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This study suggests that the complex representation of field—forage-ruminant relationships
for the nutrient cycling has a relation to symmetric properties of Euler’s formula with respect to
its differentiation giving a series of derivatives and 7/2 rotations.

INTRODUCTION

In the preceding report (Shimojo et al., 2003) in this issue, we have tried to give a
symbolic representation of field-forage-ruminant relationships using rotations, on the
complex plane, of polar coordinates describing digestible and indigestible dry matter of
forages connected with fields. It is known that the polar representation on the complex
plane is closely related to Euler’s formula.

The present study was designed to relate the complex representation of field—forage
—ruminant relationships to symmetric properties of Euler’s formula.

DIFFERENTIATION-ROTATION RELATIONSHIPS IN EULER’S FORMULA

Euler’s formula
Euler’s formula is given by

exp(if)=cos & +isind, , ‘ e))

where i=imaginary unit, & =rea1'variable,.
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Differentiation of exp(i@) _
The differentiation of exp(i#) with respect to. & using its MacLaurm s series is given

by
%{exp(ié’)}:i (1'_;.& + iz ‘92 +..,...+£¢+ ...... )
n!
' _l+lt9+l3¢92 e 2O L
1! 2! n!

l(l+ id + & irg* +M+ ...... )

- ! 21 . - n!

=i-exp(if), @

where i-exp(i@) results from keeping the form of exp(i&) itself invariant when
differentiated with respect to 8. =
Combining (1) and (2) gives

%{exp(iﬁ)} —i-exp(i&)
=i+ (cos & +i sin &). 3)

It is shown in (3) that the differentiation of exp(i&) with respect to & gives 7/2 rotation
(7/2 anticlockwise rotation) of cos & +i sin &. In other words, . 7/2 rotation results from
keeping the form of exp(i&) itself invariant when differentiated with respect to &. Thus,

71% (cos &+i sin @)= i+ (cos & +i sin 8)

(cos?-i-l sin — ) (cos @ +isin &)

—onef L (T
—cos( 5 + 6’)-1—1 sm( 3 + 6) |
=-sin & +i cos 4. o (€))
This shows that —sin & +i cos & results from keeping the invariance in the relative
position to the two axes when cos & +i sin & is differentiated with respect to &. It is also
shown in (4) that, by -7/2 parallel movement, cos & and sin & are superposed on ~sin &

and cos &, respectively.
Then, the following two derivatives and rotations are given.

dgz (exp(i6)) =i*-exp(i6)

=i%-(cos & +i sin &). o ~ 5)

d¢93 {exp(&)}=is- exp(z&’)

=i3-(cos€+isin¢9>). | ‘ S V; - (6)
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COMPLEX REPRESENTATION OF FIELD-FORAGE-RUMINANT RELATIONSHIPS

Polar representation on the complex plane of digestible dry matter (D) and
indigestible dry matter (I) of the forage mass (W) connected with the field
As shown in the preceding report (Shimojo et al., 2003) in this issue,
Z\=D+il

=r (cos @ +i sin &), . )

where r=vVD*+I? =V (D+il)- (D-il), D+I=W, D=rcos &, I= rsin 8, 0< < w/2, Z, is
regarded as the field with standing forage composed of D and I (both D and I are

considered to be visible).
Zy+i=r(cos @+ i sin 8)-i, ®
=r(-sin@+ i cos &), ©))

where —rsin & =-1, rcos & =D, Z,-i is associated with the ruminant production from
digestible nutrients of forages (D is visible but -/ is considered to be invisible).

Z,-i*=r(cos @ + i sin ) -i?, | o (10)
;r(—cos f-ising), , (1)

where -rcos &=-D, -rsin 6——1 Z\+i% is regarded as the field without standing forage
(both —-D and -/ are invisible).

Zu+id=r(cos O+ i sin 8) i, ‘ | (12)
=r(sin @~ i cos &), o » -(13)

where 7 sin & éI, -7 cos & =-D, Z,i® is associated with feces excreted from ruminants (is
visible but D is invisible).

FIELD—FORAGE—RUMINANT RELATIONSHIPS AND EULER’S FORMULA

Correspondences between (1) and (7), between (3) and (8), between (5) and
(10), and between (6) and (12)

exp(id)=cos &+ isin @, ’ : ey

Zy=r(cos @+ i sin ). @)
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E%—{exp(ié’)} =i-exp(if)

-~ =(cos & +i sin )i, : e ‘ ®
Zy+i=r(cos &+ isin &)-i. 8
az .

q0° {exp(&)} =i?-exp(if)

—(cos & +i sin 67) i, (5)

Zy+i%=r(cos @+ i sin &) iz © 10y
93 {exp(&)} =i -exp(id)

=(cos & +i sin &) -, » (6)

Zyi’=r(cos @ + i sin &)-i. (12)

These four correspondences show that the complex representation ‘of field-forage—rumi-
nant relationships has a resemblance to the dlfferentlamon of eXp(l 6’) giving a series of
derivatives and 7/2 rotations.

The exponential function with base ¢ and Euler’s formula are occasionally used for
describing some natural phenomena. Our previous report (Shimojo et al., 2002b) of rela-
tive growth rate (RGR) suggests that the analytic description of growth phenomena has a
relation to symmetric properties of exp{(RGR) -t} itself with respect to its differentiation
and definite integral. The present study suggests that the complex representation of
field-forage—ruminant relationships for the nutrient cycling (Shimojo et al., 2003) is
related to symmetric properties of exp(i&) itself with Tespect to its differentiation giving
a series of derivatives and 7/2 rotations. It is, therefore, suggested that the analytic descrip-
tion of some aspects of ruminant agriculture is given by symmetric properties of exponen-
tial functions with base e including Euler’s formula. This may also lead to the description
of a sort of sustainability in the ruminant agriculture (Shimojo et al:, 2002a, 2003).

INDEF‘INITE INTEGRAL OF i-exp(i&) AND —7[/2 ROTATION

Let us take up the indefinite mtegral of i exp(z&) in (2). The mdeflmte mtegral of
i-exp(i 6?) using its MacLaurin’s series is given by .

i-exp(i -| i i L o ... o Nge
[ t-exponao=] i (1+ G Oy L4 Jao
=I (i+ 0 4 PO ... 4 gn +) do
1! 2! n!
=|(1+i+—"292 N i 1}+(C+1)
1 2! n!
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=exp(i&d)-1+(C+1), (14

where —1-+ (C+1)=C=integration constant.

In (14), -1 can be vanished, namely -1+ (C+1)=C. It seems, however, that the
indefinite integral of i-exp(i&) gives a reason for remaining of -1 as one of the inte-
gration constants. If it is accepted at the risk of making mistakes, the following will be
given as an example of (14),

J. irexp(if)df=exp(id)-1
=(-i)-i(cos @ +isin #)-1
=(cos & t+i sin &)-1. 15)
It is shown in (15) that the indefinite integral of i-exp(¢&) gives —7/2 rotation (7/2 clock-
wise rotation) of i(cos & +i sin ). This occurs as if to convert the ruminant production
(8) to the forage production (7), which seems to have a resemblance to the ruminant
production analysis with an intersection for entering the analysis of forage production
(Shimojo et al., 2002a). ‘ ’
If -1 in (15) is rewritten in order to adjust its form to that of exp(i¢) and (cos  +
i sin &), the following equality will be used;
-1=cos {(@n+1) m}+i sin {Cn+1) 71}
= expli@n+1) 7}, (16)

where n=0, £1, £2, £3,+eexee )
The special case when =0 in (16) is given by

-l=cosm+isinm
= exp(inm). an
Rewriting (15) using (17) gives
exp(i@)+exp(ir)=(cos & +i sin &)+ (cos t+i sin ). 18)

Since exp(in) shows 7 rotation (7/2 rotation followed by /2 rotation), the following will
be given according to the preceding report (Shimojo et al., 2003);

Xexp (i)

Z,(field with standing forage) Z,+i*(field without standing forage), a9

Xexp (i7)
—_—

Z,-i?(field without standing forage) Z,(field with the next standing forage), (20)

Xexp (i7)

Z,+i(ruminant production from digestible nutrients) Z,+i%(feces excreted
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from ruminants), (21)

. Xexp (A7)
Z,-i*(feces)

Z.*i(ruminant production based on the next forage production). (22)

It is suggested from (19)~(22) that describing the continuation of ruminant agriculture
is also related to the rotation given by exp(ir).

CONCLUSIONS

It is concluded that the complex representation, using polar coordinates, of field—forage
-ruminant relationships suggesting the nutrient cycling is related to symmetric properties
of Euler’s formula with respect to its differentiation giving a series of derivatives and /2
rotations.
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