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Unified approach to the classification of actions
of discrete amenable groups on injective factors

By Toshihiko Masuda at Fukuoka

Abstract. We present a simple unified proof of the classification of discrete amenable
group actions on injective factors. Our argument does not depend on the types of factors, and
is based on the technique of Evans and Kishimoto.

1. Introduction

In the theory of operator algebras, the study of automorphism groups and group actions is
one of the most important subjects. Especially, since Connes’ classification of automorphisms
of the injective factor of type II1 up to outer conjugacy in [6] and [3], classification of discrete
amenable group actions on injective factors has been developed by many hands. Namely, in the
type II case, V. F. R. Jones classified finite group actions in [17], and A. Ocneanu developed the
method of Connes and Jones, and classified general discrete amenable group actions in [33].
In the type III� (� ¤ 1) case, C. E. Sutherland and M. Takesaki achieved the classification in
[40, 41]. In the type III1 case, classification was obtained by Y. Kawahigashi, Sutherland and
Takesaki for finite or abelian group actions [23], and finally by Y. Katayama, Sutherland and
Takesaki for arbitrary discrete amenable group actions [20].

Although the classification theorem can be stated in a unified way as in [20] (see Theorem
2.3 for the statement), the proofs presented in the above cited papers heavily depend on the
type of factors. Indeed, in the type III cases, they reduce the problem to that of the type II case
by means of the structure theorem of type III factors. In this approach, the type III1 case is
extremely hard because of the lack of classification of R-actions. This is the reason why type
III� (� ¤ 1) and III1 cases are treated separately.

In [30], by developing the Evans–Kishimoto intertwining argument [10], we presented
the classification of centrally free actions of discrete amenable groups on injective factors,
whose proof is independent from the types of factors. So it is a natural question if one can give
a unified approach for classification of general actions by a similar technique. Indeed, for two
given actions of a discrete amenable groupG with same invariants, ifG is a semidirect product
N Ì Q, where N is a centrally trivial part, then we can show the cocycle conjugacy of two
actions by using [30].
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In this paper, we extend the method in [30] and present a unified proof of the classification
of all actions of discrete amenable groups on injective factors. Our idea for the classification
is the following: we first divide a given action to a centrally trivial part and a centrally free
part. It is rather easy to classify centrally trivial parts. By applying the intertwining argument,
we classify centrally free parts, and combine centrally free parts and centrally trivial parts. A
similar idea has already appeared in [19] and [40] for the classification of groupoid actions,
where the authors split actions into “group”-parts and “principal-groupoid”-parts, classify and
combine them. One of the main difficulties in [19,40] is that cohomological obstruction appears
in the combination of two parts. The authors used a special model action to absorb obstructions.
A remarkable fact is that no obstruction arises in our argument due to the property of the
characteristic invariant and hence we do not need such model actions. Another important point
in our approach is that the role of the characteristic invariant in the classification becomes
clearer than a model action splitting argument. See §3.1 for more detailed explanation on this
and the previous paragraph. Our method can be generalized for the classification of G-kernels,
or outer actions in the sense of [21]. We will discuss this elsewhere.

One difficulty in our argument is that a centrally free part does not give an action in the
usual sense because we can not embed a quotient group into a original group as a subgroup,
and this makes our argument more difficult. So if we take this fact into account, it is more con-
venient to handle cocycle crossed actions. Thus we also need to show the second cohomology
vanishing. Therefore our argument looks like the mixture of the second cohomology vanishing
argument presented in [31] and the intertwining argument. Here we emphasize that our argu-
ment is based on the Rohlin type theorem [33] and the characterization of approximately inner
automorphisms and centrally trivial automorphisms [5, 23].

This paper is organized as follows. In §2, we recall the definition of invariants of actions
and state the main theorem and its corollaries. In §3, we first classify centrally trivial parts of
actions. To treat centrally free parts of actions, we introduce the notion of quasi cocycle crossed
actions, and show elementary properties. In §4, by using ultraproducts, we show that we can
approximate a quasi cocycle crossed action by a unitary perturbation of another quasi cocycle
crossed action. We also show the approximate one cohomology vanishing, which is the main
tool for the intertwining argument. The key ingredient is the Rohlin type theorem. The heart of
this paper is §5, where we classify quasi cocycle crossed actions, and show the main theorem
by applying the extended intertwining argument. In §6, we discuss the construction of model
actions. By using Falcone–Takesaki’s theory [11], we associate a model action for each fixed
faithful normal semifinite weight, and clarify their relation. In §7, we treat group actions on
subfactors of type II1 with finite index. By a suitable modification, we can apply the extended
intertwining argument in this case. In the appendix, for the readers’ convenience, we present
proofs of the second cohomology vanishing theorem, the Rohlin theorem and the existence of
the extension of automorphisms to a twisted crossed product von Neumann algebra.

Acknowledgement. The author is much indebted and expresses his gratitude to Profes-
sor Katayama for improving our argument. He also thanks Professor Takesaki and Professor
Ueda for useful comments on this paper.
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2. Preliminaries and main results

Our standard reference for the theory of operator algebras is [43]. We assume that every
von Neumann algebra has a separable predual except for an ultraproduct algebra, and that every
discrete group is at most countable.

2.1. Invariants of actions. First we quickly review the construction of the core co-
variant system, or the noncommutative flow of weights of a von Neumann algebra, which is
necessary to describe invariants of actions.

Let M be a von Neumann algebra, and W.M/ be a set of all faithful normal semifinite
weights on M. According to [11, 20], we associate the core covariant system, or the noncom-
mutative flow of weights . QM;R; �; �/ with M, where QM is a semifinite von Neumann algebra
with a faithful normal semifinite tracial weight � , and � is a one-parameter automorphism
group of QM satisfying

QM�
DM; � ı �t D e

�t�:

Namely QM is generated by M and ¹'it j ' 2W.M/º with the following relations:

'itx'�it D �
'
t .x/; x 2M;

'i.tCs/ D 'it'is; .'it /� D '�it ; 'it D ŒD' W D �t 
it :

The action � is defined as follows:

�s.x'
it / D e�istx'it :

Denote ' ı ˛�1 D ˛.'/ for ˛ 2 Aut.M/ and ' 2 M�. By definition, a net of automor-
phisms .˛i /i � Aut.M/ converges to ˛ in the u-topology if

lim
i
k˛i .'/ � ˛.'/k D 0

for all ' 2M�. The automorphism group Aut.M/ of M becomes a Polish group with respect
to the u-topology.

Let Q̨ 2 Aut. QM/ be the canonical extension of ˛ 2 Aut.M/; cf. [14]. Namely Q̨ is given
by

Q̨ .x'it / D ˛.x/.˛.'//it D ˛.x/.' ı ˛�1/it D ˛.x/ŒD' ı ˛�1 W D'�t'
it :

Let
Aut�;� .M/ WD ¹� 2 Aut. QM/ j � ı � D �; � ı �t D �t ı �; t 2 Rº:

Then the canonical extension gives a continuous isomorphism

˛ 2 Aut.M/! Q̨ 2 Aut�;� .M/

with respect to the u-topology.
Denote the flow of weights of M by .C ; �t / WD .Z. QM/; �t /, and set

Aut� .C/ D ¹� 2 Aut.C/ j � ı �t D �t ı � for all t 2 Rº:

By the Connes–Takesaki relative commutant theorem [8], we have M0 \ QM D C . If M is a
factor, then .C ; �t / is an ergodic flow.
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The Connes–Takesaki module of ˛ is defined by (see [8, 11, 14])

mod.˛/ D Q̨ jC 2 Aut� .C/:

Let QU.M/ be the normalizer unitary group for M � QM, which is called the extended
unitary group of M. Set

Cntr.M/ D ¹� 2 Aut.M/ j Q� 2 Int. QM/º D ¹Ad.u/jM j u 2 QU.M/º:

We have the following identification of the core covariant system with a usual crossed
product construction. Take  2 W.M/. Then we can identify . QM;R; �t / with the crossed
product .M Ì� R;R;c� t / in the canonical way. Let � .t/ be the implementing unitary. Via
the above identification, Q̨ is given by

Q̨ jM D ˛; Q̨ .� .t// D ŒD ı ˛�1 W D �t�
 .t/:

See [11] for more on the functorial property of . QM;R; �t ; �/.
If M is an injective factor, the Connes–Takesaki module map is surjective. Moreover the

following exact sequence splits [42, Corollary 1.3]:

1 �! Ker.mod/ �! Aut.M/
mod
�! Aut� .C/ �! 1:

Now, we will give the definition of cocycle crossed actions and their cocycle conjugacy
relation. For groups Gi (1 � i � n) and H , let

Map0.G1 �G2 � � � � �Gn;H/

D ¹f W G1 � � � � �Gn ! H j f .g1; g2; : : : ; gn/ D 1 if any of gi is 1º:

When involved groups are Polish, maps are assumed to be Borel.

Definition 2.1. Let M be a von Neumann algebra, and G a locally compact group.

(1) A cocycle crossed action of G on M is a pair of maps

.˛; a/ 2 Map0.G;Aut.M// �Map0.G �G;U.M//

such that

˛g ı ˛h D Ad.a.g; h// ı ˛gh; a.g; h/a.gh; k/ D ˛g.a.h; k//a.g; hk/:

The latter identity is called the 2-cocycle identity, and we say that a.�; �/ is a 2-cocycle
for ˛. If a.�; �/ � 1, then .˛g ; 1/ is an action of G.

(2) Let .˛g ; a/ be a cocycle crossed action of G on M. For w 2 Map0.G;U.M//, define
.w˛;wa/ 2 Map0.G;Aut.M// �Map0.G �G;U.M// by

w˛g D Ad.w.g// ı ˛g ; wa.g; h/ D w.g/˛g.w.h//a.g; h/w.gh/
�:

Then .w˛;wa/ is also a cocycle crossed action of G, and is called a unitary perturbation
of .˛; a/ by w.�/.
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(3) Let .˛g ; a/ be a cocycle crossed action. If there exists w 2 Map0.G;U.M// so that
wa � 1, then we say that a.�; �/ is a coboundary.

(4) Let .˛; 1/ be a (genuine) action. If a map w 2 Map0.G;U.M// satisfies
w.g/˛g.w.h// D w.gh/, then we say that w is a 1-cocycle for ˛. In this case, the
perturbation of .˛; 1/ by w is .w˛; 1/ and thus it is also a genuine action. Denote by
Z1˛.G;U.M// the set of all 1-cocycles for ˛.

(5) Two cocycle crossed actions .˛; a/ and .ˇ; b/ are said to be cocycle conjugate if there
exist w 2 Map0.G;U.M// and � 2 Aut.M/ such that

w˛g D � ı ˇg ı �
�1; wa.g; h/ D �.b.g; h//; g; h 2 G:

If � is taken in Ker.mod/, then we say that they are strongly cocycle conjugate.

We will formulate invariants of cocycle crossed actions in the term of . QM;R; �; � QM/ as
the generalization of invariants of group actions [41]. In the remainder of this paper, we assume
that M is a factor, and G a discrete group.

Let .˛g ; a/ be a cocycle crossed action of G on M. Then the normal subgroup of G
defined by

N D ¹g 2 G j ˛g 2 Cntr.M/º

is the first invariant.
By restricting Q̨g on C , we get an action mod.˛g/ of G on C , which is the second

invariant. Note that mod.˛n/ D id for n 2 N . Thus we can regard mod.˛/ as an action of
G=N on C . Also note that mod.˛g/ 2 Aut� .C/.

The third invariant is a characteristic invariant. Set

d.a/.n; g/ WD a.g; g�1ng/a.n; g/�

for a 2-cocycle a.�; �/. It is easy to see that

˛g ı ˛g�1ng D Ad
�
d.a/.n; g/

�
ı ˛n ı ˛g :

Take Qu˛ 2 Map0.N; QU.M// such that Q̨m D Ad. Qu˛.m//, m 2 N . Comparing

Q̨g ı Q̨g�1ng ı Q̨
�1
g D Ad d.a/.n; g/ ı Q̨n ı Q̨g ı Q̨�1g D Ad

�
d.a/.n; g/ Qu˛.n/

�
with

Q̨g ı Q̨g�1ng ı Q̨
�1
g D Ad

�
Q̨g. Qu

˛.g�1ng//
�
;

we get � 2 Map0.N �G;U.C// such that

Q̨g

�
Qu˛.g�1ng/

�
D �.n; g/d.a/.n; g/ Qu˛.n/:

In a similar way, from Q̨m ı Q̨n D Ad.a.m; n// ı Q̨mn, we get � 2 Map0.N �N;U.C// such
that

Qu˛.m/ Qu˛.n/ D �.m; n/a.m; n/ Qu˛.mn/; m; n 2 N:

Since �t commutes with Q̨g , we get a 1-cocycle ¹c.m; t/ j t 2 Rº 2 Z1
�
.R;U.C// by

�t . Qu
˛.m// D c.m; t/ Qu˛.m/:
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The following relations between .�; �/ and c.n; t/ are easily obtained from Q̨g�t D �t Q̨g :

�t .�.n; g//c.n; t/ D mod.˛g/
�
c.g�1ng; t/

�
�.n; g/;

c.m; t/c.n; t/�.m; n/ D c.mn; t/�t .�.m; n//:

Set QG D G �R, and we extend a cocycle crossed action . Q̨ ; a/ of G to that of QG by setting

Q̨.g;t/ D Q̨g�t ; a..g; t/; .h; s// D a.g; h/:

Put
�.n; .g; t// D �t .�.n; g//c.n; t/; n 2 N; .g; t/ 2 QG:

Obviously, � 2 Map0.N � QG;U.C//. One can verify that .�; �/ satisfies the following rela-
tions, which include the above ones:

�.l;m/�.lm; n/ D �.m; n/�.l;mn/; l; m; n 2 N;

�.n; gh/ D �.n; g/ Q̨g
�
�.g�1ng; h/

�
; g; h 2 QG; n 2 N;

�.m; g/�.n; g/�.mn; g/� D Q̨g
�
�.g�1mg; g�1ng/

�
�.m; n/�; g 2 QG;m; n 2 N;

�.n;m/ D �.m;m�1nm/�.n;m/�; m; n 2 N;

�.n; g/ D �.l;m/ D 1 if any of g; l;m; n is neutral:

Definition 2.2. (1) We call any .�; �/ satisfying the above conditions a characteristic
cocycle for ˛ and denote the set of all characteristic cocycles by Z˛. QG;N;U.C//. Note
that Z˛. QG;N;U.C// becomes an abelian group by the natural multiplication.

(2) For z 2 Map0.N;U.C//, define

@1.z/ 2 Map0.N � QG;U.C//; @2.z/ 2 Map0.N �N;U.C//

as

@1.z/.n; g/ D Q̨g
�
z.g�1ng/

�
z.n/�; @2.z/.m; n/ D z.m/z.n/z.mn/

�:

Let B˛. QG;N;U.C// be a set of coboundaries defined by

B˛. QG;N;U.C// D ¹.@1.z/; @2.z// j z 2 Map0.N;U.C//º;

which is a normal subgroup of Z˛. QG;N;U.C//.

(3) Let
ƒ˛. QG;N;U.C// D Z˛. QG;N;U.C//=B˛. QG;N;U.C//

be a quotient group. The equivalence class �.˛/ D Œ�; �� 2 ƒ˛. QG;N;U.C// is called
the characteristic invariant of ˛.

Though .�; �/ depends on the choice of Qu˛.n/, the class �.˛/ does not depend on the
choice of Qu˛.n/. Thus a true invariant for ˛ is �.˛/ rather than .�; �/. We denote the triplet
¹N;mod.˛/; �.˛/º by Inv.˛/.
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2.2. Main theorem and its corollaries. We state the main theorem of this paper.

Theorem 2.3. Let M be a factor, and G a discrete group.

(1) Let .˛; a/ and .ˇ; b/ be cocycle crossed actions of G on M. If they are strongly cocycle
conjugate, then Inv.˛/ D Inv.ˇ/.

(2) Assume M is injective and G is amenable. Let .˛; a/ and .ˇ; b/ be cocycle crossed
actions of G on M with Inv.˛/ D Inv.ˇ/. Then ˛ and ˇ are strongly cocycle conjugate.
In particular, two genuine actions ˛ and ˇ of a discrete amenable groupG on an injective
factor M are strongly cocycle conjugate if and only if Inv.˛/ D Inv.ˇ/.

It is a routine work to show Theorem 2.3 (1), thus we leave the proof to the readers.
The main purpose of this paper is to present a unified proof of Theorem 2.3 (2), which

does not depend on the types of factors.
Here we explain the reason why we treat cocycle crossed actions in this article, al-

though the main interest is the classification of (genuine) actions. To obtain a new (gen-
uine) action from a given action ˛g by perturbing with w.�/, we need the 1-cocycle identity
w.g/˛g.w.h// D w.gh/, which can be regard as a “global condition”, and it is not so easy to
take a 1-cocycle for general actions. On the other hand, a simple unitary perturbation does not
require a “global condition” like the 1-cocycle identity, and we can perturb (cocycle crossed)
actions “locally”. As will be explained in §3.1, we split actions to “centrally trivial parts” and
“centrally free parts” and treat them separately in our argument. Thus local perturbation is
more convenient for our purpose.

As in [30], our strategy for the proof is the Evans–Kishimoto type intertwining argument
[10]. The proof will be presented in the subsequent sections. Thus, in this subsection, we only
state corollaries of the main theorem.

For � 2 Aut� .C/, we denote

�.Inv.˛// D
®
N; � ımod.˛g/ ı ��1; Œ�.�/; �.�/�

¯
:

Corollary 2.4. Let M and G be as in Theorem 2.3. Let ˛ and ˇ be actions of G. Then
˛ and ˇ are cocycle conjugate if and only if there exists � 2 Aut� .C/ such that the equality
Inv.˛/ D �.Inv.ˇ// holds.

Proof. This follows from Theorem 2.3, Inv.
 ı ˛ ı 
�1/ D mod.
/.Inv.˛//, and the
surjectivity of the module map 
 2 Aut.M/ ! mod.
/ 2 Aut� .C/ (see [42, Theorem 1.1]).

Since there exists a genuine action ˇ with Inv.˛/ D Inv.ˇ/ by [17, Proposition 1.5.8],
[41, Theorem 5.14], [23, Proposition 22], the following corollary immediately follows from
Theorem 2.3. (Also see §6 for the construction of model actions.)

Corollary 2.5. The second cohomology of a cocycle crossed action of a discrete ame-
nable group on the injective factor of type II1 vanishes. Namely, 2-cocycles of any cocycle
actions are coboundaries.

Remark. So far, it is known that the second cohomology vanishing theorem holds in
the following cases (see [17, 33, 39]):
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(1) arbitrary cocycle crossed actions of free groups on arbitrary von Neumann algebras,

(2) arbitrary cocycle crossed actions of arbitrary locally compact groups on properly infinite
von Neumann algebras,

(3) arbitrary cocycle crossed actions of finite groups on type II1 von Neumann algebras,

(4) centrally free cocycle crossed actions of discrete amenable groups on McDuff factors.

In particular, for infinite discrete amenable groups and the injective factor of type II1,
the second cohomology vanishing theorem has been known for only free cocycle crossed ac-
tions. Hence the above corollary removes the assumption of freeness in this case. If we do not
have the condition of amenability of discrete groups in (4), the second cohomology does not
necessary vanish [35].

2.3. Cohomological approach to definition of invariants. In this subsection, we give
a cohomological explanation of the definition of �.˛/ for a cocycle crossed action .˛; a/. We
consider an extended cocycle crossed action . Q̨ ; a/ of QG on QM defined as above.

We define a multiplication of QU.M/ � QG by

.u; g/.w; h/ D
�
u Q̨g.w/a.g; h/; gh

�
and denote this group by QU.M/ Ìa QG. Indeed, the 2-cocycle identity of a.�; �/ assures that
this multiplication is associative. If an appearing 2-cocycle is clear, then we simply write
QU.M/ Ì QG. We can easily verify

.1; g/.1; g�1ng/ D .d.a/.n; g/; n/.1; g/:

Define a subgroup NN � U. QM/ Ì QG by

NN WD
®
.u�; n/ j n 2 N and Ad.u/ D Q̨n

¯
:

Then NN is a normal subgroup of QU.M/ Ì QG. Indeed, since we have

.u�; m/.w�; n/ D
�
u� Q̨n.w

�/a.m; n/;mn
�
D
�
w�u�a.m; n/;mn

�
and

Ad
�
a.m; n/�uw

�
D Ad

�
a.m; n/�

�
ı Q̨m ı Q̨n D Q̨mn;

NN is a subgroup. To see that NN is normal, we only have to verify

.w; e/.u�; n/.w; e/�1; .1; g/.u�; g�1ng/.1; g/�1 2 NN:

In fact, QU.M/ are in the commutant of NN as shown below.

.w; e/.u�; n/.w; e/�1 D .wu�; n/.w�; e/ D
�
wu� Q̨n.w

�/; n
�
D .u�; n/:

Next we have the following:

.1; g/.u�; g�1ng/.1; g/�1 D
�
Q̨g.u

�/; e
�
.1; g/.1; g�1ng/.1; g/�1

D
�
Q̨g.u

�/d.a/.n; g/; n
�
;
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and

Ad
�
d.a/.n; g/� Q̨g.u/

�
D Ad

�
d.a/.n; g/�

�
ı Q̨g ı Ad.u/ ı Q̨�1g

D Ad
�
d.a/.n; g/�

�
ı Q̨g ı Q̨g�1ng ı Q̨

�1
g D Q̨n:

Hence .1; g/.u�; g�1ng/.1; g/�1 2 NN . The above computation shows that

.u�; n/! .1; g/.u�; n/.1; g/�1

defines an action of QG on NN due to Œ QU.M/; NN� D ¹.1; e/º, although ¹.1; g/ j g 2 Gº is not a
subgroup of QU.M/ Ìa QG.

We have the following QG-equivariant exact sequence:

0 �! U.C/
�
�! NN

�
�! N �! 0;

where �.z/ D .z�; e/ 2 NN , and �.u�; n/ D n. The characteristic invariant associated with this
exact sequence is nothing but �.˛/. See [17, 41] for a cohomological property of �.˛/.

Remark. Let QM Ì Q̨ ;a QG be a twisted crossed product, and �.g/ the implementing uni-
tary. The group QU.M/ Ì QG is identified with®

u�.g/ j u 2 QU.M/; g 2 QG
¯
;

and we have
NN D

®
u��.h/ j h 2 N; Ad.u/ D Q̨h

¯
via this identification.

The above argument can be generalized by using the characteristic square of M (see
[20]). The characteristic square for M is the following nine-term exact square:

1 1 1

# # #

1 �! T �! U.C/ �! B1
�
.R;U.C// �! 1

# # #

1 �! U.M/ �! QU.M/ �! Z1
�
.R;U.C// �! 1

# # #

1 �! Int.M/ �! Cntr.M/ �! H 1
�
.R;U.C// �! 1

# # #

1 1 1

From the characteristic square, we obtain the intrinsic invariant ‚.M/. Assume ˛ is an action,
i.e., a.g; h/ D 1, for simplicity. Then �.˛/ is obtained by the pull-back �.˛/ D ˛�.‚.M//.
See [20, Section 2] for details.



10 Masuda, Classification of actions of discrete amenable groups on injective factors

3. Quasi cocycle crossed actions

3.1. Outline of the proof of the main theorem. In the rest of this paper, M and G
always denote an injective factor and a discrete amenable group, respectively.

Let .˛; a/ and .ˇ; b/ be as in Theorem 2.3. In this case, we can choose maps
Qu˛; Quˇ 2 Map0.N;U. QM// such that

Q̨g. Qu
˛.g�1ng// D �.n; g/d.a/.n; g/ Qu˛.n/;

Qu˛.m/ Qu˛.n/ D �.m; n/a.m; n/ Qu˛.mn/;

�t . Qu
˛.m// D c.m; t/ Qu˛.m/;

Q̌
g. Qu

ˇ .g�1ng// D �.n; g/d.b/.n; g/ Quˇ .n/;

Quˇ .m/ Quˇ .n/ D �.m; n/b.m; n/ Quˇ .mn/;

�t . Qu
ˇ .m// D c.m; t/ Quˇ .m/:

To explain our idea of the proof of Theorem 2.3, we consider the following special case.
SetQ D G=N . Assume that a.g; h/ D b.g; h/ D 1, and G is of the form G D N ÌQ, i.e.,Q
is a subgroup of G. Then ˛jQ and ˇjQ are actions ofQ on M with p̨ ıˇ

�1
p 2 Ker.mod/, and

˛q; ˇq 62 Cntr.M/, 1 ¤ q 2 Q. By [30], ˛jQ and ˇjQ are strongly cocycle conjugate, i.e., we
have

Ad.v.p// ı p̨ D � ı p̌ ı �
�1

for some ˛-cocycle ¹v.p/ºp2Q and � 2 Ker.mod/. Put v.n/ D �. Quˇ .n// Qu˛.n/� for n 2 N .
By the choice of Qu˛.n/ and Quˇ .n/, we can verify that v.n/ 2 QM� D M, and ¹v.n/ºn2N is a
1-cocycle for ˛jN with

Ad.v.n// ı ˛n D � ı ˇn ı ��1:

(See Lemma 3.1 below.) We then define v.np/ D v.n/˛n.v.p// for n 2 N , p 2 Q. We can
verify v.p/ p̨.v.n// D v.pn/ for p 2 Q and n 2 N as follows:

v.p/ p̨.v.n// D v.p/ Q̨p
�
�. Quˇ .n// Qu˛.n/�

�
D � ı Q̌p. Qu

ˇ .n//v.p/ Q̨p. Qu
˛.n/�/

D �
�
�.pnp�1; p/ Quˇ .pnp�1/

�
v.p/�.pnp�1; p/� Qu˛.pnp�1/�

D �
�
Quˇ .pnp�1/

�
v.p/ Qu˛.pnp�1/�

D �
�
Quˇ .pnp�1/

�
Qu˛.pnp�1/� p̨np�1.v.p//

D v.pnp�1/ p̨np�1.v.p// D v.pn/:

It follows that ¹v.g/ºg2G becomes a 1-cocycle for ˛ and we have

Ad.v.g// ı ˛g D � ı ˇg ı ��1; g 2 G:

Thus ˛ and ˇ are strongly cocycle conjugate.
If we compare our argument with the model action splitting argument, the role of charac-

teristic invariants in classification becomes clearer. Namely, the information of two invariants
�.�; �/ and c.�; �/ assures the cocycle conjugacy of N -parts of actions. The information on
Connes–Takesaki modules assures the cocycle conjugacy of Q-parts of actions. Thus N -parts
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and Q-parts are separately cocycle conjugate. To combine these parts, we use the informa-
tion of �.�; �/. If we do not have the information of �.�; �/, then an obstruction may arise as
a difference of v.p/ p̨.v.q// and v.pnp�1/ p̨np�1.v.p//. In fact, such obstruction arises in
the classification of groupoid actions in [19], and one must construct the model action which
absorb obstructions to complete the classification.

We would like to extend the above argument to general case. The main difficulty is that
G is not a semidirect product of N by Q, that is, we can not embed Q into G as a subgroup.
So ˛ does not give an action of Q. To treat such case, we introduce the notion of quasi
cocycle crossed cocycle actions of Q. We first classify two quasi cocycle actions of Q by
the intertwining argument, and combine N -parts and Q-parts as above. In what follows, we
mainly use letters g; h; k for elements of G, letters m; n for elements of N , and letters p; q; r
for elements of Q.

3.2. Quasi cocycle crossed actions. We begin with the following lemma, which says
that ˛ and ˇ are cocycle conjugate as actions of N .

Lemma 3.1. Define u.m/ D Qu˛.m/ Quˇ .m/�. Then u.m/ 2M and we have

˛m D Ad.u.m// ı ˇm; a.m; n/ D u.m/ˇm.u.n//b.m; n/u.mn/
�:

Proof. By the choice of Qu˛.m/ and Quˇ .m/, we have �t .u.m// D u.m/ 2 QM� D M.
It is clear that ˛m D Ad.u.m// ı ˇm, since Q̨m D Ad.u.m// ı Q̌m. The last equation can be
verified as follows:

u.m/ˇm.u.n//b.m; n/u.mn/
�

D Qu˛.m/ Quˇ .m/� Q̌m
�
Qu˛.n/ Quˇ .n/�

�
b.m; n/ Quˇ .mn/ Qu˛.mn/�

D Qu˛.m/ Qu˛.n/ Quˇ .n/� Quˇ .m/�b.m; n/ Quˇ .mn/ Qu˛.mn/�

D �.m; n/� Qu˛.m/ Qu˛.n/ Qu˛.mn/� D a.m; n/:

Remark. Consider a unitary perturbation of .˛; a/ by w 2 Map0.G;U.M//. If we
choose Quw˛.n/ as w.n/ Qu˛.n/, then .˛; a; Qu˛/ and .w˛;wa; Quw˛/ produce the same character-
istic cocycle.

By Lemma 3.1, we can assume .˛n; a.m; n// D .�n; v.m; n// for some fixed cocycle
crossed action � of N by a suitable unitary perturbation. Moreover the existence of model
actions allows us to further assume a.m; n/ D v.m; n/ D 1 for all m; n 2 N . Although
our argument is valid without assuming that a.m; n/ D 1 for m; n 2 N , we assume this for
simplicity. In what follows, we fix Qu 2 Map0.N; QU.M// with Q�n D Ad. Qu.n//.

By the above remark, we have

Qu.m/ Qu.n/ D �.m; n/ Qu.mn/; Q̨g. Qu.g
�1ng// D �.n; g/d.a/.n; g/ Qu.n/;

�t . Qu.m// D c.m; t/ Qu.m/; Q̌
g. Qu.g

�1ng// D �.n; g/d.b/.n; g/ Qu.n/;

�t . Qu.m// D c.m; t/ Qu.m/:

We have already classified N -parts of actions in Lemma 3.1, and to prove our main
theorem, we must classify Q D G=N -parts of actions. To treat Q-parts, we will introduce the
notion of quasi cocycle actions of Q.
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Fix a section .p 2 Q! Qp 2 G/ 2 Map0.Q;G/, and set

m.p; q/ D fpq�1 Qp Qq 2 N:
So Qp Qq D fpq �m.p; q/ holds. From the associativity condition . Qp Qq/ Qr D Qp. Qq Qr/, we obtain

m.pq; r/ Qr�1m.p; q/ Qr D m.p; qr/m.q; r/:

We denote this element by m.p; q; r/. Set ca.p; q/ D a. Qp; Qq/a.fpq;m.p; q//�. We can see
that

˛ Qp ı ˛ Qq D Ad.a. Qp; Qq// ı ˛ Qp Qq
D Ad.a. Qp; Qq// ı ˛epq�m.p;q/ D Ad.ca.p; q// ı ˛epq ı �m.p;q/:

Definition 3.2. We call .˛ Qp; ca/ a quasi cocycle crossed action of Q.

The unitary ca.p; q/ behaves like a 2-cocycle as follows.

Lemma 3.3. For p; q; r 2 Q, we have

ca.p; q/˛epq�d.a/.m.p; q/; Qr/��ca.pq; r/ D ˛ Qp.ca.q; r//ca.p; qr/:
Proof. In QU.M/ Ìa QG, we compute ..1; Qp/.1; Qq//.1; Qr/ D .1; Qp/..1; Qq/.1; Qr//. First

note the following relations:

.1; Qp/.1; Qq/ D
�
a. Qp; Qq/; Qp Qq

�
D
�
ca.p; q/;fpq�.1;m.p; q//;

.1; n/.1; g/ D
�
d.a/.n; g/�; e

�
.1; g/.1; g�1ng/:

On one hand, we have�
.1; Qp/.1; Qq/

�
.1; Qr/

D
�
ca.p; q/;fpq�.1;m.p; q//.1; Qr/

D
�
ca.p; q/;fpq��d.a/.m.p; q/; Qr/�; e�.1; Qr/�1; Qr�1m.p; q/ Qr�

D
�
ca.p; q/; e

��
˛epq�d.a/.m.p; q/; Qr/��; e�.1;fpq/.1; Qr/�1; Qr�1m.p; q/ Qr�

D
�
ca.p; q/˛epq�d.a/.m.p; q/; Qr/��ca.pq; r/; epqr�.1;m.pq; r//�1; Qr�1m.p; q/ Qr�

D
�
ca.p; q/˛epq�d.a/.m.p; q/; Qr/��ca.pq; r/; epqr�.1;m.p; q; r//:

On the other hand, we have

.1; Qp/
�
.1; Qq/.1; Qr/

�
D .1; Qp/

�
ca.q; r/; eqr�.1;m.q; r//

D
�
˛ Qp.c

a.q; r//; e
�
.1; Qp/.1; eqr/.1;m.q; r//

D
�
˛ Qp.c

a.q; r//ca.p; qr/; e
�
.1; epqr/.1;m.p; qr//.1;m.q; r//

D
�
˛ Qp.c

a.q; r//ca.p; qr/; epqr�.1;m.p; q; r//:
Note that a.m; n/ D 1 for m; n 2 N . Thus we get the conclusion.
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Remark. If we do not assume a.m; n/ D 1, then we get

ca.p; q/˛epq�d.a/.m.p; q/; Qr/��ca.pq; r/˛fpqr�a.m.pq; r/; Qr�1m.p; q/ Qr/�
D ˛ Qp.c

a.q; r//ca.p; qr/˛fpqr�a.m.p; qr/;m.q; r//�:
Lemma 3.4. Let .˛; a/ be a cocycle crossed action of G, and .
; v/ a unitary pertur-

bation of ˛ by w 2 Map0.G;U.M// with w.n/ D 1, n 2 N . Then a quasi cocycle crossed
action associated with 
 is given by

.
 Qp; c
v.p; q// D

�
Ad.w. Qp// ı ˛ Qp; w. Qp/˛ Qp.w. Qq//c

a.p; q/w.fpq/��:
Proof. It is an easy computation as follows:

cv.p; q/ D v. Qp; Qq/v
�fpq;m.p; q/��

D w. Qp/˛ Qp.w. Qq//a. Qp; Qq/w. Qp Qq/
�w. Qp Qq/a

�fpq;m.p; q/��˛epq�w.m.p; q//�w.fpq/�
D w. Qp/˛ Qp.w. Qq//c

a.p; q/w.fpq/�:
4. Asymptotic cocycles and coboundaries

4.1. Preliminaries on ultraproduct von Neumann algebras. In the rest of the paper,
we use the following notation. For ˛ 2 Aut.M/, a 2 M and  2 M�, the functionals ˛. /,
a �  ,  � a and Œa;  � are defined as follows:

˛. / D  ı ˛�1; a �  .x/ D  .xa/;  � a.x/ D  .ax/; Œa;  � D a �  �  � a:

Recall that ¹˛�º� � Aut.M/ converges to ˛ in the u-topology if

lim
�
k˛�. / � ˛. /k D 0

for all  2M�. The closure of Int.M/ � Aut.M/ with respect to the u-topology is the set of
approximately inner automorphisms and denoted by Int.M/.

It is easy to see that a norm bounded sequence ¹a�º� �M converges to a in the � -strong*
topology if and only if

lim
�
k.a� � a/ �  k D lim

�
k � .a� � a/k D 0

for all  2M�, and equivalently

lim
�
k.a� � a/ � 'k D lim

�
k' � .a� � a/k D 0

for some fixed faithful normal state '. The advantage of using these norms instead of the usual
norms kak#

' D '..xx
�C x�x/=2//

1
2 defining the � -strong* topology is the unitary invariance

of k k, i.e., ku �  � vk D k k for  2M�, u; v 2 U.M/.
We recall the definition of an ultraproduct algebra and its property. See [2, 32, 33] for

details. Fix a free ultrafilter ! over N. Define three C �-subalgebras of `1.N;M/ as follows:

I! WD
®
.x�/ 2 `

1.N;M/ j lim
�!!

x� D 0 in the � -strong* topology
¯
;

C! WD
®
.x�/ 2 `

1.N;M/ j lim
�!!
kŒx� ;  �k D 0 for all  2M�

¯
;

N .I!/ W the normalizer of I! :
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Then we have I! � C! � N .I!/, and M � N .I!/. The quotient C �-algebras

M! D C!=I! ; M!
D N .I!/=I!

are in fact both von Neumann algebras. They are called central sequence algebra and ultra-
product algebra, respectively. By the canonical embedding M ,! M! , we can regard M as a
von Neumann subalgebra of M! . If M is a factor of type II1, then M! D M0 \M! holds,
but in general we only have M! �M0 \M! .

If M is McDuff (or strongly stable), i.e., M˝R0 ŠM where R0 is the injective factor
of type II1, then M! is a type II1 von Neumann algebra, and

�!.X/ D lim
�!!

x� ; X D .x�/ 2M! ;

defines a tracial state, where the limit is taken in the � -weak topology. In particular, M! is
of type II1 for an injective factor M, thanks to the Connes–Krieger–Haagerup classification of
injective factors [4, 7, 13, 25].

Let �! WM! !M be a map given by

�!.X/ D lim
�!!

x� ; X D .x�/ 2M! ;

where the limit is taken in the � -weak topology. We extend ' 2M� to .M!/� by

'.X/ D ' ı �!.X/ D lim
�!!

'.x�/; X D .x�/ 2M! :

We have ' ı �! jM!
D �! jM!

D �! . We denote the L1-norm �!.jX j/ on M! by kXk1.
We can lift ˛ 2 Aut.M/ to Aut.M!/ in the canonical way. Moreover, assume that

¹˛�º
1
�D1 converges to ˛ in the u-topology. Then we can define an automorphism 
 2 Aut.M!/

by 
..x�// D .˛�.x�//. Such 
 is said to be semiliftable, and we say .˛�/ represents 
 . Note
that 
.x/ D ˛.x/ holds for x 2M. It is easy to see that a semiliftable automorphism preserves
M! . A typical example of semiliftable automorphisms comes from approximately inner ones.
Assume

lim
�!1

Ad.u�/ D ˛; u� 2 U.M/:

Then U D .u�/ 2M! , Ad.U / 2 Aut.M!/ is semiliftable, and Ad.U / D ˛ on M.
An automorphism ˛ 2 Aut.M/ is said to be centrally trivial if ˛ D id on M! . We

denote by Cnt.M/ the set of all centrally trivial automorphisms, which is a normal subgroup of
Aut.M/ containing Int.M/. The definition of Cnt.M/ does not depend on the choice of a free
ultrafilter !. An important fact is that ˛ 62 Cnt.M/ if and only if ˛ is free on M! (see [3, 33]).
Thus a centrally non-trivial automorphism is often called a centrally free automorphism.

By [5] and [23, Theorem 1],

Ker.mod/ D Int.M/; Cntr.M/ D Cnt.M/

for an injective factor M, and this characterization of Int.M/ and Cnt.M/ plays an essential
role in our argument.
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4.2. Ultraproduct and quasi cocycle crossed actions. Let ˛ and ˇ be cocycle crossed
actions of G on M with Inv.˛/ D Inv.ˇ/. Then we get two quasi cocycle crossed actions
.˛ Qp; c

a/ and .ˇ Qp; cb/ with mod.˛ Qp/ D mod.ˇ Qp/, and ˛ Qq; ˇ Qq 62 Cntr.M/ for e ¤ q 2 Q.
By the characterization of Int.M/ and Cntr.M/, there exists a sequence of unitaries
¹u�. Qr/º� � M, r 2 Q, such that ˛Qr D lim� u�. Qr/ ı ˇQr , and ˛Qr and ˇQr induce free ac-
tions of Q on M! . Thus we can approximate ˛ by unitary perturbation of ˇ. However we
also need to approximate 2-cocycles to apply the intertwining argument in our setting. This
subsection is devoted to solve this problem. Our goal in this section is Lemma 4.6.

Let ¹u�. Qr/º� �M be as above, and set U. Qr/ D .u�. Qr// 2M! . We have

˛Qr D Ad.U. Qr// ı ˇQr

on M. We want to extend U. Qr/ for all g 2 G so that ˛g D Ad.U.g// ı ˇg on M. If g D n Qr ,
then it is easy to see that the two unitaries

a.n; Qr/��n.U. Qr//b.n; Qr/

and
a. Qr; Qr�1n Qr/�U. Qr/b. Qr; Qr�1n Qr/

have the desired property. The following lemma says that these two unitaries coincide.

Lemma 4.1. For any W.g/ D .w�.g// 2 U.M!/ with ˛g D lim�!! w�.g/ ı ˇg , we
have

a.n; g/��n.W.g//b.n; g/ D a.g; g
�1ng/�W.g/b.g; g�1ng/

for g 2 G and n 2 N .

Proof. It suffices to show that W.g/�d.a/.n; g/�n.W.g// D d.b/.n; g/. Since the
canonical extension is continuous in the u-topology, we have lim�!! Ad.w�.g// ı Q̌g D Q̨g
in Aut. QM/. Then it follows that

lim
�!!

w�.g/�d.a/.n; g/�n.w
�.g// D lim

�!!
w�.g/�d.a/.n; g/ Q�n.w

�.g//

D lim
�!!

w�.g/�d.a/.n; g/ Qu.n/w�.g/ Qu.n/�

D Q̌g ı Q̨
�1
g

�
d.a/.n; g/ Qu.n/

�
Qu.n/�

D �.n; g/� Q̌g
�
Qu.g�1ng/

�
Qu.n/� D d.b/.n; g/:

Here, note that Q̌g ı Q̨�1g .�.n; g// D �.n; g/, since mod.˛g/ D mod.ˇg/.

Define

U.n Qr/ D a.n; Qr/�n.U. Qr//b.n; Qr/
�;


g D Ad.U.g// ı ˇg ;

V .g; h/ D U.g/ˇg.U.h//b.g; h/U.gh/
�:

Then .
; V / is a cocycle crossed action of G on M! with 
g jM D ˛g . Note that V.m; n/ D 1,
m; n 2 N , since U.n/ D 1 for n 2 N . Our first task is to show that p 2 Q ! 
 Qp is a free
cocycle crossed action of Q on M! .
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Lemma 4.2. For g 2 G and n 2 N , we have V.n; g/ D a.n; g/ and V.g; n/ D a.g; n/.

Proof. From the definition of U.n Qr/, it follows that

V.n; Qr/ D �n.U. Qr//b.n; Qr/U.n Qr/
�

D �n.U. Qr//b.n; Qr/b.n; Qr/
��n.U. Qr/

�/a.n; Qr/ D a.n; Qr/:

By Lemma 4.1, we have U. Qrn/ D U. Qrn Qr�1 Qr/ D a. Qr; n/�U. Qr/b. Qr; n/. Hence

V. Qr; n/ D U. Qr/b. Qr; n/U. Qrn/�

D U. Qr/b. Qr; n/b. Qr; n/�U. Qr/�a. Qr; n/ D a. Qr; n/:

If g D m Qr , then, by the cocycle identity,

V.n; g/ D V.n;m Qr/

D �n.V .m; Qr/
�/V .n;m/V.nm; Qr/

D �n.a.m; Qr/
�/a.nm; Qr/ D a.n;m Qr/ D a.n; g/:

In a similar way as above, we can verify V. Qrm; n/ D a. Qrm; n/.

We remark that the conclusion of Lemma 4.2 holds for any .u�. Qp// 2 M! which ap-
proximates ˛ Qp ı ˇ�1Qp . However V. Qp; Qq/ D a. Qp; Qq/, p; q 2 Q, does not hold in general. To get
this equality, we must choose a suitable .u�. Qp//� 2 U.M!/.

Lemma 4.3. Put z.p; q/ D U. Qp/ˇ Qp.U. Qq//cb.p; q/U.fpq/�ca.p; q/�, p; q 2 Q. Then
z.p; q/ 2M! .

Proof. For two sequences of functionals ¹ �º� , ¹'�º� � M�, we write  � � '� if
lim�!!k � � '�k D 0. Then

˛ Qp ı ˛ Qq.'/ � Ad.u�. Qp//ˇ Qp.u
�. Qq// ı ˇ Qp ı ˇ Qq.'/

D Ad
�
u�. Qp/ˇ Qp.u

�. Qq//cb.p; q/
�
ı ˇepq ı �m.p;q/.'/

� Ad
�
u�. Qp/ˇ Qp.u

�. Qq//cb.p; q/u�.fpq/�� ı ˛epq ı �m.p;q/.'/
D Ad

�
u�. Qp/ˇ Qp.u

�. Qq//cb.p; q/u�.fpq/�ca.p; q/�� ı ˛ Qp ı ˛ Qq.'/:
This implies U. Qp/ˇ Qp.U. Qq//cb.p; q/U.fpq/�ca.p; q/� 2M! .

Lemma 4.4. .
 Qp; z/ is a cocycle crossed action of Q on M! .

Proof. Set

z0.p; q/ D V. Qp; Qq/V .fpq;m.p; q//� D U. Qp/ˇ Qp.U. Qq//cb.p; q/U.fpq/�:
By Lemma 3.4, .
 Qp; z0/ is a quasi cocycle crossed action ofQ, and z0.p; q/ D z.p; q/ca.p; q/.

For x 2M! , we have


 Qp ı 
 Qq.x/ D Ad.z0.p; q// ı 
epq ı �m.p;q/.x/ D Ad.z.p; q// ı 
epq.x/;
since Ad.ca.p; q//; �m.p;q/ 2 Cnt.M/.
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We next show that z.�; �/ satisfies the 2-cocycle identity. By Lemma 3.3, we have

z0.p; q/
epq�d.V /.m.p; q/; Qr/��z0.pq; r/ D 
 Qp.z0.q; r//z0.p; qr/:
By Lemma 4.2 and 
g jM D ˛g , the left-hand side is

z0.p; q/
epq�d.V /.m.p; q/; Qr/��z0.pq; r/
D z.p; q/ca.p; q/˛epq�d.a/.m.p; q/; Qr/��z.pq; r/ca.pq; r/
D z.p; q/z.pq; r/ca.p; q/˛epq�d.a/.m.p; q/; Qr/��ca.pq; r/:

The right-hand side is


 Qp.z
0.q; r//z0.p; qr/ D 
 Qp

�
z.q; r/ca.q; r/

�
z.p; qr/ca.p; qr/

D 
 Qp.z.q; r//z.p; qr/˛ Qp.c
a.q; r//ca.p; qr/:

Then Lemma 3.3 yields z.p; q/z.pq; r/ D 
 Qp.z.q; r//z.p; qr/.

The next step is to replace U. Qp/ so that z.p; q/ D 1. To this end, we need the second
cohomology vanishing theorem for cocycle crossed actions on M! .

Proposition 4.5. Let Q be a discrete amenable group, and .
; u/ a semiliftable cocy-
cle crossed action of Q on M! . Then u.�; �/ is a coboundary. Namely, there exists a map
w.�/ 2 Map0.Q;U.M!// such that w.g/
g.w.h//u.g; h/w.gh/� D 1.

Proposition 4.5 was first proved by Ocneanu [33, Proposition 7.4], and later a more sim-
plified proof was presented in [31, Lemma 4.3] with generalization to the discrete amenable
Kac algebra case. For the readers’ convenience, we present a proof of Proposition 4.5 based on
the argument in [31] in the appendix.

By using Proposition 4.5, we can prove the main result of this section.

Lemma 4.6. Let ˛ and ˇ be as above. Then there exists a sequence ¹u�.p/º� � U.M/,
p 2 Q, such that

(1) ˛ Qp D lim�!! Ad.u�.p// ı ˇ Qp in the u-topology,

(2) ca.p; q/ D lim�!! u�.p/ˇ Qp.u�.q//cb.p; q/u�.pq/� in the � -strong* topology.

Proof. Let .
 Qp; z.p; q// be as in Lemma 4.4. By Proposition 4.5, there exists a unitary
a.p/ 2 U.M!/ such that a.p/
 Qp.a.q//z.p; q/a.pq/� D 1. Then we have

1 D a.p/
 Qp.a.q//z.p; q/a.pq/
�

D a.p/U. Qp/ˇ Qp.a.q//U. Qp/
�U. Qp/ˇ Qp.U. Qq//c

b.p; q/U.fpq/�ca.p; q/�a.pq/�
D a.p/U. Qp/ˇ Qp.a.q/U. Qq//c

b.p; q/U.fpq/�a.pq/�ca.p; q/�:
Thus the representing sequence of a.p/U. Qp/ is a desired one.

The following lemma is not needed in the rest of this paper. However we present it since
a similar argument appears in the proof of the main theorem in §5.2.
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Lemma 4.7. Choose U. Qp/ D .u�.p//� 2 M! as in Lemma 4.6. Then we have
V.g; h/ D a.g; h/ for all g; h 2 G.

Proof. By Lemma 4.6, we have

a. Qp; Qq/a.fpq;m.p; q//� D ca.p; q/
D U. Qp/ˇ Qp.U. Qq//c

b.p; q/U.fpq/�
D V. Qp; Qq/V .fpq;m.p; q//�:

Then by Lemma 4.2, we have V. Qp; Qq/ D a. Qp; Qq/. If g D m Qp, then

V.g; Qq/ D V.m Qp; Qq/

D V.m; Qp/��m.V . Qp; Qq//V .m; Qp Qq/

D a.m; Qp/��m.a. Qp; Qq//a.m; Qp Qq/ D a.m Qp; Qq/ D a.g; Qq/:

For h D n Qq, we have

V.g; h/ D V.g; n Qq/

D 
g.V .n; Qq/
�/V .g; n/V .gn; Qq/

D ˛g.a.n; Qq/
�/a.g; n/a.gn; Qq/ D a.g; n Qq/ D a.g; h/

by Lemma 4.2 and thus the above result.

4.3. Approximate cohomology vanishing. In what follows, we write A b B if A is a
finite subset of B .

Let K be a discrete amenable group. Let F b K and ı > 0. In this paper, we say that
S b K is .F; ı/-invariant if ˇ̌̌

S \
\
g2F

g�1S
ˇ̌̌
> .1 � ı/jS j:

We use the following Rohlin type theorem to show approximate cohomology vanishing.

Theorem 4.8. Let K be a discrete amenable group, and 
g a semiliftable, strongly free
action of K on M! . Fix e 2 F b K, ı > 0, and let S b K be an .F; ı/-invariant finite set.
Then there exists a partition of unity ¹Esºs2S �M! such thatX

s2g�1S\S




g.Es/ �Egs

1 < 4ı 12 ; g 2 F;

X
s2Sng�1S

kEsk1 < 3ı
1
2 ; g 2 F;

�

g.Es/; Es0

�
D 0; g 2 F; s; s0 2 S:

Moreover we can take ¹Esºs2S in the relative commutant of any countable subset of M! .
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Here an action 
 is said to be strongly free if 
 is free on any relative commutant of a
countable subset of M! . In [33, Lemmas 5.6, 5.7], Ocneanu showed that a centrally free action
is strongly free. We call ¹Esºs2S in the above theorem Rohlin projections for 
 . Here one of
the super natural properties of the ultraproduct appears, i.e., such strong freeness never happens
in the “separable world”, and this fact forces us to treat nonseparable von Neumann algebras
to know separable ones.

The proof of Theorem 4.8 is essentially the same as that of [33, Theorem 6.1]. (See
the appendix for details of the proof.) Since we do not need a paving structure of a discrete
amenable group, our Rohlin type theorem takes a simpler form than Ocneanu’s one.

The following lemma is the key for our intertwining argument in the next section.

Lemma 4.9. Let K be a discrete amenable group and let us assume that F b K,
‰ b M�, ˆ b .M�/C and 0 < " < 1 are given. Let S be an .F; "/-invariant finite set.
Let 
 2 Map0.K;Aut.M// such that 
gh � 
g
h, and 
g 6� id for g ¤ e, modulo Cnt.M/.
Assume that a family of unitaries ¹u.g/ºg2K � U.M/ satisfies

Œ ; u.s/�

 < .3jS j/�1"; s 2 S;  2 ‰;

' � �u.g/
g.u.s//u.gs/� � 1�

 < 5";

�u.g/
g.u.s//u.gs/� � 1� � '

 < 5"; ' 2 ˆ; g 2 F; s 2 S:

Let ¹Esºs2S �M! be Rohlin projections for 
 as in Theorem 4.8, and set

W D
X
s2S

u.s/Es 2M! :

Choose a representing sequence W D .w�/� consisting of unitaries. Then for a sufficiently
large �, w D w� satisfies

kŒw;  �k < ";  2 ‰;

.u.g/
g.w/w� � 1/ � '

 < 7 4p";

' � .u.g/
g.w/w� � 1/

 < 7 4p"; g 2 F; ' 2 ˆ:

Proof. At first we have the following inequalities for a normal state ' and x 2M:

kx � 'k �
p
kxk'.jxj/; k' � xk �

p
kxk'.jx�j/;

'.jxj/ � kx � 'k; '.jx�j/ � k' � xk:

Since Theorem 4.8 is stated in terms of L1-norm and we have '.j � j/ D k�k1 on M! , we first
give estimation by '.j � j/, and then apply the above inequalities. Note that '.j � j/ is not a norm
of M! , i.e., it is not subadditive. We remark that the advantage of use of the L1-norm with
respect to �! is that an equality kE C F k1 D kEk1 C kF k1 holds for orthogonal projections
E;F 2M! .

Note that j
P
i xipi j D

P
i jxi jpi for xk 2M and a partition of unity ¹piº �M! , and

'.ab/ D '.a/�!.b/; a 2M; b 2M! :
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The former is trivial since M! � M0 \M! . To verify the latter equality, take a representing
sequence b D .b�/. Since lim�!! b� D �!.b/ 2 C in the � -weak topology,

'.ab/ D lim
�!!

'.ab�/ D '.a�!.b// D '.a/�!.b/:

Let W be as in the statement of Lemma 4.9. Then we have

'
�ˇ̌
u.g/
g.W /W

�
� 1

ˇ̌�
D '

�ˇ̌̌̌ X
h;k2S

�
u.g/
g.u.h//u.k/

�
� 1

�

g.Eh/Ek

ˇ̌̌̌�
D

X
h;k2S

'
�ˇ̌
u.g/
g.u.h//u.k/

�
� 1

ˇ̌

g.Eh/Ek

�
D

X
h;k2S

'
�ˇ̌
u.g/
g.u.h//u.k/

�
� 1

ˇ̌�


g.Eh/Ek

1:
We divide

P
h;k2S into three parts as follows:X

h;k2S

D

X
h2S\g�1S

k2S

C

X
h2Sng�1S

k2S

D

X
h2S\g�1S
ghDk2S

C

X
h2S\g�1S
gh¤k2S

C

X
h2Sng�1S

k2S

:

Since '.jxj/ � kx � 'k, the first term is less than 5" as seen below:X
h2S\g�1S
ghDk2S

'
�ˇ̌
u.g/
g.u.h//u.k/

�
� 1

ˇ̌�


g.Eh/Ek

1
D

X
h2S\g�1S

'
�ˇ̌
u.g/
g.u.h//u.gh/

�
� 1

ˇ̌�


g.Eh/Egh

1
� 5"

X
h2S\g�1S




g.Eh/Egh

1 � 5":
The second term is estimated as follows:X

h2S\g�1S
k2S;k¤gh

'
�ˇ̌
.u.g/
g.u.h//u.k/

�
� 1/

ˇ̌�
k
g.Eh/Ekk1

� 2
X

h2S\g�1S



.1 �Egh/
g.Eh/

1
D 2

X
h2S\g�1S



.1 �Egh/.
g.Eh/ �Egh/

1 < 8p":
The third term is estimated as follows:X

h2Sng�1S
k2S

'
�ˇ̌
u.g/
g.u.h//u.k/

�
� 1

ˇ̌�


g.Eh/Ek

1 � X
h2Sng�1S

2j
g.Eh/j < 6
p
":

Since 0 < " < 1, we get

'
�ˇ̌
u.g/
g.W /W

�
� 1

ˇ̌�
< 5"C 8

p
"C 6

p
" < 19

p
"
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for g 2 F . In the same way, we have

'
�ˇ̌�
u.g/
g.W /W

�
� 1

��ˇ̌�
< 19
p
"; g 2 F:

Let W D .w�/� and Es D .e�s /� be representing sequences consisting of unitaries and
projections, respectively. Set a� D

P
s2S u.s/e

�
s . Note that a� is not a unitary in general.

Since .a�/ D .w�/ in M! , ¹a� � w�º� converges to 0 in the � -strong* topology as � ! !.
Fix sufficiently large � such that

Œ ;w� � a� �

 < "

3
;



Œ ; e�s �

 < "

3jS j
;  2 ‰; s 2 S;

'
�ˇ̌
u.g/
g.w

�/w�� � 1
ˇ̌�
< 19
p
";

'
�ˇ̌
.u.g/
g.w

�/w�� � 1/�
ˇ̌�
< 19
p
";

g 2 F; ' 2 ˆ:

It follows that

Œ ;w� �

 � 

Œ ;w� � a� �

C 

Œ ; a� �

 < "

3
C




h ;X
k2S

u.k/e�k

i



�
"

3
C

X
k2S

�

Œ ; u.k/�e�k

C 

u.k/Œ ; e�k�

� < ":
By the inequality presented in the beginning of the proof, w D w� is a desired unitary.

5. Intertwining argument and the proof of the main theorem

In this section, we present a proof of the main theorem, Theorem 2.3 (2).

5.1. Classification of quasi cocycle actions. We can assume that ˇ is an action, i.e.,
b.g; h/ D 1, g; h 2 G, due to the existence of model actions. Recall that we assumed that
�n D ˛n D ˇn is an action of N , and fixed a unitary Qu.m/ 2 QM with Q�m D Ad. Qu.m// in §3.

In this subsection, we will classify two quasi cocycle crossed actions .˛; ca/ and .ˇ; 1/
of Q. For simplicity, we write ˛ Qp as p̨ until the end of the proof of Theorem 5.1.

Theorem 5.1. Let .˛; ca/ and .ˇ; 1/ be as above. Then there exist N�0, N�1 2 Int.M/ and
Ou0, Ou1 2 Map0.Q;U.M// such that

Ad. Ou0.p// ı N�0 ı p̨ ı
N��10 D Ad. Ou1.p// ı N�1 ı p̌ ı

N��11 ;

and

Ou0.p/ N�0 ı p̨ ı
N��10 . Ou0.q// N�0.c

˛.p; q// N�0 ı p̨q ı
N��10

�
N�0. Qu.m.p; q/// Qu.m.p; q//

�
�
Ou0.pq/�

D Ou1.p/ N�1 ı p̌ ı
N��11 . Ou1.q// N�1 ı p̌q ı

N��11
�
N�1. Qu.m.p; q/// Qu.m.p; q//

�
�
Ou1.pq/�:

We remark that N�i . Qu.m.p; q/// Qu.m.p; q//�, i D 0; 1, are indeed in M D QM� .
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We will present the proof of Theorem 5.1 by showing the series of lemmas below. Put
"n D 4�n, n 2 N. (Until the end of the proof, we use the letter n to denote elements in N.)
Fix Fn b Q and an .Fn; "n/-invariant set Sn b Q such that

e 2 F1; Fn � FnC1;

1[
nD1

Fn D Q; Fn � Sn; FnSn � FnC1:

Fix a faithful normal state '0. Let ¹‰nºn be an increasing sequence of finite sets of M�
such that

S
n‰n is total in M�.

Lemma 5.2. Set


 .0/ D ˛; c0.p; q/ D ca.p; q/; 
 .�1/ D ˇ; c�1.p; q/ D 1:

For n 2 N, there exist

� a family of quasi cocycle crossed actions .
 .n/; cn/,

� un.�/; an.�/; bn.�/ 2 Map0.Q;U.M//,

� wn 2 U.M/,

� an automorphism �n 2 Aut.M/,

� finite sets ˆn b .M�/C, ‰0n; ˆ
0
n b M�,

satisfying the following conditions:

ˆn D
®
Ad.bn�1.p//.'0/ p̄2Fn ;(n.1)

ˆ0n D
[

p;q2Fn
r2Sn;'2ˆn

�

 .n�1/p

��1�®
' � cn�1.q; r/; cn�1.q; r/ � '

¯�
;

‰0n D ‰n [ �n�1.‰n/ [
[
p2Fn

®
bn�1.p/ � '0; '0 � b

n�1.p/
¯
[ˆ0n;(n.2)

an.p/ D un.p/
 .n�2/p .wn/w
�
n ; bn.p/ D an.p/wnb

n�2.p/w�n ;(n.3)

�n D Ad.wn/ ı �n�2; n � 3;


 .n/p D Ad.un.p// ı 
 .n�2/p D Ad.an.p// ı Ad.wn/ ı 
 .n�2/p ı Ad.w�n/;(n.4)

cn.p; q/ D un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/�;(n.5) 


 .n/p . / � 
 .n�1/p . /


 < "n

6jSnj
; p 2 FnC1;(n.6)

 2
[

q2FnC1

�

 .n�2/q

��1
.‰0n�1/ [

�

 .n�1/q

��1
.‰0n/;8̂<̂

:


' � �cn.p; q/ � cn�1.p; q/�

 < "n

2
;

�cn.p; q/ � cn�1.p; q/� � '

 < "n

2
;

' 2 ˆn [ˆn�1; p 2 Fn; q 2 Sn;(n.7)

´

' � .an.p/ � 1/

 < 7 4p"n�1;

.an.p/ � 1/ � '

 < 7 4p"n�1; ' 2 ˆn�1; p 2 Fn�1; n � 2;(n.8) 

Œwn;  �

 < "n�1;  2 ‰0n�1; n � 2:(n.9)
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Proof. We will construct the desired objects by induction.

Step 1. Define ˆ1, ˆ01 and ‰01 as in (1.1) and (1.2). (Here we set b0.p/ D 1, �0 D id
and ‰0 D ˆ0 D ;.) By Lemma 4.6, there exists a unitary u1.p/ such that

Ad.u1.p// ı 
 .�1/p . / � 
 .0/p . /



 < "1

6jS1j
;(1.a)

p 2 F2;  2
[
r2F2

�

 .0/r

��1
.‰01/;



' � �u1.p/
 .�1/p .u1.q//u1.pq/� � c0.p; q/
�

 < "1

2
;(1.b) 

�u1.p/
 .�1/p .u1.q//u1.pq/� � c0.p; q/

�
� '


 < "1

2
;

p 2 F1; q 2 S1; ' 2 ˆ1:

Set

w1 D 1; u1.p/ D a1.p/ D u1.p/; �1 D Ad.w1/;


 .1/p D Ad.u1.p// ı 
 .�1/p ; c1.p; q/ D u1.p/
 .�1/p .u.q//u1.pq/�:

Then we obtain (1.3), (1.4) and (1.5). The conditions (1.6) and (1.7) follow from (1.a) and
(1.b), and the first step is complete.

Step 2. Define ˆ2, ˆ02 and ‰02 as in (2.1), (2.2). By Lemma 4.6, there exists a unitary u2p
such that 

Ad.u2.p// ı 
 .0/p . / � 
 .1/p . /



 < "2

6jS2j
;(2.a)

p 2 F3;  2
[
q2F3

�

 .0/q

��1
.‰01/ [

�

 .1/q

��1
.‰02/:



' � �u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/� � c1.p; q/
�

 < "2

2
;(2.b) 

�u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/� � c1.p; q/

�
� '


 < "2

2
;

p 2 F2; q 2 S2; ' 2 ˆ2 [ˆ1:

By (2.a) and (1.6), we get

Ad.u2.p// ı 
 .0/p . / � 
 .0/p . /


 < "1

3jS1j
;  2

[
q2F2

�

 .0/q

��1
.‰01/; p 2 F2:

Hence 

�u2.p/;  �

 < "1

3jS1j
;  2 ‰01; p 2 F2:

By (2.b) and (1.7), we have

' � �u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/� � c0.p; q/
�

 < "1;

�u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/� � c0.p; q/

�
� '


 < "1

for p 2 F1, q 2 S1 and ' 2 ˆ1.
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Since ˆ1 � c0.p; q/ � ‰01, p 2 F1, q 2 S1, and F1S1 � F2, we have

' � �u2.p/
 .0/p .u2.q//u2.pq/� � 1
�



D


' � u2.p/
 .0/p .u2.q// � ' � u2.pq/




� "1 C



' � u2.p/
 .0/p .u2.q// � u2.pq/ � '




D "1 C


' � u2.p/
 .0/p .u2.q//c0.p; q/ � u2.pq/ � ' � c0.p; q/




� 2"1 C



' � u2.p/
 .0/p .u2.q//c0.p; q/ � ' � c0.p; q/u2.pq/




D 2"1 C


' � u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/� � ' � c0.p; q/




< 3"1

for ' 2 ˆ1, p 2 F1 and q 2 S1.
Since .
 .0/p /�1.c0.p0; q/ � '/ 2 ‰01 for p; p0 2 F1, q 2 S1 and ' 2 ˆ1, it follows that

�
 .0/p .u2.q//; c0.p0; q0/ � '

�

 D 

�u2.q/; �
 .0/p

��1�
c0.p0; q0/ � '

��

 < "1
for p 2 F1, q; q0 2 S1 and ' 2 ˆ1. Thus

�u2.p/
 .0/p .u2.q//u2.pq/� � 1

�
� '




D



 .0/p .u2.q/�/u2.p/� � ' � u2.pq/� � '




�


�
 .0/p .u2.q/�/u2.p/�; '

�

C 

' � 
 .0/p .u2.q/�/u2.p/� � u2.pq/� � '




�



 .0/p .u2.q/�/Œu2.p/�; '�



C 

�
 .0/p .u2.q/�/; '
�
u2.p/�




C


' � 
 .0/p .u2.q/�/u2.p/� � u2.pq/� � '




� 2"1 C



' � 
 .0/p .u2.q/�/u2.p/� � u2.pq/� � '




D 2"1 C


c0.p; q/ � ' � 
 .0/p .u2.q/�/u2.p/� � c0.p; q/u2.pq/� � '




� 2"1 C



�c0.p; q/ � '; 
 .0/p .u2.q/�/u2.p/�
�



C



 .0/p .u2.q/�/u2.p/� � c0.p; q/ � ' � c0.p; q/u2.pq/� � '




� 2"1 C



�c0.p; q/ � '; 
 .0/p .u2.q/�/
�
u2.p/�




C



 .0/p .u2.q/�/

�
c0.p; q/ � '; u2.p/�

�


C



 .0/p .u2.q/�/u2.p/� � c0.p; q/ � ' � c0.p; q/u2.pq/� � '




� 4"1 C




 .0/p .u2.q/�/u2.p/�c0.p; q/ � ' � c0.p; q/u2.pq/� � '




D 4"1 C


�u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/� � c0.p; q/

�
� '




< 5"1

holds for p 2 F1, q 2 S1 and ' 2 ˆ.
By Lemma 4.9, there exists a unitary w2 such that

�u2.p/
 .0/p .w2/w

�
2 � 1

�
� '


 < 7 4p"1;

' � �u2.p/
 .0/p .w2/w

�
2 � 1

�

 < 7 4p"1; p 2 F1; ' 2 ˆ1



Œw2;  �

 < "1;  2 ‰01:

Put a2.p/ D u2.p/
 .0/p .w2/w
�
2 , and we obtain (2.8) and (2.9).
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Set

�2 D Ad.w2/; c2.p; q/ D u2.p/
 .0/p .u2.q//c0.p; q/u2.pq/�;


 .2/p D Ad.u2.p// ı 
 .0/p D Ad.a2.p// ı �2 ı 
 .0/p ı ��12 :

Then we obtain (2.3), (2.4) and (2.5). The conditions (2.6) and (2.7) follow from (2.a) and
(2.b), and the second step is complete.

Suppose we have constructed the desired objects up to the .n � 1/-st step.

Step n. Defineˆn,ˆ0n and‰0n as in (n.1) and (n.2). By Lemma 4.6, there exists a unitary
un.p/ such that

Ad.un.p// ı 
 .n�2/p . / � 
 .n�1/p . /



 < "n

6jSnj
;(n.a)

p 2 FnC1;  2
[

q2FnC1

�

 .n�2/q

��1
.‰0n�1/ [

�

 .n�1/q

��1
.‰0n/;



' � �un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/� � cn�1.p; q/
�

 < "n

2
;(n.b) 

�un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/� � cn�1.p; q/

�
� '


 < "n

2
;

p 2 Fn; q 2 Sn; ' 2 ˆn [ˆn�1:

By (n.a) and (n � 1.6), we get

Ad.un.p// ı 
 .n�2/p . /� 
 .n�2/p . /


 < "n�1

3jSn�1j
;  2

[
q2Fn

�

 .n�2/q

��1
.‰0n�1/; p 2 Fn:

Hence 

Œun.p/;  �

 < "n�1

3jSn�1j
;  2 ‰0n�1; p 2 Fn:

By (n.b) and (n � 1.7), we have

' � �un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/� � cn�2.p; q/
�

 < "n�1;

�un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/� � cn�2.p; q/

�
� '


 < "n�1

for p 2 Fn�1, q 2 Sn�1 and ' 2 ˆn�1. Since ˆn�1 � cn�2.p; q/ � ‰0n�1, p 2 Fn�1,
q 2 Sn�1, and Fn�1Sn�1 � Fn, we have

' � �un.p/
 .n�2/p .un.q//un.pq/� � 1

�


D


' � un.p/
 .n�1/p .un.q// � ' � un.pq/




�


Œun.pq/; '�

C 

' � un.p/
 .n�2/p .un.q// � un.pq/ � '




D "n�1 C



' � un.p/
 .n�2/p .un.q//cn�2.p; q/ � un.pq/ � ' � cn�2.p; q/




� "n�1 C


�un.pq/; ' � cn�2.p; q/�



C


' � un.p/
 .n�2/p .un.q//cn�2.p; q/ � ' � cn�2.p; q/un.pq/




� 2"n�1 C



' � un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/� � ' � cn�2.p; q/


 < 3"n�1

for ' 2 ˆn�1, p 2 Fn�1 and q 2 Sn�1.
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Since .
 .n�2/p /�1.cn�2.p0; q/ � '/ 2 ‰0n�1 for p; p0 2 Fn�1, q 2 Sn�1 and ' 2 ˆn�1,
we have

Œ
 .n�2/p .un.q//; cn�2.p0; q0/ � '�



 D 

�un.q/; �
 .n�2/p

��1�
cn�2.p0; q0/ � '

��

 < "n�1
for p; p0 2 Fn�1, q; q0 2 Sn�1 and ' 2 ˆn�1. Thus

�un.p/
 .n�2/p .un.q//un.pq/� � 1

�
� '




D



 .n�2/p .un.q/�/un.p/� � ' � un.pq/� � '




�


�
 .n�2/p .un.q/�/un.p/�; '

�

C 

' � 
 .n�2/p .un.q/�/un.p/� � un.pq/� � '




�



 .n�2/p .un.q/�/Œun.p/�; '�



C 

Œ
 .n�2/p .un.q/�/; '�un.p/�




C


' � 
 .n�2/p .un.q/�/un.p/� � un.pq/� � '




� 2"n�1 C



' � 
 .n�2/p .un.q/�/un.p/� � un.pq/� � '




D 2"n�1 C


cn�2.p; q/ � ' � 
 .n�2/p .un.q/�/un.p/� � cn�2.p; q/un.pq/� � '




� 2"n�1 C



�
 .n�2/p .un.q/�/un.p/�; cn�2.p; q/ � '
�



C



 .n�2/p .un.q/�/un.p/�cn�2.p; q/ � ' � cn�2.p; q/un.pq/� � '




� 2"n�1 C




 .n�2/p .un.q/�/
�
un.p/�; cn�2.p; q/ � '

�


C


�
 .n�2/p .un.q/�/; cn�2.p; q/ � '

�
un.p/�




C



 .n�2/p .un.q/�/un.p/�cn�2.p; q/ � ' � cn�2.p; q/un.pq/� � '




� 4"n�1 C




 .n�2/p .un.q/�/un.p/�cn�2.p; q/ � ' � cn�2.p; q/un.pq/� � '




D 4"n�1 C


�un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/� � cn�2.p; q/

�
� '




< 5"n�1

holds for p 2 Fn�1, q 2 Sn�1 and ' 2 ˆn�1.
By Lemma 4.9, there exists a unitary wn such that

�un.p/
 .n�2/p .wn/w

�
n � 1

�
� '


 < 7 4p"n�1;

' � �un.p/
 .n�2/p .wn/w

�
n � 1

�

 < 7 4p"n�1
and 

Œwn;  �

 < "n�1
for ' 2 ˆn�1, p 2 Fn�1 and  2 ‰0n�1. Put an.p/ D un.p/
 .n�2/p .wn/w

�
n . We then obtain

(n.8) and (n.9).
Set

bn.p/ D an.p/wnb
n�2.p/w�n ; �n D Ad.wn/ ı �n�2;

cn.p; q/ D un.p/
 .n�2/p .un.q//cn�2.p; q/un.pq/�;


 .n/p D Ad.un.p// ı 
 .n�2/p D Ad.an.p// ı Ad.wn/ ı 
 .n�2/p ı Ad.w�n/:

Then we obtain (n.3), (n.4) and (n.5). From (n.a) and (n.b), (n.6) and (n.7) follow. Thus
the n-th step is complete, and we finished the induction.
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Lemma 5.3. The sequences of automorphisms ¹�2nºn2N and ¹�2nC1ºn2N converge to
some automorphisms.

Proof. Take  2 ‰n0 for fixed n0 2 N. If n � n0 C 1, then  ; �n. / 2 ‰0nC1. By
.nC 2:9/, we have 

�n. / � �nC2. /

 D 

ŒwnC2; �n. /�

 < "nC1;

��1n . / � ��1nC2. /



 D 

ŒwnC2;  �

 < "nC1:
Since

S
n‰n is total in M�, ¹�˙12n . /ºn and ¹�˙12nC1. /ºn are Cauchy sequences for all

 2M�. Hence the limits N�0 D limn �2n and N�1 D limn �2nC1 exist in the u-topology.

Lemma 5.4. The sequences of unitaries ¹b2n.p/ºn2N and ¹b2nC1.p/ºn2N converge
to some unitaries in the � -strong* topology.

Proof. Fix p 2 Fn0C1. Note that we have '0 2 ˆm � ‰0m for all m, and '0 � bn.p/,
bn.p/ � '0 2 ‰

0
nC1, Ad.bn.p//.'0/ 2 ˆnC1 for n � n0. By .nC 2:8/ and .nC 2:9/, we have

'0 � �bnC2.p/ � bn.p/�



D


'0 � �anC2.p/wnC2bn.p/w�nC2 � bn.p/�



D


'0 � �anC2.p/ � bn.p/wnC2bn.p/�w�nC2�



�


'0 � �anC2.p/ � 1�

C 

'0 � �1 � bn.p/wnC2bn.p/�w�nC2�


� 7 4
p
"nC1 C k'0 �

�
wnC2b

n.p/ � bn.p/wnC2
�
k

� 7 4
p
"nC1 C k'0 � wnC2b

n.p/ � wnC2 � '0 � b
n.p/k C



�wnC2; '0 � bn.p/�


� 7 4
p
"nC1 C 2"nC1:

We next estimate k.bnC2.p/ � bn.p// � '0k. By .nC 2:8/, we have

�bnC2.p/ � bn.p/� � '0


D


�anC2.p/wnC2bn.p/w�n � bn.p/� � '0



�


anC2.p/�wnC2bn.p/w�nC2 � bn.p/� � '0

C 

�anC2.p/ � 1�bn.p/ � '0



<


�wnC2bn.p/w�nC2 � bn.p/� � '0

C 7 4p"nC1:

By .nC 2:9/, the first term is estimated as follows:

�wnC2bn.p/w�nC2 � bn.p/� � '0


D


�bn.p/w�nC2 � w�nC2bn.p/� � '0



�


bn.p/w�nC2 � '0 � bn.p/ � '0 � w�nC2

C 

�w�nC2; bn.p/ � '0�

 < 2"nC1:

Hence we obtain

�bnC2.p/ � bn.p/� � '0

 < 7 4p"nC1 C 2"nC1:
The above estimation yields that Ou0.p/ D limn b2n.p/ and Ou1.p/ D limn b2nC1.p/ exist in
the � -strong* topology.
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The end of the proof of Theorem 5.1. By construction we have


 .2n/p D Ad.b2n.p// ı �2n ı p̨ ı �
�1
2n

and

 .2nC1/p D Ad.b2nC1.p// ı �2nC1 ı p̌ ı �

�1
2nC1:

Letting n!1, we obtain

Ad. Ou0.p// ı N�0 ı p̨ ı
N��10 D Ad. Ou1.p// ı N�1 ı p̌ ı

N��11

by (n.6).
We will show the convergence of ¹c2n.p; q/ºn2N and ¹c2nC1.p; q/ºn2N . Put

Nw2n D w2nw2n�2 � � �w2:

We can easily see �2n D Ad. Nw2n/ and u2n.p/u2n�2.p/ � � �u2.p/ D b2n.p/ Nw2n p̨. Nw
�
2n/.

Then it follows that

c2n.p; q/ D u2n.p/
 .2n�2/p .u2n.q//c2n�2.p; q/u2n.pq/�

D u2n.p/
 .2n�2/p .u2n.q//u2n�2.p/
 .2n�4/p .u2n�2.q//c2n�4.p; q/

� u2n�2.pq/�u2n.pq/�

D u2n.p/u2n�2.p/
 .2n�4/p .u2n.q/u2n�2.q//c2n�4.p; q/u2n�2.pq/�u2n.pq/�:

We repeat the above computation and obtain the following:

c2n.p; q/ D u2n.p/ � � �u2.p/ p̨
�
u2n.q/ � � �u2.q/

�
ca.p; q/u2.pq/� � � �u2n.pq/�

D b2n.p/ Nw2n p̨. Nw
�
2n/ p̨

�
b2n.q/ Nw2n˛q. Nw

�
2n/
�
ca.p; q/ p̨q. Nw2n/ Nw

�
2nb

2n.pq/�

D b2n.p/ Nw2n p̨

�
Nw�2nb

2n.q/ Nw2n
�
p̨˛q. Nw

�
2n/c

a.p; q/ p̨q. Nw2n/ Nw
�
2nb

2n.pq/�

D b2n.p/�2n ı p̨ ı �
�1
2n .b

2n.q// Nw2nc
a.p; q/ p̨q

ı �m.p;q/. Nw
�
2n/ p̨q. Nw2n/ Nw

�
2nb

2n.pq/�

D b2n.p/�2n ı p̨ ı �
�1
2n .b

2n.q//�2n.c
a.p; q// Nw2n

� p̨q

�
�m.p;q/. Nw

�
2n/ Nw2n

�
Nw�2nb

2n.pq/�

D b2n.p/�2n ı p̨ ı �
�1
2n .b

2n.q//�2n.c
a.p; q//�2n ı p̨q

ı ��12n
�
Nw2n�m.p;q/. Nw

�
2n/
�
b2n.pq/�

D b2n.p/�2n ı p̨ ı �
�1
2n .b

2n.q//�2n.c
a.p; q//

� �2n ı p̨q ı �
�1
2n

�
�2n. Qu.m.p; q/// Qu.m.p; q//

�
�
b2n.pq/�:

Since the canonical extension is continuous in the u-topology, �2n. Qu.m.p; q/// Qu.m.p; q//�

converges to N�0. Qu.m.p; q/// Qu.m.p; q//�. Similar results hold for c2n�1.p; q/. Then by (n.7),
we have

Ou0.p/ N�0 ı p̨ ı
N��10 . Ou0.q// N�0.c

˛.p; q// N�0 ı p̨q ı
N��10

�
N�0. Qu.m.p; q/// Qu.m.p; q//

�
�
Ou0.pq/�

D Ou1.p/ N�1 ı p̌ ı
N��11 . Ou1.q// N�1 ı p̌q ı

N��11
�
N�1. Qu.m.p; q/// Qu.m.p; q//

�
�
Ou1.pq/�

and finished the proof of Theorem 5.1.
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5.2. Proof of the main theorem. In this subsection, we present a proof of our main
result, Theorem 2.3, by using Theorem 5.1.

Proof of Theorem 2.3 (2). We use the same notation as in the previous subsection. Set

N�0. Qu.n// D Qu
˛.n/; N�1. Qu.n// D Qu

ˇ .n/; n 2 N;

Ou. Qp/ D Ou1.p/� Ou0.p/; Oun D Qu
ˇ .n/ Qu˛.n/�; p 2 Q:

We replace .˛g ; a.g; h// and .ˇg ; 1/with . N�0ı˛gı N��10 ; N�0.a.g; h/// and . N�1ıˇgı N��11 ; 1/

respectively. Note that we do not have ˛n D ˇn, n 2 N , after this replacement, and in fact we
have

Q̨n D
N�0 ı Q�n ı N�

�1
0 D

N�0 ı Ad. Qu.n// ı N��10 D Ad. Qu˛.n//;
Q̌
n D
N�1 ı Q�n ı N�

�1
1 D

N�1 ı Ad. Qu.n// ı N��11 D Ad. Quˇ .n//;

and
ˇn D Ad. Ou.n// ı ˛n:

Claim. We have the following:

ˇ Qp D Ad. Ou. Qp// ı ˛ Qp; Ou. Qp/˛ Qp. Ou. Qq//c
a.p; q/˛epq. Ou�m.p;q// Ou.fpq/� D 1; p; q 2 Q:

Indeed, ˇ Qp D Ad. Ou. Qp// ı ˛ Qp is obvious. By the above replacement and Theorem 5.1,
we have

Ou0. Qp/˛ Qp. Ou
0. Qq//ca.p; q/˛epq� Qu˛.m.p; q// Qu.m.p; q//�� Ou0.fpq/�

D Ou1. Qp/ˇ Qp. Ou
1. Qq//ˇepq� Quˇ .m.p; q// Qu.m.p; q//�� Ou1.fpq/�:

Thus the following equalities hold:

1 D ˇ Qp. Ou
1. Qq//� Ou1. Qp/� � Ou0. Qp/˛ Qp. Ou

0. Qq//ca.p; q/˛epq� Qu˛.m.p; q// Qu.m.p; q//�� Ou0.fpq/�
� Ou1.fpq/ˇepq� Qu.m.p; q// Quˇ .m.p; q//��

D ˇ Qp. Ou
1. Qq//� Ou. Qp/˛ Qp. Ou

0. Qq//ca.p; q/˛epq� Qu˛.m.p; q// Qu.m.p; q//�� Ou.fpq/�
� ˇepq� Qu.m.p; q// Quˇ .m.p; q//��

D Ou. Qp/˛ Qp. Ou
1. Qq//�˛ Qp. Ou

0. Qq//ca.p; q/˛epq� Qu˛.m.p; q// Qu.m.p; q//��
� ˛epq� Qu.m.p; q// Quˇ .m.p; q//�� Ou.fpq/�

D Ou. Qp/˛ Qp. Ou. Qq//c
a.p; q/˛epq. Ou.m.p; q//�/ Ou.fpq/�:

We will combine these results. We extend Ou.�/ to Map0.G;U.M// by

Ou.n Qr/ D Ou.n/˛n. Ou. Qr//a.n; Qr/; r 2 Q; n 2 N:

Then ˇg D Ad. Oug/ ı ˛g holds for every g 2 G. Set z.g; h/ WD Ou.g/˛g. Ou.h//a.g; h/ Ou.gh/�,
which is a 2-cocycle for ˇ. To complete the proof, we only have to show z.g; h/ D 1.
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Since

Ou.n/˛n. Ou. Qr//d.a/.n; Qr/
�˛Qr

�
Ou. Qr�1n Qr/�

�
Ou. Qr/�

D Ou.n/ Qu˛.n/ Ou. Qr/ Qu˛.n/�d.a/.n; Qr/�˛Qr
�
Ou. Qr�1n Qr/�

�
Ou. Qr/�

D Oun Qu
˛.n/ Q̌Qr Q̨

�1
Qr

�
Qu˛.n/�d.a/.n; Qr/�˛Qr

�
Ou. Qr�1n Qr/�

��
D �.n; Qr/ Ou.n/ Qu˛.n/ Q̌Qr

�
Qu˛. Qr�1n Qr/� Ou. Qr�1n Qr/�

�
D �.n; Qr/ Quˇ .n/ Q̌Qr

�
Quˇ . Qr�1n Qr/�

�
D 1;

we have Ou.n/˛n. Ou. Qr//a.n; Qr/ D Ou. Qr/˛Qr. Ou. Qr
�1n Qr//a. Qr; Qr�1n Qr/: Compare this result with

Lemma 4.1.
Then in a similar way as in the proofs of Lemma 4.2 and Lemma 4.7, we can show

z.g; h/ D 1 for g; h 2 G. For the sake of completeness, we repeat the arguments presented in
the proofs of Lemma 4.2 and Lemma 4.7.

By the definition of u.n Qp/, we have

z.n; Qq/ D Ou.n/˛n. Ou. Qq//a.n; Qq/ Ou.n Qq/
�
D 1:

Since
Ou. Qpm/ D Ou. Qpm Qp�1 Qp/ D Ou. Qp/˛ Qp. Ou.m//a. Qp;m/

by the above result,

z. Qp;m/ D Ou. Qp/˛ Qp. Ou.m//a. Qp;m/ Ou. Qpm/
�
D 1:

By using the 2-cocycle identity, we get

z.m; n Qq/ D ˇm.z.n; Qq/
�/z.m; n/z.mn; Qq/ D 1:

In a similar way, z. Qpm; n/ D 1 can be shown. Hence z.g; h/ D 1 if either of g or h is in N .
From

1 D Ou. Qp/˛ Qp. Ou. Qq//c
a.p; q/˛epq� Ou.m.p; q//�� Ou.fpq/�

D z. Qp; Qq/z.fpq;m.p; q//� D z. Qp; Qq/;
we have z. Qp; Qq/ D 1 for p; q 2 Q. Again the 2-cocycle identity yields

z.m Qp; Qq/ D z.m; Qp/�ˇm.z. Qp; Qq//z.m; Qp Qq/ D 1:

In a similar way, z.g; Qqn/ D 1 can be shown, and z.g; h/ D 1 holds for all g; h 2 G. Thus
.˛; a/ and .ˇ; 1/ are strongly cocycle conjugate.

6. Model actions

The construction of model actions with given invariant is presented in [20, 40] by using
groupoid theory. However the essential point of using groupoid theory is to construct a right
inverse for the Connes–Takesaki module map. Thus it may be possible to construct model
actions without groupoid theory once one admits the existence of a right inverse of the module
map [42]. In this section, we present the construction of model actions along this observation.
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6.1. Model action associated with a dominant weight. Let M be an injective factor
of type III, ' a dominant weight on M, and M D M' Ì� R the continuous decomposition of
M, and u.s/ the implementing unitary for � . Let G be a discrete amenable group, and ˛ an
action of G on M. We quickly review how to describe Inv.˛/ in terms of M' .

We may assume that ' ı ˛ D ', and ˛g.u.s// D u.s/ by cocycle perturbation [41]. In
this case, M' is invariant under ˛g , and we denote by ˛0g the restriction on M' . Then Inv.˛/
is obtained as follows. A Connes–Takesaki module is given by mod.˛g/ D ˛0g jZ.M'/. Let
N WD ¹g 2 G j ˛0g 2 Int.M'/º, which is a centrally trivial part of ˛. Fix vn 2 U.M'/

with ˛0n D Ad.vn/. Then we get a characteristic cocycle .�; �/ 2 Z.G;N;U.Z.M'/// and
c.n; t/ 2 Z1.R;U.Z.M'/// as follows:

˛0g.vg�1ng/ D �.n; g/vn; vmvn D �.m; n/vmn; �t .vn/ D c.n; t/vn:

In this case, ˛n D Ad.vn/ ı �
'

c.n/
holds, where �'

c.n/
is an extended modular automorphism

[8]. Indeed, Ad.v�n/ ı ˛n D id D �'c on M' by the choice of vn, and

Ad.v�n/ ı ˛n.u.s// D v
�
nu.s/vn D v

�
n�s.vn/u.s/ D c.n; s/u.s/ D �

'

c.n/
.u.s//

holds.
Conversely, for a normal subgroup N � G, a homomorphism

ˇ W g 2 G=N ! ˇg 2 Aut� .Z.M'//;

.�; �/, and c.n; t/, we will construct a model action 
g with Inv.
/ D .N; ˇg ; Œ�; �; c�/.
By [42, Corollary 1.3], the exact sequence

1 �! Int.M/ �! Aut.M/
mod
�! Aut� .Z.M'// �! 1

is split. By regarding ˇ as a faithful homomorphism from G=Ker.ˇ/ into Aut� .Z.M'//, we
lift ˇ as an action of G on M by the above splitting exact sequence. (Note N � Ker.ˇ/.) We
may assume ' ı ˇg D ', ˇg.u.s// D u.s/.

Let @� .u/.t/ WD u��t .u/ 2 Z1.R;U.Z.M'/// for u 2 U.Z.M'//. Since

c.m; t/c.n; t/ D c.mn; t/@� .�.m; n//.t/; ˇg.c.g
�1ng; t// D @� .�.n; g//.t/c.n; t/;

we have

�
'

c.m/�
ı �

'

c.n/�
D �

'

c.m/�c.n/�
D �

'

@� .�.m;n/�/c.mn/�
D Ad.�.m; n// ı �'

c.mn/�
;

and

ˇg ı �
'

c.g�1ng/�
ı ˇ�1g D �

'

ˇg.c.g�1ng/�/
D �

'

@� .�.n;g/�/c.n/�
D Ad.�.n; g// ı �'

c.n/�
:

In particular, .�'
c.n/�

; �.�; �// is a cocycle crossed action of N .

Let R0 be the injective factor of type II1 with a tracial state � , and ˛.0/g a free action of
G on R0. Let ˛m WD �

'

c.m/�
˝ ˛

.0/
m , and take a twisted crossed product

N D .M ˝R0/ Ì˛;�˝1 N:
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Let vn be the implementing unitary for ˛. Since Inv.˛/ is trivial, N and M have a common
flow of weights by [24, 38]. Hence N Š M by the classification theorem of injective factors.
Let  WD .' ˝ �/ ı E, where E is the canonical conditional expectation on M. Then  is
dominant, and N D .M' ˝R0/˝˛;�˝1 N .

Let 
g D ˇg ˝ ˛
.0/
g . Since


g ı ˛g�1ng ı 

�1
g D Ad.�.n; g/˝ 1/ ı ˛n;

�.m; g/�.n; g/�.m; n/�.mn; g/� D ˇg
�
�.g�1mg; g�1ng/

�
;

�.n; gh/ D ˇg
�
�.g�1ng; h/

�
�.n; g/;

we can extend 
 to an action on N by 
g.vg�1ng/ D .�.n; g/ ˝ 1/vn by Theorem B.1 and
Theorem B.2.

By the definition of 
g , it is trivial that mod.
g/ D ˇg . If m 2 N , then 
 0m D 
mjN is
given by Ad.vm/. Indeed if x 2M' ˝R0, then


 0m.x/ D id˝˛.0/m .x/ D �
'

c.m/�
˝ ˛.0/m .x/ D Ad.vm/.x/:

Note ˇm D id and �'
c.m/�

jM'
D id for m 2 N . By

�.n;m/ D �.m;m�1nm/�.n;m/�; m; n 2 N;

we have


 0m.vm�1nm/ D �.n;m/vn D �.m;m
�1nm/�.n;m/�vn D vmvm�1nmv

�
m:

Due to the freeness of ˛.0/g , we have 
 0g 2 Int.N / if and only if g 2 N . By the definition
of N and 
g , we have 
g.vg�1ng/ D �.n; g/vn and vmvn D �.m; n/vmn. We can verify
�t ˝ id.vn/ D .c.n; t/˝ 1/vn as follows:

�t ˝ id.vn/ D .u.t/˝ 1/vn.u.t/˝ 1/�

D .u.t/˝ 1/˛n.u.�t /˝ 1/vn

D
�
u.t/�

'

c.n/�
.u.�t //˝ 1

�
vn

D
�
u.t/c.n;�t /�u.t/˝ 1

�
vn

D
�
�t .c.n;�t /

�/˝ 1
�
vn D .c.n; t/˝ 1/vn:

The above argument shows that 
 realizes the given invariant.
Here we treat only type III factors, however this construction is valid for the type II case.

If we use the results from [11], we can generalize the above construction for arbitrary faithful
normal semifinite weights, which is the subject of the next subsection.

6.2. Generalization to arbitrary weight. In this subsection, we generalize the con-
struction presented in the previous subsection by using [11].

Let W.M/ be the set of all faithful normal semifinite weights on M. Let

@� W u 2 QU.M/! @� .u/.t/ D u
��t .u/ 2 Z

1
� .R;U.C//

be a coboundary map. By [11], for any faithful normal semifinite weight ' 2 W.M/, there
exists a homomorphism b' W Z

1
�
.R;U.C//! QU.M/ such that
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(1) @� .b'.c/�/.t/ D b'.c/�t .b'.c/�/ D c.t/,

(2) if c.s/ D e�its for some t 2 R, then b'.c/ D �'.t/� (hence fAd.b'.c/�/ D �
'
t ),

(3) b'ı˛ D Q̨ ı b' ı Q̨�1,

(4) if ' is dominant, then �'c D fAd.b'.c/�/.

Namely b' is a right section of the exact sequence

1 �! U.M/ �! QU.M/ �! Z1� .U.C//
@�
�! 1:

(The above exact sequence is a middle row of the characteristic square of M.)
Thus we can define an extended modular automorphism �

'
c 2 Aut.M/ for arbitrary

' 2 W.M/ by �'c D fAd.b'.c/�/. (The condition (4) above justifies this definition.) Define a
generalized Connes-cocycle by ŒD' W D �c WD b'.c/�b .c/. Indeed, we have

ŒD' W D �c 2 QM
�
DM; Ad

�
ŒD' W D �c

�
ı � c D �

'
c

by the property of b'.c/ and the definition.
For z 2 U.C/, set Oz WD b'.@� .z//z. It is easy to see that Oz 2 M, Oz� D bz�, czw D Oz Ow

and �'
@� .z/

D Ad. Oz�/.

As a natural generalization of the previous subsection, we show the following theorem.

Theorem 6.1. Let a normal subgroup N , a homomorphism ˇ W G=N ! Aut� .C/, and
a characteristic invariant Œ�; �� 2 ƒˇ . QG;N;U.C// be given. Then for each fixed ' 2W.M/,
there exists an action 
 of G with Inv.
/ D .N; ˇ; Œ�; ��/.

Proof. Suppose a normal subgroup N � G, an action ˇg 2 Aut� .C/ of G=N , and a
characteristic cocycle .�; �/ 2 Zˇ . QG;N;U.C// are given. As in the previous subsection, we
denote c.n; t/ WD �.n; .e; t//, and �.n; g/ D �.n; .g; 0// for g 2 G, n 2 N and t 2 R.

Set O�.n; g/ WD 2�.n; g/ and O�.m; n/ WD 2�.m; n/. From the relation between � and c, it
follows that

�
'

c.m/�
ı �

'

c.n/�
D �

'

c.m/�c.n/�
D �

'

@� .�.m;n/�/c.mn/�
D Ad. O�.m; n// ı �'

c.mn/�
:

Namely .�'
c.n/�

; O�.m; n// is a cocycle crossed action of N on M.
Once we obtain .�'

c.n/�
; O�.m; n//, we can construct a model action 
g as in §6.1. We lift

ˇg 2 Aut� .C/ to Aut.M/ by [42] as before and regard it as an action of G.
Set a.n; g/ D ŒD' ı ˇ�1g W D'�ˇg.c.g�1ng/�/. Then

ˇg ı �
'

c.g�1ng/�
ı ˇ�1g D �

'ıˇ�1g

ˇg.c.g�1ng/�/

D Ad
�
a.n; g/

�
ı �

'

ˇg.c.g�1ng/�/

D Ad
�
a.n; g/

�
ı �

'

@� .�.n;g/�/c.n/�

D Ad
�
a.n; g/ O�.n; g/

�
ı �

'

c.n/�
:

Set
N .'; �; �/ WD .M ˝R0/ Ì�'

c�
˝˛.0/; O� N:
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By Theorem B.1, we can define an automorphism 

';�;�
g 2 Aut.N .'; �; �// as follows:


';�;�g .x/ D ˇg ˝ ˛
.0/
g .x/; x 2M ˝R0;


';�;�g .vg�1ng/ D
�
a.n; g/ O�.n; g/˝ 1

�
vn; n 2 N:

We show that 
';�;� realizes the given invariants. For simplicity we denote 
';�;� and
N .'; �; �/ by 
 and N , respectively. We identify QN and . QM ˝ R0/ Ì N in the standard
way. As in the previous subsection, N is isomorphic to M, and it is trivial that mod.
g/ D ˇg
holds.

We next show N
 D N . Assume that g 2 G n N and a 2 QN satisfy Q
g.x/a D ax for
all x 2 QN . Let a D

P
n2N anvn. Then for x 2 QM, we have Q
g.x/an D an Q
n.x/, and hence

Q
gn�1.x/an D anx. Since gn�1 ¤ e, we get an D 0 for every n 2 N . Thus 
g 62 Cntr.N /.
For n 2 N , we will see that the canonical extension is given by

Q
n D Ad
�
b'.c.n/

�/˝ 1
�
vn:

For simplicity, we omit˝1 and denote b'.c.n//˝ 1 as b'.c.n//. For a 2 QM ˝R0,

Ad
�
b'.c.n//

�vn
�
.a/ D Ad

�
b'.c.n/

�/
��
�
'

c.n/�
˝ ˛.0/n .a/

�
D id˝˛.0/n .a/ D 
n.a/:

By the definition of �'c , the relation �'c .b'.d// D b'.d/ holds for d 2 Z1
�
.R;U.C//. Thus

we have
vmb'.c.n/

�/v�m D �
'

c.m/�
.b'.c.n//

�/ D b'.c.n/
�/

and

Ad
�
b'.c.n//

�vn
�
.vn�1mn/ D Ad

�
b'.c.n//

�
�
.vnvn�1mnv

�
n/

D O�.n; n�1mn/Ad
�
b'.c.n//

�
�
.vmnv

�
n/

D O�.n; n�1mn/ O�.m; n/�Ad
�
b'.c.n//

�
�
.vm/

D O�.m; n/vm D 
n.vn�1mn/:

Note that a.m; n/ D 1 for m; n 2 N . Thus the canonical extension is given by the above
formula.

The following computation shows �.
/ D Œ�; ��. For m; n 2 N , we have

b'.c.m//
�vmb'.c.n//

�vn D b'.c.m//
�b'.c.n//

�vmvn

D b'.c.m/
�c.n/�/vmvn

D b'
�
@� .�.m; n/

�/c.mn/�
�
O�.m; n/vmn

D b'.c.mn/
�/b'

�
@� .�.m; n/

�/
�
O�.m; n/vmn

D �.m; n/b'.c.mn//
�vmn:

For g 2 G and n 2 N , we have

Q
g
�
b'.c.g

�1ng//�vg�1ng
�
D ˇg ı b'

�
c.g�1ng/

��

g.vg�1ng/

D b'ıˇ�1g

�
ˇg.c.g

�1ng//
�
a.n; g/ O�.n; g/vn
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D b'
�
ˇg.c.g

�1ng//
�� O�.n; g/vn

D b'
�
c.n/�@� .�.n; g/

�/
�
O�.n; g/vn

D �.n; g/b'.c.n/
�/vn:

For t 2 R and n 2 N , it is easy to see that �t .b'.c.n//�vm/ D c.n; t/b'.c.n//
�vm.

Thus we have �.
/ D Œ�; ��, and hence Inv.
/ D .N; ˇ; Œ�; ��/.

Although 
';�;� realizes the given characteristic invariant Œ�; ��, the above construction
depends on the choice of a representative of Œ�; ��. If we change .�; �/ within its equivalence
class in the above construction, we have the following result.

Let .�0; �0/ 2 Z. QG;N;U.C// be a characteristic cocycle which is equivalent to .�; �/.
Thus there exists z 2 Map0.N;U.C// such that

.�0; �0/ D .�@1.z/; �@2.z//:

By Theorem B.2, we have the following result.

Theorem 6.2. Two model actions 
';�;� and 
';�
0;�0 are conjugate.

Proof. Set c0.n; t/ WD �.n; .e; t//. Thus we have c0.n; t/ D z.n/�c.n; t/�t .z.n//.
Then

�
'

c
0
.n/�
D �

'

c.n/�@� .z.n/�/
D Ad. Oz.n// ı �'

c.n/�

and
O�0.m; n/ D Oz.m/ Oz.n/ O�.m; n/Oz.mn/�;

that is, .�'
c
0
.�/�
; O�0/ is a unitary perturbation of .�'c� ; O�/ by Oz. From the relations �0 D �@1.z/

and mod.
g/ D ˇg , g 2 G, one obtains

O�0.n; g/ D 
';�;�g . Oz.g�1ng//�.n; g/Oz.n/�:

Hence 
';�
0;�0 and 
';�;� are conjugate by Theorem B.2.

We close this section by discussing the relation between model actions associated with
different weights. Take '; 2 W.M/. To clarify the dependence of ', we write O�.m; n/ as
O�'.m; n/ and so on. It is easy to see that .� 

c.�/�
; O� / is a unitary perturbation of .�'

c.�/�
; O�'/

by ¹ŒD W D'�c.n/�ºn2N . We can see that ¹ŒD W D'�c.n/�ºn2N satisfies the assumption in
Theorem B.2. Thus the following holds.

Theorem 6.3. For any faithful normal semifinite weights '; 2W.M/, there exists an
isomorphism � ;' W N .'; �; �/! N . ; �; �/ such that

� ;' ı 

';�;�
g D 
 ;�;�g ı � ;' ; ��; ı � ;' D ��;' :

Proof. An isomorphism � ;' is given as in Theorem B.2. The latter relation follows
from the chain rule of generalized Connes-cocycles.
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7. Group actions on subfactors

In this section, we show that we can apply our previous argument for group actions on
subfactors. We briefly recall basic notations for group actions of subfactors. See [9] for the
basics of subfactor theory.

Let N �M be a strongly amenable subfactor of type II1 in the sense of [34], and

N �M �M1 D hM; e1i �M2 D hM1; e2i � � � �

the Jones tower, where en is the Jones projection for Mn�1 �Mn�2. For ˛ 2 Aut.M;N /, we
extend ˛ 2 Aut.Mn/ by ˛.en/ D en, and

ˆ.˛/ D
®
˛jM0\Mk

¯1
kD0

denotes the Loi invariant [26]. An automorphism ˛ is said to be strongly outer (see [1]) if
a 2

S
nMn satisfying ˛.x/a D ax for all x 2M implies a D 0.

Let Cntr.M;N / be a set of all non-strongly outer automorphisms, and

�a.M;N / D
�
Ker.ˆ/ \ Cntr.M;N /

�
= Int.M;N /

the algebraic �-group [12].
An automorphism ˛ 2 Aut.M;N / is approximately inner if ˛ D limn Ad.un/ in

Aut.M/ for un 2 U.N /. An automorphism ˛ is said to be centrally trivial if ˛ D id on
M0 \ N ! . Here M0 \ N ! is a subfactor-version of a central sequence algebra. If N � M

is strongly amenable, then M0 \ N ! is of type II1. Denote the set of all approximately in-
ner automorphisms and that of centrally trivial automorphisms by Int.M;N / and Cnt.M;N /,
respectively.

To classify actions, we need the characterization of approximately inner automorphisms
and centrally trivial automorphisms. Indeed for a strongly amenable subfactor N �M of type
II1, we have

Ker.ˆ/ D Int.M;N /; Cnt.M;N / D Cntr.M;N /:

(See [26, 28, 36] for a proof.)
Take ˛ 2 Ker.ˆ/ and � 2 Cntr.M;N /. Let 0 ¤ a 2 Mk be an element such that

�.x/a D ax holds for all x 2 M. Then there exists a unitary u.˛; �/ 2 N such that
˛.a/ D u.˛; �/a (see [29]), which does neither depend on a nor on Mk . This u.˛; �/
satisfies ˛ ı � ı ˛�1 D Ad.u.˛; �// ı � . See [29] for more properties of u.˛; �/.

We assume the following:

(1) The normalizer groups for N �M and M �M1 are trivial.

(2) There exists a lifting � W �a.M;N /! Aut.M;N /.

Typical examples of such subfactors are the Jones subfactors with principal graph A2kC1,
k � 2 (see [18]).

Let .˛; a/ be a cocycle crossed action of G on N � M with trivial Loi invariant. (This
condition corresponds to the triviality of Connes–Takesaki modules in the previous sections.)
Let

N D ¹h 2 G j ˛h 2 Cnt.M;N /º:
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The �-invariant �.n/ is given by

�.n/ D Œ˛n� 2 �a.M;N /; n 2 N:

Note that �.gng�1/ D �.n/ holds by ˆ.˛g/ D id. Let us fix a unitary u˛n 2 N satisfying
˛n D Ad.u˛n/ ı ��.n/. Then the characteristic invariant Œ�; �� for ˛ is given as follows:

˛g.u
˛
g�1ng

/u.˛g ; ��.h// D �.n; g/ıa.g; n/u
˛
n;

u˛m��.m/.u
˛
n/ D �.m; n/a.m; n/u

˛
mn:

We remark that Œ�; �� may be different from the usual characteristic invariant. Let

�.k; l/ WD u.�l ; �k/
�

be the �-invariant for N �M, which becomes a bicharacter of �a.M;N /. (This notion comes
from [16].) The only difference is the following relation:

�.n;m/ D �.m;m�1nm/�.n;m/�.�.n/; �.m//; m; n 2 N:

In [27, 29], we show that Inv.˛/ D .N; Œ�; ��; �/ is a complete cocycle conjugacy in-
variant for approximately inner actions of discrete amenable groups on subfactors under some
restrictions, e.g., the triviality of the �-invariant. However if we modify the argument in the
previous sections in a suitable way, we can get rid of these restrictions.

Let .ˇ; b/ be another cocycle crossed action of G with Inv.ˇ/ D Inv.˛/. We choose uˇm
which satisfies the same relation for .�; �/. If we put wn WD uamu

ˇ�
m for m 2 N , then

˛n D Ad.wn/ ı ˇn; wm˛m.wn/a.m; n/w
�
mn D b.m; n/

hold. Hence the same conclusion as in Lemma 3.1 holds. As in the single factor case, we may
assume that ˛n D ˇn is a genuine action of N .

If 0 ¤ b 2 Mk satisfies ��.n/.x/b D bx for all x 2 M, then bn WD u˛nb satisfies
˛n.x/bn D bnx. Moreover, by the definition of �.n; g/ and ˛g.bn/ D u.˛g ; ��.n//bn, we
have

˛g.bg�1ng/ D �.n; g/d.a/.n; g/bn:

By using these facts, we can show a result similar to Lemma 4.1 as follows.

Lemma 7.1. For any Ug D .u�.g// 2 U.N !/ with lim�!! ˛g D Ad.v�g/ ı ˇg , we
have U �g d.a/.n; g/�n.Ug/ D d.b/.n; g/.

Proof. Let 0 ¤ bn 2Mk as above. Then

lim
�!!

u�.g/�d.a/.n; g/˛n.u
�.g//bn D lim

�!!
u�.g/�d.a/.n; g/bnu

�.g/

D ˇg˛
�1
g .d.a/.n; g/bn/

D �.n; g/�ˇg.bg�1ng/

D d.b/.n; g/bn:

Let E be the minimal conditional expectation from Mk to M. Since 0 ¤ bnb
�
n 2 M0 \Mk ,

0 ¤ E.bnb
�
n/ 2 C follows, and hence we get the conclusion.
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Thus we can repeat the same argument as in the previous sections, and classify approx-
imately inner actions of discrete amenable groups on N � M. In particular, the higher ob-
struction introduced in [22] and the �-invariant are complete outer conjugacy invariants for
automorphisms on a Jones subfactor with principal graph A2kC1, k � 2. Note that all auto-
morphisms of a Jones subfactor with principal graph An, n � 4, are approximately inner.

We close this section by explaining the construction of model actions.
Let N �M be as above, and R0 the injective factor of type II1. Let ˛.0/g be a free action

of G on R0. Let

˛n WD ��.n/�1 ˝ ˛
.0/
n ; Q�.m; n/ WD �.m; n/�.�.m/; �.n//:

Take a twisted crossed product

A � B WD .N ˝R0 �M ˝R0/ Ì˛; Q� N:

Since Inv.˛/ is trivial, the standard invariant of A � B and that of N �M coincide, thus they
are isomorphic by Popa’s classification theorem [34]. Let vn be the implementing unitary, and
define 
g 2 Aut.B;A/ as follows:


g.x/ D id˝˛.0/g .x/; x 2M ˝R0; 
g.vg�1ng/ D �.n; g/vn:

We extend �k ˝ id to Q�k 2 Aut.B;A/ by Q�k.vn/ D �.k; �.n//vn. We claim that Q�k is
non-strongly outer. Take 0 ¤ a 2Mk such that �k.x/a D ax, x 2M. It is clear that

Q�k.x/.a˝ 1/ D .a˝ 1/x

for x 2M ˝R0. By the definition of the �-invariant,

Q�k.vn/.a˝ 1/ D �.k; �.n//vn.a˝ 1/ D
�
u.��.n/; k/��.n/�1.a/˝ 1

�
vn D .a˝ 1/vn:

Thus Q�k is non-strongly outer.
We next show Ad.vn/ ı Q�n D 
n, n 2 N . For x 2M ˝R0, we have

Ad.vn/ ı Q��.n/ D Ad.vn/ ı ��.n/ ˝ id.x/ D id˝˛0n.x/ D 
n.x/:

If we use �.n;m/ D �.m;m�1nm/�.n;m/�.�.n/; �.m//, then

Ad.vm/ ı Q��.m/.vm�1nm/ D �.�.m/; �.n//vmvm�1nmv
�
m

D �.�.m/; �.m�1nm// Q�.m;m�1nm/ Q�.n;m/vn

D �.m;m�1nm/�.n;m/�.�.n/; �.m//vn

D �.n;m/vn;

and hence we have Ad.vn/ Q��.n/ D 
n. We can easily see that 
g is strongly outer for
g 2 GnN . Since 
g.a ˝ 1/ D a ˝ 1, we have u.
g ; Q�k/ D 1. By the definition of 
 , it
is trivial that Œ�; �� is a characteristic invariant for 
 .
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A. Proofs of Proposition 4.5 and Theorem 4.8

In this appendix, we present the proofs of Proposition 4.5 and Theorem 4.8.
In [33, Proposition 7.4], Ocneanu proved the second cohomology vanishing theorem for

semiliftable and strongly free actions of a discrete amenable group on M! by means of the
Rohlin theorem. However if we use the ultraproduct technique, we can present a simple proof
of the second cohomology vanishing theorem for semiliftable cocycle crossed actions on a
central sequence algebra without use of the Rohlin type theorem.

Lemma A.1. Let R be a (not necessary separable) von Neumann algebra of type II1
with a tracial state � , Q a discrete amenable group, and .˛; u/ a cocycle crossed action of Q
on R. Then for any finite subset F � Q and " > 0, there exist unitaries ¹w.g/ºg2Q � R such
that 

w.g/˛g.w.h//u.g; h/w.gh/� � 1

1 < "
for g; h 2 F .

Proof. Let S be an .F [ F 2; "=2/-invariant finite subset of Q. For g 2 Q, we de-
fine a bijection `.g/ on S so that `.g/h D gh if gh 2 S . Fix a system of matrix units
¹eg;hºg;h2S � R and set N D ¹eg;hº0 \ R. We identify R with N ˝ ¹eg;hº00. Fix a unitary
u.g/ such that Ad.u.g// ı ˛g.eh;k/ D eh;k . By replacing ¹˛; u.g; h/º with®

Ad.u.g// ı ˛g ; u.g/˛g.u.h//u.g; h/u.gh/�
¯
;

we may assume .˛; u.g; h// is of the form .˛g ˝ id; u.g; h/˝ 1/ on N ˝ ¹eg;hº00. Set

wg D
X
h2S

u.g; h/� ˝ e`.g/h;h:

For g; h 2 Q, set Sg;h D S \ h�1S \ .gh/�1S . By the choice of S , we have
jSnSg;hj � "jS j=2, g; h 2 F .

Then we have

w.g/˛g.w.h//.u.g; h/˝ 1/w.gh/
�

D

�X
k2S

u.g; k/� ˝ e`.g/k;k

��X
l2S

˛g.u.h; l/
�/˝ e`.h/l;l

�
� .u.g; h/˝ 1/

� X
m2S

u.gh;m/˝ em;`.gh/m

�
D

X
l2S

u.g; `.h/l/�˛g.u.h; l/
�/u.g; h/u.gh; l/˝ e`.g/`.h/l;`.gh/l

D

X
l2Sg;h

1˝ eghl;ghl

C

X
l2SnSg;h

u.g; `.h/l/�˛g.u.h; l/
�/u.g; h/u.gh; l/˝ e`.g/`.h/l;`.gh/l :
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Hence 

w.g/˛g.w.h//u.g; h/w.gh/� � 1

1
�

X
l2SnSg;h



1˝ el;l

1 C X
l2SnSg;h



1˝ e`.g/`.h/l;`.gh/l

1 � "
for g; h 2 F .

Proof of Proposition 4.5. Let Fn be a finite subset of Q satisfying Fn � FnC1 andS
n Fn D Q. Fix a faithful normal state �0 2M�. Let ¹‰nº!nD1 be an increasing sequence of

finite sets such that
S
n‰n is total in M�. Take representing sequences ˛g D .˛�g/ 2 Aut.M!/

and u.g; h/ D .u.g; h/�/� 2 U.M!/.
By Lemma A.1, for each n, there exist unitaries ¹wn.g/ºg2G � U.M!/ such that

wn.g/˛g.wn.h//u.g; h/wn.gh/� � 1

1 < 1

n
; g; h 2 Fn:

Fix a representing sequence wn.g/ D .wn.g/
�/� . Take a neighborhood Wn.!/ � N of

! such that

�0
�ˇ̌
wn.g/

�˛�g.wn.h/
�/u.g; h/�wn.gh/

��
� 1

ˇ̌�
<
1

n
;

�0
�ˇ̌
wn.g/

�˛�g.wn.h/
�/u.g; h/�wn.gh/

��
� 1

ˇ̌��
<
1

n
;

g; h 2 Fn;



Œwn.g/� ;  �

 < 1

n
;  2 ‰n

for � 2 Wn.!/. We may assume Wn.!/ � WnC1.!/ and
T
nWn.!/ D ;.

Set p.�/ D n if � 2 Wn.!/nWnC1.!/. Then ¹p.�/º� is an increasing sequence with
lim� p.�/ D1, and we have

�0
�ˇ̌
wp.�/.g/

�˛�g.wp.�/.h/
�/u.g; h/�wp.�/.gh/

��
� 1

ˇ̌�
<

1

p.�/
;

�0
�ˇ̌
wp.�/.g/

�˛�g.wp.�/.h/
�/u.g; h/�wp.�/.gh/

��
� 1

ˇ̌��
<

1

p.�/
;

g; h 2 Fp.�/;



Œwp.�/.g/� ;  �

 < 1

p.�/
;  2 ‰p.�/:

By the last inequality, .wp.�/.g/�/� is an !-centralizing sequence.
Set wg D .wp.�/.g/�/� 2M! . Then

w.g/˛g.w.h//u.g; h/w.gh/� � 1

1 D 0

holds, and hence u.g; h/ is a coboundary.

Next we present the proof of Theorem 4.8, which is a simplification of that of [33, The-
orem 6.1]. Suppose that a countable subset N �M! is given. We may assume N is invariant
under 
 . Then 
 becomes a free proper action of K on N 0 \M! .

The following lemma due to Ocneanu [33, Lemma 6.3] is our starting point.
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Lemma A.2. Let " > 0 and T b K be such that e 62 T . Then there exists a partition of
unity ¹ej ºmjD0 � N

0 \M! such that

(1) ke0k1 � ",

(2) ei
g.ei / D 0, 1 � i � m, g 2 T .

Take F; S; ı be as in Theorem 4.8. Let E D ¹Ehºh2S � N 0 \M! be a set of mutually
orthogonal projections. For g 2 F we set

ag;E D
X

h2S\g�1S

k
g.Eh/ �Eghk1; bE D
X
h2S

kEhk1;

cg;E D
X

h2Sng�1S

kEhk1:

Lemma A.3. LetE D ¹Ehºh2S � N 0\M! be a set of mutually orthogonal projections
with Œ
g.Eh/; Ek� D 0, g 2 F , h; k 2 S . If bE < 1 � ı

1
2 , then there exists a set of mutually

orthogonal projections E 0 D ¹E 0
h
ºh2S � N

0 \M! such that

(1) 0 < 2�1ı
1
2

P
h2SkE

0
h
�Ehk1 � bE 0 � bE ,

(2) ag;E 0 � ag;E � 2ı
1
2 .bE 0 � bE /, g 2 F ,

(3) cg;E 0 � cg;E � 2ı
1
2 .bE 0 � bE /, g 2 F ,

(4) Œ
g.E 0h/; E
0
k
� D 0, g 2 F; h; k 2 S .

Proof. Let us fix " > 0 such that bE < .1 � ı
1
2 /.1 � "/. By applying Lemma A.2 for

.FS/�1FSn¹eº, we get a partition of unity

¹ej º
m
jD0 � N

0
\ ¹
g.Eh/º

0
g2K;h2S \M!

such that
ke0k1 < "; 
g.ej /
h.ej / D 0;

for 1 � j � m, g; h 2 FS , g ¤ h. Set

x D jS j�1
X
g;h2S


�1g .Eh/:

Then kxk1 D �!.x/ D bE . Here we assume that

kejxk1 � .1 � ı
1
2 /kej k1

for all 1 � j � m. Then

bE D kxk1 � k.1 � e0/xk1

D

mX
jD1

kejxk1 �

mX
jD1

.1 � ı
1
2 /kej k1

D .1 � ı
1
2 /k1 � e0k1 � .1 � ı

1
2 /.1 � "/ > bE
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holds by the choice of ". Hence we have jejxj1 < .1 � ı
1
2 /kej k1 for some j . Set f D ej ,

Qf D
P
g2S 
g.f /, and � D k Qf k1 D jS jkf k1. Since kf xk1 < .1 � ı

1
2 /kf k1, we have



 Qf X

h2S

Eh






1

D

X
g2S






g.f /X
h2S

Eh






1

D

X
g2S





f X
h2S


�1g .Eh/






1

D jS j kf xk1 < jS j.1 � ı
1
2 /kf k1 � .1 � ı

1
2 /�:

Set fh D 
h.f /, and E 0
h
D Eh.1 � Qf / C 
h.f /. We show E 0

h
¤ Eh. If we assume

E 0
h
D Eh, then we get 
h.f / D Eh Qf . However, this is impossible because we have

.1 � ı
1
2 /� >

X
h2S

k Qf Ehk1 D
X
h2S

k
h.f /k1 D �:

Since ¹
g.fh/º are orthogonal projections for g 2 F; h 2 S , commuting with 
g.Eh/
and Œ
g.Eh/; Ek� D 0, it follows that Œ
g.E 0h/; E

0
k
� D 0 for g 2 F , h; k 2 S . Thus the

condition (4) follows.

We verify the condition (1). SinceX
h2S

kE 0h �Ehk1 D
X
h2S

kEh Qf � fhk1 � k Qf k1 C
X
h2S

kfhk1 � 2�

and

bE 0 D
X
h2S

kE 0hk1

D

X
h2S

kEh.1 � Qf /C fhk1

D

X
h2S

kEhk1 C
X
h2S

kfhk1 �
X
h2S

kEh Qf k1

� bE C � � .1 � ı
1
2 /� D bE C ı

1
2�;

we have

b0E � bE � ı
1
2� �

ı
1
2

2

X
h2S

kE 0h �Ehk1;

and we get condition (1).

We next verify condition (2). For h 2 S \ g�1S ,


g.E 0h/ �E 0gh

1 D 


g.Eh.1 � Qf /C fh/ �Egh.1 � Qf / � fgh

1
D



g.Eh.1 � Qf // �Egh.1 � Qf /

1

�



g.Eh/.1 � Qf / �Egh.1 � Qf /

1 C 


g.Eh/. Qf � 
g. Qf //

1
�



g.Eh/ �Egh

1 C 


g.Eh/. Qf � 
g. Qf //

1
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holds. Hence we have

ag;E 0 D
X

h2S\g�1S




g.E 0h/ �E 0gh

1
�

X
h2S\g�1S




g.Eh/ �Egh

1 C 


g.Eh/. Qf � 
g. Qf //

1
� ag;E C



 Qf � 
g. Qf /

1:
Here 

 Qf � 
g. Qf /

1 D 



X

h2S


h.f / �
X
h2S


g
h.f /






1

�

X
h2S

a
gS

k
h.f /k1 � 2ıjS j kf k1 D 2ı�

holds. These inequalities yield

ag;E 0 � ag;E � 2ı� � 2ı
1
2 .bE 0 � bE /;

and condition (2) holds.

We finally verify condition (3). Since we have

cg;E 0 D
X

h2Sng�1S

kE 0hk1

D

X
h2kng�1S



Eh.1 � Qf /

1 C X
h2Sng�1S

k
h.f /k1

� cg;E C jSng
�1S j kf k1

� cg;E C 2ıjS j kf k1

� cg;E C 2ı�

� cg;E C 2ı
1
2 .bE 0 � bE /;

we get condition (3).

Proof of Theorem 4.8. Let S be a set of all families of orthogonal projections
E D ¹Ehºh2S in N 0 \M! satisfying the following conditions.

(1) ag;E � 2ı
1
2 bE , g 2 F ,

(2) cg;E � 2ı
1
2 bE , g 2 F ,

(3) Œ
g.Eh/; Ek� D 0, g 2 F , h; k 2 S .

Obviously S is not empty. We define an order E � E 0 on S if E D E 0 or E and E 0

satisfy the first three conditions in Lemma A.3. In the same way as in [33], it is shown that S

is an inductive ordered set. Let NE D ¹ NEhº be a maximal element, and assume b NE < 1 � ı
1
2 .

By Lemma A.3, there exists a partition of unity ¹E 0
h
º satisfying the conditions in Lemma A.3.
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Then it is easy to see that ¹E 0
h
º is in S , and ¹E 0

h
º is strictly larger than NE. This contradicts the

maximality of NE.
Hence b NE � 1 � ı

1
2 holds. Let E0 D 1 �

P
h2S

NEh. Then kE0k1 � ı
1
2 . Set

Ee D NEe CE0;

and Eh D NEh for h ¤ e. It is obvious that Œ
g.Eh/; Ek� D 0, g 2 F , h; k 2 S . It is also easy
to see that ag;E � 4ı

1
2 and cg;E � 3ı

1
2 .

B. Extension of automorphisms to a twisted crossed product algebra

Let M be a von Neumann algebra, and L2.M/ the standard Hilbert space. Let .˛; v/ be
a cocycle crossed action of a discrete group G. Define �˛.x/; �˛.g/ 2 B.L2.M/˝ `2.G//,
x 2M, g 2 G, as follows (do not confuse ˛g�1 and ˛�1g ):

.�˛.x/�/.g/ D ˛g�1.x/�.g/; .�˛.g/�/.h/ D v.h
�1; g/�.g�1h/:

Then one can easily verify that

�˛.g/�˛.x/�˛.g/
�
D �˛.˛g.x//

and
�˛.g/�˛.h/ D �˛.v.g; h//�˛.gh/

hold. By definition, a twisted crossed product von Neumann algebra is

M Ì˛;v G D �˛.M/ _ ¹�˛.g/ºg2G :

Although the following result may be well known, we present a proof for the readers’
convenience.

Theorem B.1. Let .˛; v/ be a cocycle crossed action of G on M.

(1) Assume that � 2 Aut.M/ induces an automorphism onG (denoted by the same symbol � )
such that

� ı ˛��1.g/ ı �
�1
D Ad.u� .g// ı ˛g.x/;

u� .g/˛g.u
� .h//v.g; h/u� .gh/� D �

�
v.��1.g/; ��1.h//

�
for some unitary u� .g/ 2 M. Then there exists a unique extension Q� 2 Aut.M Ì˛;v G/
of � such that Q�.�.��1.g/// D �.u� .g//�.g/.

(2) If we have u�� .g/ D �.u� .��1.g///u� .g/ for �; � 2 Aut.M/, then Q� ı Q� DA� ı � holds.

Proof. (1) For simplicity denote �˛, �˛.g/, and u� .g/ by � , �.g/ and u.g/, respec-
tively. Let U� 2 B.L2.M// be the standard implementing unitary of � .

Define a unitary W� 2 B.L2.M/˝ `2.G// by

.W��/.g/ D u.g
�1/�U��.�

�1.g//; �.g/ 2 L2.M/˝ `2.G/:
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Then W �
�

is given by
.W �� �/.�

�1.g// D U �� u.g
�1/�.g/:

We show that AdW� gives a desired action. At first, we verify AdW� .�.a// D �.�.a// as
follows: �

W��.a/W
�
� �
�
.g/ D u.g�1/�U�

�
�.a/W �� �

�
.��1.g//

D u.g�1/�U�˛��1.g�1/.a/.W
�
� �/.�

�1.g//

D u.g�1/�U�˛��1.g�1/.a/U
�
� u.g

�1/�.g/

D u.g�1/��˛��1.g�1/.a/u.g
�1/�.g/

D ˛g�1.�.a//�.g/

D
�
�.�.a//�

�
.g/:

Next we show that AdW� .�.��1.g/// D �.u.g//�.g/:�
W��.�

�1.g//W �� �
�
.h/

D u.h�1/�U�
�
�.g/W �� �

�
.��1.h//

D u.h�1/�U�˛��1.h�1/
�
v.��1.h�1/; ��1.g//

�
.W �� �/.�

�1.g�1h//

D u.h�1/�U�˛��1.h�1/
�
v.��1.h�1/; ��1.g//

�
U �� u.h

�1g/�.g�1h/

D u.h�1/��˛��1.h�1/
�
v.��1.h�1/; ��1.g//

�
u.h�1g/�.g�1h/

D u.h�1/�u.h�1/˛h�1.u.g//v.h
�1; g/�.g�1h/

D ˛h�1.u.g//
�
�.g/�

�
.h/

D
�
�.u.g//�.g/�

�
.h/:

This shows that Q� D AdW� preserves M Ì˛;v G, and is a desired extension. The uniqueness
of Q� is obvious.

(2) By the assumption, it is clear thatW�W� D W�� holds, and hence f�� D Q� Q� follows.

Let .ˇ;w/ be a cocycle perturbation of .˛; v/ by c 2 Map0.G;U.M//. It is well known
that the crossed product algebras M Ì˛;v G and M Ìˇ;w G are isomorphic. In fact, we can
construct a desired isomorphism as follows. Define V 2 L2.M/˝ `2.G/ by

.V �/.g/ D c.g�1/�.g/:

Then V is a unitary, and we have

Ad.V /.�˛.a// D �ˇ .a/; Ad.V /.�˛.g// D �ˇ .c.g/
�/�ˇ .g/:

Thus Ad.V / gives an isomorphism between M Ì˛;v G and M Ìˇ;w G.
Assume there exists the same relation between .ˇ;w/ and � as in Theorem B.1. To

clarify ˛ and ˇ, we denote by u˛.g/ and uˇ .g/ corresponding unitaries.

Theorem B.2. Let Q�˛ and Q�ˇ be the extension of � to M Ì˛;v G and M Ìˇ;w G given
in Theorem B.1, respectively. Assume that uˇ .g/ D �.c.��1.g///u˛.g/c.g/�. Then

Ad.V �/ ı Q�ˇ ı Ad.V / D Q�˛

holds, and hence Q�˛ and Q�ˇ are conjugate.
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Proof. Let W ˛
�

and W ˇ

�
be unitaries constructed in the proof of Theorem B.1. If we

show V �W
ˇ

�
V D W ˛

�
, then Ad.V �/ ı Q�ˇ ı Ad.V / D Q�˛ follows. This is verified as follows:�

V �W
ˇ

�
V �
�
.g/ D c.g�1/�

�
W
ˇ

�
V �
�
.g/

D c.g�1/�uˇ .g
�1/�U� .V �/.�

�1.g//

D c.g�1/�uˇ .g
�1/�U�c.�

�1.g�1//�.g/

D c.g�1/�uˇ .g
�1/��.c.��1.g�1///U��.g/

D u˛.g
�1/�U��.g/ D .W

˛
� �/.g/:
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