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Abstract:

In this paper, we discuss the theoretical interpretation of the artificial compressibility method
(ACM) to propose a new explicit method for the unsteady numerical simulation of fluid flow.
The proposed method employs the compressible continuity and Navier—Stokes equations,
which facilitates the replacement of pressure as one of the major variables with density,
theoretically backed by virtual particle concept. This new concept justifies the theoretical
treatment assuming the speed of sound in ACM as a model parameter determined by the grid
system. More importantly, the present method realizes, in a fully explicit manner, the solving
of a set of equations, which prevents the solving of the Poisson equation of pressure. The new
method was validated and proven by comparing the results of two-dimensional cavity flow
between the proposed method, conventional incompressible method, and the Lattice—
Boltzmann method with varying Reynolds numbers (100, 1000, and 10000). The results of the
proposed method agree well with conventional and reference data for both steady-state and
unsteady-state conditions, although slight numerical oscillations were observed for the
proposed method at a Reynolds number of 10000. Thus, the numerical validation assures that
the proposed method is an explicit method based on a solid theoretical ground to be a new
efficient simulation framework.

Keywords: Explicit computational fluid dynamics simulation, virtual particle, computational
fluid dynamics, cavity flow



39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87

1. Introduction

Most computational fluid dynamics (CFD) simulations of air flow under low Mach
conditions assume incompressible fluids because the compressibility of fluid is negligible for
velocity fields. This assumption also means that the change in internal energy by dissipation
and work by compression and expansion is not necessary to consider for such determination
of the air flow. However, this also requires coupling the continuity and Navier—Stokes
equations to determine the pressure p that inevitably requires solving the Poisson equation
by an iterative numerical procedure, which accounts for the majority of computational load of
such a conventional framework presuming ‘incompressible fluid’.

To avoid solving the Poisson equation of p, several technical procedures have been
proposed earlier. For example, Chorin [1] proposed a new algorithm known as the artificial
compressibility method (ACM), in which some degree of artificial compressibility is
considered despite dealing with an incompressible fluid. Technically, ACM replaces the speed
of sound a with an arbitrary model parameter. This allows the method to solve the temporal
evolution of p without an iteration process. Although ACM was originally aimed at solving a
steady flow field of incompressible fluid with high numerical efficiency, some studies have
reported that ACM can be applied for unsteady flow fields [2—4]. Additionally, modified
ACMs have also been proposed as a numerically effective and stable method. Accordingly,
Clausen [5] interpreted ACM as a compressible fluid with an isentropic process based on the
theoretical equation of p. Additionally, they proposed an entropically damped artificial
compressibility method (EDACM), which can reduce the acoustic wave propagation that
causes temporal and spatial oscillations. EDACM replaced the temperature diffusion with
pressure diffusion to reduce unfavorable oscillations in p and velocity u. Ansumali et al. [6]
proposed the kinetically reduced local Navier—Stokes equations (KRLNS), which establishes
the simplified the pressure equation based on the grand potential instead of the entropy as the
suitable thermodynamic potential. Borok et al. [7] conduct numerical simulations of
two-dimensional cavity flow and two-dimensional Taylor-Green vortex flow to compare the
results of the KRLNS and ACM. In addition, Toutant [8] proposed the general pressure
equation (GPE), which the pressure equation is derived by the budget equation of the enthalpy,
and compared them [9]. In the field of marine engineering, the technical approach of
compressible CFD methods is also studied. For example, Bigay et al. [10] proposed a
weakly-compressible cartesian hydrodynamic (WCCH) solver, which the pressure equation is
based on the polytropic equation of state. All of these methods have the Eulerian governing
equations such as Navier—Stokes equations, which means they describe the fluid motion on
the macroscopic scale. On the other hand, the Lattice-Boltzmann method (LBM) [11] has
been focused in various wind engineering fields. It solves the lattice Boltzmann equation,
which means that it describes the flow motion on the mesoscopic scale. He et al. [12]
compared LBM and ACM in detail to consider the relationship between them.

However, as mentioned above, several CFD methods have been proposed, we focus
on ACM and EDACM in this study. Although these precursors successfully proved that their
artificial compressible framework is applicable in solving incompressible fluid flows
explicitly, the speed of sound a is determined by the arbitrary model parameter. Alternatively,
these methods must be understood as technical procedures to solve problems regarding
incompressible fluids numerically with an artificial parameter. As a result, both ACM and
EDACM require the quantification of artificial parameter in numerical procedures, as reported
in previous studies [13—17].

Motivated by the above background, we report a theoretical consideration accounting
for incompressible fluids into an unsteady simulation framework, presuming a fully explicit
method wherein a new idea relying on the virtual particle concept is introduced. The virtual
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particles are conceptually ideal, that are introduced in the LBM; however, the proposed
method still retains the Eulerian governing equations, namely, the continuity and Navier—
Stokes equations. The proposed method is compared with the conventional CFD method
(Simplified Marker-And Cell method, or SMAC) [18], LBM, and that employed in a previous
study by Ghia et al. [19] for a two-dimensional cavity flow to justify the applicability of the
proposed method, named as the explicit method with the virtual particle concept (EMV).

This study is organized as follows: the theoretical background of EMV is explained
in Section 2, the velocity fields of the cavity flow are discussed in Section 3, and the
conclusive remarks are provided in Section 4.
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2. Theory
2.1 Governing equations

We start from the theoretical budget equations for a compressible fluid to consider
the physical interpretation of artificial compressibility approaches (e.g., ACM and EDACM).
The continuity and Navier—Stokes equations for a compressible fluid can be written as

dap dp
E+uja—3(:j= —p0, (2.1.1)
du; ou; dp 0

Here, variables are defined as follows; t: time [s], x;: the coordinate for the i-th direction
[m], wu;: the velocity for the i-th component [m/s], p: the pressure [Pa], p: the fluid density
[kg/m’], p: the dynamic viscosity [kg/ms], A: the second dynamic viscosity [kg/ms], e;; =
(0u;/0x; + 0u;/0x;): the velocity strain tensor, &;;: the Kronecker’s delta, and 6 =
du;/0x;: the divergence of the velocity.
For an ideal gas, where p can be expressed by two independent microstate variables,

p and temperature T, p = p(p,T). Hence, the total derivative of p with respect to t gives
the equation of p as follows:

Dp dp\ Dp dp\ DT

Dt (@)Tn—t (ﬁ)p o
Here, D/Dt = d/0t + u;0/0x;, and the suffix of T or p indicates the partial derivative
with fixing T or p, respectively. By employing the continuity equation, the budget equation
of internal energy, and the ideal gas equation (p/p = RT, where R is the gas constant
[J/kgK]), we obtain

(2.1.3)

Dp _ 1 kazT + 6 2.1.4
Dt—(y ) 5x,0%, ¢ | —ypo. (2.1.4)

Here, k is the thermal conductivity [J/Kms], ¢ is the dissipation rate of the kinetic energy
of the fluid per volume [J/m’s], and y = c,/c, is the ratio of the specific heat (c,: the
specific heat with the isobaric condition [J/kgK], and c, is the specific heat with isochoric
condition [J/kgK]).

We consider how Eq. (2.1.4) is expressed for isothermal, isentropic, and isochoric
conditions.

For an ideal gas, the internal energy budget equation is written as follows:

DT 0T
“Dt - k 0x;0x;
The isothermal condition means that DT /Dt = 0 and 0T /dx; = 0; therefore, we obtain
¢ = p0, meaning that the entire reduction of kinetic energy owing to the dissipation, balances
with work, by the pressure and volume expansion. Because the speed of sound a is defined
as

p +¢ —pé. 2.1.5)

a? = —, (2.1.6)

we can rewrite Eq. (2.1.4) under isothermal conditions by substituting ¢ = pf and a? =
p/p as follows.

D
D_?t’ — —p6 = —a2pb. 2.1.7)
For an isentropic condition, the specific entropy s [J/kgK], expressed by
Ds 0°T
pTo-=k 597 + ¢, (2.1.8)

is kept constant. Therefore, we obtained Ds/Dt = 0, or RHS=0. By substituting a? = yp/p,
we obtain.
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Dp 5
C - _ 2.1.9
Di 1444 a*p0, ( )

which is identical to Eq. (2.1.7).
Egs. (2.1.7) and (2.1.9) are identical because both the isothermal and isentropic
conditions are categorized as barotropic flow, where p = p(p). Therefore, the simple chain

rule Dp/Dt = (Dp/Dt)(dp/dp) gives the following p equation:
DD_FZ — _a?p0, (2.1.10)

with Eq. (2.1.6). Therefore, the p equation for both barotropic conditions is identically
expressed by using a, p, and 8. Eq. (2.1.10) is considered to be employed as a basic
equation for the original ACM [1], although they have not mentioned the physical meaning of
the governing equation. We recall the interpretation of Eq. (2.1.10), with several assumptions
applied in the ACM in Section 2.2.1.

For the isochoric condition, we can assume that Dp/Dt = 0 in Eq. (2.1.3). Hence,

we obtain,
14

" aG -
Substitution of Eq. (2.1.11) to Eq. (2.1.5) gives
Dp 0%p
DE= 5x,0%, + (y —1)¢ — ypo. (2.1.12)
Here, a = k/pc, [m?/s] is the thermal diffusivity. Eq. (2.1.12) is the original form of p in
the equation used in EDACM [5], although they did not mention their assumption as the
isochoric condition. Under this condition, a cannot be defined since a? = dp/dp — o
theoretically. However, we nominally denote p = a?p. By substituting a and taking the

condition of a — oo, we obtain

(2.1.11)

li =1 ! o°p + 1 bp =0 2.1.13
aeP _al—r}c:loya2 “Vaxjax,- v =1¢ pt) (2.1.13)

This means that the isochoric condition is identical with the incompressible assumption.

Based on the equations of p in Eq. (2.1.10) for the barotropic condition, and Eq.
(2.1.12) for the isochoric condition, we discuss the premise and assumptions used in ACM
and EDACM in the following section.

2.2 Artificial compressibility approach
2.2.1. ACM by Chorin (1967) [1]

The original ACM proposed by Chorin [1] employed the following two assumptions:
i) a substantial derivative of p can be expressed as Dp/Dt~dp/dt, and ii) a is a model
parameter (or artificial speed of sound) satisfying p = a?p. These assumptions give the
following p equation:

5]
a_’: — —a?po. 2.2.1)
Therefore, employing ACM indicates that the following set of equations is solved.
dp
L 222
5 = Po (2.2.2)
O 4oy T azap+1a(/wa + pey;) 223
ot Y dx;  pox; pox i T Heij ) (2.2.3)

According to these equations, we discuss the physical meaning and interpretation of
ACM. First, the conventional ACM 1is used as a numerical technique to solve an
incompressible flow problem under steady-state conditions with an arbitrary parameter a. As
seen, the difference in Eq. (2.1.1), and Eq. (2.2.2), the mass conservation cannot be satisfied
under the unsteady-state condition in ACM. Therefore, we have to interpret that Eq. (2.2.2)
satisfies the physical constraint of continuity only when dp/dt = 0. In other words,
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extending the ACM for solving an unsteady flow development is not theoretically appropriate.
Alternatively, Eq. (2.2.1) is physically reasonable even under an unsteady state if the
advection term of p (i.e., u;0p/0dx;) remains the same as Eq. (2.1.10) for both barotropic
flow conditions. This means that we should solve the set of equations in Eq. (2.1.10), and Eq.
(2.2.3) for the unsteady-state flow. Secondly, Clausen (2013) [5] explains that ACM is one of
the limitations with isentropic assumption; however, both isothermal and isentropic (i.e.,
barotropic conditions) give the same p equation as in Eq. (2.1.7), and Eq. (2.1.9). Therefore,
the conventional ACM must be interpreted as barotropic flow under the assumption of
u;0;p = 0. The last aspect is the selection of a. We can understand that its preferable to
replace the value of a by an artificial speed of sound, that’s less than its realistic speed in
terms of numerical procedure for both p and u; because the characteristic speeds of the
system are expressed as u; and u; + a from the eigenvalues of the coefficient matrix of the
governing equations. However, the aforementioned derivation of the set of equations for the
ACM does not explain why we can assume a as an arbitral model parameter.

2.2.2. EDACM by Clausen (2013) [5]
Clausen (2013) [5] introduced EDACM as a method that minimizes the density
fluctuation. When p = p(p, T), the total derivative of p is

_(9p dp
ap = (a—T),, ar + (a—p)T ap- (224)
If we assume that dp~0 as employed in the EDACM, we obtain
ap\ (9p\* 1
__ (% (9P - _Z 2.
dp <6T)p <ap)T dT = pc, (1 )/) dT. (2.2.5)

The integral of Eq. (2.2.5) leads to Eq. (2.1.11), meaning that the assumption in EDACM is
identical to the isochoric or incompressible condition, although Clausen (2013) [5] did not
mention this aspect. In addition, the EDACM assumes that i) ¢ = 0, and ii) a? = yp/p.

When these assumptions are applied to Eq. (2.1.12), the p equation in EDACM is written as
Dp %p
D_t = aym - aZpB. (226)
]

Hence, applying EDACM indicates that the following set of equations is solved.

dp dp ¢
e + U a—x} =—pb — T_C,,' (2.2.7)
du; ou; adp 10

— gty — =y o i) 2.2.
ac W 0x; Yp 0x; +paxj (1683, + ney) 22

Similarly, the mass conservation is not achieved in EDACM because of the
difference in Eq. (2.2.7), and Eq. (2.2.1). Additionally, the physical interpretation of Eq.
(2.2.7) 1s not clear. Moreover, EDACM must be interpreted as an isochoric (incompressible)
condition because minimizing dp is absolutely required. However, the condition is satisfied
only when a? = dp/dp — . Nonetheless, the parameter a appears in Eq. (2.2.8) as an
arbitrary model parameter. Furthermore, the derivation of equations for EDACM does not
explain why a can be a model parameter.

To summarize the problems in artificial compressible approach, firstly mass
conservation is not satisfied theoretically, and secondly the speed of sound a can be selected
as an arbitrary model parameter that is also not explained theoretically. We think that both
aspects are not critical issues in terms of solving the fluid dynamics numerically, based on
ACM and EDACM, as previous researchers have justified the accuracy of these methods by
comparing the conventional numerical method [4,14]. However, theoretical understanding is
required to reason, why these assumptions allow us to derive the fluid dynamics motion
numerically, based on artificial compressibility equation with parameter a.
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2.3 Interpretation of parameter a
2.3.1. General theory of kinetic energy of gases

To provide a theoretical interpretation to assume a as the model parameter in ACM
and EDACM, we consider the fundamental definition of the pressure by molecule motions.
Given that a mono-atomic molecule i of n [mol] with mass m [kg/pcs], the velocity g
[m/s], the total internal energy U [J] is

U = 05mEM™N4qi* = 0.5mgznN,, 2.3.1)

where N, is Avogadro number, by taking the summation of the total number of molecules
nN, [pcs]. qr is the root mean squared speed of molecules, or the thermal velocity, which is
written as
A, _JoS@47dg
nNg T [T (@) dg
Here, f(q) is the Maxwell distribution for molecules with respect to velocity q [m/s]. Eq.
(2.3.1) is also written as

(2.3.2)

q7 =

O.STnZ:”VAq,iC2 (for 1D)
05 _nny 2 nNg (i 4 i
U =—5-m3 g (for D) = 0.5m%; (qx +qy ) (for2D) . (2.3.3)
0.5mz]"4 (q,"c2 + q},z + qéz) (for 3D)
Because of the homogeneity of molecules in each direction for dimension D. Here, q’, q§,
and q. represent the velocity component in x, y, z and direction of q‘, respectively.
Meanwhile since molecule motions are given by a change in momentum in one
direction per unit area:
p= me’q,‘;Z. (2.3.4)
Here, N [pcs/m?] is the molecular density per unit volume (=nN, /£ [pcs/m?], where 2 [m?]
is the fluid volume). By multiplying Q, we obtain

pQ = mzM4qi’, (2.3.5)
Therefore, the following relationship for U and p for D-dimensional gas can be obtained:
2U mg?nN,
=— = 2.3.6
pQ ) D ( )

We call Eq. (2.3.6) the general form of Bernoulli’s theorem for D-dimensional gas. By
dividing (2, p can be written as:

»= pﬁ 2.3.7)
D’

where p = nN,m/f [kg/m?] is the total number of molecules multiplied by the mass per
volume. This indicates that pressure is given by thermal velocity q; defined by the total
mean internal energy of molecules.

2.3.2. Explicit method with virtual particle concept (EMV)

On introduction of the concept of virtual particles, by grouping molecules of number
E, the particle will have a velocity q.,, where i represents an index to express the i-th virtual
particle (i = 1 to nN4/E). The virtual particle can move from one point to another, defined
by a lattice grid with uniform grid length of A during a representative time scale At. The
motion to diagonal neighboring grids, such as the length of v24 and /34, is also possible
depending on considering ultra-discretization, which means the discretization of the
dependent variables. In this context, velocity of the molecules is discretized as ¢; (i =0 to
M, where M is the number of discretized velocities). Examples of the lattice grid are given in
Appendix Al.
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By following the definition and derivation of U and p based on the theory of
kinetic energy of gases, we can define the internal energy U, and pressure p, by the virtual
particles as follows:

. nN,
U, = 0.5m, 24/ qi? = o.5quv§T“ = 0.5mq,2nN,. (2.3.8)

Here, m, = mE [kg] is the mass of virtual particle with E a molecule. The root mean
squared velocity of the virtual particle, gy, is

o IM fic?
W =N NAE gL = LE_{VZfﬁl (23.9)
Here, f; (i =0 to M) is the distribution function of the virtual particle. f; and c; are
determined once the lattice grid for the discretization is defined (please refer to Appendix Al).
If we assume that the distribution of virtual particle is homogenous in each D direction, we

obtain

U, = %BmVZ?NA/Eqvi 2 (2.3.10)
Here, qvi represents the x-component of q.. The pressure p, due to virtual particle
motions is given by a change in the momentum in one direction per unit area as:
py =m,z" q,1% (2.3.11)

Here, N/E [pcs/m?] is the virtual particle density per unit volume (=nN,/EQ). By
multiplying (), we obtain

ppQ = m,ZN4Fq i %, (2.3.12)
Therefore, the following relationship is obtained for U, and p, for D dimensional flow:
20, m,q,2nN, 3 mq,2nN,

_ v - 23.13
P =" DE D (@3.13)
By dividing Eq. (2.3.13) by £,
_p Bor_ Bor 2.3.14
Pv = Py D =p D" ( . )

Here, p, = (mynN,)/EN = mnN,/Q = p [kg/m’] is the fluid density. This is p = p,
because the total mass does not change when the molecules or virtual particles are accounted
for.

From Egs. (2.3.8) and (2.3.14), the following relationships are obtained:

q 2

U, =U—F, (2.3.15)
qr
Qv

Py =P~ (2.3.16)
qr

Therefore, U, and p, are smaller than those determined by kinematic energies of molecules.
This is because the virtual particle is defined as a group of E molecules, indicating that
internal energy within the group is not accounted for by U, and p,. When we denote these
differences as AU, and Ap,, U and p are written as

U=U,+AU,
nN, (2.3.17)
= 0.5m,q,2 TA + AU,
P =Pyt Apy

pq (2.3.18)

= DUT + Ap,.

This also gives,
24U,

_ _ 2.3.19
Apy =5 ( )

If we can group E molecules such that AU, /2 = Const. with respect to x;, the pressure
gradient term in the Navier—Stokes equation can be written as
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dp _0p,  0Ap, O0p,

ox; 0x;  0x;  0x;
That allows us to replace p to p, in the Navier—Stokes equations, indicating that the
pressure determined by all molecule motions is not necessary for calculating the macroscopic
fluid distributions.

The applicability of this concept may depend on how the group of E molecules is
defined, whereas the definition of grouping is very ambiguous because the selection of E
does not appear in the derived relationship in Eqs. (2.3.17)—(2.3.20). The virtual particle
concept being introduced is itself is identical to that of LBM; however, the present
explanation of the virtual particle concept gives a theoretical understanding that pressure due
to internal energy within the virtual particle is neglected in the LBM.

If we select a lattice grid, f; and ¢; in Eq. (2.3.9) are explicitly determined, and
therefore, we obtain the following expression for p, (please refer to Appendix A2 for the
derivation).

(2.3.20)

c? 2

_c<_»r A) 2321
p"_p3_3<At ' (2.3.21)

This relationship is identical to the assumption that a = A/(v/3At). Therefore, the concept of
a virtual particle justifies that speed of sound a, can be an artificial parameter, determined by
the grid system of a numerical simulation. However, a is not an arbitrary parameter that can
be empirically determined, but is one that is fixed by the grid system. By employing Egs.
(2.1.2) and (2.3.21), we can get the final version of the Navier—Stokes equations of EMV as
follows;

dpu; dpuu; 1/A\?0 d
As a result, we can solve u; and p explicitly by Egs. (2.1.1) and (2.3.22). Therefore, we
refer to this as the explicit method with virtual particle concept (EMV). The Mach number of
EMYV is calculated by the following equation, which becomes larger than real;

v V3V (%) (2.3.23)

Ma =—=
a
Here, Ma is the Mach number [—] and V is the fluid velocity [m/s]. The justification for
introducing the virtual particle for reproducing the velocity fields of incompressible fluids is
discussed in Section 3.
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3. Application to two-dimensional cavity flow
3.1 Numerical description

A two-dimensional cavity flow has been solved using the EMV, conventional CFD
(based on Simplified Marker and Cell, hereafter, denoted as SMAC [18]), and LBM.
Additionally, the results were compared with reference data by Ghia et al. [19], who
conducted direct numerical simulation based on coupled strongly implicit multigrid
(CSI-MG) method [20]. This section describes the basic numerical conditions employed in
these simulations.

Fig.1 and Table 1 show the schematic diagram of cavity and numerical conditions for
each case. We consider a simple two-dimensional cavity flow in which the side and bottom
walls are fixed and the top is specified as fixed velocity of u; = 1m/s. pu is fixed as well, and
the width and height of the cavity denoted as H is determined by the Reynolds number
Re = p,u:H/u, where p, is the initial air density since p changes with time in EMV and
LBM. Three conditions of Re number are employed: Re = 100, 1000, and 10000. Grid
numbers of 1002, 150%, and 250 are used, respectively, for each Re. A uniform grid
resolution Ax = Ay = A is applied in x and y directions for EMV, SMAC, and LBM.

The governing equations are discretized in a staggered grid system [21] for EMV and
SMAC. As for the temporal development, the first-order Euler scheme is adopted with At =
CoA/u; for SAMC and At = CyA/(uy + a) for EMV and LBM. Here, C, is the Courant
number. For SMAC method, C, = 0.25, whereas C, = u,At/A + 1/+/3~0.83 for EMV and
LBM in the present simulations. We employed the different Courant numbers in SMAC and
other methods because we employed the same At for all the simulations. The advection,
diffusion, and pressure terms are discretized by the second-order central scheme, whereas the
first-order upwind and total variation diminishing (TVD) scheme [22] are employed for
advection terms of continuity and Navier—Stokes equations when Re = 10000. This is
because the numerical oscillations cannot be reduced in the EMV with Re = 10000. It
should be noted that we were able to obtain the converged flow fields even though the
second-order central scheme was employed in the advection term in the explicit methods of
SMAC and EMV due to the molecular and numerical diffusion terms. The details of
discretization are given in Appendix A2. LBM employs a 2D9V (two-dimensional and
nine-discrete particle speeds) grid system with the BKG model [23] with collocation grids.

i U =1
Moving wall t

>
-
/

v

y/H T—>x,u
Solid wall \

7
/
L

0

0 x/H 1

Fig.1 Schematic diagram of numerical domain.

Table 1. Numerical settings for compared simulations and reference data.

Method Variables to be Discretization
solved Storage Advection Diffusion/Gradient
EMV (Re = 100, 1000) u;, p 1t - Euler 2M _ central 2m _ central
1%-upwind (p)
= . st _ nd _
EMV (Re = 10000) u;, p 1% - Euler TVD (u;) 2"¢ - central
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SMAC U, p 1% - Euler 2m - central 2m - central
LBM f; ] ; ;
Ghia et al. [19] U, p - Khosla et al. [24] 27 _ central

3.2 Converged flow distribution

Fig. 2 shows snapshots of the streamlines and p distribution at t = t, for each Re
number. Here, t, represents the time when flow fields converge. p in EMV and LBM
represent the values determined by p from distribution of Eq. (2.3.21). As can be seen in Fig.
2 (a—) of Re =100, three calculation methods show identical primary vortex as well as
pressure distribution in a steady-state condition. Additionally, the secondary vortices shown at
both bottom corners are also well captured for all three methods. When Re = 1000 in Fig. 2
(d-f), similar results can be seen; i.e., both primary and secondary vortices were well
reproduced for each method. In the case of Re = 10000, the EMV in Fig. 2 (g) reproduces
the primary vortex and vortices in the bottom-right corner as those in SMAC in Fig.2 (h).
Additionally, subsidiary vortices in the bottom-right and left-top corners are seemingly
identical. In contrast, slight differences in the vortex shapes near the left-bottom corner can be
observed. Although the LBM can capture the primary vortex consistent with the other two
methods, the shapes of subsidiary vortices differ from those of EMV or SMAC. This result
means that both the EMV and LBM employed identical concepts for determining p; however,
the reproduced flow field slightly differed from each other. In contrast, EMV and SMAC
show significantly similar flow patterns regardless of the difference in the governing
equations.

Regarding numerical stability for each simulation, a slight numerical oscillation can
be seen at pressure distribution of Re = 10000 near the right wall (x/H~0.9,y/H~0.5)
only in EMV (Fig.2 (g)), although both SMAC (Fig.2 (h)) and LBM (Fig.2 (1)) do not show
any unnatural fluctuations. This is confirmed by exploring time evolutions of u and p at
several points, despite not showed in this paper. The dominant frequency of these oscillations
in EMV are much higher frequency than the frequency of propagations of the sound waves.
Thus, we concluded that this oscillation is because EMV solves the governing equations
explicitly, whereas SMAC employs iterative simulation by solving the Poisson equation of p.

The velocity profiles of the EMV are compared with those of SMAC, LBM, and
direct numerical simulation (DNS) results (Ghia et al. (1982) [19]) in Fig. 3. The vertical
profiles of u and horizontal profiles of v are taken at x/H=0.5 and y/H=0.5, respectively.
Both velocity components are normalized by u;. As can be seen in Figs. 3 (a) and (b), the
results of EMV show profiles identical to those of SMAC and Ghia et al. (1982) at Re = 100
and 1000, indicating that EMV can reproduce the flow fields, similar to the conventional
method, even though explicit numerical method is employed.

On the other hand, the profile of EMV is underestimated by approximately 15% at
maximum as compared with those of SMAC and DNS, Re = 10000 as shown in Fig. 3 (¢).
The difference is the most significant at the peaks of u and v near each wall. Furthermore, a
slight numerical oscillation of v can be admitted between x/H=0.9 and 1.0. Both of these
aspects are due to the difference in the spatial discretization scheme between EMV and
SMAC, i.e., SMAC employed the second-order central scheme for the advection term,
whereas EMV inevitably adopted the first-order upwind scheme for the advection term in p
equation and TVD scheme in u; equations. This means that the artificial numerical viscosity
was added only in the EMV to avoid numerical oscillation, which led to deviations between
EMYV and SMAC. As shown in Appendix A3, we confirmed that 2-D cavity flows using the
first-order upwind deference scheme for both EMV and SMAC does not show any differences
in velocity distributions, although the results are different from DNS data (Ghia 1982). These
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results imply that EMV can reproduce the velocity fields similar to those in conventional
methods wherein the perfect incompressibility of fluid is assumed, although we have to
employ an appropriate advection scheme to avoid numerical oscillation and obtain converged
flow fields.

In contrast to these slight differences in EMV and SMAC, LBM shows larger
differences in both u and v. It should be noted that the discrepancies of EMV from SMAC
and DNS are much smaller than those of LBM, especially at Re = 10000.

(P — po)/pou?

I
405 0 05 1

y/H

0 x/H 1 0 x/H 1

0 x/H 1 0 x/H 1 0 x/H 1

y/H

(g) EMV at Re=10000 (h) SMAC at Re=10000 (i) LBM at Re=10000

Fig.2 Streamlines and pressure distributions at each Reynolds number of (a-c) Re = 100,
(d-f) Re = 1000, and (g-i) Re=10000 at time, t/t, = 1, where t, is the duration when the
flow distribution converges. p, is the initial pressure value. The distributions are determined
by (a), (d), (c¢) EMV, (b), (e), (h) SMAC, and (c), (f), (i) LBM.
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Fig.3 Velocity profiles in the center line of cavity for u at x/H = 0.5 and v at y/H =
0.5.(a) Re =100, (b) Re = 1000, and (c) Re = 10000. Reference data is after Ghia et al.
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3.3. Temporal evolutions

The other concern is whether EMV can reproduce the temporal evolutions of the
velocity fields consistent with the conventional method. In this section, we qualitatively
discuss the temporal development of flow by comparing changes in the vortex structures
within the cavity, and time evolutions of velocity at the center of the cavity.

Fig.4 shows the flow distributions determined by EMV and SMAC, Re = 1000 at
three different moments of t/t, = 0.05, 0.2, and 0.4 (The distributions at Re = 100 does
not show significant difference between EMV and SMAC; therefore, we discuss the patterns
of Re = 1000 and 10000). t/t, = 0.05 in Figs. 4 (a) and (d), we can see the difference in
streamlines at the bottom of the cavity, although the overall distribution patterns are similar to
each other in terms of streamlines and locations of the primary vortex near x/H = y/H~0.8.
Additionally, the p distribution seems to show some difference. Such a difference may be
due to the effect of acoustic wave propagating with the speed of sound. In SMAC, the
assumption of incompressibility indicates that the propagating speed of acoustic wave is
infinite, which is enabled by solving the Poisson equation of p. In contrast, the propagating
speed in EMV is the artificial speed of sound a = A/+/3At by solving the compressible
continuity equation as explained in Section 2.3. Such differences become less significant as
the time step evolves, as shown in Figs.4 (b) and (e), and Figs. 4 (¢) and (f). At t/t, = 0.2,
the streamline and pressure distribution show good agreement except for the secondary vortex
in the bottom-right corner of the cavity. Accordingly, the difference in flow patterns cannot be
seen at t/t, = 0.4.

Fig. 5 looks the same as Fig. 4 but for Re = 10000. t/t, = 0.03 in Figs. 5 (a) and
(d), both results have two vortices near the center of the cavity; however, the shapes and
locations of the two vortices differ in EMV and SMAC. Additionally, the secondary vortices
observed near three corners of the cavity (i.e., (x/H, y/H) ~ (0.1, 0.1), (0.1, 0.9), and (0.9,
0.1)) show significant differences. For example, at (0.1, 0.1), the core of the vortex is located
at a lower and righter position for EMV than SMAC. With time development, these two
vortices near the cavity center combine with each other and one primary vortex is formed at
the center of the cavity, as seen in Figs. 5 (b) and (e). At this moment, the flow distributions
are considerably similar in EMV and SMAC; however, slight differences can be observed
near each corner. At t/t, = 0.2 in Figs. 5 (¢) and (f), the results of both EMV and SMAC
are almost identical, although the numerical oscillations occur near the side wall, as seen in
the profiles of v (in Fig. 3. (¢)).

Figs. 6 and 7 show the temporal evolutions of u, v, and p at the center of the
cavity (x/H = 0.5, y/H = 0.5), and the maximum and minimum density, pm,.x and Pmin,
within the entire domain at each time step to qualitatively discuss the differences in each
method. The horizontal axis is normalized by ¢,.

At Re = 100, both u and p by EMV show the apparent oscillation from t/t, = 0
to 0.4, whereas those of SMAC do not fluctuate at all. Similar oscillations can be seen for the
LBM. With temporal development, such oscillations decrease for EMV. Consequently, u, v,
and p of the EMV agree well with those of the SMAC. These differences among the
methods mean that the explicit method causes such oscillations with respect to time. However,
we could not differentiate these oscillations from the numerical oscillation because they can
occur due to the propagation of a wave with finite speed of sound. Additionally, we have to
assume that the considerable smooth temporal development of velocity and p is unnatural
owing to the iterative method while solving the Poisson equation of p in SMAC. Note that
the difference in approached values of t = t, among EMV, SMAC, and LBM reflects the
differences shown in profiles of Fig. 3. A similar trend can be seen when Re = 1000 in Figs.
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437 6 (c) and (d). Regarding the compressible effect in EMV, Fig. 7 shows that the maximum
438  difference in the density is less than +5%.
439 Alternatively, Figs. 3 (e) and (f), Re = 10000 show that oscillations of u, v, and p of
440 EMV are not reduced even though time evolves. In contrast, those of SMAC show
441  significantly smooth changes with time. We cannot state that these fluctuations are artificial or
442  numerical problems; however, such fluctuations may cause the divergence of numerical
443  simulation and must be avoided for the numerically stable simulations. In addition, such
444  oscillations can also be seen in P4, and p,in of EMV (Fig. 7). However, the difference of
445  the density within the entire domain is kept less than 8% at Re = 10000.
446

(p — Po)/pout

AT TTTTT RN
105 0 05 1

0 x/H 1 0 x/H 1 0 x/H 1
(d) SMAC at t/t, = 0.05 (e) SMAC at t/t, = 0.2 (f) SMAC at t/t, = 0.4

447
448  Fig.4 Temporal changes in velocity distributions for Re = 1000 for (a—c) EMV and (d—f)

449  SMAC. (a), (d) at t/t, = 0.05, (b), (e), t/t, = 0.2 and (c), () t/t, = 0.4.
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(d) SMAC at t/t, = 0.03 (e) SMAC at t/t, = 0.1 (f) SMAC at t/t, = 0.2

450
451  Fig.5 Same as Fig. 4, but for Re = 10000. (a) (d) at t/t, = 0.03, (b), (e), t/t, = 0.1 and

452 (), (D) t/t, = 0.2.
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454  Fig.6 Temporal evolutions of velocity and pressure at center of cavity (x/H = 0.5 and
455 y/H = 0.5) for (a,b) Re = 100, (c,d) Re = 1000, and (e,f) Re = 10000.
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459  Fig. 7 Temporal evolutions of maximum and minimum density, pyq, and ppi, within the
460  entire domain at each time step. p, indicates the density at the initial condition.

18



461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504

4. Conclusion

In this paper, we discussed the theoretical interpretation of an artificially
compressible method such as ACM and EDACM to propose a new explicit numerical method
for numerical simulation of fluid flow. The new method, the explicit numerical method with
virtual particle concept called as EMV, employs the compressible continuity and Navier—
Stokes equations by replacing the pressure to density with an artificial parameter. Additionally,
the validity of EMV was proven by comparing the results of the two-dimensional cavity flow
among the conventional and reference numerical simulations.

In theoretical derivation, we confirmed that ACM and EDACM correspond to
barotropic and isochoric conditions, respectively, by comparing the set of equations employed
in ACM and EDACM with theoretically derived equations for the three macroscopic states.
Previous studies have stated that ACM corresponds to the isentropic state; however, we
extended the interpretation of ACM as a barotropic condition including both isothermal and
isentropic states. Additionally, we provided a new interpretation of EDACM as the isochoric
conditions. Moreover, we clarified the potential problems in artificial compressibility method:
1) both ACM and EDACM may violate the mass conservation law under unsteady-state
conditions, and ii) the governing equations of both methods cannot explain why artificial
compressibility method can be employed with a as an arbitrary model parameter.

To overcome these problems, we propose a new simulation method called EMV,
which employs compressible continuity and Navier—Stokes equations. By introducing the
virtual particle concept, we provide a theoretical interpretation of replacing a as an artificial
parameter determined by the grid system of numerical simulation.

To confirm the validity of EMV, a numerical simulation of two-dimensional cavity
flow was compared with EMV, SMAC, LBM, and previous numerical simulations for three
conditions of Re = 100, 1000, and 10000. The results of EMV agree well with SMAC and
reference data for both steady-state and temporal evolutions in comparison with those of LBM
at Re = 100 and 1000. In contrast, when Re = 10000, the numerical oscillation could be
seen only in the EMV results. Hence we conclude that such oscillations are due to the
numerical instability of the advection term, which can be avoided by applying a numerically
suitable scheme even in EMV.

Although the proposed method was verified in terms of theoretical framework with
the virtual particle concept as well as numerical feasibility, comparable with previous methods,
our numerical simulations employed in this study were very simple for two-dimensional
cavity flow. Furthermore, we only employed the staggered grid system by using SMAC and
EMYV methods. The proposed method will be adopted for various flows with difference grid
systems in future studies, yielding the development of an explicit method for numerically
efficient simulation.
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Appendix
A1l. Distribution function of a virtual particle
The distribution function of molecules is expressed by the Maxwell distribution as

follows:
3

fl@) = (m—ﬁ)i exp (_mTqu)_ (AL.1)

2
Here, ¢ and m represent the velocity and mass of molecules, § = 1/kgT is the inverse

temperature, and kg is the Boltzmann constant. When all the molecules are exposed to a

macroscopic velocity u, the distribution is modified as
3

flq) = (?—f)i exp (— mTﬁ (q - u)Z), (A12)

because the relative velocity of molecules becomes q — u.

We assume that the distribution function of virtual particles, f;, can be expressed by
a similar function by applying the Taylor series expansion up to u?:

;= A;[1+Bu-u—2Bc;-u+ 2B?%(c; - w)?]. (A1.3)

Here, A; (i =0 to M, where M is the number of velocities in a lattice grid) and B =
—3/2c¢? (c = A/At, where is the representative speed of virtual particles defined by the
shortest grid length A and the representative time scale At) are determined to satisfy the
macroscopic nature of a fluid, independently. The ultra-discretized velocity is denoted as c;
(i=0 to M). A; and c; are determined once a lattice grid on which the virtual particles
can move is selected. If we employ the typical velocity and lattice grid models used in the
Lattice—Boltzmann method, as shown in Fig. A1, we can obtain these coefficients, as listed in
Table Al.

By using these coefficients, q,,,. is explicitly determined as

D
Qop = Zificf = §C2, (Al.4)
regardless of the selection of the lattice grid. This also gives the simplest form of p,, as
2 prAy?
_ . c_rd AlS
Pv=P373 (At) ' (Al5)
(a) © , (d) 16
. o /1 2
9 i A 10 NG
A S A s\
y E > i >1
VirtuaII‘particIe ’ 12} __5__‘_?_\ I P " : __5/__§L_ .
L \ > 9 17
4 ’ 4 10
13 14 18

Fig. A1 Definition of lattice grids (a) 1D3V, (b) 2D9V, (c¢) 3D15V, and (d) 3D19V models

Table A1l: Coefficient for the discrete distribution function f;. For 1D3V, C; = A, and C, =
fl]r = flz N for :Z]:)S)‘J; (:1 = 14(), (:2 = 14]» to [14‘, and (:3 = 4f15 to [18 N for :3]:)],55, (:]7 = Aflo,
Cz = A1 to A65 and C3 = A7 to A14, and for 3D19\/, C1 = Ao, CZ = Al to A6’ and C3 =

A; to Aqg.
Lattice grid types C; C, C,
1D3V 2/3 1/6 -
2D9V 4/9 1/9 1/36
3D15V 2/9 1/9 1/72
3D19V 1/3 1/18 1/36
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A2. Discretization
For two-dimensional cavity flow of compressible fluids, the governing equations

with virtual particle concepts can be written as follows:
dp dpu OJdpv

DL T A2.1
ot ox ay 0, ( )
dpu dpu?® dpuv c?o ’u  0%*u
Gpu  Opu® Bpuwv  c*0p F o (A2.2)
at dx dy 3 0x dx dy?
dpv  dpuv 0pv? c?o 0%*v 0%v
dpv | Opwv Opv:_ _cdp O O (A2.3)
at 0x dy 3 dy dx dy?

By replacing the pressure term with p and ¢ = A/At based on the virtual particle concept,
the first equation obtained is the continuity, and the latter two are Navier—Stokes (NS)
equations. The second viscosity terms in NS equations do not appear in two-dimensional
cases because A = —u. The variables are defined at each stencil based on staggered grids.
The velocity u, v, and density p are defined at (i,/), (I,j) and (I,J) as shown in Fig. Al.
These variables are denoted as, u;;, v;;, and p;;. When a quantity that is not defined at the
grids is required, the values are interpolated by variables defined on the grids. The
interpolation method is explained in each budget equation.
The discrete form of continuity is derived by following the finite volume method as
j —dV j apu apv) dav = 0. (A2.4)
vy v ox @ ’

1j
By taking the average Volume with respect to the cell V;; for pp = p;; (Fig. A2), where the
subscript P indicates the present position when volume is considered. By employing the
first-order Euler discretization method for storage term and defining the numerical flux at the
boundary b (=e, w, s, and n), ¢, Eq. (A2.4) is written as

A
=pPp— a (Peue — Pty + Grvn — h5v5), (A23)
where, U, = Ujiq;, Uy = Uy, Vy =Vpjsq, Vs =V, and ap = A% /At. The superscript
n + 1 represents the value at time step n + 1. The variables without the superscript indicate

the value at the time step of n. ¢, is defined as a general numerical flux form by employing
a parameter Y as

n+1

Pry

¢y = ¢y + 0.59(dp — Py). (A2.6)
Here, the subscripts U and D indicate the quantities at the upwind and downwind stencils

with respect to b in Fig. Al (b). ¢, can be written in a form consistent with the central

interpolation schemes as

¢p = 0.5(¢y + ¢p) + 0.5 (1 =) (dy — ép). (A2.7)
1 can be used to control the numerical viscosity to avoid numerical oscillation. ¥ = 0 and

1 =1 correspond to upwind and central interpolation schemes, respectively. The total
variation diminishing (TVD) scheme requires ¥ to be in TVD region as a function of the
local gradient 75,. An example of 1 (13,) is the van Albada limiter function [22], as used in
this paper.

2
Y(ry) = rll’::bz (A2.8)
Ty = 4;‘; i”u” (A2.9)

Here, the superscript UU indicates the two-grid upwind stencil with respect to b in Fig.
A2(b).

By substituting Eq. (A2.7) in Eq. (A2.5), the discrete continuity equation can be
written as the form consistent with the central interpolated scheme as
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- +b
ot = (14222 gy 43, B, (A2.10)
(0] (0]
Here, the coefficients are defined as follows: ap = —0.5u,.A, ay = 0.5u,,A, ay = —0.5v,A,

as = 0.5v,A , by =05(1—9(.))[weld , by =05(1—9v(,))w,|A, by =05(1-
lp(rn))lvnm, bs = 0.5(1 — 1/)(7;))|US|A, ap = Zyayand bp = Xy by. ) means taking all
summation with respect to the surrounding stencils of M = E,W,N and S (Fig. A2 (b)).

Similarly, the momentum equation of u can be integrated with respect to the volume
Vi, for up =u;; as

j 0u v+ j (6pu2+apuv>dv ¢ apdv+j ( o%u aZ”)dV A2.11)
— =—=| = Uyt m— | dV. .
v, Ot v, \ox "oy 3 )y, o v, a2 THGy2 (

By employing the first-order Euler scheme for storage, the central interpolation scheme for
diffusion terms, and the numerical flux in the advection terms, the discrete form can be
written as follows:

n+l _ Pp cp c? n+1 _ n+1 1 ¥
Up n+l n+1 | Up — 3 n+1 (pe )+ n+1 #MCulUnm
PZ CoPp CoPp CoPp (A2.12)
+ n+1 (pe¢e - :DW¢;J + vn(pn - vsd)s)'
CoPp

Here, p. = pr;, pw = pr-17. P& =plf ", ot = pIy, pp = 0.5(pe +py), pp*t =
0.5(pg* + pi™h), vy = 0.5y j41 + Vi—qj+1)s Vs = 0.5(v;; + v;_q ;). The coefficients are
defined as follows: ¢y, = At/A%, cp =cy =cy =cs =, Cp = ZyCy. Psand ¢;,, and,
¢ and ¢, are determined by taking ¢ = u? and ¢ = pu in Eq. (A2.6), respectively.
pR*t1 s taken at m + 1 time step, for consistency of the discrete form for dpu/dt and
udpdt + pou/dt. Moreover, the densities in term dp/dx are determined by the values at
n+ 1 time step using Eq. (A2.10), which is solved before the momentum equations because
of the convergence of Eq. (A2.12).

In the same matter, the momentum equation of v can be integrated with respect to
the volume V, ;, and the following equation can be obtained.

Pp dp c2A 1
v;’H—l (p;Hl dopn+1> Up — 3d pn+1 (pn+1 +1) t Opzr71+1 ZMdMuM

A
+ﬁ (ue¢e - uw(pw + pn¢n - psd)s*)-
dopp

Here, pn =pr;, Ps = Prj-1. PRt =prf", p8 =pi2h, pp =05(0n +p5), pp*t =
0.5(pn* + p2* 1), ue = 0.5(U41; + Uip1j-1), Uw = 0.5(u;; +u;;-1). The coefficients
are defined as follows: dy = At/A?, dp =dy, =dy =dg =, dp = Zydy. ¢;and ¢y,
and, ¢; and ¢, are determined by taking ¢ = pv and ¢ = v? in Eq. (A2.6), respectively.

When the numerical flux at boundary b can be estimated by each interpolated value
at b, Egs. (A2.12) and (A2.13) can be written in a form consistent with the central
interpolated schemes as follows:

(A2.13)

p fo—cr—g c2A cy +05f,+g

uptt = <pnF+’1 : c an+1 P) P73 pn+1 T Pt =Pl + ZMW M (A2.14)
P OFp o
p hp —dp —k, c?A dy +0.5hy, +k

vpth = (pnii T pl;+1 Vp — 3d—p"+1(Pn+1 P + 3y — d pnl-:—ll Uy (A2.15)
7 oPp

Here, the additional coefficients are defined as follows: fz = —p.¢:A, fu = pwdPwl, fn =
—vp@oA, fo = v A, fp=2yfu. ¢o and ¢, are interpolated values using Eq. (A2.6)
with ¢ =u, and ¢, and ¢; are interpolated values using Eq. (A2.6) with ¢ =p. g =
0.5|fz|(1 —yY(rp)) for B=E,W,N and S, gp =ZXygy. Similarly, hy = —u,¢;A,
hy =u, LA, hy = —pod;A, hg = pspiA, hp = Zyhy. ¢, and ¢, are interpolated
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values by Eq. (A2.6) with ¢ = p, and ¢, and ¢, are interpolated values using Eq. (A2.6)
with ¢ = v. kg = 0.5|hg|(1 —Y(r,)) for = E,W,N and S, kp = Zyky.

(a) (b) (©)

(73 u>0 mmp
b
w p B uu U D
s
S u<( ¢um
(@)

boundary b :w, e, n, s
stencils M: W, E, N, S

Fig.A2 Grid definition. (a) variables on the staggered grid and control volume V;;, V;;, and
Vi, (b) boundary b (=w, e, s, and n) and stencils M (=W, E, S, and N), and (c) stencils
of UU, U, and D with respect to the boundary b for the TVD scheme.

A.3 Comparisons between EMV and SMAC with upwind scheme

In Section 3, we clarified that EMV and SMAC showed slight differences in the
velocity fields at Re = 10000. This is because of the difference in the numerical scheme for
discretization of the advection term, but is not due to the proposed method where a =

A/A/3At. To confirm this aspect, the results are presented here by applying the first-order
upwind scheme in both continuity and N-S equations for EMV and SMAC.

Fig. A3 shows the snapshots at t = t,. Clearly, the locations of each vortex core and
the size of the primary and secondary vortices are consistent between EMV and SMAC. Fig.
A4 shows the velocity profiles at x/H = 0.5 for u at y/H = 0.5 for v. These profiles
considerably agree between EMV and SMAC, including near each wall where the velocity
shear becomes significant. Fig. A5 shows the temporal evolutions of velocity and pressure at
the center of cavity (x/H = 0.5 and y/H = 0.5). The time evolutions between the two
methods show good agreement. Alternatively, the velocity and pressure field simulated by the
first-order upwind scheme are considerably different from those simulated by the SMAC with
second-order scheme or previous results by Ghia (1982), as shown in Figs. A4 and AS.
According to these results, we can conclude that the idea employed in EMV is acceptable for
reproducing the velocity and pressure field consistent with those by SMAC. However, we
need to consider an appropriate discretization scheme for the advection term due to numerical
instability in the explicit numerical simulations.
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(a) EMV at Re=10000
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Fig. A3 Streamlines and pressure distributions at Re = 10000 for (a) EMV and (b) SMAC
with first-order upwind advection scheme for advection term.
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Fig. A4 Velocity profiles in the center lines of cavity for u at x/H = 0.5 and v at y/H =
0.5. for Re = 10000 with the first-order upwind scheme for the advection term. Reference
data is after Ghia et al. (1982).
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636  Fig. A5 Temporal evolutions of (a) velocity and (b) pressure at center of cavity (x/H = 0.5
637 and y/H =0.5) for Re =10000 with the first-order upwind scheme. CS is the
638  second-order center scheme used for SMAC in Section 3.
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Nomenclature:

a = (dp/dp)®®°: speed of sound [m/s]

¢ = A/At: representative speed of virtual particle [m/s]
¢;: ultra-discrete velocity of virtual particle [m/s]
Cp: specific heat under isobar condition [J/kgK]
¢, specific heat under isochoric condition [J/kgK]
D: dimension [-]

e;j = (0u;/0x; + du;/0x;): velocity strain tensor [1/s]
k: thermal conductivity [J/Kms]

kg: Boltzmann constant [J/K]

m: mass of molecule [kg/pcs]

N: molecule density per unit volume [pcs/m?]

n: amount of substance [mol]

N,: Avogadro number [-]

p: pressure [Pa]

Dy pressure by virtual particle impulse [Pa]

q': velocity of molecule i [m/s]

q%.q9%, qk: velocity component of molecule i [m/s]
qr: thermal velocity [m/s]

q.: velocity of virtual particle i [m/s]

q,i,x,q,i,y, q},: velocity component of molecule i [m/s]
qv - thermal velocity defined by virtual particle [m/s]
R: gas constant [J/kgK] (p/p = RT: ideal gas law)
s: specific entropy [J/kgK]

T: temperature [K]

t: time [s]

U: internal energy [J]

U, : internal energy by virtual particle [J]

u;: velocity in tensor notation [m/s]

V: fluid velocity [m/s]

u, v, w: velocity in component notation [m/s]

x, y, z:coordinate in component notation [m]

x;: coordinate [m]

a = k/pc,: thermal diffusivity [m?/s]

Y = ¢p/cy: 1atio of specific heat [—]

A: grid spacing [m]

At: discrete time [s]

8;;: Kronecker’s delta [-]

0 = du;/0x;: divergence of u; [1/s]

A: second dynamic viscosity [kg/ms]

w: dynamic viscosity [kg/ms]

¢: dissipation rate [J/m?s]

P> Po> Pmax> Pmin: denSity [kg/m3]

0: volume [m?]
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