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2 RIKEN AIP

Abstract. We consider a single machine scheduling problem to mini-
mize total flow time under precedence constraints, which is NP-hard.
Matsumoto et al. proposed an exact algorithm that consists of two phases:
first construct a Multi-valued Decision Diagram (MDD) to represent fea-
sible permutations of jobs, and then find the shortest path in the MDD
which corresponds to the optimal solution. Although their algorithm
performs significantly better than standard IP solvers for problems with
dense constraints, the performance rapidly diminishes when the num-
ber of constraints decreases, which is due to the exponential growth
of MDDs. In this paper, we introduce an equivalence relation among
feasible permutations and show that it suffices to construct an MDD
that maintains only one representative for each equivalence class. Ex-
perimental results show that our algorithm outperforms Matsumoto et
al.’s algorithm for problems with sparse constraints, while keeping good
performance for dense constraints. Moreover, we show that Matsumoto
et al.’s algorithm can be extended for solving a more general problem of
minimizing weighted total flow time.

Keywords: combinatorial optimization · job scheduling · precedence
constraints · MDD

1 Introduction

A single machine scheduling problem to minimize total flow time under prece-
dence constraints(1|prec|

∑
cj) is fundamental in the scheduling literature. The

problem is, given processing times of n jobs and precedence constraints for pairs
of jobs, to find an order of n jobs (permutation) which minimizes the sum of wait
times and process times of all the jobs (called flow time) among those satisfying
the precedence constraints [2]. The problem is known to be NP-hard [12,13] and
various 2-approximate polynomial time algorithms are proposed [4,5,10,14,20].

On the other hand, non-trivial exact algorithms for solving the problems
are not known until recently, except standard methods on integer programming



2 Fumito Miyake, Eiji Takimoto, and Kohei Hatano

formulations. Matsumoto et al. [15] proposed an exact algorithm using a vari-
ant of the Multi-valued Decision Diagrams(MDD) [16]. It can efficiently con-
struct a MDD expressing linear extensions from given precedence constraints,
and solve the problem in linear time in terms of the size of the diagram, by
reducing the scheduling problem to the shortest path problem on the diagram.
The algorithm of Matsumoto et al. outperformed standard IP-based methods
for synthetic problems with dense precedence constraints. However, Their algo-
rithm performs worse when constraints are sparse, where the resulting MDDs
have exponentially large size.

In this paper, we propose a more efficient exact algorithm which overcomes
the weakness of Matsumoto et al.’s algorithm. Our key idea is to introduce some
equivalence relations between linear extensions and exploit the equivalence prop-
erties to obtain a more succinct MDD which represents the equivalent feasible
solutions.

In the experiments on synthetic data sets, our method performs more than
10 times faster than standard IP-based methods and improves Matsumoto et
al.’s method for sparse constraints at the same time.

Moreover, we show that Matsumoto et al.’s algorithm can be extended for
solving a more general problem of minimizing weighted total flow time under
precedence constraints(1|prec|

∑
wjcj).

1.1 Comparison to previous work

Succinct data structures such as BDDs (Binary Decision Diagrams) [1,3], ZDDs
(Zero Suppressed BDDs) [11,17,18] and MDDs are used for counting and solving
NP-hard problems. To the best of our knowledge, there are few diagram-based
approaches to scheduling problems except Matsumoto et al. [15], and Ciré and
van Hoeve [6, 7]. The work of Ciré and van Hoeve [6, 7] deals with a different
scheduling problem which has release times and deadlines and not applicable to
ours.

A notable advantage of our method and other diagram-based methods over
standard IP-based ones is that once the feasible set is represented by a diagram,
we can reuse the diagram for different objectives, which save much computation
time. This is also advantageous for the online setting, e.g. [8, 19].

2 Preliminaries

Let [n] = {1, 2, . . . , n} denote the set of jobs and Sn denote the set of all per-
mutations over [n], where each permutation is represented by a vector π =
(π1, π2, . . . , πn). For example, S3 = {(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2),
(3, 2, 1)}. For a permutation π ∈ Sn, we define the inverse permutation of π
as π−1 = (π−11 , . . . , π−1n ), where π−1j = i if and only if πi = j. A permutation
π ∈ Sn specifies a job scheduling, i.e., an order of jobs to be processed, in the
way that jobs i should be processed in the decreasing order of πi. Here, πi can
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be interpreted as the priority of job i. In other words, the order of jobs specified
by a permutation π is π−1n → π−1n−1 → · · · → π−11 .

For each job i ∈ [n], let pi ∈ R be the processing time, and define the
completion time ci =

∑
j:πj≥πi pj which is sum of process times and wait times.

Then the flow time of a job scheduling π ∈ Sn is defined as
∑n
i=1 ci. The flow

time of π is the sum of completion times over all jobs under the order specified
by π. For example, a permutation π = (4, 2, 1, 3) specifies the order of jobs
1 → 4 → 2 → 3, and thus the sum of process times and wait times of all the
jobs is p1 + (p1 + p4) + (p1 + p4 + p2) + (p1 + p4 + p2 + p3), which amounts to
4p1 + 3p4 + 2p2 + p3 = π · p.

Precedence constraints over the jobs are represented as a directed acyclic
graph (DAG) G = ([n], E), where a directed edge (i, j) ∈ E represents the
constraint that job i has to be done before job j. We call G a constraint graph.
We denote by SG the set of permutations satisfying the precedence constraints
specified by G (i.e., linear extensions of G). More specifically,

SG = {π ∈ Sn | ∀(i, j) ∈ E, πi > πj}.

Similarly, the set S−1G of inverse permutations in SG is defined as

S−1G = {π−1 | π ∈ SG}.

An example is given in Figure 1.
Now, we are ready to define a single machine scheduling problem to minimize

total flow time under precedence constraintsas follows:

Input: DAG G = ([n], E), process time vector p ∈ Rn

Output: π = argmin
π∈SG

n∑
i=1

ci = argmin
π∈SG

π · p (1)

where, ci =
∑

j:πj≥πi

pj

3 Previous Work of Matsumoto et al.

We review the previous work of Matsumoto et al. [15], where they propose an
algorithm of finding an optimal solution of single machine scheduling problem to
minimize total flow time under precedence constraints by using a data structure
called a π-MDD.

In what follows, we identify a permutation π = (π1, π2, . . . , πn) with the
string π1π2 · · ·πn of length n by concatenating all components of π. Then, S−1G
can be regarded as a set of strings. A π-MDD for a constraint graph G is defined
as the smallest DFA3 that only accepts the strings in S−1G . Figure 2 shows an

3 More precisely, we omit non-accepting states and transitions to non-accepting states
in the automaton.
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Fig. 1. DAG G1 representing prece-
dence constraints
S−1
G1

= {(2, 3, 1, 4), (2, 3, 4, 1),
(2, 4, 3, 1), (3, 2, 1, 4), (3, 2, 4, 1),
(3, 4, 2, 1), (4, 2, 3, 1), (4, 3, 2, 1)}.

Fig. 2. A π-MDD that represents linear ex-
tensions in SG1 satisfying precedence con-
straints G1 in Figure 1

example of π-MDDs. We note that (i) a π-MDD is a DAG with the root (initial
state) and a single leaf (unique accepting state) and every edge e is labeled with a
job l(e) ∈ [n]. (ii) each path (e1, e2, . . . , en) from the root to the leaf corresponds
to the permutation (l(e1), l(e2), . . . , l(en)) that is accepted by the π-MDD. For
a π-MDD D, we denote by L(D) the set of all strings that D accepts. Clearly,
a π-MDD D for G should satisfy L(D) = S−1G . We define the size of D, denoted
by |D|, as the number of edges in D.

Matsumoto et al.’s method for solving problem (1) consists of the following
two steps.

Step 1 Construct a π-MDD D = (VD, ED) for a given DAG G = ([n], E). See
algorithm MakePiMDD in Algorithm 1. Note that G|V ′ is the subgraph of
G induced by V ′.

Step 2 (i) Assign weights ae = dpl(e) to each edge e ∈ ED of π-MDD D, where
d is the depth of edge e from the root of D. (ii) Find the shortest path
(e1, e2, . . . , en) from the root to the leaf in the weighted graph obtained in
(i). (iii) Output π∗ where (π∗)−1 = (l(e1), l(e2), . . . , l(en)) ∈ S−1G .

Below we describe an outline of Algorithm MakePiMDD for step 1.
Given a constraint graph G = (V,E) with V ⊆ [n], MakePiMDD recursively

constructs a π-MDD DG for G. Every node of DG is associated with a subset of
V and thus is identified with the subset. The root and the leaf of DG correspond
to the whole set V and the empty set ∅, respectively. The root V has outgoing
edges to a node V ′ ⊂ V if and only if there exists a node v ∈ V such that (i)
v = V \ V ′ and (ii) the out-degree of v is zero in G.

The following fact is shown for Step 1.

Lemma 1 (Matsumoto et al. [15]). Given a constraint graph G = ([n], E),
MakePiMDD outputs a π-MDD D such that L(D) = S−1G .

The correctness of Step 2 can be easily verified from the following observation.
Assignment of weights in Step 2 (ii) ensures that for each path (e1, e2, . . . , en)



Succinct Representation of Linear Extensions and Application to Scheduling 5

Algorithm 1 MakePiMDD

Input: DAG G = (V,E), where V ⊆ [n]
1: if V = ∅ then
2: Output: node ∅
3: end if
4: D ← (VD, ED) with VD = {V } and ED = ∅.
5: for each v ∈ V whose outdegree is 0 in G = (V,E) do
6: V ′ ← V \ {v}
7: if have never memorized the π-MDD DG for G then
8: D′ = (VD′ , ED′)← MakePiMDD(G|V ′)
9: end if

10: VD ← VD ∪ VD′

11: ED ← ED ∪ ED′ ∪ {(V, V ′)}
12: end for
13: memorize D as DG

14: Output: DG

from the root to the leaf and the corresponding permutation π−1 = (l(e1), l(e2),
. . . , l(en)), the weighted length of the path is exactly the flow time of π:

∑n
d=1 aed

=
∑n
d=1 dpl(ed) =

∑n
d=1 dpπ−1

d
=

∑n
i=1 πipi = π · p.

Now we give a characterization of π-MDDs, which is not explicitly given
in [15]. Let <G be the partial order naturally defined by a constraing graph
G = ([n], E). That is, for any u, v ∈ [n], v ≤G u if and only if there exists a
directed path from u to v in G. A set L ⊆ [n] is called a lower set of G if for
any u, v ∈ [n], u ∈ L and v <G u imply v ∈ L. The family of lower sets of G
is denoted as LG ⊆ 2[n]. The following relationship between the family of lower
sets LG and linear extensions SG of G is well-known and easily verified.

Proposition 1. The partially ordered set (LG,⊇) is a distributive lattice with
the minimum element ∅ and the maximum element [n] and for each maximal
chain L1 = [n] ⊇ L2 ⊇ · · · ⊇ Ln+1 = ∅, there exists a linear extension π =
(π1, π2, . . . , πn) ∈ SG such that Li = Li+1 ∪ {π−1i }.

From the proposition above, we immediately get the characterization as de-
scribed in the following corollary.

Corollary 1. The π-MDD D = (VD, ED) for a constraint graph G is isomor-
phic to the Hasse diagram of the partially ordered set (LG,⊇). That is, there
exsits a one-to-one correspondence between VD and the lower sets in LG (the
root and the leaf correspond to [n] and ∅, respectively) and for any L,L′ ∈ L
such that L = L′ ∪ {u}, there exists a directed edge e = (L,L′) with l(e) = u in
D.

Using the new characterization, we give a performance bound of Matsumoto et
al.’s method in terms of the size of LG.

Theorem 1 ( [15]). For any constraint graph G = ([n], E), we can find an
optimal solution of problem (1) in O(n|LG|) time.
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4 Main result

Intuitively, when given fewer constraints in G we would have an exponentially
many lower sets in LG and thus Matsumoto et al.’s method would take exponen-
tial time as suggested in Theorem 1. In particular, the worst case occurs when
no constraints are given (i.e., no edges in the constraint graph G). In this case,
any subset in [n] is a lower set and thus we have LG = 2[n]. On the other hand, if
no constraints are given, then we can easily obtain an optimal solution: process
jobs i in the increasing order of the process time pi. In other words, we can solve
the problem in O(n log n) time by just sorting (p1, p2, . . . , pn).

Our method is based on the observation above. Suppose we are given a subset
A of jobs that can be somehow regarded as a no constraint set with respect to
the linear extensions SG, then we can find an optimal (partial) solution over
A by sorting. So when constructing π-MDD for G, we do not need to consider
all |A|! permutations over A but it suffices to fix a representative permutation
over A, which reduces the number of paths by a factor of 1/|A|!. In this way, we
construct a succinct π-MDD that accepts only representative permutations.

4.1 Equivalence relation

Definition 1 (Input and output sets). For a DAG G = ([n], E), and each
node v ∈ [n], input set Iv and output set Ov of v are defined respectively as
follows:

Iv = {v′ ∈ [n] | (v′, v) ∈ E}, Ov = {v′ ∈ [n] | (v, v′) ∈ E}.

Definition 2 (Equivalence relations between jobs). Given a DAG G =
([n], E), job i and j are equivalent if and only if Ii = Ij and Oi = Oj and
denoted as i 'G j. If it is clear from the context, we abbreviate i ' j.

The equivalence relation 'G implies a partition over [n]

[n] = A1 ∪A2 ∪ · · · ∪AN ,

where each Aj (j = 1, . . . , N) is an equivalence set defined by 'G. We call each
Aj a job equivalence set. Figure 3 shows an illustration of job equivalence sets.

For a permutation π ∈ Sn, a set A ⊆ [n], and a bijection δ : A→ A, let π ◦ δ
is defined as

(π ◦ δ)i =

{
πδ(i) i ∈ A,

πi otherwise.

Then we define a equivalence relation between linear extensions in SG.

Definition 3 (Equivalence relations between linear extensions). Permu-
tations π,π′ ∈ Sn are equivalent w.t.t. a DAG G = ([n], E) if and only if for
each job equivalence set Aj, there exists a bijection δAj : Aj → Aj such that

π′ = π ◦ δA1
◦ δA2

◦ · · · ◦ δAN .

We denote π 'G π′ if π and π′ are equivalent w.r.t. G. When clear from the
context, we abbreviate as π ' π′.
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Figure 4 shows an illustration of equivalence relation between permutations.
For clarity, we used expression of inverse permutation.

Fig. 3. Ilustration of equivalence sets
defined by a DAG G2

Fig. 4. For a DAG G2, π1 and π2 are
equivalent, but π2 and π3 are not.

The following proposition holds for the permutations which are equivalence
each other.

Proposition 2. For any permutations π,π′ ∈ SG, π ' π′ ⇐⇒ ∀j ∈ [n], π−1j '
π′
−1
j .

The following lemma holds for the equivalence relation on SG.

Lemma 2. For any permutations π,π′ ∈ Sn, π ∈ SG and π′ ' π implies
π′ ∈ SG.

It can be proved easily by the symmetry between equivalence jobs on G.

For each equivalence class [π], we define the representative π̃ as the permu-
tation satisfying (i) π̃ ' π, and (ii) for any k, l ∈ Aj(k < l), π̃k > π̃l. In other
words, π̃ is the particular representative of [π] satisfying additional precedence
constraints defined with job id numbers.

4.2 Our algorithm

We propose an exact algorithm for solving problem (1). Our algorithm consists
of the following steps.

1. Compute job equivalence sets A1, . . . , AN .

2. Construct a DAG G̃ satisfying SG̃ = {π̃ | π ∈ SG}
3. Run the algorithm of Matsumoto et al. [15] with input G̃ and obtain a π-

MDD D̃ representing SG̃.

4. For some appropriate weights over edges in D̃, solve the shortest path prob-
lem and construct an optimal solution of (1) from it.
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For step 1, we compute a adjacency matrix of G, X ∈ Rn×n, that is, X(i, j) =
1 when there is a directed edge from job i to job j, otherwise X(i, j) = 0. Then,
we define matrix Z ∈ Rn×2n as follows

Z(i, j) =

{
X(i, j) (j ≤ n)

X>(i, j − n) (j > n).

Now, we make matrix Z ′ ∈ Rn×2n by regarding each rows of Z as individual
strings, and sorting with radix-sort. Since v ' v′ ⇔ ∀i ∈ [n] Z ′(v, i) = Z ′(v′, i),
strings corresponding to job-equivalent nodes are the same. By checking the
equivalence, we can find the equivalent classes. These procedures can be done in
time O(n2).

In Step 2, for each equivalence class Aj (j ∈ [N ]), sort its elements v1 < v2 <
· · · < v|Aj | and add edges (vi, vi+1) for 1 ≤ i ≤ |Aj |−1 to the DAG G, which we

denote as G̃ (Figure 5) shows an illustration of G̃. Computation time for Step 2
is O(n).

Fig. 5. DAG G̃2 obtained by adding edges
to the DAG G2 in Figure 3

Step 3 takes O(n|LG̃|) time to ob-

tain a π-MDD D̃ by using Matsumoto
et al.’s algorithm.

In Step 4, we first sort the weight
vector p for each job equivalent set. To
do so, we prepare a n-dimensional ar-
ray C and sort p in the following way.

1. For any i ∈ [n], i ' C[i].
2. For any i, j ∈ [n] such that i ' j,
i < j implies pC[i] ≤ pC[j].

Then, for each edge e ∈ ED̃, we
assign a weight dpC[l(e)], where d is
the depth of the edge e from the root
node and l(e) is label of e, respectively.
For the assigned weights, we solve the
shortest path problem over D̃ and obtain the shortest path (e1, . . . , en) from
the root node to the leaf node. Finally we output π∗ such that π∗−1 =
(C[l(e1)], . . . , C[l(en)]) ∈ S−1G . Computation time for step 4 is O(n log n+n|LG̃|).

We now state our main result.

Theorem 2. Our algorithm solves problem (1) in time O(n2+n|LG̃|) = O(n|LG̃|).

Proof. First of all, we show that the set SG̃ of linear extensions of G̃ satisfies
SG̃ = {π̃ | π ∈ SG}. For any π ∈ SG̃, it is clear that π ∈ SG by the construction

of G̃. Furthermore, since π satisfies additional precedence constraints regarding
job equivalence classes Ajs, for any jobs k, l ∈ Aj , k < l implies πk > πl. This
means that π is a representative for some [π′] in SG. Therefore, SG̃ ⊆ {π̃ |
π ∈ SG}. For any π ∈ SG, by definition, the representative π̃of [π] satisfies
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additional precedence constraints for job equivalence classes. Thus π̃ ∈ SG̃,
implying SG̃ ⊇ {π̃ | π ∈ SG}.

Then, we prove the correctness of step 4.

From lemma 2, for any permutation π ∈ SG̃, it satisfies constraints repre-

sented with G̃ even if the elements of any equivalence classes are arbitrarily
rearranged within the classes. Now, the order of elements of any equivalence
class A = {i1, i2, . . . , i|A|} ⊆ [n] with a smallest flow time is obviously the order
such that for i, j ∈ A(i 6= j) if πi > πj, then pi < pj . Therefore, in the first
half of step 4, for any equivalence class A ⊆ [n], we make rules for converting
the series of job number that job i, j ∈ A(s.t. πi > πj) satisfies i < j to the
series of job number that job i, j ∈ A(s.t. πi > πj) satisfies pi ≤ pj as array C.
Accordingly, the conversion by array C can be regarded as playing the role of
following function F : SG̃ → SG

F (π̃) = argmin
π∈[π̃]

π · p.

Thus, in π-MDD D̃C obtained by replace each edge label l(e) of π-MDD D̃
with C[l(e)], any path corresponds to the permutation with a smallest flow time
in equivalence class which the permutation belongs. In the latter half of step
4, it can be regarded as solving the shortest path problem on π-MDD D̃C , so
the solution of the problem is also the inverse permutation of optimal solution
of the original problem. Hence, by evaluating the inverse permutation of that
permutation, we can get optimal solution. 2

At last, we show that the size of π-MDD constructed by our method doesn’t
become large than that of π-MDD constructed by Matsumoto et al.’s method.

Theorem 3. Let D be the π-MDD representing linear extensions SG of G, and
let D̃ be the π-MDD representing linear extensions SG̃ of G̃, |D̃| ≤ |D|.

Proof. The DAG G̃ can be obtained by adding constraints to G, so any lower
set of G̃ is also a lower set of G. Accordingly, it holds that LG̃ ⊆ LG. By

Corollary 1, D̃ is isomorphic to the Hasse diagram of the partially ordered set
(LG̃,⊇). Clearly, the partially ordered set (LG̃,⊇) is obtained by restricting

(LG,⊇) on the domain LG̃. Therefore, D̃ is the subgraph of D induced by the
subset LG̃ of states. 2

5 Extension to 1|prec|
∑
wjcj

In this section, we show that Matsumoto et al.’s algorithm can be extended for
solving a more general problem of minimizing weighted total flow time.

We consider about extensive setting which each job i ∈ [n] has weight wi ∈
R+. Now, we define a single machine scheduling problem to minimize weighted
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total flow time under precedence constraints(1|prec|
∑
wjcj) as follows [2].

Input: DAG G = ([n], E) process time vector p ∈ Rn

weight vector w ∈ Rn+
Output: π = argmin

π∈SG
w · c (2)

where, ci =
∑

j:πj≥πi

pj

Think about for every i ∈ [n], wi = 1, the flow time of (2) equals the flow
time of (1). Thus, the problem (2) is clearly generalized setting of the problem
(1).

For this problem, we propose simple extension of Matsumoto et al.’s method
which there is only a difference point. The Step 2 of Matsumoto et al.’s method
in section 3, assigns weights ve = dpl(e) to each edge e ∈ ED of π-MDD D =
(VD, ED). For problem (2), instead, introduce cumulative weight ŵe =

∑
i:[n]\Ve wi

and assign ae = ŵepl(e). Then, for each path (e1, e2, . . . , en) from the root to
the leaf and the corresponding permutation π−1 = (l(e1), l(e2), . . . , l(en)), the
weighted length of the path is exactly the flow time of π. Certainly, computa-
tion time is equal to the time of Matsumoto et al.’s method. Now, we show a
theorem.

Theorem 4. Our algorithm solves problem (2) in time O(n|LG|).
The proof is omitted and shown in Appendix.

6 Experiments

In this section, we compare the efficiency of proposed method and previous
methods for the scheduling problem with precedence constraints on artificial
data sets.

6.1 Settings of artificial data sets and methods

As artificial data sets, we generate Erdös-Rényi random graphGn,q as constraints
G = ([n], E). That is, over G = ([n], E), for each job i, j ∈ [n](i < j), there exists
(i, j) ∈ E with probability 0 ≤ q ≤ 1 4. Also, we chose processing time vectors
p according to the uniform distribution over [0, 1]n.

We compare the proposed method, Matsumoto et al.’s method, and inte-
ger programming (IP) with permutation matrices and comparison matrices 5,
respectively. Let n = 30, and for each q ∈ {0.01, 0.02, . . . , 1}, we generate 10 ran-
dom graphs and processing time vectors, and observe the average of computation
times of each method and sizes of π-MDD constructed by the proposed method
and Matsumoto et al.’s method. These methods are implemented by C++ with
Gurobi optimizer 8.1.0 [9] to solve integer programs. We run them in a machine
with Intel(R) Xeon(R) Processor X5560 2.80GHz and 198GB memory.

4 Note that, because of the constraint that i < j, the graph G = ([n], E) is a DAG.
5 Please refer to [15] for details.
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6.2 Results and Discussion

Figure 6 shows the computation times(in the logarithmic scale) of each method
for different choices of q ∈ {0.01, 0.02, . . . , 1}. Figure 7 shows the size of π-
MDD(logarithmic axis) generated by the proposed method and Matsumoto et
al.’s method for different choices of q ∈ {0.01, 0.02, . . . , 1}.

Fig. 6. Average computation time for
n = 24, q ∈ {0.01, 0.02, . . . , 1}

Fig. 7. Average size of π-MDD for n =
24, q ∈ {0.01, 0.02, . . . , 1}

These results show that the proposed method is fastest and most space-
efficient among others for any q. Also, the results of Matsumoto et al.’s method
show that for sparse precedence constraints, its computational complexity be-
come much worse. However, with proposed method, even for sparse constraints
its computational time is moderately small and still smallest among others.

7 Conclusion and Future Work

We proposed an improved algorithm of Matsumoto et al. which exploits the
symmetry in permutations satisfying precedence constraints by introducing a
notion of equivalence class among jobs. Our future work includes improving our
algorithm for the cases where conventional IP solvers are still advantageous.
Also, extension of our algorithm for weighted flow time is still open. In addition,
it may be possible to construct only necessary parts of π-MDD dynamically,
which would further improve our algorithm.
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Appendix

Proof of theorem 4.

We show the proof of theorem 4.

Proof. We assign ae = ŵepl(e) to each edge e ∈ ED of π-MDD D = (VD, ED).
Then, for each path (e1, e2, . . . , en) from the root to the leaf and the correspond-
ing permutation π−1 = (l(e1), l(e2), . . . , l(en)), the weighted length of the path
can be calculated as follows.

n∑
d=1

aed =

n∑
d=1

ŵedpl(ed)

=

n∑
d=1

 ∑
i:[n]\Ved

wi

 pl(ed)

=

n∑
d=1

 ∑
i:πi≤πl(ed)

wi

 pl(ed)

=

n∑
d=1

 ∑
i:πi≤ππ−1

d

wi

 pπ−1
d

=

n∑
j=1

 ∑
i:πi≤πj

wi

 pj

=

n∑
i=1

wi

 ∑
j:πj≥πi

pj

 = w · c

Now, we get the flow time of problem (2) . 2


