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Abstract

In this paper we list all affine vertex operator algebras of positive integral levels whose
dimensions of spaces of characters are at most 5 and show that a basis of the space of
characters of each affine vertex operator algebra in the list gives a fundamental system of
solutions of a modular linear differential equation. Further we determine the dimensions of
the spaces of characters of affine vertex operator algebras whose numbers of inequivalent
simple modules are not exceeding 20.
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Introduction

A modular linear differential equation (MLDE for short) of weight % is a linear differential
equation 97 f + Z?:_ol Pg(n,j)ﬂi f =0, where ¥, is the Serre derivation of weight k and P; is
a classical modular form of weight 2j. This has a regular singularity at ¢ = 0 where g = >™7.
The MLDEs appear and play important roles in 2-dimensional conformal field theory and
number theory. In [15], S. D. Mathur, S. Mukhi and A. Sen classified rational conformal
field theories whose partition functions (characters) satisfy 2nd order MLDEs. On the one
hand, in number theory, M. Kaneko and D. Zagier ([12]) introduced 2nd order MLDEs (called



Kaneko-Zagier equation) in the study of supersingular j-invariants of elliptic curves. These
two 2nd order MLDESs were proved to be equivalent in [11].

In this paper we study some connections between MLDEs and vertex operator algebras
(which are the mathematical counterpart of conformal field theories). One of the most im-
portant features in the theory of vertex operator algebras (VOAs) is the modular invariance
property of characters of simple modules ([19]). The character of a simple module M of
a VOA is defined by trps glo—¢/24 (¢ = €*™7), where c is the central charge of V and Ly is
the grading operator. In [19] it was shown that if a VOA is Ch-cofinite and rational, then
there is a linear differential equation with modular coefficients that every character satisfies.
This linear differential equation was shown to be a MLDE in [2, Lemma 6.3]. By using this
result it was shown that any character of a simple module converges on the upper-half plane
and the space of characters is invariant under the slash action with weight 0 of SLy(Z). In
other words, the characters of simple modules form a vector-valued modular form of weight 0
on SLy(Z).

It is known in cases of several affine VOAs ([15]) and Virasoro minimal models ([3, 4,
16, 17]) that there are MLDEs whose spaces of solutions coincide with those of characters.
However, since any solution of the 1st order MLDE of weight 0 is constant, the character of
a VOA with a unique simple module (such VOAs are called holomorphic in the theory of
VOAs) does not satisfy the 1st order MLDE of weight 0. For instance, the affine VOA Lg, 1
associated with the finite-dimensional simple Lie algebra of type Eg of level 1 has a unique
simple module whose character is j(7)/?, where j(7) is the j-function. It is known in [15]
(also see [11]) that the character of L, 1 satisfies the 2nd order MLDE of weight 0. Another
example is the affine VOA Ly, 3 associated with the finite-dimensional simple Lie algebra of
type Az of level 3. The number of inequivalent simple L 4, 3-modules is 10 and the dimension
of the space of characters is 6. However, any basis of the space of characters of L4, 3 does
not form a fundamental system of solutions of any 6th order MLDE of weight 0 (see Table 4
in §4). Therefore it seems to be natural to ask if the space of characters of a VOA has a
MLDE whose fundamental system of solutions is given by a basis of the space of characters.

The VOAs appeared in the classification given in [15] are all affine VOAs of level 1
associated with finite-dimensional simple Lie algebras of the Deligne exceptional series ([1]).
Hence, motivated by this fact, we intensively study spaces of characters of rational and
Co-cofinite affine VOAs. Let g be a complex finite-dimensional simple Lie algebra, g the
associated affine Lie algebra, and Lg ) the irreducible integrable highest weight g-module
with highest weight 0 of positive integral level k. Then Lg j is a rational and Cs-cofinite
VOA and Lg ;(A), where A is a dominant integral weight of level k, forms the complete set
of inequivalent simple Ly ;—modules ([5]). In this paper we determine the dimension of the
space of characters of Ly ; with at most 20 simple modules, and we find that the affine VOAs
whose bases of the spaces of characters give fundamental systems of solutions of MLDEs if
the dimensions of the spaces of characters are at most 5 (except for Lgg 1).

An integrable highest weight irreducible g-module Ly 1(A) is a module of the Virasoro
algebra of central charge ¢y = kdimg/2(k+ h") by the Sugawara construction (see [8, 5]),
where hY is the dual Coxeter number. The g-module Ly (A) is decomposed into a direct
sum of finite-dimensional eigenspaces of Lg. Then there is a rational number hy such that
Lo-eigenvalues of Lg j is included in the set hp + Z>¢ and hy is called the conformal weight



of Ly 1(A). The lowest power in ¢ of the character of Ly 1(A) is hy — cg,1/24. Therefore, if
the conformal weights are mutually distinct, by the definition of characters, the dimension of
the space of characters coincides with the number of inequivalent simple modules. It happens
that inequivalent simple modules have the same conformal weight. Then we may use diagram
automorphisms of affine Lie algebras and the theory of S-matrix to check if the corresponding
characters are linear independent or not.

In [14] G. Mason introduced the concept of modular Wronskian of vector-valued modular
forms on SLy(Z). It is also proved that component functions of a vector-valued modular form
constitute a fundamental system of a MLDE if and only if the modular Wronskian never
vanishes on the upper half-plane, which we call non-zero Wronskian condition. In many
situations this condition is confirmed by looking at several powers in q of each character.
Particularly, it is not hard to check non-zero Wronskian condition if an affine VOA has
mutually distinct conformal weights. It is worthy to say that many affine VOAs have mutually
distinct conformal weights.

The paper is organized as follows. In §1 we recall definitions of vector-valued modular
forms, modular linear differential equations and non-zero Wronskian condition. In §2 we
review the theory of affine Lie algebras and affine VOAs. Several relations between characters
and diagram automorphisms are also discussed here. The classification of affine VOAs by the
dimensions of the spaces of characters (up to dimension 5) is given in §3. We also take account
of non-zero Wronskian condition for these affine VOAs. In §4 we give lists of the dimensions
of the spaces of characters of affine VOAs with at most 20 inequivalent simple modules
and non-zero Wronskian condition. The dimensions of characters and non-zero Wronskian
condition are mostly affirmed only by the information of conformal weights and diagram
automorphisms. In some cases we additionally use the action of the transformation 7 — —1/7
(S-matrices) as being done in §5.

In this research we often used the program “kac” given by B. Schellekens who kindly gave
several introductions to the 3rd author K. N.

1 Vector-valued modular forms and modular linear
differential equations

In this paper I'1 always represents the (full) modular group SLy(Z) with generators

0 -1 11
o (0 (1)),
and holomorphic modular forms on I'y are called classical modular forms.
According to [14] we recall the concept of vector-valued modular forms. Let H be the com-
plex upper half-plane and F the space of holomorphic functions on H, and F = {(f1, ..., f,)

a column vector whose entries are elements in F. For a given integer k the weight k slash
action |py of I'y on F is defined by F|py = ¢ (f1ls7, - -+, faley) for every v € 'y, where

Pl = fer sy, o= (& 5) e,



Let p : I't — GL,(C) be an n-dimensional complex representation of I';. Then we have
a right action of I'y on F" by F + p(y)"'F|yy for every v € T'1. A weak vector-valued
modular form of weight k is a I';-invariant vector-valued function with respect to this action.

Definition. Let F = (fy, ..., f,) be a weak vector-valued modular form of weight .
Then F is called a (meromorphic) vector-valued modular form of weight k if each component
function f; has a g-expansion which is convergent in a neighborhood of the infinity ioo;

[e.e]
fi(r) = ¢ Zan,jq”, N ER, ¢g=e*"" (1 € H).
n=0
If )\; is non-negative we say that f; is holomorphic at the infinity, and if each f; satisfies this
condition then F is called a holomorphic vector-valued modular form.

Remark. Let !(f1,..., fn) be a vector-valued modular form of weight k. Then the space
spanned by f1,..., f, is a I';-module by the slash action |.

Let p be a complex representation of I';. Let M (p) and Hy(p) denote the associated spaces
of meromorphic and holomorphic vector-valued modular forms of weight k, respectively, and
set Ml(p) = @z Mi(p) and H(p) = @, H(p). If p is a trivial representation 1, then H(1)
is a ring of classical modular forms on I'y.

Let '(f1, ..., fn) € Myg(p). If fi,..., fn are not linearly independent, then there is a
basis {g1,...,gm} of the I';-module (f1,..., fn)c and a unique (up to equivalence) represen-
tation p' : 'y = GL,,(C) such that *(gy, ..., gm) € Mg(p).

Every F = Y(f1, ..., fn) € Mg(p) is called normalized if there is an integer 0 < r < n
such that

fj(T):q)\j—i-"-(lSjST), AL > A > o> A, ijO(T’+1§j§n). (1)

For any F € My(p) there is an invertible matrix A € GL,,(C) such that AF is normalized.
We call AF a normalized form of F. It is obvious that component functions fi,..., f, of a
vector-valued modular form (f, ..., f,) € My(p) are linearly independent if and only if any
entry of a normalized form is not 0 (equivalently n = r in (1)).
Let ¥, be the Serre derivation acting on meromorphic functions on Hi;
d k

I =qr - g
k qdq 12 2,

where Es is the (quasimodular) Eisenstein series of weight 2;

Ey(1) = 1— 24%(2(1)(]”.

n=1 djn

It obviously follows that Jr(f|xy) = (9rf)|ks2y for every f € F and v € I'; and then
that each ¥} defines a linear map ¥ : My(p) — Miia(p), where p is a representation
of I't on GL,(C). We define ¥} = Upqo(n—1) © - Vg2 o Uy for a positive integer n. Let
F ="%(f1, ..., fu) be a meromorphic vector-valued modular form of weight k. The modular
Wronskian W (F) introduced in [14] is the n x n determinant given by column vectors as
W(F) = det(F,9,F,..., 9} 'F). It is proved in [14, Lemma 3.6] that W (FF) does not vanish
identically if and only if f1,..., f, are linearly independent as usual Wronskian.
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Theorem 1 ([14, Theorem 3.7]). Let F ='(f1, ..., fn) € My(p). Suppose that fi1,..., fn are
linearly independent and normalized as (1). Set A = A; +---+ A\,. Then there is a classical
modular form G € Hy,(nq1—1)—122(1) such that G(ico) # 0 and W(F) = Gn?*, where 1 is
the Dedekind eta function. In particular, we have n(n +k — 1) — 12X > 0.

We call the inequality n(k+mn—1) — 12X > 0 in Theorem 1 Mason’s inequality. For a vector-
valued modular form F whose component functions are linearly independent, a constant \; +
-+- =+ Ay, in the theorem does not depend on normalization. We denote A\; +-- -+ A, by A(F).

Let F = *(f1,..., fn) be a vector-valued modular form of weight k whose component
functions f1, ..., f, are linearly independent. Then by Theorem 1, there is a classical modular
(not cusp) form G of weight n(d + k — 1) — 12\(F) such that W (F) = Gn>**). There is the
well-known identity (valence formula)

1

Vool 1) + 30l ) F ¥ers () + Y pl) = &)
p

for any non-zero classical modular form f of weight k, where p (# i, e™/ 3) runs over I'y\H
and v,(f) indicates the order of zero at p. Since G is not a cusp form, we see that G has
zeroes in H if and only if G has positive weight. Therefore, the modular Wronskian of F
never vanishes in H if and only if n(n 4+ &k — 1) — 12X\(F) = 0 (cf. [14, 13]).

Let L be a linear differential operator of order n which has the form

n
L =97+ Pyop~, (3)
j=1

where Py; is a classical modular form of weight 2j. Since there is no classical modular form
of weight 2, the coefficient function P» must be zero. It is proved in [14] that ¢ = 0 is a
(unique) regular singular point of L. The linear differential equation L(f) = 0 is called a
modular linear differential equation of weight k (MLDE of weight k for short and see [13] for
more general definition). It is also shown in [14, Theorem 4.1] that the space of solutions of
a MLDE is a I';-module with respect to the action |.

Theorem 2 ([14, Theorem 4.3]). Let F = '(fy, ..., fn) be a meromorphic vector-valued
modular form of weight k with respect to a representation p : 'y — GL,(C). Suppose that
fi,..., fn are linearly independent and normalized. Then fi,..., fn form a fundamental

system of solutions of a modular linear differential equation of weight k if and only if W (FF)
never vanishes in H, i.e. n(n+k —1) — 12X(F) = 0.

Let F = Y(f1,..., fn) be a vector-valued modular form of weight k¥ whose component
functions are linearly independent. We say that F satisfies non-zero Wronskian condition

(NZWC for short) if n(k +mn —1) — 12X(F) = 0.

2 Preliminaries on affine vertex operator algebras
and their characters

In this section we recall the notion of affine VOAs associated with finite-dimensional simple
Lie algebras and their characters as a VOA.



2.1 Affine vertex operator algebras

Let g be a finite-dimensional complex simple Lie algebra of rank ¢. Fix a Cartan subalgebra
of gand let A, AL, IT = {av,...,ap} and IIY = {af, ..., o)} be sets of roots, positive roots,
simple roots, and simple coroots, respectively. We denote by 6 the highest root of g and
the normalized Killing form by ( | ), i.e. (0]6) = 2. Let A; € h* be a fundamental weight
which is defined by A;(cj) = 0;; for every 1 <i </, and P = @5:1 ZA; the weight lattice.
For a positive integer k, we call by a dominant integral weight of level £ an element of the
set P ={A € P|A(a)) € Zso forall 1 <i < ¢ and (§|A) < k}. Let g =g®Clt,t 1]® CK
be the affine Lie algebra associated with g and Ly 1(A) the irreducible highest weight g-
module with highest weight A and level k, i.e., the central element K acts on Lg 1(A) by k.
We denote an element z ® t" € g by z,,. In [5] it is shown that for any positive integer k,
the g-module Ly (= Lg £(0)) is a simple VOA. It is known in [5, Theorem 3.1.3] that for a
positive integer k, the list of inequivalent simple Ly ;-modules is given by {Ly (A) | A € Pf}
Since the cardinality of Pf is finite, the number of simple L4 j-modules is finite. It follows
form the Sugawara construction (see e.g. [5, 8]) that Ly x(A) (A € PF) is a module of the
Virasoro algebra of central charge

kdimg
— i 4
Cy,k k4 hV ’ ( )
where hY is the dual Coxeter number of g, and that Ly ,(A) = @7 Lg,k(A)ny+n where
each Ly ,(A)n,+n is a finite-dimensional eigenspace of Ly associated with an eigenvalue hp+n.
We call a constant hy the conformal weight of Lg (A) which is known to be given by

(A[A +2p)

hy = 2T 20)
AT k4 hv)

()

where p is the Weyl vector, i.e. the sum of all fundamental weights.

Warning. In this paper we use the notation of Dynkin diagrams used in [8, Chapter 6]. The
program “kac” uses the notation of Dynkin diagrams in [6].

2.2 Characters for affine vertex operator algebras

Let g be a finite-dimensional simple Lie algebra and k a positive integer. A character of
a simple Ly -module Ly 1 (A) is a formal power series defined by

oo
cha(r) = trLg’k(A) qLong,k/24 _ qh/\fcg,k/24 Z dim Lg,k(A)hAJrn " (¢= 627717) )

n=0

Since Lg 1(A)n, is a finite-dimensional irreducible g-module of highest weight A as shown
in [5], the leading coefficient of the character chp (the dimension of Ly ,(A)p,) is given by
Weyl’s dimension formula (see [7, §24.2, Corollary]). It is shown in [9] and [19] that cha(7)
absolutely and uniformly converses on the complex upper half-plane and then defines a holo-
morphic function on H. We denote by Ay ; the vector space of characters of all simple
Ly p—modules.



Type Dynkin diagram hY Cq, k
Ay L4 L4 ° ° /41 M
Be ) ° oe——— o 25_1 M
Ce Y ° o —— o €+]- M

1 9 /-1 / k+£4+1
°
Dy ° ° .A_l 20— 9 M
1 9 g_N k+20—2
°
y4
EG ° ° ° ° ° 12 78k
1 2 3 4 5 k412
® 0
E7 ° ° ° ° ° ° 18 133k
1 2 3 4 5 6 k+18
o7
Eg ° ° ° ° ° ° ° 30 248k
1 P 3 4 5 6 7 k+30
LI
Fy ° oe——o ° 9 ﬁ
1 2 3 4 k+9
Go e=—oe 4 ﬁ

Table 1: Dynkin diagrams, dual Coxeter numbers of simple Lie algebras and central charges



Theorem 3 (]9, 19]). Let g be a finite-dimensional simple Lie algebra and k a positive integer.
Then the space Xy i is a module of SLy(Z) by the slash |o-action and dim X, < |P¥|.
In particular, the column vector-valued function consisting of characters of all inequivalent
simple Ly p,—modules is a meromorphic vector-valued modular form of weight 0.

Remark. Let {fi,..., f,} be a normalized basis of X, . If the vector-valued modular
form *(fi,..., f,) satisfies non-zero Wronskian condition, we say that “Lg j, satisfies non-
zero Wronskian condition”.

By the very definition of the characters, we have the following lemma.
Lemma 4. The characters with mutually distinct conformal weights are linearly independent.

We identify the index set {1,2,...,¢} with the set of vertices of the Dynkin diagram asso-
ciated with g in the usual way (see Table 1). Let & be an automorphism of the Dynkin diagram
in Table 1. Then we can extend & to a Lie algebra automorphism o: For Chevalley gener-
ators ei1,...,eq, of ..., o), fi,..., fe, the automorphism o of g is defined by o(e;) = ez,
o(fi) = fau), o(ey) = ozg(i). Such an automorphism o is called the diagram automorphism
of g.

Proposition 5 ([7, §12.2]). The groups of automorphisms of Dynkin diagrams are trivial
except for Ay, Dy and Eg.

(1) The group of automorphisms of the Dynkin diagram Ay is Zg. The non-trivial automor-
phism & is given by (i) = £+ 1 — i for each 1 < i < ¢, where i is a vertex of the Dynkin
diagram.

(2) The group of automorphisms of the Dynkin diagram Dy (£ > 4) is the permutation
group Zs of the set of vertices £ — 1 and £.

(3) The group of automorphisms of the Dynkin diagram Dy is isomorphic to the symmetric
group Ss of degree 3 which permutes vertices 1,3,4 of the Dynkin diagram.

(4) The group of automorphisms of the Dynkin diagram FEg is isomorphic to Zs. The non-
trivial automorphism & is given by 6 (i) = 6 — i for each 1 < i <5.

Let o be a diagram automorphism of g. Then we can define an automorphism of §
by o(a ® t") = o(a) ® t" and o(K) = K. Each diagram automorphism o defines a g-
module Ly 1(A)? by (a @ t") -v = (0(a) ® t")v for every v € Ly 1(A) and a ® t" € g.
Write A € Pj’f as A = Zle m;\; where each m; is a non-negative integer. Since (oz;/)o SUA =

o(a))ova = A(aY; Jua, the highest weight vector vp of Ly (A) is also a highest weight vector

o(7)
of Ly 1,(A)? with highest weight Zle mg(;)Ai, which is denoted by A°. Therefore, it follows
from Proposition 5 that A € Pf if and only if A% € Pjﬁ.

Let o be a diagram automorphism of a finite-dimensional simple Lie algebra g. Then o can
be extended to an automorphism of the VOA L 1. Since, by definition, any automorphism
of a VOA preserves the Virasoro element, the characters cha(7) and chpe(7) must coincide.
Motivated by this fact we introduce an equivalence relation ~ on Pf; A ~ A’ if and only if
there is a diagram automorphism o such that A’ = A%, and set ]Bf = Pf / ~. By Lemma 4,
we have:



Proposition 6. Let k be a positive integer and Ly i an affine vertex operator algebra as-
sociated with a finite-dimensional simple Lie algebra g. Suppose that conformal weights of
simple modules Lg 1,(A) for A € Pf are mutually distinct. Then the dimension of the space

of characters of Ly j. is given by \ﬁf]

3 Characters and non-zero Wronskian condition for
affine vertex operator algebras

In this section we show that a basis of the space of characters of an affine VOA whose
dimension of the space of characters is 2, 3, 4, or 5 forms a fundamental system of solutions
of a MLDE of weight 0.

Let g be a finite-dimensional simple Lie algebra of type X,. We denote by Lx, 1(A) the
irreducible highest weight g-module with highest weight A. One of the main results in this
paper is:

Theorem 7. An affine vertex operator algebra of positive integral level whose dimension of
the space of characters is not exceeding 5 is isomorphic to one of Ly 1 (g = As (1 <€ <38),
By (0>2),Cr(2<t<4), Dy (¢ >4), Eg, Er, Eg, Go, Fy), and Lg 2 (§ = A1, Az, Dy,
Eg, Fy, G3), and Ly 3 (3 = A1, Eg), and L, 4. These affine vertex operator algebras satisfy
non-zero Wronskian condition except for L, 1.

Remark. Affine VOAs with dim X , = 3 are Lg 1 (g = A3, A4, By (£ > 3), Ca, Dy (£ > 5)),
and Lg o (g = A1, Eg) (see Theorems 9, 11-13 and Table 2).

The remaining of this section is devoted to a proof of this theorem on a case-by-case basis.
First of all, the next lemma is applied to each case, which immediately follows from (5),
Lemma 4 and the fact Pf_ - Pf‘H.

Lemma 8. Let S C ij be a subset. Then conformal weights of Lg k4+1(A) for all A € S are
mutually distinct if and only if conformal weights of Ly 1, (A) (A € S) are mutually distinct.

We start with type A.
(1) Type A. The system of fundamental weights and the highest root of A, are written by

using elements of R as

i l+1—i

A

1
AN = —— 1—q, ... 1—4,—2,...,—1 =(1,0,... 1
1 £+1<€+ 2, 7£+ 1, —1, ) 7’)7 0 ( 707 707 )

for 1 <+ < ¢. Then it is not hard to show that (A;|A;) = j(l+1—i)/(l+1) (1 <j<i<?)
and (Aj|lp) =i(f+1—14)/2 (1 <i < (). The set of inequivalent simple modules of L4, j is

given by ,
{LAé,k (Z miAz')
i—1

m; € Z>o, ml—i-mg—i-'”—kmggk:}.



Theorem 9. Let X4, 1, be the space of characters of La, 1 and k,¢ > 1 integers. Then we
have dim Xy, 1 = [((+1)/2] + 1, dim Xy, = k+ 1 and dim Xy, o = 4. Further Ly, 1,
Ly, and Ly, o satisfy non-zero Wronskian condition.

Proof. Since the list of inequivalent simple Ly, p-modules is {L 4, x(jA1)[0 < j < k}, the
conformal weights of L4, r(jA1) for 0 < j < k are j(j + 2)/4(k + 2), which are mutually
distinct. Therefore we have dim X'y, , = k + 1. Non-zero Wronskian condition immediately

follows from i
jG+4) 3k 1
— =—k(k+1).
]Z_; <4(k:+2) k1)) " 2FkETY

We next prove that dim X4, 1 = (¢ +1)/2] + 1. Since the list of inequivalent simple
Ly, 1-modules is L4, 1, La, 1(A;) (1 <i < /), it follows from Proposition 5 that dim X}y, 1
is at most |(¢ +1)/2] + 1. Conformal weights of L4, 1(A;) (1 < i < [(€+1)/2]) are given
by i({+1—14)/2({+1). Because i({+1—1)/2({+1) and j(¢+ 1 —j)/2(¢ + 1) are mutually
distinct if and only if ¢ = j or i = £ + 1 — j, which shows dim X4, ; = [({+1)/2] + 1.

Finally we prove dim X4, o = 4. The set ]Bi consists of highest weights 0, A, Ay + Ao,
2A; whose conformal weights are 0, 4/15, 2/3, 3/5, respectively. Now, non-zero Wronskian
condition follows. O

Proposition 10. For each integer k > 2 and £ > 1, we have dim Xy, , > k + £.

Proof. Tt is obvious that ﬁfj contains highest weights A1 + A; (2 <i </¥), jA; (0<j <k)
whose conformal weights are (202 + 6/ — % —2i + 3)/2({ + )(k + £+ 1) (2 < i < ¥),
Jll+j+1)/2( +1)(k+ ¢+ 1). The conformal weights of L, (A1 + A;) (2 < i < {) are
mutually distinct and ones of L4, (A1) (0 < j < k) are also mutually distinct. Suppose
that j0(0+ 7+ 1)/2(0+1)(k+ €+ 1) = (22 + 60 — i —2i + 3)/2({ + 1)(k + £ + 1). Then
we have ¢ = 1 and j = 2, which contradicts to the assumption 2 < ¢ < £ and 0 < j < k.
Therefore the conformal weights of L4, (A1 + A;) and Ly, 1(jA1) are mutually distinct,
which shows that dim Xy, o > (k+ 1)+ ({ —1) =k + (. O

Proof of Theorem 7 for type A. By Theorem 9, Proposition 10 and Lemma 8, it suffices to
prove that dim X4, 2 > 6 and dim X4, 3 > 6. By direct calculation, we see that the number
of mutually distinct conformal weights of simple L 4, o-modules and simple L 4, 3-modules
are 7 and 6, respectively. Therefore it follows that dim Xy, ; < 5 if and only if (k,¢) = (1,¢)
for 1 <0 <8, (k,¢)=(k,1)for 1 <k <4 or(kV{)=(2,2). O

(2) Type B. The set of fundamental weights A; for the finite-dimensional simple Lie algebra
of type By (£ > 3) is written by using elements of R’ as
(1,...,1,0,...,0) 1<i<(—1, .

A= T p:§(2€—1,2€—3,...,3,1). (6)
$(1,...,1) i=4,

10



Then we see that
1

(NlAj) =i (L<i<j<i-1), (MA)=5 (1<i<i-1),
. . . 7)
14 Li2e—i) 1<i<t—1 (
M|Ap) ==, (Aglp) =< 2 - = '
(AdA) =5 (o) {iﬂ =
and the highest root is given by § = (1, 1, 0, ..., 0). Then the list of inequivalent simple

Lp, r—modules is

l /—1
{LB/zak<Z m1A1> ‘mz € Zzo, m1 + QZTTLZ' +my < /{?}
i=1 =2

Theorem 11. Let X, i, be the space of characters of Lp, 1, and k > 2, £ > 3 integers. Then
dim X, 1 = 3 and dim X, j, > £+ 1. Further Lp, 1 satisfies non-zero Wronskian condition.

Proof. The highest weights of simple Lp, ;-modules are 0, A, Ay. By (5) and (7), the
conformal weights of simple modules are 0, 1/2, (2¢ + 1)/16, and then by Lemma 4, we
have dim Xp, 1 = 3. Since the sum of all conformal weights is (2¢ 4+ 9)/16 and the central
charge is (2¢ 4 1)/2, non-zero Wronskian condition simply holds.

The set Pff for k > 1 contains highest weights A1, Ao, ... ,Ay_1, 2A, whose conformal
weights are 1(20+1—14)/2(k+2(—1)(1 <i<{¢—1) and {({+1)/2(k+2¢—1). It is obvious
that i(204+1—1) (1 <i < {—1) are mutually distinct and that i(2/+1—1) is equal to £(£+1)
if and only if ¢ = £ or i = £ + 1, which is impossible since 1 <4 < £ — 1. Therefore conformal
weights of simple modules with highest weights 0, A1, ..., Ay_1 and 2A; are mutually distinct,
which shows that dim X, ,, > £ + 1 by Lemma 8. O

Proof of Theorem 7 for type B. By Lemma 8 and Theorem 11, it suffices to prove
that dim X, o > 6 and dim X'z, o > 6. Since highest weights of inequivalent simple Lp, o—
modules are 0, A1, Ag, A3, 2A1, 2A3, A1 + Az and their conformal weights are 0, 3/7, 5/7,
3/8, 1, 6/7, 7/8, respectively, thus we have dim X'p, o = 6. It follows that highest weights
of inequivalent simple Lp, o are 0, A1, Ag,A3, Ay, 2A1, 2A4, Ay + A4 and their conformal
weights are 0, 4/9, 7/9, 1, 1/2, 1, 10/9, 1, respectively, which implies that dim Xz, o > 6.
Therefore dim X'g, j, < 5 if and only if k = 1. ]

(3) Type C. The system of fundamental weights and the Weyl vector of finite-dimensional
simple Lie algebra of type C' is written by using elements of R as

i 0—i
1 —— —— 1
A=—(1,...,1,0,...,0), =—U//¢-1,...,2,1
7 ) p= 5 )
for 1 <7 < {. Therefore it follows that
1 1
(A =50 (1<i<j<0),  (Alp) = i20+1-1). (8)

The highest root is given by 6§ = (1/2,0,...,0) and the list of inequivalent simple Lo,k

modules is , ,
{LC[JC(Z mlAZ> ’ml S Zzo, Zmz < k}
i=1 i=1

11



Theorem 12. Let X¢, i be the space of characters of Lc, 1 and £ > 2 an integer. Then
dim Xp, 1 =€+ 1 and L¢,,1 satisfies non-zero Wronskian condition.

Proof. The highest weights of simple L¢, 1—modules are 0, A; (1 < i < £) whose conformal
weights are respectively given by 0, i(20 +2 —i)/4(¢ + 2) by (5) and (8). Then i(2¢ + 2 —
i)/4(0 +2) = j(20 +2 — j)/4(£ + 2) if and only if i = j or j = 2¢ + 2 — 4, which shows that
conformal weights are mutually distinct. Hence by Lemma 4, we have dim X¢, 1 = ¢ + 1.
Non-zero Wronskian condition simply follows. O

A lower bound of dim X, j, follows from Lemma 8.
Corollary. dim X, , > £+ 1 for each integer £ > 2 and k > 1.

Proof of Theorem 7 for type C. By Lemma 8, it suffices to prove that dim X¢, o > 6 for
¢ > 2. The elements 0, Ay, Aa, 2A1, 2A2, A1+ Ay are highest weights of simple L, 2-modules
and their conformal weights are 0, (20+1)/4(¢+3), £/(¢+3), ((+1)/(£+3), (20+1)/(£+3),
(60+3)/4(£+3), respectively. It is obvious that these conformal weights are mutually distinct,
which shows that dim X¢, 2 > 6.

(4) Type D. Let A; (1 < i < /) be the system of fundamental weights of the finite-
dimensional simple Lie algebra of type Dy (¢ > 4). Then fundamental weights and the

7 0—i
Weyl vector are equated with elements of R: A; = (1,...,1,0,...,0)(1 < i < £ — 2),
Aoy = (1/2,...,1/2,-1/2), Ag = (1/2,...,1/2) and p = (£ — 1,0 — 2,...,2,1,0). Then we
have
MilA) =i (1<i<i<e-2), (A = (AilA) = 5 A <i<e-2),
(Al = (MA) = 5 (Aalbg) = 22
{—1[—1) — AR Y4 _47 L—1[432) — 4 (9)
it —i—1) 1<i<t-2
(Afpy = 2GE7Tm ) Isis o2,
(0 —1) i =/0—1,¢0.

Since the highest root is § = (1,1,0,...,0), the list of inequivalent simple Lp, ;—modules is
given by

¢ -2
{LDg,k(ZmiAz) ‘ m; € Z>0, M1 + ZZMi +my_1+my < ki}
i=1 =2

Theorem 13. Let Xp, i be the space of characters of Lp, 1. For each positive integer £ > 5,
dimXp, 1 =2, dim&Xp, 1 =3 and dim Xp, o = 5. Further Lp, 1 ({ > 4) and Lp, o satisfy
non-zero Wronskian condition.

Proof. The highest weights of simple Lp, —modules are 0, Ay, Ay—; and A,. By Proposi-
tion 5, the characters chy, , and chy, coincide, and for £ = 4 the character chy, coincides
with chp, and chy,. It follows from (5) and (9) that all conformal weights are given by 0,
1/2, £/8. By Proposition 6 we have dim Xp, 1 =3 (¢ > 4) and dim Xp, 1 = 2. The elements
of ﬁi for Lp, 2 are 0, Ay, 2A1, A1 + A3z, Ay whose conformal weights are 0, 7/16, 1, 15/16,
and 3/4, respectively, which shows that dim Lp, » = 5. Non-zero Wronskian condition is
obvious since the central charges of Lp, 1 and Lp, o are £ and 7, respectively. ]

12



Typeg | Es | Fo | B7 | E7 | Eg | Eg | Es | Eg | Fy | Fy | Fy | G2 | Go | G2
Level k 1 2 1 2 1 2 3 4 1 2 3 1 2 3
dimX, | 2 | 6| 2|6 |13 |5 ]|10]2]|5]9]2]4]6

Table 2: dim X j, for exceptional types

Proposition 14. We have dim Xp, > ¢+ 1 for each integer £ > 4 and k > 2.

Proof. The set Pf contains highest weights 0, A; (1 < ¢ < £ —2), 2Ay, Ay_1 + Ay whose
conformal weights are respectively given by 0, i(2¢ — )/2(k + 20 —2)(1 < i < £ — 2),
0?/(k+20—2) and (¢2—1)/(k+2¢—2). Since these conformal weights are mutually distinct,
we have dim Xp, , > £+ 1. O

Proof of Theorem 7 for type D. By Lemma 8, Theorem 13 and Proposition 14 it
suffices to prove that dim Xp, 3 > 6. We see that there are simple Lp, 3-modules whose
conformal weights are 0, 7/18, 8/9, 3/2, 5/6, 25/18, 2/3, 7/6 and 4/3. Thus it follows
that dim Xp, 3 > 9. O

(5) Exceptional types. The list of fundamental weights of finite-dimensional simple Lie
algebras of exceptional types is found in [7, pp. 69]. By (5) and Lemma 4, we obtain Table 2
(for Eg, we also use Propositions 5 and 6). Affine VOAs in Table 2 with 2 < dim X, <5
satisfy non-zero Wronskian condition.

4 Tables of dimensions of spaces of characters of
simple modules

In this section we give lists of affine VOAs of positive integral levels, which have simple
modules not exceeding 20. Each list includes information of central charges, dimensions of
the spaces of characters and non-zero Wronskian condition.

Remark. Let Cj ; be the set of inequivalent simple modules of an affine VOA of level &k
associated with the finite-dimensional simple Lie algebra g such that §Cy , < 20. There
are 117 and two discrete infinite series of affine VOAs with this property.

(1) Suppose that Lg  is neither Lp, o nor Lp, 3. Then the characters in X, with same
conformal weights are linearly independent if they are distinct each other.

(2) If Ly does not satisfy non-zero Wronskian condition, then there are two conformal
weights that differ by an integer. However, the converse is not true. In fact, conformal
weights of simple Lp, j-modules are 0, 1/2,1, although Lp, 1 satisfies non-zero Wronskian
condition.

We give tables of dimensions of Aj j and explain methods which we used to determine
dim X as well as non-zero Wronskian condition. Each table consists of data of types of
Lie algebras, levels, central charges, dimensions of the spaces of characters and non-zero
Wronskian condition (we write O if Ly . satisfies non-zero Wronskian condition and x oth-
erwise). Furthermore, we indicate a method by which we determine dim X} ;, in the 5th row.
Each of symbols —, O,  means that we have determined dim A ; by using the the fact Lg j

13



has mutually different conformal weights, diagram automorphisms (Propositions 5 and 6),
S-matrices (which are explained in the next section).
We start with affine VOAs which have 4 simple modules.

1) 4 simple modules. There are 5 affine VOAs and a (discrete) series of affine VOAs which
have 4 simple modules; L4, 3, La, 1, Loy, 1, Lp,, 1, Lp,,1 (> 5) and Lg, 2.

Information ’ Av | As | Gy | Da| D (€25) | Gs
Level k 3 1 1 1 1 2
Central charge 9/5| 3 | 21/5| 4 14 14/3
dim X 1 4 3 4 2 3 4
Method — O — O @)
NZWC O O O O O O

Table 3: 4 simple modules

2) 5 simple modules. There are 5 affine VOAs whose numbers of inequivalent simple
modules are 5; La, 4, La, 1, Loy, 1, LEg,3 and Lg, 2.

Information ’ Av | As| Gy Es Fa
Level k 4 1 1 3 2
Central charge 2 | 4 | 6 |248/11 | 104/11
dim X 513 1|5 5 5
Method — | o | - — —
NZWC oO| o | o O O

Table 4: 5 simple modules

3) 6 simple modules. There are 7 affine VOAs whose numbers of inequivalent simple
modules are 6; L, 5, L, 2, Las 1, Ley,2, Los,1, Le, 3 and Lg, 2.

4) 7 simple modules. There are 4 affine VOAs whose numbers of inequivalent simple
modules are 7; La, 6, Lag, 1, LBs,2 and Lgg, 1.

5) 8 simple modules. There are 4 affine VOAs whose numbers of inequivalent simple
modules are 8; L, 7, La, 1, L, 2 and Lc, 1. The dimension X, o is determined in Propo-
sition 16 in §5.

6) 9 simple modules. There are 7 affine VOAs whose numbers of inequivalent simple
modules are 9; La, g, Lag, 1, LBs,2, Lcg, 1, LEg,2, Lr,,3 and Lg, 4.

7) 10 simple modules. There are 9 affine VOAs whose numbers of inequivalent simple
modules are 10; La, 9, La, 3, Lag 2, Lag 1, Leg,2, Loy,3, Loy, 2, Loy, 1 and Lig, 4.

14



Information ’ A A 145 | Gl G Er G
Level ) 2 1 2 1 2 3
Central charge 15/7116/5| 5 | 4 | 55/7 | 133/10 | 6
dim Xy p, 6 4 4 | 6 6 6 6
Method ©) o | — - - —
NZWC O @) O | x O o X
Table 5: 6 simple modules
: 814, | A | Bs | Cg
Information
Level 6 1 2 1
Central charge 9/4| 6 | 6 |39/4
dim Xy j, 7 4 | 7 7
Method o | —
NZWC @) O | x @)
Table 6: 7 simple modules
. 914, | 47 | By | o
Information
Level k 7 1 2 1
Central charge 7/3 | 7 | 8 | 35/3
dim X, 8 | 5| 7| 8
Method — o | ¢ —
NZWC o | o |O @)
Table 7: 8 simple modules
Information ’ Av | As | Bs | Cy Ee | Fu| Gz
Level k 8 1 2 1 2 3 4
Central charge 12/5 | 8 | 10 | 68/5 | 78/7 | 13 | 7
dim Xy j, 9 519 9 6 919
Method - o | — — O - | -
NZWC ) O | x O @) X | x

Table 8: 9 simple modules
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. 81 Ay | Ay | Ay | Ay | Bs | ol C5 | Es
Information
Level k 9 3 2 1 2 3 2 1 4
Central charge 27/11 | 4 | 5 | 9 |12 | 5 | 7 | 171/11 | 496/17
dim Xy p, 10 6 7 6 | 10 | 10 | 10 10 10
Method — O O O — — — — —
NZWC @) X X @) X X X @) X

Table 9: 10 simple modules

8) 11 simple modules. There are 5 affine VOAs whose numbers of inequivalent simple
modules are 11; La, 10, LAy, 1, LBy, 2, Ly, 1 and Lp, 9.

Information ’ Av A | Bl Cio | Dy
Level k 10 1 2 1 2
Central charge 5/2 | 10 | 14 | 35/2 | 7
dim X 11 6 11 11 )
Method - O - - O
NZWC ) ©) X O O

Table 10: 11 simple modules

9) 12 simple modules. There are 7 affine VOAs whose numbers of inequivalent simple
modules are 12; La, 11, La,,1, LBy, 2, Leyi, 1, Lps,2, LE, 3 and Lg, 5. The dimension of
Xy, 2 is determined in Proposition 18 in §5.

Information ’ A A | By Cu Ds | B7 | Gs
Level k 11 1 2 1 2 3 5
Central charge 33/13 | 11 | 16 | 253/13 | 9 | 19 | 70/9
dim Xy k 12 7 12 12 9 12 12
Method — O O — O — —
NZWC @) @) X @) X X X

Table 11: 12 simple modules

10) 13 simple modules. There are 6 affine VOAs whose numbers of inequivalent simple
modules are 13; LA1712, LA12,17 L33’3, LBQ’Q, LC12,1 and LD@,Q-

11) 14 simple modules. There are 5 affine VOAs whose numbers of inequivalent simple
modules are 14; L, 13, LA, 1, LByo,2, Lcis,1 and Lp, 2.
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D g Ar | A2 | By | By | Ci2 | Dg
ata
Level k£ 12 1 3 2 1 2
Central charge | 18/7 | 12 | 63/8 | 18 | 150/7 | 11
dim X 13 7 13 13 13 10
Method - o - - - o
NZWC ©) o X X o X
Table 12: 13 simple modules
Information ’ Av | A | Bo | Cis | Dr
Level k 13 1 2 1 2
Central charge 13/5 | 13 | 20 | 117/5 | 13
dim X 14 8 14 14 11
Method — O - — O
NZWC @) O X @) X

Table 13: 14 simple modules

12) 15 simple modules. There are 10 affine VOAs whose numbers of inequivalent simple
modules are 15; La, 14, Layy, 15 Lag 4, Lay, 2, Ly 2, Loy, as Loy, 1, Loy, 2, Lpg, 2 and L 5.

Information 914 [ A | 4 Ay | B | O Cl4 Cy | Dg | Eg
Level k 14 1 4 2 2 4 1 2 2 5
Contral charge | 21/8 | 14 | 32/7 | 48/7 | 22 | 40/7 | 203/8 | 72/7 | 15 | 248/7
dim ka 15 8 9 9 15 15 15 15 12 15
Method — O O O — — — — O —
NZWC ) O X X X X @) X X X

Table 14: 15 simple modules

13) 16 simple modules. There are 8 affine VOAs whose numbers of inequivalent simple
modules are 16; LA1715, LA1571, L31272, LB473, Lcls,lv LD972, LF474 and LGQ,6' The dimen-
sions of X, o and X', 3 are determined in Propositions 19 and 17 in §5, respectively.

14) 17 simple modules. There are 5 affine VOAs whose numbers of inequivalent simple
modules are 17; La, 16, LA, 1, LBis,2, Lcig,1 and Lp,, 2.

15) 18 simple modules. There are 5 affine VOAs whose numbers of inequivalent simple
modules are 18; LA1717, LA17’1, LBI4727 LCl7,1 and LD1172.
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Information ’ 4 Ais | Bz | B Cis Do | Fa| Go
Level k 15 1 2 1 2 4 6
Central charge 45/17 | 15 | 24 | 54/5 | 465/17 | 17 | 16 | 42/5
dim Xy 16 9 16 14 16 13 | 16 16
Method - O O — O — —
NZWC O O X O X X X
Table 15: 16 simple modules
Information ’ A s | Big | Cis | Dio
Level k 16 1 2 1 2
Central charge 8/3 | 16 | 26 | 88/3 | 19
dim X, 17 | 9 | 17 | 17 | 14
Method — @) — — O
NZWC O 0 X 0 X
Table 16: 17 simple modules
. %1 4 | Aw|Bu| G | Dn
Information
Level k 17 1 2 1 2
Central charge 51/19 | 17 | 28 | 595/19 | 21
dim X 18 10 18 18 15
Method — @) — — @)
NZWC O O X O X

Table 17: 18 simple modules
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16) 19 simple modules. There are 6 affine VOAs whose numbers of inequivalent simple
modules are 19; La, 18, L s, 1, LBs,2, L'Bs,3, Lcig,1 and Lp,, 2. The dimension of Xp; 3 is
determined in Proposition 20 in §5. Non-zero Wronskian condition for Lpg, 3 is not yet to be
determined (see Remark in §5.3).

Information ’ A Ais | Bis | By Cis D1z
Level k£ 18 1 2 3 1 2
Central charge 27/10 | 18 | 30 | 55/4 | 333/10 | 23
dim X, 1, 19 | 10|19 19 | 19 | 16
Method - o - O - -
NZWC o o X ? 0 X

Table 18: 19 simple modules

17) 20 simple modules. There are 9 affine VOAs whose numbers of inequivalent simple
modules are 20; La, 19, Layo, 1, Las,3, LByg,2, Lcyg, 15 Les, 2, Lpys,2, Leg,3 and La,, 7.

Information 91 Ay | A | As | By | Cio | Cs| Dis| Eg Go
Level k 19 1 3 2 1 3 2 3 7
Central charge 19/7 | 19 | 45/7 | 32 | 247/7 | 9 | 25 | 78/5 | 98/11
dim Xy k 20 11 13 20 20 20 17 12 20
Method — O O - - - - @) —
NZWC O O X X O X X X X

Table 19: 20 simple modules

5 The spaces of characters of some affine vertex
operator algebras of type B

In this section we determine the dimensions of spaces of characters of affine VOAs Lp, o (£ =
4,8,12) and Lp, 3 (¢ = 4,5). Since it seems that we cannot determine the dimensions of spaces
of characters in this case by information of conformal weights and diagram automorphisms,
we further use the techniques of S-matrix.

Let Pf be a set of dominant integral weights of positive integral level k£ of an affine
VOA Lg . It is well-known ([9, 8]) that characters transform under 7 — —1/7 as

cha(—1/7) = > S(A,A)chy(r), S(AA)eC.
AeP¥
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Proposition 15 ([10, pp. 181][18, Proposition 4.19, pp. 236 (ii)]). Let A, A’ € P_,’f of Lp, &
and A = Zle m;\; and A’ = Zle n;\;. Then

2msit;
S(A,A) =ik 20 — 1)742 det <sin m) ,
1<4,5<4

k+20—1
where
] -1 - 1 -1 -
Jj=t Jj=t

for 1 < i < (. In particular, S(A,A") for Lp, 2 is given in Table 20, where we set \y = Ay,
)\j:A]‘ (QSjSE—l), Ao = 2A,.

A/
A 0 2\, Ay | A+ Ay Ak
0 T T T T T
2/20+1 | 22041 | 2 2 2041
oA T T T T T
1 22011 | 22011 2 2 20+1
A 1 R 1 0
‘ 1 1 21 .
TR T N
. 7]
Aj ot | varg | 0 0 2051 CO8 2011

Table 20: List of S(A,A’) for Lp, o

5.1 B4 of level 2 and 3

We first determine the dimension of the space of characters of Lp, 2. The highest weights
of simple Lp, o>-modules are given by 0, A1, Aa, A3, Ay, 2Aq, 2A4, Ay + A4 whose conformal
weights are respectively given by

1 10

I - 10
27797 ()

4 7
0, =, =, 1
i 97 97 I

We prove a relation chp, + chop, —cha,+4, = 0. As being stated in Proposition 15 (also see
[18, pp. 236 (ii)]) the S-transformations of characters chp,, cha,4a,, chop, are

1 1 1 1 2 1
chp, — 3 chg +§ chop, —3 chp, —3 chp, +§ chp, —3 chayp, , (11)

1 1 1 1
ChA1+A4 e 5 Cho —5 Ch2A1 —5 ChA4 "‘5 ChA1+A4 s (12)
1 1 1 1 1 1 1 1
Cth1 — 6 chg +6 Cth1 —5 ChA4 —5 ChA1+A4 —|—§ ChA1 +§ ChA2 +§ ChA3 +§ Ch2A4 (13)
It follows by (11)—(13) thatf(—1/7) = f(7), where f = cha, +chap, —chp,44,. Since the

central charge of Lp, 2 is 8, the lowest power of ¢ in f is not smaller than 2/3. Therefore f3
is a holomorphic cusp form of weight 0, which shows f = 0.
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Proposition 16. dim Xp, o = 7 and chp, +chopr, = cha,4a,. Moreover, Lp, o satisfies
non-zero Wronskian condition.

Proof. The relation chp, +chap, = cha,+a, was already proved. By (10) and Lemma 4,
it suffices to prove linear independence of chy, and chap,. Suppose that achp, +bchay, =
0. By Weyl’s dimension formula, we have 84a + 44b = 0. It follows from Proposition 15
that S(As3, A4) = 0 and S(2A1,A4) = —1/2. Since the conformal weight of Lp, 2(A4) is 1/2
and 1/2 + Z~( are not conformal weights, the coefficient of q'/® of the S-transformation of
the linear relation yields b/2 = 0. Therefore we have a = b = 0.

We next show that Lp, o satisfies non-zero Wronskian condition. Since chp, and chgy,
have the same lowest powers, we have normalized forms of them as ¢%/3+... and ¢4~ 1/3 +
with A € Z~1. Then, by (10), Mason’s inequality 42—12 (3/2 + A) = 24—12A > O yields A =
2, which shows at the same time that Lp, o satisfies non-zero Wronskian condition. ]

The number of simple Lp, 3-modules is 16. The conformal weights are 0, 9/20, 1,
33/20, 9/10, 3/2, 7/10, 5/4, 2/5, 9/10, 3/2, 7/5, 6/5, 9/10, 29/20, 3/2. The highest
weights with conformal weight 9/10 are Az, 2A; and Ay + A4, and the highest weights with
conformal weight 3/2 are 3A;, Ay + 2A3 and A3 + Ay. Let g = chp, +chap, —cha,4a,
and h = chp,qa, +chsp, —chp,4op,, and we prove that ¢ = h = 0. By Proposition 15 it
follows that

(—1/7) —\f 5+\/5 (—1/m) /5 5—

Then (g, h) is a vector-valued modular form of weight 0. Suppose that (g, ) is a non-zero
vector- Valued function. The lowest powers in ¢ of ¢ and h are not smaller than 9/20 and
21/20, respectively since the central charge of Lp, 3 is 54/5. If both g and h are not zero,
then g and h are linearly independent since their lowest powers of ¢ do not have an integral
difference. We write the lowest powers of ¢ in them by A € 9/204Z>o and B € 21/20+ Z>o,
respectively. Then Mason’s inequality is equivalent to 2 — 12(9/20 4+ 21/20 + A + B) =
—4(4 + 3A 4+ 3B) > 0, which is a contradiction. If h = 0, then g # 0 and the lowest power
in g of g is positive, which contradicts to Mason’s inequality. Therefore, we have g = h = 0,
that is, chp, +chap, = chp, 44, and chpag,ya, +chga, = cha yop,.

Proposition 17. dim Xp, 3 = 14 and cha, + chan, = cha,4a,, chaz4a, +ch3a, = cha,4oa,.
Non-zero Wronskian condition does not hold.

Proof. We prove that both sets {chp,, chap, } and {cha,4a,, chsa, } are linearly independent.
Suppose that achp, +bchay, = 0 with some a,b € C. By Weyl’s dimension formula, the co-
efficient of ¢%/2 is 84a + 44b = 0. Then by Proposition 15, we have S(As, Ay) = 1/2v/5
and S(2A1,A4) = —1/2V/5. Since the conformal weight of Lp, 3(A4) is 9/20 and any
number in the set 9/20 + Z~ is not a conformal weight, the coefficient of ¢°(= 1) of the
S-transformation of the relation achp, +bchay, = 0 is a/2v5 — b/2v/5 = 0. Thus we
have a = b = 0. Also suppose that cchp,4a, +dchgy, = 0 with ¢,d € C. Then the same
discussions given above show ¢ =d = 0.

The normalized forms of chp, and chgy, are @/ 4. and ¢¥20HA 4. with A— 9/20 €
Zxq, and ones of chp, 4, and chsp, are q21/20+- -+ and qB+21/20+' -+ with B—21/20 € Zxy.
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Then by Mason’s inequality, we have —4(3A4 + 3B — 26) > 0. Setting A = (9 + 20m)/20
and B = (21 + 20n)/20 for positive integers m and n, we have 3m + 3n < 43/2. Therefore,

non-zero Wronskian condition does not hold, i.e. there are no m and n such that 3(m+n) =
43/2. O]

5.2 Bg and By of level 2

The number of inequivalent simple Lp, o—modules is 12, the central charge of Lp, 2 is 16 and
the conformal weights of simple Lp, 2-modules are

[ 363533 30 26 21 15 8 3
B v A A A b A A v A A A A
where the highest weights of simple modules with conformal weight 1 are Ag and 2A;.

(14)

Proposition 18. dim X, o = 12 and Ly o does not satisfy non-zero Wronskian condition.

Proof. By Lemma 4 and (14), it suffices to prove chy, and chgp, are linearly independent.
Suppose that achpg +bchay, = 0. By Weyl’s dimension formula, the coefficient of q'/? of
the linear relation is 256a + 152b = 0 and it follows from Proposition 15, we have S(Ag,0) =
1/2v/17 and S(2A1,0) = 1/2. Applying S-transformation and taking the coefficient of ¢~2/3
of the linear relation we have a/2v/17 +b/2 = 0, and hence a = b = 0.

The normalization of chy, and chap, are ¢+ and ¢423 4+ ... with A € Zso.
Then Mason’s inequality implies 54 — 124 > 0, which shows non-zero Wronskian condition
failed. O

We next determine dim Xp,, 2. The number of simple Lpg,, s-modules is 16 and the
central charge of Lp,, 2 is 24. The conformal weights of simple Lp,, 2-modules are 0, 12/25,
23/25, 1, 33/25, 3/2, 42/25, 2, 2, 57/25, 63/25, 68/25, 72/25, 3, 77/25, 78/25 where the
highest weights of simple modules with conformal weight 2 are A5 and Ay + Aqs.

Proposition 19. dim Xz,, o = 16 and Lp,, 2 does not satisfy non-zero Wronskian condition.

Proof. 1t is enough to prove that chp, and chp,4a,, are linearly independent. Suppose
that achp, +bchp,4a,, = 0 with some a,b € C. By Weyl’s dimension formula, we have
53130a + 98304b = 0. It follows from Proposition 15 that S(As,Aj2) = 0 and S(A; +
A2, Aq2) = —1/2. Since the conformal weight of Lp,, 2(A12) is 3/2, and any number in the
set 3/2+Z~¢ is not a conformal weight, taking the coefficient of ¢'/? of the S-transformation
of the linear relation gives —b/2 = 0, which yields a = b = 0. The normalization of ch,, and
chp,+a,, are 1+--- and ¢4~ +... with A € Z3 since there is a simple module Lg,, 2(A19)
with conformal weight 3. Thus Mason’s inequality yields 90 —12A > 0, which shows non-zero
Wronskian condition failed. O

5.3 Bsj of level 3

The number of simple Lp, 3-modules is 19 and its central charge is 55/4. The conformal
weights of simple modules are 0, 5/12, 55/96, 3/4, 11/12, 1, 33/32, 7/6, 5/4, 5/4, 45/32, 3/2,
3/2, 151/96, 5/3, 163/96, 7/4, 61/32, 65/32. The highest weights of simple modules with
conformal weights 5/4 and 3/2 are 2A5, A1 + Ao, and 3A1, A; + As, respectively.
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Proposition 20. dim X, 3 = 19.

Proof. 1t is enough to prove that {chaa,,cha,+a,} and {chsa,,cha,+a,} are linearly inde-
pendent. Suppose that achgp, +bchpy, 40, = 0. By Weyl’s dimension formula, the coef-
ficient of ¢%/4=55/96(= ¢65/96) of both sides gives 462a + 4296 = 0. By Proposition 15,
we have S(2As5,A5) = 1/2v/6 and S(A; 4+ A, As) = —1/2v/2. Since the conformal weight
of Lp, 3(As) is 55/96 and any number in the set 55/96 + Zq is not a conformal weight, the
coefficient of ¢°(= 1) of the S-transformation of the relation is a/2v/6—b/2v/2 = 0. Therefore
we have a = b = 0. Suppose that cchgp, +dchp, 44, = 0 with ¢,d € C. The same discussion

above shows that ¢ = d = 0. O
Remark. Non-zero Wronskian condition for Lp, 3 does not follow directly. The normaliza-
tion of the characters chop, and chp,4a, are qP/A55/96 .. and ¢P/ATAE/9 L L with A €
Z~0, and ones of chgy, and chp,ya, are ¢3/275%/9 ... and ¢3/2+B=5/9 with B € Z-y.

Then Mason’s inequality implies —12(—16+ A+ B) > 0. It seems to be hard to determine A
and B without knowing coefficients of higher power of q.
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