let p be a probability measure and let Q(x,dy) be a p-reversible Markov kernel
on (E,&). Let pg(A) = pu(gA) and let Qq4(x, A) = Q(g9z,gA). Let

pelt) = [ ylA)(d).
Assume that p, is o-finite. Observe that p, is a left invariant measure. Let

K(2,d9) = $22()v(dg).

By Fubini’s lemma, K(z,G) = 1 for pu.-a.s. = € E. But for simplicity, we assume
K(z,G)=1 (z € E).

DEFINITION 3.1 HAAR MIXTURE METROPOLIS KERNEL. Let II(dx) =
exp(—U(z))pu+(dz). The Haar mixture Metropolis kernel is a Metropolis kernel
with proposal kernel

Q*(QS,A) = K(x7dg)Qg('T7A)
geG

with acceptance probability (1). The Makov kernel Q. is p.-reversible.
EXAMPLE 3.2 AUTOREGRESSIVE KERNEL. Let h € [0,27). Consider a Markov kernel
Q(x,-) = Ny(cosh x, (sin h)*I,)

on R?. Simple calculation yields that it is Ny(0, Iz)-reversible.

Let G = (R, x) and set (g, z) — g'/2x. Then the Haar measure is v(dg) o g~ 'dg.
A simple calculation yields p, = Ny(0,97 ;) and Qg (z, ) = Ny(cosh z, g~ (sin h)?1y).
Also, pi.(dz) o< |z|~%dz and K (x,dg) = G(d/2,|x|?/2). We have a closed form (up to
a constant) of expression of Q. (z,-) as follows:

d

— h |21
|y — cosh x| de.

R AT

See Kamatani et al. (2020) for the detail.

In the above example, defined on F = R?, the mixed distribution . is heavier
than p in the sense that a u.-integrability implies p-integrability. In particular, p has
any order of moment, but . does not. In general a class of functions i such that
h(z) < h(gz) + h(g~'z) (g € G,z € E) we have

/E h(x)u(da) < / . / _ (hlgw) + g™ ")) (dg) =2 /E h(a)p- (dz).

Thus p.-integrability implies p-integrability for the above wide class of functions. There-
fore, u. is expected to be heavier when F is a Eucledean space.
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3.2. Benefit of using heavy-tailed reference measure

In this section, we provide a result that explains in part the importance of the
heavy-tailed reference measure (Definition 2.1). More precisely, for uniform ergodicity,
we show that g must be heavier than the target distribution II so that the density is
bounded from above. As explained in Section 3.1., Haar mixture can make the reference
measure heavier. This explains in part why Haar mixture improves performance.

Suppose that the measurable space (F,E&) is countably generated. By this
condition, there exists a small set of positive II-probability. See Section 5.2 of
Meyn et al. (1993). A Markov kernel P is uniformly ergodic if there exists a proba-
bility measure II such that

sup sup |P"(z, A) — II(A)| —m—o0 0.
z€E AcE

The following is a generalisation of Theorem 2.1 of Mengersen et al. (1996). In their
work, they investigated a sufficient condition for uniform (and exponential) ergodicity
for the independent type Metropolis kernel. We present a similar result for general
Metropolis kernels. It is worth explaining that for the independent Metropolis kernel,
uniform ergodicity is equivalent to exponential ergodicity. In general, however, there is
a large gap between the two, and we focus here on uniform ergodicity.

THEOREM 3.3. Suppose that p is an atomless o-finite measure, and Q(x,dy) =
q(z,y)u(dy) is a p-reversible Markov kernel with a jointly measurable density q(z,y).
Suppose that a probability measure I1 has a density 7(x) with respect to p such that

p-ess sup w(z) = +oo.
Then the Metropolis kernel P is not uniformly ergodic.

PROOF. Suppose now that P is uniformly ergodic. Then Markov kernel is II-
irreducible and also aperiodic by Theorem 5.4.4 of Meyn et al. (1993). Also, there exists
¢ > 0 and a probability measure £ such that

PM(z,dy) > c £(dy) (z € E) (6)

for some M € N by Theorem 16.0.2 of Meyn et al. (1993). By construction, the
Metropolis kernel P satisfies

P(z,dy) < I(z,dy) + Q(x, dy)a(z,y)
where I(z, A) = 6,(A4) and a(z,y) = min{l,7(y)/7(x)}. Observe that a(z,y)a(y, z) <

a(z, z). Therefore -

PY(z,dy) < (I + Qo)™ (x,dy)
M

— 1) + 3 (1) (@) o)

m=1

M
o)+ 3 (00) Q"o dn)ate.y) = 1a.dy) +Qu(o. dp)ata )

m=1
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Observe that Q. (z, E) = Y7 _, (M) = 2M —1. For each z € E, P (z,dy) has a unique
atom at the current state z and PM(x,dz) and PM(y,dz) does not share an atom if

x # y. Therefore, £ does not have an atom, and we have

Q«(z,dy)a(z,y) > c {(dy). (7)

Since Q™ (x, dy) is absolutely continuous with respect to u for each « € E| the probability
measure £ is also absolutely continuous and it has a density function h(z) = d¢/du(z).
Observe that without loss of generality, we can assume that h(x) is bounded above
since (6) holds for a truncated version of h, that is, PM(x,dy) > cx &% (dy) where
the probability measure ¢¥ is £5(dy) = min{K, h(y)}p(dy)/ [ min{K, h(z)}u(dz) for
ck =c¢ [min{K, h(z)}p(dz) for some K > 0 such that cx > 0.

Let q.(z,y) be the density of Q. (x,dy) with respect to p. The left-hand side of (7)
is ) )

o ldn)ate ) = g (o min{ LY.

For any N > 0, set N(z) = {y € E : q.(z,y) < N}. By assumption, there exists
xn € E (n=1,2,...) such that n(x,) — oco. Then

1 N
qx\Tn, Y T dy Hlln{ ’ } S —7n—oo 0
~/y€N(z,L) ( J(dy) m(y) m(zn) -

Therefore, by the inequality (7),
E(N(71)) —ns00 0 = E(N(20)°) Pnseo 1. (8)
On the other hand, by Markov’s inequality, we have

Q.(z,,E) 2™ —1
N N

(VG < [ 2y

and hence

c . oM _q
EN@) = [ hwldy) < [l (N n)) < o
N(In)c
where ||hl|o = sup,cp |h(x)|. This contradicts the convergence (8) when N is greater
than ||hs (2M —1). Therefore, P is not uniformly ergodic.

We do not investigate further ergodic properties of our new kernels that will be
explained in Section 4.2. The exponential ergodicity of the new kernels is an interesting
topic, but it exceeds the scope of our paper.

4. Weave kernels as combination of transform-based and Haar mixture ker-
nels

4.1. Augmentation and the Haar measure

In this section, we introduce a new kernel that combines a flipped reversible trans-
form and the Haar mixture Metropolis kernel. The new kernel is intended to have a
locally and globally informed. To this end, we consider a slightly simpler version of
Definition 2.3. We call this simpler version Metropolis kernel, not Metropolis—Hastings
kernel, since the acceptance rate depends only on the fraction of target densities.
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DEFINITION 4.1 AUGMENTED METROPOLIS KERNEL. Let p be a probability mea-
sure. Let @ : E? — E? be a (u®? k)-reversible transform. Let II(dz) =
exp(—U(z))u(dz) be a probability measure on (E, £). The augmented Metropolis kernel
is a Metropolis kernel on (F, &) with the proposal kernel

Q(z,A) =p{we E:d(z,w) e AXE}) (€ E,A€€) (9)
with acceptance probability (1). We call y the reference measure.

Based on this Metropolis kernel, we construct a Haar mixture version. Let (G, x),v
and p, be as in Section 3.1.

DEFINITION 4.2 AUGMENTED HAAR-METROPOLIS KERNEL. Let 4 be a probabil-
ity measure, and let ® : E2 — E? be a (,u?Q, k)-reversible transform for any g € G. Let
II(dz) = exp(—U(x))p«(dz) be a probability measure on (E,E). The augmented Haar
metropolis kernel is a Metropolis kernel on (E, ) with the proposal kernel

Qu(z,A) = /GK(a:,dg)ug({w EE:P(z,w) e AXE}) (xeE,A€€) (10)

with acceptance probability (1). We call p, the reference measure.

In Definitions 4.1 and 4.2, the transform ® should be measure preserving with
respect to a probability measure, say, p. This assumption is crucial. There are many
transforms that are Lebesgue measure preserving. These transforms can be u-measure
preserving if the transform does not change the value of the density (see Proposition 4.6).
We say that Lebesgue-measure preserving transform satisfies the density preserving
condition if it does not change the value of the density. However, most gradient-
based transforms do not satisfy this condition. An important exception is the Bounce
transform, whose kernel will form the basis for our new Metropolis kernels.

4.2. 'Weave-Metropolis kernel

We are in the position to introduce two new kernels, which use a bounce transform,
and a circle transform introduced by the following definition.

DEFINITION 4.3. (Circle transform) For x € R? v € R?, and h € [0,27), the
Circle transform denoted by (z*,v*) = Peirele(2, v) is defined by

¥ <+~ xcosh+vsinh

v* ¢« —xsinh + vcosh.

More generally, for a d-dimensional vector M, a circle transform with parameter M is
denoted by (z*,v*) = Deirele(z,v | M) and defined by

¥+ M+ (x— M)cosh+ (v— M)sinh
v* 4 M — (x — M)sinh + (v — M) cosh.

The Circle transform is (Ny(0,X)®?, k)-reversible for k(z,v) = (z,—v) and has
been used as a proposal kernel of Metropolis—Hastings kernels. See Neal (1999),
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Beskos et al. (2008), Murray et al. (2010), Bierkens et al. (2020). The transform natu-
rally fits the Gaussian prior distribution used in many statistical problems.

Based on the Circle transform, we would like to construct an efficient transform
that uses local information about the potential energy. It is possible to introduce
global information into the Circle transform, as in Law (2014), Rudolf et al. (2018),
Cui et al. (2016). However, the Circle transform is blind to the local information of po-
tential energy. Therefore, we need to combine another transform to fulfill our purpose,
i.e., to connect with the local information.

The leap-frog approximated transform is commonly used to introduce local infor-
mation. However, we do not use this strategy because it breaks the (Ny(0,X)®2 k)-
reversibility of the Circle transform. More precisely, the transform does not satisfy the
density preserving condition for the normal distribution because it changes the value of
the normal density in general.

In this work, we use the Bounce transform to employ the local information of the
target distribution, and introduce the Weave transform:

¢h(2) = (écircle o (I)bounce o <I)cir(:le)(z)~ (11)

The transform is similar to the Hug transform in Example 2.7. The only difference is that
it replaces the shift transform with the Circle transform. Thanks to this difference, the
Weave transform always preserves the distance from the origin. This transform satisfies
the density preserving condition and also keeps the value of the potential energy approxi-
mately constant. The latter assertion is described in Section 5. The Weave-Metropolis
kernel is the Metropolis kernel using the Weave transform and is considered a discrete-
time version of the boomerang sampler proposed in Bierkens et al. (2020).

DEFINITION 4.4 WEAVE-METROPOLIS KERNEL. Let L € N and h > 0, and let
#(z,v) = (z,—v). Let TI(dz) = exp(—U(x))u(dx) be a probability measure on R? with
p = Ny(0,1;). The Weave-Metropolis kernel is an augmented Metropolis kernel with
@ = (¢n)".

We also introduce the Haar mixture version of the Weave-Metropolis kernel. We
will see that the Haar mixture version, the Haar-Weave-Metropolis kernel, performs
much better for many target probability distributions.

DEFINITION 4.5 HAAR-WEAVE-METROPOLIS KERNEL. Let L € N and h > 0,
k(z,v) = (z,—v), and let p = Ng(0,14). Let I(dz) = exp(—U(z))p«(dz) be a
probability measure on R? with y,(dz) = |z|~?dxr. The Haar-Weave-Metropolis ker-
nel is an augmented Haar-Metropolis kernel on R? with ® = (¢5,)*. In this case,
K (2, dg) = G(d/2, |«[2/2).

The step-by-step description of the algorithms using Weave-Metropolis and Haar-
Weave-Metropolis kernels are described in Algorithms 1 and 2.

4.3. Reversibility of Metropolis kernels

In this section, we further investigate the flipped reversible transforms. We would
like to remind the reader here that, if the absolute value of the Jacobian determinant
of 1 : R — R? is 1 and one-to-one, then ¢ is Lebesgue measure preserving. It follows
that, the Bounce transform (Definition 2.6) and the Circle transform (Definition 4.3)
are Lebesgue measure preserving.
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PROPOSITION 4.6. Let p and v be o-finite measures on (E,E) such that v < p.

Let p(z) = dv/du(z). Let k: E — E be a p-reversible transform such that ko k(x) = x.

1.

If the p-measure preserving transform 1 satisfies the condition ko oroy(x) =z
in p-a.s., then ¥ is a (u, k)-reversible transform.

. If v is (u, k)-reversible, then Y is (u, k)-reversible for L € N.
. If 1,19 are (p, k)-reversible transforms, then 11 oty 01y is also (u, k)-reversible.

. If ) is (u, k)-reversible and if p(x) = p(k(x)) and p(x) = p(¢¥(x)) in p-a.s., then

¥ is also (v, k)-reversible.

PROOF. 1. By substituting x o ¢ for v, it suffices to show that ¥ o ¥(z) = x
implies the p-reversibility of ¢ when v is y-measure preserving. However, for any
A, B € £ we have.

n({z € A: (@) € BY) = u({ 0 t(x) € A: () € BY)
— u({u(z) € A:z € BY).

. For any transform ¢ with a (u, k)-reversible transform 1), the following holds:

p{r € A:kogop(z)e B}) =pu({r € A:kogpororot(zx) € B})
=pu({ko(z) € A: kopor(x)€ B})
— ul{r o on(z) € A< ko d(z) € BY).

Applying this equation sequentially, we obtain

p({z € A:royt(z) € BY) = u({w o ¥ o k(z) € A: (x) € BY)
=u({royt(z) € A:x € B}).

. A similar argument as above proves the assertion.

. By construction we have

v({r € A: koy(z) € B}) = / 1{x € A: kot(x) € B})p(z)u(dx)

PROPOSITION 4.7. Augmented Metropolis—Hastings kernel P in Definition 2.3 is

II-reversible.
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PROOF. It suffices to show that P is [I-reversible, where
P(z, A) = / 1{®(z,v) € A x E}) Mdv)a((z,v), ®(z,v)).
veE
By construction we have TI(dz)\(dv) = e~ 7 () 4,®2(dz) and

/ 11(dz)P(z, B) :/ II(dz)1({®(z,v) € B x E}) A(dv)a((z,v), (z,v))
A (z,v)EAXE

_ / §E2(d2)B(z, B(2))

where
B(z,2")=1({z € Ax E, 2’ € B x E}) min{e (®) ¢ H(D},

Since K(v) = K(—v), we have 8(z,®(z)) = fB(z,k o ®(2)). On the other hand, by
(u®?, k)-reversibility of @,

[ 1) P B) = [ 5#a2)pe 0 0()
A
— [n@)ino 8(2). 2
— [u@s@),2) = [ 1) P, )
B
Thus the claim follows.

REMARK. Let ¢ = ®pounce O ¢ = Peirele- For k(z,v) = (z, —v), we have kogoko
¢(x,v) = (x,v). Since ¢ is Lebesgue measure preserving map, it is (Leb, k)-reversible
flow. Also, since |z| = |r(2)| = |¢(2)], it is (u$?, k)-reversible for pg = Ng(0,97 ' 1a).
Finally, ¢5, in (11) is (u3?, )-reversible.

PROPOSITION 4.8. The proposal kernels @ and Q. defined in Definitions 4.1 and
4.2 are p and p.-reversible respectively. In particular, the augmented Metropolis and

augmented Haar—Metropolis kernels are 1l-reversible.

PROOF. The proof of @ is essentially the same as that of Proposition 4.7. For Q.,,
by the identity p.(dz)K(x,dg) = v(dg)pg(de), we have

/ 1y (d2)Qu (2, B) = / u*(dx)/ K(z,dg)pug({v e E: ®(x,v) € B x E})
A A G
— [ vdg) [ mo(douy((o € B s @) € B x EY)
G A
= /Gu(dg) ,uff’Q({(x,v) € Ax E, ®(z,v) € Bx E}).

The rest of the proof is also similar, since ® is (u?Q, k)-reversible. The assertion for the
Metropolis kernel is obvious.
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5. Limit of the Weave transform

We will take a closer look at the Weave transform ¢y, defined in (11). More precisely,
we provide a short-time expansion of ¢; together with the limit process induced by the
transform. These results give a good insight into the behaviour of the Weave-Metropolis
kernel, which is different from similar Markov kernels such as the Hamiltonian Monte
Carlo kernel.

Let £ = VU. For a € R?, let

My ={zeR: U(z)=a}

be the level set of U. We will assume that NN M, = 0 where N' = {z : {(z) = 0}.
In this case M, is a d — 1-dimensional regular submanifold. For € > 0 we introduce an
e-perturbation of M, by

M ={zeR: Jyst. |z —y| <e |Uly) —al <e}.
Let B, = {z € R?: |z| < r}. Consider a projection of v to the tangential space of ¢(z):
P(z)v = (I - &()€(x) " v

for v € R for z ¢ N. Moreover, let Q(z) = I — P(x) = £(x)&(z) . From this notation
we have

R=P-Q, [=P+Q ~ R—I=-2Q, R+I=2P (12)
where R(x) is as in Definition 2.6. Also,
P(z)é(z) = 0, Q(z)é(x) = &(). (13)

Thus P(z)Q(x) = Q(x)P(x) = 0. Observe that if £ is twice differentiable and if = ¢ N,
then
PE(@)[Plau, o]

()]

First we show that the transform ¢, does not change the value of U(x) so much.
As in Theorem 1 of Ludkin et al. (2019), the Hug transform has the same property for
the potential with respect to the Lebesgue measure, i.e. the Hug transform does not
change the value of U(x) so much, where U(z) is defined by II(dx) = exp(—U(z))dz.
This lemma and Theorem 1 of Ludkin et al. (2019) illustrate the similarity of the
Weave transform and the Hug transform, both of which use the Bounce transform.
Let px(z,v) = x.

O (@)lusv] = 3 00, E )y = (14)

LEMMA5.1. Let a« € Ry, T > 0. Suppose that & is continuously differentiable.
Suppose that z = (z,v) € R? x R?, satisfies |z| < r. Then

U(px (¢n(2))) — U(x)| < h* C(r)
for any h >0, where C(r) = rsup,cp [£(x)| + r? sup,ep, [0&(x)|.

PROOF. Let us introduce the temporary notation xg, z;, v;, v} (i = £1) defined by
the following chain relation:

Deircle bounce Deircle

2= (2o, 0o1) U (gg, 0% ) Doy (g0 pr) Doy (4 4) = @i (2).
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We can rewrite the both ends of the chain (z;,v;) (i = 1) with the intermediate state
xo and the velocities v} (i = £1):

T_1 -1 ( ) xgcosh —v* sinh
= . x ’U_ = .
v_q circle \""07 ¥—1 xosinh +v* cosh )’

T " Tocosh + vysinh
( 1) = q)circle(anvl) = ( 0 ! )

U1 —xpsinh + vj cosh

(15)

Since v} = R(zg)v*,, from (12), the following simple relations are obtained for the two
intermediate velocities:

vp — vl = (R(zo) — vl = —2Q(wo)v’,4 (16)
vl + 0% = (R(xo) + v, = 2P(x0)v" ;.

We need to estimate the difference

U(x1)—U(z_1) = Z 1(U(x;) —U(xp)) = Z i(U(xgcosh+iv] sinh) —U(xg)). (17)
i=%1 i=%1

We assume that xo ¢ N since if zg € N, then v*; = —v} and hence z_1 = z1, i.e.
U(z_1) = U(z1). Since £ = VU, the right-hand side of the equation (17) is

h
Z i(U(x;) — U(xp)) = {— Z i/o ¢(zgcos @ + v} sinf) "z sin b d@}

i==+1 i==+1

h
+ { Z / &(zo cos O + iv} sin @) v} cosf d&} )
i=+1

0

The absolute value of the first term in the right-hand side is dominated above by
sup,cp, [€(2)| rh? since g cos + v} sinf € B, and |sinf| < |6|. By (13) and (16), we
have )., {(x)v] = 0. Thus the second term is

h
Z / {&(wo cos O + iv? sin @) — E(x)} " vF cos A
i=+170
whose absolute value is dominated above by sup,cp_|0¢(x)|r?h?. Thus the claim follows.

Let z = (x,v). We focus on a projection

We have the following decomposition of z using p(z):

= (Q<2:>v> * (Pé)v) = (Q((J)r)v> Tple).

The first part in the right-hand side corresponds the sign flip, and it is the fast move of
the sequence {(¢r)"(2) : n = 0,1,...}. The second part is tangential to the sign flip,
and it evolves slowly. We are interested into the second part since the first move will
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be canceled out in the long run. A short term expansion of the transform p(¢p(z)) is
composed by

a(z,v) =2 (_1;((2;;) , (18)

and
b(z,v) = OP(z)[,v,v] + OP(x)[-, R(z)v, R(z)v] € R? (19)

where OP is defined on N¢ as
OP(x)[u,v,w] = Y u;0y, Pij(x)vjwp = —(€(2) T0)08(2)[u, w] — (€(x) "u)0E(x)[v, w].

igk
(20)
Here, P; j(z) denotes the (4, ) entry of the matrix P(x). Note here that |a(z)| < 2|z|
since |P(z)v| < |v| and |P(z)z| < |z|.

PROPOSITION 5.2. Let « € R, 7 > 0 and v € R?. Suppose that & is twice contin-
uously differentiable. Suppose that M, NN¢ # 0. Choose € > 0 such that M¢, C N©.

Then there is a constant C(e,,r) such that for z = (x,v) with |z| <r and z € ./\/l;/z,

p(on(2) -~ b (at () )] <2 Clean) (21)

for 0 < h < min{r—'e, (¢/2C(r))'/?}, where C(r) is defined in Lemma 5.1.

PRrROOF. For a function f(z), we use a generic notation f(z) = R(e «a,r) if
SUPge B, AM:, f(z)] < oo. By Lemma 5.1, with the same temporary notation, for
0 <0 < h, we have

|U(z1) = U(z_1)| < h*C(r) < e/2 ~ |U(rg) —a|<e

by the triangle inequality, since x_; € MZ/Q. On the other hand, since x4+; = xgcosh +
v}ysinh by (15), we have

|zocos £ vl sind —xyq| <76 <e.
By the two inequalities, we have
xocosf £ v},sinf € M (0<60<h). (22)

We now proceed to show (21). We have

T — T (15) (vi +v*y)sinh
P(xo)(v1 —v-1) — \—2P(xg)zosinh + P(xg)(vi —v*;)cosh
(13), (16) 2P(xp) v, sinh
o —2P(x0) 29 sinh
() a(xg,v* ) sinh. (23)

Let

o~

b(xo,v™y) = h™" {(P(21) = P(xo))v1 — (P(w-1) = P(wo))v-1}-
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From (23), we obtain

X1 — -1

p(on(2)) — p(2) = (P(xl)vl - P(z_l)v_l) = a(wg,v*,)sinh + (Z(IO?ULQ h.

Thus it is sufficient to show two inequalities

la(xg,v* ) sinh — a(2)h| < h2R(e, a, 1), (24)
[b(xo,v* 1) — b(2)| < hR(e, a,7).

(a) Since |a(z)] < 2|z| < 2r, we have
hS
la(xg, v* ) sinh — a(xg, v* 1 )h| = |a(xp,v™ )| |sinh — h| < 27‘§.

Also, by (15) and (22), we have

la(zo,v* ) — a(z_1,v-1)| < rh sup la’(z,v)] = hR(e, a, 7).
r€B.NME ,vEB,

Thus the first part of (24) follows since z = (x_1,v_1).

(b) Let 1;(8) = zcosf + v} sinf. Note that I} = —I;. By (15), we have

b(xo,v*y) =h1 Y i(P(w:) — Plao));

i==+1
=h7t > (P(li(h)) — P(1;(0)))l(h)
i==+1
S R SR
1=+1 0
. h
Y / (P(L(0)) — P(1:(0)))1: (9)ds.
i=+170

The last equality follows from the integration form of the second equation with
respect to h, i.e. if we write the second line as A=Y, &(h), the third line is

Rt foh & (0)df. The second term in the right-hand side is on the order of
h since P is differentiable on B, N M¢,. Similarly, since P is twice differentiable
on B, N M, the first term is

S 0P(wo)[- v}, v;] + h Rle,a,r) = b(zo, 0 ,) + h R(e,a,r).
i==+1

On the other hand, by Taylor’s expansion, we have (recall that z = (x_1,v_1))

|b(z_1,v-1) — b(zo,v" )| < h sup |t/ (z,v)| = h R(e,a, 7).
r€B.NME ,vEDB,

Thus the second part of (24) follows.
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We study limit behaviour of the sequence {(¢p)"(z) : n = 0,1,2,...} as h — 0.
Let 2'(t) = (z"(t),v"(t)) = (¢n)"(2) if nh < t < (n+ 1)h for n = 0,1,... be the
continuous-time process version of the sequence {(¢n)"(z) : n = 0,1,...}. We have
considered a continuous-time version here because it is easier to compare with the limit
process, which is a continuous-time process. We also define w”(t) = P(z"(t))v" () that
is the tangential component of v"(t) to &(z"(t)).

THEOREM 5.3. Suppose that & is thrice differentiable and inf|, . U(z) = +oo.
Let a € R such that M, C N¢ and My # 0. Choose x € My v € RE. For T > 0,
consider the process (x"(t),w"(t)) such that z"(0) = (z,v). Let r = |2"(0)|. Then there
exists H > 0 such that for 0 < h < H, we have

er = sup [p(z"(t) — () < h Cle,a,rT)
0<t<T

for some C(e,a, 7, T) > 0 where ((t) = (x(t),w(t)) is the solution of

) =) + (i )+ €O = GOWO) =@ P )

where
a(z,w) = 2(w,—P(z)x) ",

_ _ _ _ 26
b(z, w) = —2(r? — w|?* — |2[*)9E(2)[-, €(2)] — 20€(x) [w, w]E(2). 2

PROOF. First, we consider the existence and uniqueness of the limit process ((t).
Since inf|;|_c U(x) = 400, the level set M, is a compact set. Since ¢ is thrice dif-
ferentiable, the functions a and b are differentiable and the derivatives are bounded on
M, x K where K is any compact set of R%. Therefore, by the Picard-Lindelsf theorem,
there exists a unique solution ((t) = (z(t),w(t)) (0 < t < hy) for some hy > 0. By
Remark 5., z(h) € M,. Therefore, by the same argument replacing t = 0 by t = hy,
there exists a unique solution (t) = (z(t),w(t)) (0 < t < hy) for some hy > hy. By
iterating this argument, we obtain the unique solution ((¢) (0 <t <T).

By (20) and with R(z){(z) = —&(z), the vector-valued function b can be written
as

w' b(x,v) . OP(z)[w,v,v] + OP[w, R(x)v, R(x)v]

D _(€(2) T0)0E () [w, v] — (E(x) Tw)IE () [v, 0]
+ (€(2) T0)9E (@) [w, R(x)v] — (E(x)Tw)dE(x)[v, R(z)o]
( w)d

~2(&(z) "v)?0¢(2)[w, E(2)] - 2(€(x) "w)OE(2)[v, P(x)v],  (27)
where we used the fact that 9¢[v, | = O[R(z)v, -] by (13) and (14). Let

C(I,U) = a(x,v) + (Ov b(xav))Ta
c(z,w) = a(z,w) + (0,b(z,w))".

(12)
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Observe that a(z) = a(p(z)). Also, if 2® +v* = r?, then r* — [P(z)v]* — 2> =
[v]2 — |P(z)v|? = (£(z) Tv)? and hence

b(p(2)) = —2(r? — [P(z)v]* — [a]*) 9&(x)[,{(2)] — 20€(2)[P(2)v, P(2)v]€(x)
= —2(&(z) " v)* O&(x)[, €(x)] — 20€()[v, P(z)v]é(x)

Thus
c(2) = ¢(p(2)). (28)
Let N = [T'/h]. The process 2z always remains on a sphere, i.e. there exists 7 > 0 such

that
"D =r2 (0<t<T).

We choose € > 0 so that M¢, C N¢ and set
H=C(r)'T(e/2).

From Lemma 5.1, forn=1,...,N and for 0 < h < H,

U(a"(nh) = U(z"((n = Dh)| < h*C(r)  ~  [U(a"(nh)) - U(z)| < %
~ o zl(nh) e M2,
The inequality (21) holds for every z(nh) by Proposition 5.2. Thus, for
0" (t) == p(z"(t)) — p("(0)) — /Ot c(z"(s))ds,
we have
sup |5h(t)} <hTC(e,a,r) =: RTC (29)

0<t<T

for 0 < h < min{H,r ¢, (¢/2C(r))'/2}. At the same time, we have

t
5(6) = (1)~ ¢(0) - [ elc(s)ds =0 (0 <t <T).
0
Therefore, according to (28), for 0 < ¢t < T, we have

er = sup [p(z"(s)) — ¢(s)]

0<s<t
= sup |50 =60+ [ e(p(="(u) — e(clu))du
0<s<t 0
<niC+ sup | [ olp( ) - e¢(w)du
0<s<t |JO

t
< htC + sup |/ (z,v)] / eqdu.
r€B.NME ,vEB, 0

The claim follows from Gronwall’s lemma.
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REMARK. The process w(t) is always tangential to &(z(t)), that is,

&(x(t) Tw(t) = 0. (30)
This equation is true when ¢t = 0, and if ¢ > 0, we have

!
GEeTu) = {FEen} v +Eeao) {Fuo )

% 908 (w (1)) [w(t), w(t)] — 26(x (1)) T P((t))x(t) + E((t)) Th((t), w(t))
=0

since P(x(t))é(z) = 0 and 9&(x)[£(x), -] = 0 by (13) and (25). Thus (30) holds for ¢ > 0.
Due to the property, the process x(t) does not change the value of U since

dU (z(1))

—ar = f(z(t))T

30)

PO ge o) Twn) L o.

dt

Note that the process ((t) = (z(¢),w(t)) does not stay on a sphere, since it is the limit
of (x(t), P(x"(t))v"(t)), not of (x"(t),v"(t)), where the latter remains on the sphere of
radius 7 = (|2"(0)|2 + [v"(0)|>)*/2, but the former is inside the sphere of radius r (see
Figure 2). The process z(t) always stay on the manifold M., while 2" (¢) will move along
some ellipses which are bounded and around the trace of z(t) according to Theorem 5.3.

Figure 2: Illustration of the path of the process z"(t). The surface represents the
manifold M,,. The red dashed line denotes x(t) = px(¢(t)) and the blue line is the
trace of 2" (t), the circles are the points where bounce events occur.

6. Simulation
6.1. Simulation settings

In this section, we compare the performance of eight proposed kernels as described
in Table 2. The kernels are divided into two classes. The first class consists of four
gradient-free, information-blind kernels. This class includes the random-walk Metropo-
lis kernel along with the preconditioned Crank—Nicolson kernel (PCN), the mixed pre-
conditioned Crank-Nicolson kernel by Kamatani (2017) (MPCN) and the guided mixed
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preconditioned Crank-Nicolson kernel by Kamatani et al. (2020) (GMPCN). The PCN
kernel is the Metropolis kernel with normal reference measure, and MPCN is its Haar
mixture counterpart, and GMPCN is the non-reversible version of MPCN. The second
class consists of four gradient-based kernels. This class includes the infinite dimensional
Hamiltonian Monte Carlo kernel (Example 2.5) (co-HMC), the Hug-and-Hop kernel by
Ludkin et al. (2019) (HH), and the two proposed algorithms, the Weave-Metropolis ker-
nel and the Haar-Weave-Metropolis kernel. We do not show the results of the Hamil-
tonian Monte Carlo, since the infinite dimensional Hamiltonian Monte Carlo always
performs better in our experiments. All kernels except RWM and HH are Gaussian-based
in the sense that the proposal distributions are invariant to the normal distribution or
its mixture.

Table 2: Markov kernels in Section 6.. The first four algorithms are gradient-free,
information blind kernels. The last four algorithms are gradient based, informed kernels.

RWM Random-walk Metropolis
PCN Preconditioned Crank—Nicolson
MPCN Mixed preconditioned Crank—Nicolson

GMPCN  A-guided mixed preconditioned Crank—Nicolson
oo-HMC Infinite dimensional Hamiltonian Monte Carlo

HH Hug-and-Hop
WM Weave-Metropolis
HWM Haar-Weave-Metropolis

Table 3: Abbreviations in tables in Section 6..

AR The acceptance ratio

ESS-min  The minimum of the effective sample sizes for the coordinates
ESSL The effective sample size for the likelihood

MSJD The mean square jump distance

The efficiency of the Markov kernels is compared using the effective sample size
and the mean square jump distance. See p. 126 of Liu (2001) and Roberts et al. (1997)
for these statistics. Let x1,xo,... be a sequence of one-dimensional stationary Markov
chain with exponentially ergodic Markov kernel. The effective sample size is defined by

/\2
o2

N

where A? is the variance of the invariant measure and

o0
o2 =X\4+2 Z cov(x1, Tpni1)

n=1

is the asymptotic variance of the Markov kernel corresponding to the function of interest
f(x) = x. In our case, the Markov chain is multidimensional. Therefore, we evaluate
the (approximation of the) effective sample size for each coordinate of the Markov chain
and take its minimum. We also consider the effective sample size of the log likelihood
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with respect to the Lebesgue measure. The coordinate processes and the log likelihood
processes are not Markov chains, but we expect these statistics to illustrate the efficiency
of the Markov kernels. In this work, all effective sample sizes are computed using the R
package memese developed by Flegal et al. (2021). On the other hand, the mean square
jump distance is defined as

N-1
L Z | T |2
T n+1 — 4n| -
N n=0

All statistics are summarised in Table 3. Note that two acceptance probabilities
are given for the Hug-and-Hop kernel. This is because the Hug-and-Hop procedure
consists of two types of Metropolis—Hastings procedures, resulting in two acceptance
probabilities.

In the experiment, the tuning parameters of the Markov kernels are divided into
three categories. The first category is the global parameters. More precisely the shift
parameter M and the scale parameter ¥ of the target distribution. These parameters are
estimated using the adaptive Metropolis kernel, independently of the kernels in Table 2,
to allow a fair comparison. The number of iterations is fixed at 10°. These parameters
are inserted into the normal distributions of the Gaussian-based kernels. The scale
parameter is also used in RWM, and both parameters are used in HH. For the Haar
motion methods (MPCN, GMPCN, HWM), not all global parameters are fully determined
at this stage because one global parameter g is updated by the iteration.

The second category is the local parameters. This class includes the local scale
parameter s in Q(z,-) = Ny(z, s2) of RWM and the parameter i in the Circle transform.
These parameters are tuned using an acceptance rate criterion. For RWM, the parameters
are tuned so that the acceptance rate is approximately 25% . See Roberts et al. (1997).
For preconditioned Crank—Nicolson kernels, there is no known optimal criterion, but
we choose acceptance rates of 30% to 50%, which leads to better performance in our
experiments. As suggested by Beskos et al. (2013), the acceptance probability of oo-
HMC is chosen around 65%. For the Weave kernels, the acceptance rates are chosen
around 60%.

For the remaining parameters, rather artificial values are set. Since we consider
relatively high-dimensional problems, the gradient-based methods have high computa-
tional costs in our experiments. Therefore, we set the number of transforms per iteration
to L = 1 so that they are comparable to the well-tuned non-gradient-based methods. In
HH, there are two types of transforms. Therefore, we take a single step L = 1 for each
of them. For other tuning parameters of HH, we follow the tuning recommendations
described in Ludkin et al. (2019). The kernel had difficulty for our experiments since it
is designed for light or super-light target distributions. See Ludkin et al. (2019) for the
detail.

We performed all experiments on a desktop computer with 6 cores Intel i7-5930K
(3.50 GHz) CPU. All algorithms use the package RcppArmadillo version 0.9.850.1.0.
See Eddelbuettel et al. (2014). The code for all experiments is available in the online
repository at the link https://github.com/Xiaolin-Song/WM.

Finally, we describe some theoretical conclusions related to the simulation. The
posterior distributions in Sections 6.2. and 6.4. are heavy-tailed. Therefore, the algo-
rithms based on the normal distribution (PCN, HH, WM) have difficulties, as suggested by
Theorem 3.3. On the other hand, algorithms based on the mixture of the normal distri-
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bution (MPCN, GMPCN, HWM) are expected to have better performance. This assertion is
confirmed by comparing the results in Sections 6.2. and 6.4. and those in Section 6.3. On
the other hand, as proved in Theorem 5.3, the Weave transform remains approximately
on the level set of the likelihood. For this reason, WM has a poor ESSL/S. The property
of the Weave transform is efficient when combined with the Haar measure as in HWM.

6.2. Logistic regression

Posterior inference of Bayesian logistic regression with the d-dimensional Cauchy
prior distribution oc (1 4 |z|?)~(@*1/2dz is considered. The model is applied to
two data sets, one is the cancer dataset and the other is the sonar dataset from
Dua et al. (2017). The cancer dataset contains 569 observations and 31 variables, and
the sonar dataset contains 208 observations and 60 explanatory variables. As suggested
in Gelman et al. (2008), all non-binary variables are scaled to have a mean of 0 and a
standard deviation of 0.5. We run each algorithm for 1 x 10 iterations and take the
first 1 x 10° iterations as burn-in. The results are shown in Tables 4 and 5. The tech-
nical difficulty arises from the fact that both data sets contain a large number of highly
correlated variables. This makes the likelihood surface complicated.

For both tables, in terms of effective sample size per second, the Haar motion
methods and oco-HMC perform better than the others. This suggests that the Haar
motion effectively explores this heavy-tailed distribution and co-HMC effectively explores
the complicated likelihood surface. However, Table 5 shows the advantage of the gradient
information more clearly, which is related to the fact that the sonar dataset has a larger
number of explanatory variables.

The important point to note here is that when comparing two normal reference type
kernels (PCN, wM) and the three normal mixture reference type kernels (MPCN, GMPCN,
HWM), the Weave methods perform better in each of the statistics. This indicates the
advantage of the Bounce transform.

Another important observation is the comparison between co-HMC and WM. As we
will see in other experiments, co-HMC always outperforms WM in terms of effective sample
size. This is natural since WM does not change the likelihood as much as described in
Remark 5. On the other hand, the mean square jump per second illustrates the limitation
of co-HMC. This is probably due to the fact that for a large |x|, the kernel behaves like
the random-walk Metropolis kernel, since the contribution of the gradient is relatively
small when z is far from the origin. On the other hand, the wm effectively uses the
directional information even when |z| is large. While wM has difficulty updating the
likelihood, HWM shows the best performance for all statistics, even better than co-HMC,
thanks to Haar motion.

6.3. The stochastic volatility model

Next, we consider the stochastic volatility model. In this example, we consider
the sampling of the latent variables in the following stochastic volatility model. For a
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Table 4: The performance for the logistic regression result with Cancer data

Methods ESSL  ESS-min  MSJD ESSL/s E.SS_ MSJD/s  Time AR
min/s
RWM 1906.38 5001.71 108.56 33.06 86.74 1.88 57.66 0.20
PCN 1970.02 3554.88 4542.60 32.85 59.28 75.75 59.97 0.31
MPCN  18412.10 33675.57 5505.95 311.18 569.15  93.05 59.17 0.35
GMPCN 26227.38 46693.52 5507.35 433.63 772.00  91.06 60.48 0.35
oco-HMC 46175.15 86752.44 5062.57 437.12 821.25  47.93 105.63 0.63
HH 22263.42 49639.42 2115.66  79.62 177.53 7.57 279.62 0.83/0.25
WM 8987.86 36601.77 14302.22 89.23 363.36 141.99 100.73 0.62
HWM  48826.31 140611.8220164.62 471.93 1359.08 194.90 103.46 0.64

Table 5: The performance for the logistic regression result with Sonar data

Methods ESSL  ESS-min  MSJD ESSL/s E.SS_ MSJD/s  Time AR
min/s

RWM 790.29 1782.22 0.84 26.88 60.61 0.03 29.40 0.23
PCN 1366.79 2552.64  23.79 42.85 80.03 0.75 31.90 0.28
MPCN  6364.51 7294.80 49.71 209.53  240.16 1.64 30.38 0.26
GMPCN 11819.67 18009.25 50.17 361.32  550.53 1.53 32.71 0.27
oo-HMC 38026.66 60822.82 160.52  623.98  998.05 2.63 60.94 0.66
HH 17923.04 35698.99 52.98 64.98 129.43 0.19 275.81 0.83/0.34
WM 6076.32 16777.28 318.16 102.96  284.29 5.39 59.01 0.68
HWM  41157.92 89597.69 442.81 690.57 1503.32 7.43 59.60 0.65
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Table 6: The performance for the stochastic volatility model
ESS-
min/s

RWM 865.27  964.13  33.46 46.42 51.73 1.80 18.64 0.20
PCN 1128.64 890.82  35.00 60.38 47.66 1.87 18.69 0.37
MPCN  3159.22 1783.71  76.93 164.08  92.64 4.00 19.25 0.34
GMPCN 3747.38 1975.54 100.17 160.97  84.86 4.30 23.28 0.28
0o-HMC 17861.48 14655.91 2105.46 465.30 381.80  54.84 38.39 0.63
HH 11104.22 18234.27 3415.83  18.21 29.90 5.60 609.77 0.52/0.23
WM 1772.11 8027.00 3206.11  46.07  208.66  83.34 38.47 0.62
HWM  22531.37 18314.68 3871.59 581.06 472.31 99.83 38.78 0.59

Methods ESSL  ESs-min  MSJD  ESSL/s MsJD/s  Time AR

positive integer T, for t =1,...,T, let

xt:qﬁxt,l—i—et, EtNN(07O'2)
T

Y = exp (é) wy, wy ~N(0,1)

2
g = 5 wo, wo ~N(0,07)
1-¢
where €1, €3, ... and wq, w; are independent. The variables 41, y2, ... are observed, while
Tg,T1,...are not observed. The parameters of interest are the mean inversion parameter

¢ ~ Be(2,5) and the standard deviation o ~ G(5,0.2). In our simulation, the number
of observations is T" = 100 with ¢ = 0.5 and ¢ = 10.

The result is shown in Table 6. It seems that gradient-based methods are better for
this example, which is probably due to the fact that the likelihood in this case is relatively
cheap to evaluate. We would like to note that when comparing MPCN and HWM, the
Haar motion itself is not sufficient to explore the likelihood surface. On the other hand,
the Bounce transform alone is not sufficient when comparing co-HMC and some bounce
kernels (HH, wWM). The combination is effective, as shown by the performance of HWM.

6.4. Discrete observation of the diffusion process

Finally, we consider statistical inference for the stochastic process driven by the
Wiener process. The motivation for this model is to study a scenario with a very com-
plicated high-dimensional target distribution. In this case, the gradient-based methods
are likely to be less effective.

Let k,d and N be positive integers, T be a positive number, and let o € R,
Suppose (X¢)¢cjo, 77 is a solution process of a stochastic differential equation

dXt = G(Xt, Oé) de + b(Xt) th,XO = X0

where (W;)icjo,7) is the d-dimensional standard Wiener process and a : R? x RF — R4
and b : RY — R4 are the drift and diffusion coefficients, respectively. We have only
one discrete observation from the path (Xt)te[o,T]~ For simplicity, we assume equally
time spaced observations Xo, Xp, Xop, ..., XN, where h = T/N.

In general, the likelihood is not available for the solution process of the stochas-
tic differential equation. The local Gaussian approximation has been extensively
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Table 7: The performance of the stocahstic differential equation

Methods ESSL  ESs-min  MSJD  ESSL/s MSJD/s  Time AR

S
min/s
RWM  2034.12 2799.71 310.46 6.49 8.94 0.99 313.18 0.31
PCN  12897.57 12785.26 850.10  40.99 40.63 2.70 314.68 0.43
MPCN  16548.68 21805.46 11392.07 52.12 68.67 35.88  317.53 0.30

GMPCN 23184.34 22797.25 11445.11 71.48 70.28 35.28 324.37 0.30

oo-HMC 15252.22 13420.56 3383.18  16.25 14.30 3.60 938.74 0.69
HH 10061.25 29574.45 12093.45  3.93 11.56 4.73 2557.61 0.52/0.20
WM 14260.80 45389.57 26949.13 15.54 49.47 29.37  917.47 0.64
HWM  44554.04 61870.96 41298.56 48.31 67.09 44.78 922.19 0.63

studied in the past, such as Prakasa Rao et al. (1983), Prakasa Rao et al. (1988),
Florens-zmirou (1989), Yoshida (1992). We follow this approach and consider a Bayesian
inference using an approximated likelihood.

For our experiment, we set d = 50, N = 102, and T' = 5. For simplicity, we consider
the case of a constant diffusion coefficient, i.e. b = 1. The drift coefficient is

a(z, o) = —%VV((E —a);

where V(z) = 27.5log(1+2 "X~ 1z). The symmetric positive definite matrix ¥ is gener-
ated from the Wishart distribution with 50 degrees of freedom and the identity matrix as
the scale matrix. The prior distribution of the parameter « is the multivariate Student
t-distribution T50(3,0,10150).

As mentioned earlier, gradient evaluation is expensive. Therefore, the non-gradient
based methods show good performance, with the exception of the random-walk Metropo-
lis kernel. In particular, MPCN shows the best performance for the effective sample size
per second. The HWM is the best at the mean square jump distance thanks to the Haar
motion. The wM kernel and co-HMC have similar performance for effective sample size
of log likelihood, but the wM performs better for other statistics per second.

7. Discussion

We introduced a new algorithm, the Weave-Metropolis kernel, which is based on
the Weave transform and combines Circle and Bounce transforms. The Haar motion lifts
the kernel more efficiently, especially for heavy-tailed target distributions. The Weave
transform has similarities with Hamiltonian flow. The former does not change the po-
tential energy as much (see Remark 5.) and the latter does not change the Hamiltonian.
However, the former can be combined with the Haar motion, while the latter cannot.
The combined Haar-Weave-Metropolis kernel is expected to work well and robust for a
wide class of target distributions. On the other hand, the benefit may be lower if the
target distribution has light-tailed as in Section 6.3.

We would like to remark about parameter tuning. The effects of the number of
iterations per step L for the Weave kernels are different from the Hamiltonian Monte
Carlo kernels. For the Hamiltonian Monte Carlo kernel, a large L usually leads to a large
mean square jump distance and a small acceptance probability. However, due to the
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Circle transform, the effect is non-monotonic for the Weave kernels. To obtain the best
performance, L and also the step size h should be carefully tuned. Second, it is advisable
to randomise the step size of the Circle transform, since the transform may be periodic.
This does not mean that the Markov kernel is reducible, since v is refreshed at each
iteration. However, this periodicity can slow down convergence. Similar phenomena can
occur in the Hamiltonian Monte Carlo kernel. See p.127 in Brooks et al. (2011).

The parameters of the reference measure must also be chosen properly. The param-
eters can be estimated from the current samples by treating them as if they had been
generated from the reference measure. If it gives poor estimates, then our proposed
methods may be inefficient.

Finally, we would like to discuss possible extensions of the results. Omne ap-
proach is to combine various transforms with the Haar measure. For example, in
Kamatani et al. (2020) they studied the Beta-Gamma Haar mixture on Ri, which can
be combined with gradient information. Also, due to the similarity with the Hamilto-
nian Monte Carlo kernel, we can use the same or similar techniques that can improve
the performance of the Hamiltonian Monte Carlo kernel, e.g., parallel computation in
Yang et al. (2018), delayed acceptance in Park et al. (2020). This technique can further
improve performance.
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A Algorithms

Algorithm 1 Weave-Metropolis
For target distribution II(dz) = exp(—U(z))u(dz) where p = Ny(M,X).
Input: current state x, pre-condition matrix Y, step number L, step size h

1: Generate v ~
2: (x9,v0) = (z,v)
3: for[=1,2,...L do
4: (Iz_%,vz_%) = Dgivere(T1-1, v1—1 | M) > Circle transform
5: (xl—%>vl*7%) = (I)bounce(xlféavlfé | M, E) > Bounce transform
6: (z1,01) = (I)circle(xl_%avl)i% | M) > Circle transform
7: end for
8: Generate w ~ U0, 1]
9: Compute the acceptance rate oz, ) = min{l, exp(—=U(zr) + U(zo))}
10: if w < ax,xr) then
Tnew = TL
11: else
12: Tnew — L
13: end if

Output: new state T,eq
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Algorithm 2 Haar-Weave-Metropolis
The target distribution is II(dz) = exp(—U(z))u.(dz), where u,(dz) = (Az)~42dx
with Az = (x — M) TS~z — M).

Input: current state x, pre-condition matrix 3, step number L, step size h

1: Generate g ~ G(d/2,Ax/2), v ~ Ng(M,g~! %) > Haar motion
2: (20,v0) = (2,v)
3: for iteration [ =1,2,...L do
4 (xl—%avl—%) = Deircle(T1—1,vi—1 | M) > Circle transform
5: (3”1—%,%*,%) = (I)bounce(xl_%avl_% | M, %) > Bounce transform
6: (z1,v) = q)circle(-rl_%avl*_% | M) > Circle transform
7: end for
8: Generate w ~ U0, 1]
9: Compute the acceptance rate a(z,zr) = min{l,exp(—U(xr) + U(xp))}
10: if w < a(z,zr) then

Tnew = TL
11: else
12: Tnew = T0
13: end if

Output: new state Tpeq
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