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WITH SIMULTANEOUS FAILURE UNDER
PREEMPTIVE REPEAT REPAIR DISCIPLINE

Masanori KODAMA

1. INTRODUCTION

In this paper we consider a multicomponent system composed of two subsystem S, and S;
in series. Subsystem S, is K-out-of-N : G system (more than N-K+1 must fail for S, to fail),
while subsystem S, consists of M different units connected in series (the failure of any one causes
S to fail).

The life-times of the active units depend on each other in having simultaneous failure of all
the operating units and repair times are distributed quite generally. A failed unit is repaired at
a single service channel. Kulshrestha [1,2] has studied the model for K =1 under the assumption
that the repair of any unit is possible only when the system stops operating and the life times of
the active units are mutually independent. Nakamichi et al. [3] and Kodama [4] have studied the
model for K =1 with exponential failure distribution under the different repair policies. Kodama
et al. [5] have investigated the system presented here under the assumption that the repair of any
unit is possible only when the system stops operating. Assuming that the failed unit is repaired
as soon as the unit fails and the system has priority in repair, Laplace transform of pointwise
availability and reliability, mean time to the first system failure and steady state availability are
derived. In practice, there are a lot of cases which the above conditions are satisfied (for example,
an electronics and communication system, a space shuttle, .. ..) and the above mentioned results
are used for the reliability design of complex system, so it is important to study the above system.

And also the theoretical interest in reliability analysis of the above system exists.

2. DEFINITION OF MODELS AND NOTATIONS

Independent Poisson processes Zi(t; Ao), ==, Zn(t; Ao), Z:i(t; A1), -, Zu(t; Am) and Z(¢:
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A*) govern the occurrence of shock (By Z(¢; A), we mean a Poisson process with a parameter
A). Events in the process Z:(¢; Ao) are shocks to unit 7 only in Se(1=<;< N ), and events in the
process Z;(t; A;) are shocks to unit ; only in S,(1=<7< M), and events in the process Z(¢; A*)
are shocks to all operating units.

Each unit results in failure after receiving only one “shock”. The system breaks down if
more than (N — K +1) units in S, are simultaneously in a failed state or if any failure in S, occurs
or if simultaneous failure occurs. A failed unit is repaired at a single service channel, and the
repaired unit is assumed to behave like new after repair. Repair times are distributed quite
generally. When the system is in a failed state, the residual good units do not fail.

While the system is operating, whenever any unit in S, fails, it is sent to the repair station
at once where it is repaired on a first-come-first-served basis.

A repaired unit is put in operation immediately. When the system stops operating by stop
of S,, as soon as the unit in S, being served is repaired, it is reentered and then the system
operates again. When the system stops operating by the stop of S,, as soon as the failed unit of
S, is repaired the system operates again. If a unit in S, fails when a unit in S, is being repaired,
it is repaired without dely by interrupting the repair of unit from S, ; the preempted unit from
S, repeat service from the begining on its reentry (preemptive repeat repair discipline). Through
this model, m units in So(K <m < N ) and all the units in S, are repaired when the system stops
operating by the simultaneous failure. If the simultaneous failure occurs when a unit in S, is
being repaired, all unit in S; and m units in So(X <m=<N —1) are repaired without dely by
interrupting the repair of the unit from S,, if any ; the preempted unit from S, obeys the ‘repeat
rule’ so that upon reentry its repair is to be started from the beginning. Similarly, we can discuss
for the case of preemptive resumption priority (see reference [6]).

The system is always in one of the following states: Ey -all the unit in S, and S, are
operative ; E;-7 units in S, and all the units in S, are operative, and a failed unit is undergoing
repair, K<isN—-1; Fx-1—(N—K+1) units in S, have failed and the system is undergoing
repair ; F;;—{ units in S, are operative and the system stops operating by the failure of the jth
unit in S; and the system is undergoing repair, K<i<N, 1=7=<M ; F, -all the units in S, and
S, have failed and the system is undergoing repair. We note that E. means that the system is
operating and F. means that the system is failed. Initially, all the units are operating.

Through this paper we use the following notations;
M
A= B
fo(t) is the density function of repair time of a unit in S,
t
fo(t) = po(t) exp [—j; ﬂo(x)dx] 3
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f5(¢) is the density function of repair time of jth unit in S,,
t M
A6 = mDexo| - [(uix)dx], 15is M, D)= BALOI;

g* u(t) is the density function of repair time of 7 units in S, and M units in S, when the system

stops operating by the simultaneous failure,
t
ghu(t) = /1?+M(t)exp[—]; ul"+M(x)dx] , K<i<N;
Ko, K; and KX are the first moment (mean repair time) of f5(¢), f;(¢) and g* »(¢) respectively ;
J is the Kronecker delta ;

m
< ) ) is the binomial coefficient that is assumed to be zero if m<i; P:(¢{)=P {the system is in
i

state E; at time ¢}, K<i<N ;
P.(¢t, x)dx=P {the system is in state E; at time ¢ and elapsed repair time lies between x and x
+dx},

mn:fnmmm,xgigNﬂ;

Px_1(t)=P {the system is in state Fx_, at time ¢}
Px_:(t, x)dt =P {the system is in state Fx_, at time ¢ and elapsed repair time lies between x and
x+dx},

Proi(t) = /o‘tPK—x(t,x)dx;

P.;(¢t)=P {the system is in state F:; at time ¢}
P:;(t, x)dx = P {the system is in state F;; at time ¢ and elapsed repair time lies between x and
x+dx)
t . -
Put)= [Pu(t,x)dx , KSiSN, 1Sj<N;

Qo(t)=P {the system is in state F, at time ¢}
Qo(t, x)dt =P {the system is in state F, at time ¢ and elapsed repair time lies between x and x
+dx}

Qo(t) = foth(t,x)a’x

N
P4(¢)=P {the system is functioning at time ¢}= Z}kPi(t)

(pointwise availability function)
R(t)=P {the system does not break down during [0, ¢]}
(reliability function)

MTSEF is the mean time to the first system failure M (s) is the Laplace transform of M(¢), M(s)

=_/0.we’s‘M(t)dt d
T |



Pi(x) = limPi(t, x) ,

Po= [Plx)dx, K-15isN—
0

1;
PN = EiﬁrgP»:(t);
Py(x) = limPy(t,x) , KSiSN, 1S/ M;
Pﬁ:fomP,-j(x)dx  K<isN, 1sjsM:
Qolx) :ltifEQ"(t’ x):

Qo= _/:oQo(x Ydx ;

Py = §(Pi (steady state availability of the system)

a(s, i, A*) = s+ide+AQ—F(s)+A*, K=<i=N,;

LAl = Fols + 720+ A+ 20) = AF ()1 = fol s+ 7A0+A+A%))/
Vim(s) = B

(s+ 70+ A+AN/ fols+ 7+ A+A*)}, K+1<i<N-1,
1!

i=K
i > j(h(n) is a function defined for » = i

" e ]')
( )a(s, n, A V(s)Jals, N, A*) ;

Z:]h(n)ZO

’

Cils) = 3

_

Ef)(s)

I
1 M&

(MY =mo V(s ats, N, 4);
E“"’=2< Jvin(s);

W(s) = fols+ Ko+ A+A*)CHin

() [fols+irot A+ A V(s)Cn(s)] ,
K+1<i<N-1,
(1)(S)= [Ck’l 1,N(S)E§{l+11(3) C}(])II(S)E}(I+1N 1(5)]/
[Fo(s+ide+A+A)V(s)CBN(s)]) , K+1=i=N-—1
b(zl)*(s) — [C%lx,N(S)Eglx,i(s)—C}élx.i(S)Eﬁl:,N—l(s)]/
[fols+ido+A+A)VOs)CRN(s)], K+1=i=<N-1
EV(s) = {1—A*ghin(s) fols F(N =1 Ao+ A+ A*) b2 (s)/
s, N, A%) =2 G oa(s) 2, (— 1 ( 22 A= ks + mbot A+ A%)
“bP(s)/ (s+ nAe+ A+ A H{ (s +H(N —1)Ao+A+A*)alli(s)/als, N, A*)
+§;(—1)"-K(” )(1 Fols+mlatA+A*))aP(s)/ (s+ ndo+A+A%)}
{1—2*gmen(s) fols +(N— 1)/10+/1+/1‘)b§}>1(s)/
a(s, N, A)=2*Ghw(s) £ (1" K(K 1)(1 Fols+nAo+A%)
bP(s)/ (s+ nAo+ A+ A} H1+ fols+(N —1Ae+A+ %084 (s)]/
s, N, A%+ (=11 JA= Al + ndort A+ AN BEON(s)/
(S+M0+A+/1*)}
aP'(s) = a(s)+A* g u(s)k{(s)b{ (s)

, K+t1=:=N-—1;
bV (s) = A*gaim(s) V()b (s)+ bV*(s) , K+1<£ i< N-1;

k(gl)(s) —

—12 —
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3. SOLUTIONS OF THE PROBLEM

The analyses are classified to according to the nature of this system and the relations among
m, K, and N and in this way three cases may occur: i) IS K=m=N-—1,i)) ISK=N-1, m=
N, iil) 2£ K=N, m=N. The unified analysis of three cases is more difficult than a separate
analysis. Therefore, we make the separate analysis of three cases. The analysis crucially
depends on the method of supplementary variables, and the supplementary variable x denotes the
elapsed time that a unit has been undergoing repair. Viewing the nature of this model, we obtain
the following set of differential-difference equations :
(i) I=sK=sms<N-],

[d/dt+ NAe+A+A*|Pn(t) = ’/O‘t/lo(x)PN—l(t, x)dx+]§1£tﬂj(x)PNj(t, x)dx , (3.1)

[8/0t + 8/ox + iAo+ A+ A* + (%) P:(¢, x) = 1= Sin-0)(i+1) A Pin(2, x) ,
K<is=N-1, (32

(6/0t + 8/0x + o(x )] Px-1(t, x) = KAoPx(¢, %) , (3.3)
[0/ot+0/ox+us(x)Ps(t,x)=0, K<i<N, 1M, (3.4)
[0/t +0/0x+ phm(x)]Qo(t, x) =0 , (3.5)
PA(t,0) = San-iNAPN(+ [ ol Pecs(t, x)dx+ 2, [ i w)Pustt, x)dx
+5i,m_/o‘t#;+M(X)Qo(t,x)dx , K=sisN-1, (3.6)
Px-1(t,0) =10, (3.7)
Pit,0)=MP(t), K<i<N,6 1sjsM, (3.8)
Qu(1,0) = A* 3 P(1)
= A*PN(z)H*Zg‘;;fO'P,»(t, el | (3.9)
Py(0)=1. (3.10)

In order to solve these equations we introduce the discrete transform (see reference [10], p. 26-30).

Uit x) = E:(?)Pn(t,x) , K<is<N-1, (3.11)
Pt x)= ":2;:(—1)”*"<?)Un(t,x) , K£isN-1 (3.12)

Taking the Laplace transform of (3.1)-(3.9), (3.11) and (3.12) under the initial condition and

using the results of Appendix 1, we obtain.

Pi(s)=AP(s)1—Fi(s)))s, K<SisN, 1M, (3.13)
Qols) = 2* £ Ps)1— Zhenls))s | (3.14)

Pis) = B (=1 () Tals, 1= s + miort-2+ A0 (s + mdo+ A+ %)

K<i<N-1, (315
Pn(s) = [fols+(N—=1)Ae+A+A*)Un_i(s, 0)+11/a(s, N, A*) , (3.16)

— T =
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Pe-r(s) = Kao 2 (— 1" (2 )[Tn(s, 0)/ (ndo+2+A%)]

(1= Ffol(s))/s— (1= fols+nAe+A+A*))/ (s+ nAe+ A+ A*)] (3.17)
Ui(s,0) = a®(s)Ux(s,0)+b6(s), K+1<i<N-1, (3.18)

Uk(s,0) = {(%)[(N—K)/lo—a(s, K, 2*)fo(s+ (N —=1)Ao+A+A")08"1(s))/a(s, N, A*)

i - n o\ N n = 7 .
+ 3 D)ol ot A+ 200+ ( 2 ) Kol Fals)— s+ ot A+ A%))/
(ko 3439 [887()+ (72 )2* it RAP(S)}
{1= Al + Kaa+ 2+ A= A7 ()1 = Fol s+ Kot A+ 20 (s + KAo+A+2%)

+<%>a(s, K. A)Fo(s+ (N =1 Ao+ A+A%)al(s)/

als, N, )= B (=0 (7 Vats+ ndot A a0+ ) KA ols)

— fols+ndo+A+2%))/

(n/lo+/1+/1')]a‘,}”(s)—(Z)K/i‘émm(s)kfn(s)}—l " (3.19)
2 P(s) = H(s) Dx(s, 0)+ As) (3.20)

P(t), Qt), Pc-1(¢) and P:«(t) are the probability that the system are in state Fy;, Fo, Fx-

and E: at time ¢ respectively. Hence the Laplace transform of the system availability Pa(s) is

given by (3.20).

The Laplace transform of system reliability R(s) can be obtain from Pa(s) by modifying the

system so that a down state is an absorbing state, it can never go up. So we substitute f(s)=
0, (fols)— fo(s+nAo+A+A*))=0, K=<n=N—1and g4.u(s)=0in Ps(s). Moreover, if we set s
=0 in R(s), we obtain MTSF.

In order to derive the steady state availability we set up the following set of differential-

difference equations :

[NAo+A+A*]Py = j;muo(x)PN-l(x)dx+ﬁl_/o'w#f(x)PNj(x)dx , (3.21)
[d/dx+z'/10+/1+/l‘+;zo(x)]P.-(x) = (1—5i,N-1)(i+1)AoPi+1(x) , K£isN-1, (3.22)
[d/dx+ po(x)]Px-1(x) = KAoPx(x) , (3.23)
[dldx+ups;(x)]Pi(x)=0, K<isN,6 1<;=M, (3.24)
[d/dx~+ phn(x)]Qo(x) =0 , (3.25)

With the following boundary conditions and normalizing condition :

o M ]
P:(0) = 8{,N—1N/‘0PN+./; llo(x)Pi—l(x )dx+1§1./; /Jj(x)Pij(x)dx

+8un [ Hhen(0)Qux)dx , KSisSN-1, (3.26)
Px-1(0) =0, (3.27)
Py0)=APv, 1S7=M, (3.28)
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Py0) = A [ Pdx)dx = AP, KSiSN-1, 1SjsSM, (3.29)
N-1 o N
Qu(0) = A*Pu+2* 3 [ Pux)dx = A* 3 Py, (3.30)
i=KJ0 =K
N-1 Gl o M oo N-1 M £
PN+:‘§(/(I P,(x)dx-i-'/(; PK_;(x)dx+j§1/0' PNJ(x)dx"‘z:EKJZ:)'/; P,-j(x)dx
+ [T Qo(x)dx =1 (3.31)
0
Solving the above equations, we obtain (see Appendix 2)
Pij = AjKjPi 5 (332)
(3.33)

Qo = /I*K'mMi:%KPi i
P = :g(—l)”“(?)Un(O)(l—fo(n/lo+/i+/1‘))/(n/lo+/1+/i*)  K<isN-—1,(334)
(3.35)

Py = fol((N=1)Ao+A+A*) Un-1(0)/(NAo+ A*) ,
Pioy = E(—l)"-"(;)moUn(o)[Ko—(l—f'o(n/l0+/1+A*))/(n,io+/1+a*)]/(n/10+/1+/1*) ,
(3.36)

K+1=i=N-1, (3.37)

U:(0) = a¥"(0)Ux(0) ’
UR(O) = { KOO 144 K* o+ BAK; |+ (=105 ) Ko/ (ndo+ 2+ 2°)]

o= (1= Fol o+ A+3%))/ (ma+ A+20)a O (3.38)
N
= P = k(0)Uk(0) . (3.39)
Py, @o, Px-1 and P; are the probability that the system are in state Fy;, F,, Fx-1, and E; in

equilibrium respectively. Hence the stationary availability P, is given by (3.39) explicitly in

closed form.
Remark 1) A*=0, we have from (3.38) and (3.39)

U(0) = {1+ ZAK)| AW~ Do+ Dl o(0)/Ni
+ 202 A= Aln+ D)0 (ot 2) |

+ B D KA o ) Ko— (1= F(ndo+ D)o+ A (0)/
(3.40)

-1
(ot )}
Equation (3.40) coincides with the formula (30) of model 5 in M. Kodama [8].
Remark 2) A=0, we have from (3.38) and (3.39)
Pa = U Fol(N =1 +2+ A)a2 (0)/ (NA+2*)
+ 2 (0 (2 A= Folnda+ A (mdo+A0]a 0) (3.41)
R K—1 0 0 0 n , £

where
Ux(0) = {(1+A*K;+M>fo((zv—mo+,v)aw.l(o)/(NAOH*)



B B ¥ W R HE52HE 65

+ 2~ 2 )a )
TnAoKof (nho+ A )+ A*(1= Folmdo+ A* D Kk +1/ (ndo+ 2% (ndo+20)]}
(3.42)
Equatioﬁs (3.41) and (3.42) coincide with the formulas (29) and (28) in M. Kodama et. al [9],
respectively.
(i) 1I=sK=N-1, m=N

(3.2), (3.3), (3.4), (3.7), (3.8), (3.9) and (3.10) remain the same. Three new equations are added.

(d/dt+ Nao+ A+ A*1Pu(t) = [ o) Puos(t, 2+ 2 [ 1,00 Pust, x)dx

+ [t (OQt, X (3.43)
(0/0t + 0/ 0x + 1k 1 ()] Qo(t, x) = 0, (3.44)
Pi(1,0) = 8un-1NaoPu(t)+ [ a0 Pios(t, )+ 2 [ (0Pt x)dx (3.45)

By the similar method we obtain

Pu(s) = | fols + (N =Ddo+ A+ A) Un-1(s, 0+ 1+ A% auls) 2, Pils) |fas, N, 4%)
(3.46)
Pi(s) = 2 (=17~ Uns, 00— Fls+mda+ A+ AD) (s+ o+ A+A%)
1<isN-1, (347

Un(s,0) = a?’(s)Uk(s, 0)+862*(s), K+1<n<N-1, (3.48)
Pu(s)= B PAs) = k(s Un(s, 0)+k§Xs) , (3.49)

Ux(s, 0) = {(i)[(zv—K)N/lo(1+/1*é;m(s)/ea“(s))—a(s, K, %)
F(sH(N=1)Ae+A+A*)68% (s)]/a(s, N, A*)

N-1 ek n _ . ”

+ 2 (=1 [(Kgl)fo(s+n/10+/l+}t )+<K
-fo(s+n/10+/1+/1‘))/(s+n/io+/1+/1*)]b‘n""(s)}{1—fo(s+KAo+A+/l*)

)K/lo(fo(s)

—Af(s)(l—fo(s+KAo+A+A‘))/(s+KAo+A+A‘)+<I]¥)[a(s, K. 1)
Fo(s+H(N=D o+ A+A%)aW1(s)— (N — K)AA* gk u(s) k2 (s)]

* _Nﬁl _1\n-K n o * n
Jas, N, 2= (1| (" Vs +ndata+ 200 +( ¢ )

'(fo(S)_fo(S+n/lo+/1+/1*))/(s+n/10+/1+ﬂ')]a(nw(s)}d , (3.50)
a?(s) = aP(s)+A*ghem($)ED(s)6P*(s) , K+1=sn<N-1, (3.51)
bP*(s) = (1+A*ghem(s)EP(s)6P*(s) , K+1<nsN-—1, (3.52)

K2(5) = (1= A28 ea(1+ Fols+(N —1Aa+ A+ (s /a(s, N, 4*)
n—1

K_1>[(1—fo(s+n/lo+/1+/1'))/(s+n,1°+/1+/1')]

— 2t en(s) 5 (— 14

— 16 —
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-b‘n‘"‘(s)} {fo(s+(N Dhot A+ A%)at1(s)/als, N, A*)

(A= fols+ nAo+ A+ A*))/ (s +nAdo+A+A*)]a¥ (s } ,
(3.53)

+3 (-1 K(K 1)

EP(s) = {I—A*éﬁ+M(s)[1+fo(s+(N“1)Ao+/1+/1*)b‘”*(s)]/a(s N, %)
-—A‘EMM(S)"NE:(—I)"”K(K 1)[(1 Fil st mle A4 %0 {5+ adnd-A-A%)]
-b‘n”*(s)}71{[1+fo(s+(N—1)/10+/1+/l*)b‘”*(s)]/a(S N, %)

N-1
_ n—K * (1)%
2 (1K A= Fals+ mdot A+ A0 s+ mdort A+ ADBP*(5)}
(3.54)
Stationary availability (3.22)-(3.24), (3.27)-(3.31) remain the same. Three new equations are
added :

[Nao+2+A¥1Pw = [ o) Pu-s)de+ 2 [ 7,0 Pustx )ax

[t Qo) (3.55)
ld/dx+ pkm(x)]Qo(x) =0, (3.56)
Pi(O) = 51,N—1N/10PN+-/:0#0(X)Pigl(x )dx+]§£wﬂj(X)Pij(x )dx . (3.57)
By the similar method we obtain
Py = {fo((N—1)/10+,1+,1*)(/N_1(0)+,1*ﬁxp,»}/(NA0+/1*) , (3.58)
Py= :Zj:(—1)”“(7;)Ui(O)(l-fo(i/lo+/i+/1*))/(i/lo+/1+/1*) CK<isN-1, (359
Pyi = é (_l)n_K
n=K
(;)U,,(O)[KAO/(nAoJr/1+,1*)][Kr(1—ﬁ(nao+,1+a*))/(n,10+/1+,1*)] , (3.60)
U:A0) = a®(0)Uk(0) , (3.61)
Pij:/injPi, K§i§N, 1§i§M, (3.62)
Qo = A*KmMﬁKP,» = A*K#onPs (3.62)
Pi= 3 P = KP0)UKO) , (3.64)
a?’(0) = az”(O)+/1‘k(2)(0)b“"(0) (3.65)

Ux(0) = {k‘f’(O)[l+/1*KA7+M+J§/1,-KJ»]+§;(—1)"”‘( ")[mo/ (nAo+A+A%)]

Ko (1= Jolmd+2+ A/ (ndo+t A+ A0 (O}, (3.66)

(iii) 2=K=N,m=N (3.10), (3.43) and (3.44) remain the same. Five new equations are added :
[0/0t +6/0x + po(x )] Px-1(t, ) =0 , (3.67)
[0/0t+0/0x+pi(x)]Pui(t, x) =0, 1= M, (3.68)
Pui(t,0) = APn(t), 1S7=M, (3.69)
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PK—l(t) = N/]oPN(t) ,
Qo(t,0) = A*Pn(t) .

The Laplace transform of P4(¢) and R(¢), MTSF and P, are derived easily.

Pa(s) = Pu(s) = {s+ NAo(1— Fols N+ A(L— F(s )+ A*(1— g ()},
Pi_\(s) = NAPn(s)1—F(s))/s ,

Pui(s) = LPn(s)X1—Fi(s)fs , 1S7=M,

QO(S) = A*pN(S)(l_g_13+M(S))/S s

o -
Pa= Py = <1+N/10Ko+ leijl{j_*_/i*KI\?-f-M) l .
=

Px_1 = NAoKoPw 3
Pv=A;K;Pv, 1S7=M, Qo=A*K#uPr .

APPENDIXES

Appendix 1

(3.70)
(3.71)

(3.72)
(3.73)
(3.74)
(3.75)

(3.76)

(3.77)
(3.78)

Taking the Laplace transform of (1.1)-(1.9) under the initial condition (3.10), we have

[s+Nao+A+A*1Bu(s) = [ o) Prs(s, )+ 2 [ i) PuCs, x)dx

(A.1)

[s+0/0x +ido+ A+ A* +1o(x)]Pi(s, x) = (1= Fiw-1 )i+ DAcPisi(s,x) , K=<i=<N-1

[s+8/8x + po(x)] Px-1(s, x) = KAoPk(s, x) ,
[s+o/ox+p(x)]Pi(s,x)=0, KSis<N-1, 1<;=sM,
[s+0/0x + phem(x)]Qo(s, x) =0

Pi(s,0) = 62-,~-1N/1013~(s)+f0muo(x)13f-1(s, x)dx+iéfomﬂj(x)l5u(s, x)dx

+6,-,mfowﬂ;,+M(x)Qo(s,x)dx , K<isN-1,

PK—](S,O):O N
Pi(s,0)=AP(s), K<isN-1, 1<j=M,

Qols, 0) = 4* 3 Pils)
From (A.4), (A.5), (A.8), (A.9) and (A.1) we obtain

Pi(s, x) = AjP_i(S)exp[—Sx—"/;x/-‘j(t)dt:l , K<isN-1, 1M,

_ N _ x
Qols, x)=A*2 Pi(s)exp[—sxvf ufnm(z)dz]
i=K 0
al(s, N, A*)Px(s) = fowuo(x)PN-l(s,x)derl .
Using (A.2) and Laplace transform of (3.11), we have
[s+d/ox+ido+A+A*+1o(x)]U(s,x) =0, K<i<N-1,
which gives
U:(s,x) = Uis, 0)exp [v(s+i/lo+/1+/1‘)x—_/:ﬂo(z)dz] ,

From (3.12), (A.14) and (A.3) we obtain
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(A.2)
(A.3)
(A4)
(A.5)

(A.6)

(A7)
(A.8)

(A.9)

(A.10)
(A.11)

(A.12)

(A.13)

(A.14)
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Pits, x) = "B (=10(7) Ouls, 0) exo [ ~(s+ miot A+ A 01— [ “al2)dz ] ,
K=i=sN-1, (A.15)
Pi-1(s, x) = exp [—fox(s+po(z))dz]
-{j;xexp [j;x(s-l-uo(z))dz]K/loPK(s, x)dx+ Px-1(s, 0)}

= eXD[_‘SJC“./O.x#O(Z)dz]:gi(_l)n_l{(;)KAoUn(S, 0)
{1= exp [= (nto+ A+ 2001}/ [ndo+ A+ 2°] (A.16)
Using (A.10)-(A.12), (A.15) and (A.16) and nothing that F_’i(s):j;wpi(s,x)dx (K—1<isN-1),

Pij(s)zfowﬁi,-(s,x)dx (K<isN—1,1=j<M) and Qo(s)=fo°°éo(s,x)dx, we obtain (3.13)-3.

17). Next we will calculate Ux(s,0), -, Un-1(s,0) (see reference [6]). From (3.11), (A.6), (3.16),
(A.11), (A.10) and intermediate manipulation we obtain

_ N-1 _ N-1 _ oo _
Tits, 00 = 2 ()P, 0 = 2 (T {onwsNaPu(s)+ [ o) Pacs(s, v)ax

n= n=

+Snm [ hen()Qols, 2)dx+ B [ () Pas(s, x)dx )

_ (N—l
i
+'£muo(x)l7m(s, x)dx+jo‘wuo(x)l7i(s, x)dx—(];/)fow#o(x)ﬁnq(s, x)dx

>N/10{[fo(s+(N—1)Ao+/l A Onoa(s, 0)+11/als, N, %)

m e * N _ - N-1/n\ -
(") gren(o2 ZB+ARE () als)
= (];[){(N—i)/10+[(N‘i)/10_0’(8, N, /1‘)]J;o(8+(N—I)Ao+/l+/1*)(71v—1($, 0)}

Ja(s, N, A*)+ fols+ito+A+A*)Us(s, 0)
+ fo(s+ (G =D A+ A+A*)U:1(s, 0)+AF(s)[(Q— fo(s+ide+A+A*))

[ s+ idat A+ A0 Tits, 0)4+("7 )2 ghem(5) ZLPls) | (A17)

which gives
{1— s+ iAo+ A+A*) = AF ()1 — fols + iAo+ A+ A*) /(s + ido+ A+ A*)] Tds, 0)}
= Jols (=Dt A+ Tia(s, 0+ 7 JA* 28u(5) 2 Pols)

+<]>/)[(N“i)/lo~a(s, i, A*) fo(s+(N—1)Ae+A+1*%)
~Un-i(s,0)l/a(s, N, A*) , K+1=i<N-1 (A.18)
Multiplying (A.18) by V{(s) and adding for i=K+1, K+2, -+, i, we obtain
Fols+ido+A+A*)VI(s)UM(s, 0)
= Fls+ KAt A+4%)Tuls,0)+ 3 lv,fvl(s){(’f)/i*

J<K+

— 19 —
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'§,'§+M(s)ﬁ]{lﬁy(s)+<];./)(N—]')Ao—af(s, 7, AY)
Jols (N =1o+ A+ A") O +(s, 0)/als, N, )} (4.19)
Setting ;=N —1, we have

) ( Nats, . *)als, N, A VIS fols+ (N = Do+ A+A*) Tn-as, 0)

J=K+1

= (st KA+ 2+ Ox(s, 00+ 3 (TN =aa V25 ats, N, 2)

N _ N-1 m
+2ghu(s)Z P(s) 3 (") vis) (A.20)
J=K J=K+1 7
which gives
Ox-1(5,0) = ala(5) T, 00+ A* Emen(5) 2 P56 (5)+ B4 (5) (A21)

Substituting (A.21) into (A.19), we obtain after some manipulation and simplification

_ _ N _
Uis,0) = a‘i”(s)Ux(s,O)+A‘§,‘,‘,+M(s)§(Pj(s)b‘f“(s)+b‘i”*(s) , K+1={i<N-1,

(A.22)
Substituting (A.22) into (3.15) and (3.16) and arranging for zﬁ P;(s) and nothing that
oI Co Vi (VAEIE S Ve (AR VRGN (A.23)
, we obtain (3.20).
Substituting (3.20) into (A.22) we have (3.18).
Since
()= s a0
we have
lwﬂo(x)rfg;(;)ﬂ_l(s, x)dx
= /wﬂo(x)[ﬁx—u(s,xH ig!i (2)]3"—1(3, x)}dx
— [Troto)Ps(s vt [ o) 2 (7 F ) Prls, x)dn
() [t ) P, )
= [Tolx)Pecr(s, )+ [ rolx) Ui, x)dlx
B el ()0t ()i
= B (1 2 ) KA Onls, 0Ua(s)= fols + ndo+ A+ AN (mho+ A+1%)
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n

+fo(s+K/10+A+/1*)UK(s,0)+1§(—1)"*K(
n=K K—l

)fo(s+n/lo+/1+/1‘)Un(s, 0)

_<]]Z>J;o(5+(N—1)/10+/1+/1‘)0N—1(s, 0), (A.25)

Noting that (3.11) and (3.12) do not define for /=K —1, we obtain by using arguments analogous
to those in the calculation of (A.22),

Ux(s, 0)= Z( 7 )Pals,0)

(N INaoPuts)+ [Tt (7

+ 3 [ (1) Pusts, 0+ () [Tton(0) @i, x)ax
B (N—l
K

>15n-1(s, x)dx

)Naotfols +(N = Do+ A+ A) On-1(s, 01+ 1}/a(s, N, A*)

+ 2~ 2 KA Tas, 0)
[Fols)—= Fols+nAo+ A+ A"/ (nAe+A+A*)+ fol s+ KAo+A+A*) Uk(s, 0)
+ B0 )il ot A+ A Tals, 0)

(W) Ao+ (V= Ddo+ A+ 44U a5, 0)
+AF(s)Ux(s, 0)(1— fo(s+ Ko+ A+A*))/ (s + KAo+ A+ A*)

. N _
+<Z>A‘g2+M(s)j§( Bis) . (A.26)
Substituting (3.20) and (3.18) into (A.26), we obtain (3.19) after some manipulation and simplica-
tion.
Appendix 2
From (3.24), (3.25), (3.28)-(3.30) and (3.21) we obtain
Pu(x) = APiess | = [way] (A.27)
0
N x
Q) = * 2 Prexa | = [Tutnay |, (A.28)
[NAo+4%1Py = [ ao(x)Py-1(x)dx (A.29)

Since the similar discrete transform

N-1

Ui(x) =2

n=z

(’;)Pn(x) KsisN-1, (A.30)

Pix) = 2f(—1)"-f(’l?)Un(x>  KsisN™, (A.31)

by (3.22) we get
[d/dx+ide+ A+ A+ u()]UAx)=0, K<is<N-1 (A.32)
which gives
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Uix) = U:(0) exp [—(Mo+/1+/1*)x~foxﬂo(y)dy] . (A.33)
From (A.31), (A.33), (3.23) and (3.27) we have
Pix) = "if(—n"*f(’?)un(mexp [—(n/lo+/1+/1“)x~fx#o(y)dy] K<isN-1,
i n=i A 0
(A.34)
Pe-s(x) = exp [ = Tual)ay | S 7 ) KA Un(0) 1= exp [~ (mhot A+ 2]}/ (ndo+ 3+ 3%)
(A.35)
Using (A.27)-(A.29), (A.34) and (A.35) and noting that P;; = ’/o‘mPu(x)dx, (KLi<N,1</EM),

Qo= fo “Qo(x)dx, and Pi= fo “Pix)dx, K—1<i<N—1, we obtain (3.32)-(3.36).

Next we will calculate Ux(0), ---, Uv-1(0) (see reference[6]). By the similar argument to the
case of (A.18) and using (A.30) and (3.26) we get

{1— folidoe+ A+ A*) = ALl = fo(ido+ A+ A*)]/ (iAo + A+ A*)}U0)
= fo((i=1)Ae+A+A")U.-1(0)

il )( )fo((N DAo+A+A")Un-1(0) /(NA0+/1')+/1< )

K+1=sis=sN-1 (A.36)
Multiplying (A.36) by V% (0) and adding for ;=K +1, K+2, -+, i, we obtain

Folido+ A+ A%) V(0 U(0) = fo(K,l,,+,1+,1*)UK(0)+,1*§:KP,,J,=;"H(’]’,’)v;za(o)

~Uol(N = Do+ A+ 2 Una0)) (Va4 3 (T et any i), (aan)
and setting /=N —1 we obtain after some manipulation
Un-1(0) = (0 Ux(0)+2* 25, P61(0) (A.38)
Substituting (A.38) into (A.37), we have
UA0) = aPOUx(0)+A* ZPH0) , K=isN-1 (A.39)
Using (3.34), (3.35), (A.39) and (A.23) we obtain
jzjﬁ‘KP,» = fo((N=1)Ae+A+2* )[a ”_1(0)UK(0)+,1*1;5¢’_,(0)£§N;(P,~]/ (NAo+A*)
+ 3 2 0 ()] e Ux0)
+A*b‘;’<0)ﬁ: P,-][l—fo(mo+/1+/1*)]/(n/10+,1+,1*>

Fol{N =1 A+ A+A*)a1(0)/ (NAe+A*)

Il
—

+ (-1 ( )“)(0)(1 fo(nao+,1+,1*>>/(nao+a+a*)]UK(o)

+ 3 P A Fo((N = Do+ A+ A)681(0)/ (NAo+2)

— 22 —
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205 (1L B0~ Aot A+ 20 (ot A+3°) |

which gives (3.39).
Substituting (3.39) into (A. 39) we have (3.27). From (3.81)-(3.36), (3.37) and (3.39) we get

N M M N-1 N
1= n§KPn+PK—1+PN§1/1jKj+ g}lll_,K, -§{Pi+A*K;+M'=ZKP£

= kf“(O)[l +A*KEom+ ﬁ]/bKj] Ux(0)+ ZVJ;( — 1)"-"(@[;{/10/(%“ +A%)]

[Ko— (1= fo(mAo+A+A%))/ (nAo+ A+ A*)]a’ (0) Uk(0)
which gives (3.38).
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