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Characterization of Agreeable Plans in an Economy 
with Heterogeneous Capital Goods: 
The Continuous-Time Case 

Keisuke Ohsumi 

1. INTRODUCTION 

The purpose of this paper is to provide necessary conditions for a plan to be agreeable in the 

context of a continuous-time dynamic economic model with many capital goods. Since the 

pioneering paper by Hammond and Mirrlees 〔叩3〕， fairlydetailed analyses of agreeable plans 

have been conducted in the familiar one-good model and in a class of discrete-time models with 

many capital goods (see Hammond and Mirrlees 〔印3〕， Heal〔印3〕,Hammond 〔印5〕， Ham-

mond and Kennan 〔叩9〕， andOhsumi (1982り.However, in a class of continuous-time dynamic 

economic models with more than one capital goods, little is known about the properties of 

agreeable plans. For the results concerning agreeable plans in the familiar one-good continuous 

-time model, see Hammond and Mirrlees (1973〕．

In this paper we will prove the two important propositions concerning agreeable plans. First 

we will prove that, if an agreeable plan is interior, then it is a relatively maximal accumulation 

path - secondly that, if an agreeable plan is interior, then it is a locally optimal accumulation 

path. Although these results are very important in the study of agreeable plans in the context of 

the continuous-time model with many capital goods, these results have not been published to 

date. 

2. THE MODEL 

We suppose that there is a finite number, n, of different kinds of capital goods, which are 

arbitrarily numbered from 1 to n. We also suppose that the population grows at an exogenous 

nonnegative rate (m) from the given initial magnitude P。>O.Let P(t) denote the magnitude of 
the population at time t. Then, P(t)=P。e叫

Let 

klt) = per capita quantity of the ith capital good at time t, 
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k(t) = (k1(t), …, kn(t)〕'=n-vector of capital good quantities in per capita terms at time t, 

i~(t) = i th investment -good output in per capita terms at time t , 

i(t) = 〔h(t) ・（）〕, …， Int'= n-vector of mvestment-goods output m per capita terms at time t, 

z(t) = i(t)-mk(t), 

X(t) = set of technically possible pairs (k(t), z(t)) at time t . 

Also, for each tjme t, let u(k, z, t) be the maximum instantaneous social utility realizable at 

time t, given k and z at time t. Then the instantaneous social utility function at time t is defined 

by 

u(k, z, t) = u(〔ki,k2, …， kn)', 〔Z1,Z2, …， Zn)', t) : X(t)→ R. 

Now, we make the following assumptions which are very standard in the theory of optimal 

economic growth. 

(A.I) X(t)=XcRixR叫forall t ERが

(A.2) The set X is a closed set. 

ere 1s a continuous, p1ecew1se continuously differentiable function k(t) : 〔O,oo)→Ri (A.3) Th ・

such that (k(t), k(t)) E X, for almost every tERャ

(A.4) u(k, z, t) = e牙 (t)v〔k,z〕

=e―(8-m)tp。v低 z〕
=e―pt氏v(k,z〕

where 8E R. 

(A.5) v(k, z) : X→ R is continuous and twice continuously differentiable on the interior of X. 

Here, v 〔比 z〕： X→ R is the utility function of the representative person, 8 is a planning rate 

of discount and p is a planning rate of effective discount. 

Now, given the dynamic model described above, we introduce some concepts. 

Definition 2 .1: A continuous, piecewise continuously differentiable function k(t): (t', t"〕→

Ri is said to be a feasible accumulation path from k'at time t'to k" at time t" if 

k(t') = k', k(t") = k" 

and, for almost every t E 〔仏 t"〕，

(k(t), (k(t)) EX, (2.1) 

where O~t'<t"~ 十oo.

We will denote by F(t', k', t", k") the set of all feasible accumulation paths from k'at time t'to 

k" at time t". In the case where k" is not specified, we will denote this set by F(t', k', t"). Also, 
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in order to simplify the notation, we will write 

k(t): 〔t''t"〕→Ri = (k(t))畠
Definition 2 .2: A feasible infinite accumulation path (k(t))t'=。fromk(0) is said to be interior 
if 

(k(t), k(t)) E interior X, (2. 2) 

for every t E 〔゚， oo)at which k(t) exists. Here, we will write FlO, k(O), oo) for the set of all 

interior accumulation paths from k(O). 

Definition 2. 3 : A T-period vーneighborhoodof an interior accumulation path (k(t))t'=o E F(O, 

k(O), oo) is the collection of all feasible accumulation paths (k(t))I=o E F(O, k(O), T, k(T)) such that 

llk(t)-k(t)II~v for every t E 〔゚， T〕 (2. 3) 

and 

韮(t)-k(t)II印 (2. 4) 

for every t E 〔゚， T〕at which k(t) and k(t) exist. Here, we will write N((k(t))t'=o, T, v) for a T-

period v-neighborhood of (k(t))t'=o. 

Definition 2. 4: An interior accumulation path (k(t))に。EF(O, k(O), oo) is said to be relatively 

maximal if 

¥;/TER十，ヨ))>O, V(k(t))I=o E N((k(t))にo,T, v); 

』Te―ptp。V伐(t),恥）〕dt~/Te_叩。 v〔k(t), k(t)〕dt. (2. 5) 

Here, we will write Frm (0, k(O), oo) for the set of all relatively maximal paths from k(O). 

Definition 2. 5 : An infinite accumulation path (k(t))t'=o E F(O, k(O), oo) is said to be a locally 

optimal accumulation path from k(O) if k(t): 〔0,CX))→ Ri is twice differentiable and it satisfies the 

following differential equation of the second order 

Vzz(k(t), k(t))点(t)+vzik(t),k(t))k(t)-{pvz(k(t), k(t))+vik(t), k(t))} = 0 

(for every t E (0, oo)). (2. 6) 

Here, we will write F'0(0, k(O), oo) for the set of all locally optimal accumulation paths from k(O). 

Also, given an initial capital stock k(O), we give a definition of agreeability-choice criterion 

with which we shall be concerned in this paper. 

Definition 2. 6: A feasible infinite accumulation path (k(t))に。EF(O, k(O), oo) is said to be: 

(1) an agreeable plan in the sense of Hammond and Mirrlees if 

'v'To>O, V c>O, ヨT1>T。,VT>T1, V(k(t))r=o E F(O, k(O), T), 

ョ(k'(t))f=oE {(k'(t))f=o I k'(t) = k(t), O~t~To, (k'(t))f=o E F(O, k(O), T)}; 

『e-ptp。v〔K仕）9応(t)〕d t ~ eー肛PoV 〔k(t), k(t)〕d t一 C1 (2. 7) 

(2) an agreeable plan in the sense of Hammond if, for VTo>O, 

-145-



経済学研究第 57巻第5・6号

T→ +oo(T>T。)⇒WT~WT((k(t))t'~o IT。)→0, (2. 8) 

where WT = sup JT e-予 v〔k(t),k(t)〕dt over all (k(t))『~o E F(O, k(O), T), WT((k(t))各。 To)=sup 

J¥-叩。 v〔k'(t),応(t)〕dt over all (k'(t))Lo E {(k'(t))l=o I k'(t) = k(t), 0~t~T。, (k'(t))r=O E F(O, k(O), 

T)} (T>T。)．

Although it seems at first glance that these two definitions of agreeability are considerably 

different, these definitions are in fact equivalent for the model described above (see Ohsurni 

〔198的）• Here, we will write F.g(O, k(O), 四） for the set of all agreeable plans from k(O). 

3. NECESSARY CONDITIONS FOR AGREEABILITY 

In this section, given the continuous-time dynamic economic model described above, we 

prove the important proposition concerning agreeable plans. We first prove that, if an agreeable 

plan is interior, then it is a relatively maximal path. Then, we prove that, if an agreeable plan 

is interior, it is a locally optimal accumulation path. These conclusions are very important in the 

study of agreeable plans for a class of widely-used continuous-time models with many capital 

goods because they allow us to make use of some results in the extensive theoretical -literature 

on optimal growth (see Levhari and Liviatan 〔叩2〕,Magill且97刀，〔197虹 andMagill and 

Scheinkman日979〕）．

Now, in order to proceed, the following assumptions will be made : 

(A.6) For any T", T'(T">T';:;;O) and any k20, 

sup JT"e―ptp。対k(t),k(t)〕dt over (k(t))に'T,E F(T', k, T") is finite. 

Assumption (A.6) does not seem to be stringent. 

Now, we can prove the following result. 

Proposition 3 .1: Under assumptions (A.1)-(A.6) and given an initial capital stock k(O)訊0,if 

an agreeable plan is interior, then it is a relatively maximal accumulation path, that is, 

F;(O, k(O), =) n F aiO, k(O), 00) c pm(o, k(O), =). 

Proof. Suppose that 

{Fag(O, k(O), =)nFi(O, k(O), oo)}n{F(O, k(O), =)-Frm(o, k(O), =)} is not empty. 

Then, there exists (k(t))に。 EF(O, l'c(O), =) such that 

(k(t))に。 E{F aiO, k(O), =) n F;(O, k(O), =)} n {F(O, k(O), =)-Frm(o, k(O), 双）｝．

Since (k(t))に。 EF(O, k(O), oo)-Frm(O, k(O), =), there exists T。>Osuchthat 
'i!!>O, ヨ (k(t))『~o E N((k(t))にo,T。,v); 
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!Toe―ptp。v〔臥t),恥）〕dt < !Toe_叩。 v〔k(t),k(t)〕dt. 
0 0 

Thus, given T=T。>Oand 1J= 1J1>0, there exists (k'(t))I~。 E N((k(t))t=O, T。,1J1) such that there 
is s* >0 such that 

!Toe―ptp。v〔臥t),k(t)〕dt < 1Toe_叩。 v〔k'(t),応(t)〕dt-s*. 

゜Hence, by (A.6), for any T > T。,
To 

W可 e―ptp。v〔訊t),応(t)〕dt. 
゜ T 

+sup f e―ptp。v〔記Ct),k"(t)〕dt over all (k"(t))f=T。EF(T。,k(To),T) 
To 

!To > e―ptp。v(k(t),k(t)〕dt+s* 
゜ T 

+sup f e―ptp。対k"(t),k"(t)〕dt over all (k"(t))い。EF(T。,k(To),T) 
To 

= WT((k(t))にoI To)+s*. 

Therefore, there exists T。>Osuchthat, for any T>T。,

WT -WT((k(t))にoI To) >s* >O. 

This is a contradiction. Thus, 

{F aiO, k(O), oo) n Fl 0, k(O), oo)} n {F(O, k(O), oo)-Frm(o, k(O), oo)} =¢. 

Therefore, F aiO, k(O), oo) n F lO, k(O), oo)cFrm(o, k(O), oo). 

We can prove the following important fact concerning agreeable plans : 

Q.E.D. 

Proposition 3 .2: Under assumptions (A.1)-(A.6) and given an initial capital stock k(O)コ0,if an 

agreeable plan (k(t))t'=o E F(O, k(O), 叫 isinterior, then, 

(1) in any part of 〔〇，゚))in which k(t) is continuous, 

d/dt{e―PtVz1伐(t),~(t) ]}-e-ptv如〔k(t),k(t)〕= 0 (i=l, 2, …， n) ; (3 .2) 

(2) at any corner point (a point of discontinuity of k(t)), to, 

Vz1ば(to),~(to-0) ] = Vz1伐(to),~(to+O) ].

Proof. Suppose that (k(t))t'=oE F;(O, k(O), oo)nFaiO, k(O), oo). Then by Proposition 3.1, for all 

tE 〔〇，叫， thereexists T'> t such that 

ョv>O,V(k(t))に。EN((k(t))t'=o, T', v): 
JT'e―ptp。v(k(t),~Ct) ] dt~JT'e-p中。 v〔k(t), k(t)〕dt. 
0 0 

Now, we choose some vector function h(t)= 〔h1(t),…, hn(t)〕that satisfies the following condi-

tions: 

(1) h(t) : 〔0T'〕→Rn. 1s a contmuous, piecewise continuously differentiable function ; 
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(2) h(O)=h(T')=O; 

(3) there exists t E 〔゚， T'〕such that h(t)キ0.

Given h(t): 〔0,T')→R叫 thereexists a sufficiently small c >0 such that, for 8 E (-c, c), 

the function k(t): (0, T'〕→Rn defined by 

k(t) = k(t) + 8h(t) (咋〔0,T'〕）

lies in N(<k(t)>1"~o, T', 21). For 8 E (-c, c), we now define the function as follows: 

馴=JT'e―pt噸 (t)+ 8h(k), k(t) +拙(t)〕dt. 

゜Also, for△8キ0,

蜘＋△8)-¢(8) 
△8 

1 T' 

△8 。= 〔fe-pt{v仮(t)+(8十△8)h(t), 気t)+(8+尋 (t)〕
-vば(t)+8h(t),k(t)+8h(t)〕} dt〕

1 T';._  ;._ 

＝直fe―N({這 (t)+ 8h(t), k(t) +叫t)〕ド国h(t))+{嘩 (t)+ 8h(t), k(t) +拙(t)〕T(△和(t))
゜
1 1 
十一（△8h(tW Vkk 〔ど， n〕（△8h(t))+ (△ 8h(t))T Vkzぽ， 7}〕（△拙(t))
2 2 

1 1 
十一（△8h(t))T Vzk 〔ど， n〕（△8h(t))+一（△砕(t))TVzzぽ，n〕（△8h(t))〕dt 
2 2 

;._ 

where~=k(t)+8h(t)+0• 8h(t), 7J = k(t) + 8h(t) + 0△紐(t),O< 0〈1.

Thus, 

△8→O⇒ 

如＋△8)ーゆ(8)
△8 

→ ¢'(8) 

= JT'e―pt{v諏 t)+Bh(t), 細＋邸(t)〕・h(t)+嘩(t)+ Bh(t), ((t) +鉗(t)〕・h(t)}dt. 

゜Furthermore, for any 8 E (-c, s), 

¢(0)~ ¢(8). 

Therefore we obtain 

ゅ'(O)= 0. 

Hence, 

T' 』6揺{v心 t),応t)〕h;(t)+這 (t),知）〕丘(t)}〕dt = 0. 
N ow, smce 

d t 
記 [e―pて Vk、は(r),知）〕 dr = e―pt V謡 (t),恥）〕，

with integration by part, 

-148-

library
ノート注釈
library : None

library
ノート注釈
library : MigrationNone

library
ノート注釈
library : Unmarked



Characterization of Agreeable Plans in an Economy 
with Heterogeneous Capital Goods: The Continuous-Time Case 

JT'e―pt V贔 Ct),k(t)〕h;(t) dt 

= 〔h;(t)1い這(r),応）〕 d噌ー［丘(t){1い這(r),知）〕叫dt.
Here, h(O)=h(T')=O. Thus, 

叫f e―pt這 Ct),k(t)〕h;(t) dt+ JT'e―pt這 Ct),k(t)〕丘(t)dt 
i=l 0 ｝ 

=~e—pt ,,._ . t i=Jf 這 (t),k(t)〕h;(t) dt-1丘（囁e―prV贔 (r),k(r)〕dr dt . 

=』TT含{e―"這(t),~(t) ]-fe―pて v贔 (r),応）〕 dr)丘(t)]dt. }〕
=0. 

Now, we define the Junction L;(t): (0, T'〕→R (i=l, 2, …, n) as follows : 

L;(t) = e―pt VぶCt),k(t)〕ー1te―prV晶 (r),知）〕 dr. 

Also, we choose the constant C;(i=l, 2, …, n) such that 

C; = j, 1T'L;(t) dt. 

and we define the function凡(t):〔0,T'〕→R (i=l, 2, …， n) as follows : : 

凡(t)=『 {L;(s)-C;}ds. 
The function凡(t):〔0,T'〕→R (i=l, 2, …，n) is continuous and piecewise continuously diff erentia -

ble. Furthermore, for any i E {1, 2, …， n}, 

h;(O) = o, 

凡(T')=』T'{L;(s)-C;}ds =『,L;(s) ds-C;T'= 0. 
Therefore, 凡(t):〔0,T'〕→R(i=l, 2, …， n) satisfies the above conditions (1), (2), (3). Since the 

above equation still holds for凡(t): 〔0,T'〕→R (i=l, 2, …， n), we obtain 

JT'f {L;(t)-C;} dt = 0. 

Also, since, for any i E {1, 2, ... , n}, 

JT'{L;(t)-C;} dt = 0, 

we obtain 

JT'±{L;(t)-CJ2 dt 
0 i=l 

＝［含 Li(t){L;(t)-Ci} dt—含 {Ci 1T'(L;(t)-Ci) dt} 

= 0. 

Hence, for any t E 〔゚， T'〕， L;(t)=Ci(i=l, 2, …， n). Thus, for any t E 〔゚， T'〕
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e―pt V店 (t),~(t) J-1い疇（て），知）〕 dr = C,, 
where C; (i=l 2 , …, n) 1s some constant. 

Now, we consider any bounded interval (t', t")c(O,co) in which k(t) is continuous and choose 

(3. 4) 

,;_ 

T'>t". Since, on (t', t"), v如〔k(t),k(t)〕is continuous, f e―pr V謡 (r),応）〕 dr is differentiable 
゜on (t', t"). Thus, e―pt Vz, 〔k(t),~Ct) ] is differentiable on (t', t"). 

Therefore, differentiating with respect to t gives the equation 

d ..:_ ..:_ 

dt 
{e-pt Vz, 〔k(t),k(t)〕}-e-pt Vk, 〔k(t),k(t)〕= 0. (t E (t', t")) 

Also, let t。beany corner point. Then, we choose T'>to. Since, on 〔゚， T'〕,

fに—pr V切氏(r),k(r)〕dr+C, 
゜is continuous, e―pt Vz,(k(t), k(t)〕is continuous. Therefore, at to, 

e―Pto Vz,(k(t。)， k(t。-0)〕=e―Pio Vz, 〔k仕〇),k仕。十0)〕●

Q.E.D. 

Now, in order to proceed, the following assumptions will be made. 

(A.7) (1) 文isconvex. 

(2) For all (k, z) E X, 

det Vzz瓜 z〕キ0.

(3) For any t゜€ 〔0,00〕and any (k(t))i=。EF,、(0,k(O), oo), 
lim (k(t), k(t)) = (k(t。)， k(t。-0))E文，
t→ to !<to 

lim (k(t), k(t)) = (k(t。)， k(t。+O))E文．
t→ to 
!>to 

Assumptions (A.7) (1), (2) are standard assumptions. 

Thus, we have the following proposition. 

Proposition 3. 3 : Under assumptions (A.l) -(A.7), and given an initial capital stock k(O)~ 

0, if an agreeable plan is interior, then it is a locally optimal accumulation path from k(O), that 

，
 

s
 

.
1
 

F;(O, k(O), 区）nFas(O, k(O), 改）cF'0(0, k(O), =). 

Proof. Let (k(t))t'-。bean interior agreeable plan from k(O). Now suppose that there exists a 
corner point t'of <k(t)〉t'-o.Then, 

応t'-0) キ~(t'+O).
By Proposition 3.2, however, 

Vz 〔 k(t'入 ~(t'-0) 〕 = Vz 〔k(t'),~(t'+O) ]•
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Thus, by the theorem of Rolle, we obtain 

Vzz (k(t'), k(t'-O)+B{k(t'+O)-k(t'-0)} ] ·(k(t'+O)-~(t'-0)) = o. 
Here, (k(t'), k(t'-O)+B{k(t'+O)-iミ(t'-0)})E X, 0 E (0, 1). 

This is a contradiction of (A.7-2). Thus, there exist no corner points of (k(t))t'=o. 

Next, for any t E 〔〇，叫， wechoose T'>t. We define the function Fi 〔t,Z1, Z2, …，叫：〔0,T'〕

X Rn→ R (i=l, 2, …, n) as follows : 

F; 〔t,Z1, Z2, ... , Zn〕

=e―pt這 (t),Z1, Z2, …， z』-itご這(r),知）〕 dr-Cり
where Ci (i = 1, 2, …, n) are the constants associated with the above equations (3.4). Since there 

exist no corner pomts of (k(t))t'=o, the function fご v贔 (r),k(r)〕dr: 〔0,T'〕→R is 
continuously differentiable. Thus, Fi 〔t,Z1, Z2, …，z』:〔0,T'〕XR□ R (i=l, 2, …，n) is continuously 

differentiable. 

Furthermore, for any t'E 〔0,T'〕， thefollowing conditions hold : 

(1) Fi 〔t',恥）〕 =O (i=l,2, ... ,n); 
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