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Abstract
Ceramic matrix composites (CMCs) are currently being considered for applications
in the hot-section components of aviation gas turbines owing to their favorable
characteristics. Herein, a micromechanical modeling is presented for orthogonal
3Dwoven CMCs under in-plane loading. The three-dimensional effective compliance
of the 3D woven composite was derived using three-dimensional laminate theory
and continuum damage mechanics. The damage variables were used to describe
the stiffness reduction due to the transverse and matrix cracking in each fiber
bundle. The calculation method for the transverse and matrix cracking evolutions
under in-plane loading was established by introducing mixed-mode damage criteria.
The stress redistribution among the fiber bundles of 3D woven CMCs due to the
fiber/matrix interfacial debonding around matrix cracking was considered to capture
the interaction between the matrix and transverse crack evolutions. Additionally, a
mesomechanical model comprising finite element analysis and damage mechanics
was established to evaluate the stress perturbation due to the geometry of the
woven structure. The edge face of the 3D woven CMC was experimentally observed
to measure the transverse and matrix cracks that occurred in each fiber bundle.
The transverse and matrix crack densities predicted by the micromechanical and
mesomechanical models reasonably agreed with the experimental results up to
crack saturation. Furthermore, the micromechanical model reproduced the nonlinear
stress–strain response under tensile and shear loading using mixed-mode damage
criteria.
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Introduction
Ceramic matrix composites (CMCs) have promising applications in the hot components
of aircraft gas turbine engines (Zok, 2016). They have lower density and higher
temperature capabilities than current superalloys, which enables enhanced operating
temperatures, thermal efficiency, and propulsive efficiencies of aircraft gas turbine
engines (Ohnabe et al., 1999; Walock et al., 2018). They can be designed with the
required mechanical properties by aligning the unidirectional plies or fiber bundles. In
particular, CMCs with 3D woven fiber bundles exhibit high delamination resistance and
tensile strengths, owing to their favorable through-thickness reinforcement (Cox et al.,
1996; Ogi et al., 2010; Baucom and Zikry, 2005). However, orthogonal 3D woven CMCs
exhibit nonlinear behavior at low stress levels because of their brittleness.

Typical damage observed in a 3D woven CMC subjected to monotonic tensile loading
is shown in Fig. 1. Transverse cracks, which run parallel to the fibers, are first initiated
in the fiber bundles perpendicular to the loading. When additional load is applied,
matrix cracks, which run perpendicular to the fibers, form in the fiber bundle oriented
parallel to the loading. At the matrix crack plane, fiber/matrix interfacial debonding
occurs without fiber breakage; hence, the fibers bridge a matrix crack and crack
opening is restricted (Sutcu and Hillig, 1990; Budiansky et al., 1986). The fibers in the
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Figure 1. Multiple damage modes observed in a 3D woven CMC.
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loading direction break near the matrix crack planes, and the composite eventually fails.
These multiple damage modes at the microscale are the main factors responsible for
nonlinearity.

Models for transverse cracking have been developed in the fields of polymer
matrix composite laminates to evaluate the thermomechanical properties and transverse
progression in cracked laminates. Numerous models, such as the shear-lag, (Berthelot,
2003; Lee and Daniel, 1990) variational, (Hashin, 1986; Hajikazemi et al., 2020;
Vinogradov and Hashin, 2010) and continuum damage mechanics (CDM) (Talreja,
1985; Allen et al., 1987a,b; Murakami, 2012) models exist. In particular, CDM models
demonstrate good compatibility with classical laminate theory; thus, they can readily
analyze laminates with any stacking sequence. In the CDM approach, a damaged ply
is homogenized and the damage progression is described by the damage variable.
Therefore, it is essential to formulate the damage variable as a function of the
parameters for which physical meaning is trivial. Okabe et al. (Okabe et al., 2018)
and Onodera and Okabe (Onodera and Okabe, 2020) derived the damage variable
associated with transverse cracking as a function of transverse crack density based
on the micromechanical model. This proposed damage variable can be converted into
transverse crack density, which is observed at the edge of the laminate, and transverse
crack progression can be predicted based on strength and energy criteria.

Micromechanical models for unidirectionally reinforced brittle-matrix composites
with matrix cracks have been extensively developed. Aveston et al. (Aveston et al.,
1971) derived the minimum matrix cracking stress, known as the “ACK stress,” by
considering the zero fiber/matrix interfacial debonding energy and the constant interfacial
shear stress. The maximum matrix cracking stress occurs when the slip between
the fibers and the matrix is not considered (Budiansky et al., 1986). Hutchinson and
Jensen (Hutchinson and Jensen, 1990) derived the debonding stress, which is a simple
jump discontinuity of the axial stress, to account for the finite fiber/matrix interfacial
debonding energy. Sutcu and Hilling (Sutcu and Hillig, 1990) investigated the effect
of the finite interfacial debonding energy on the matrix cracking stress using a shear-
lag model. Mechanics models of statistical matrix crack evolution from initial cracking
to the fully saturated state have been proposed based on the steady-state energy
criterion (Zok and Spearing, 1992) or critical strain criterion (Curtin, 1993). Matrix crack
evolution that considers the influence of matrix-rich regions on the initial crack growth
was predicted by Okabe et al., (Okabe et al., 1999) while Curtin et al. (Curtin et al.,
1998) formulated the tensile strength of a unidirectional brittle-matrix composite as
a function of the fiber breaks and matrix cracks from single cracking to saturated
cracking; they also predicted nonlinear stress–strain behavior up to failure. Hansen and
Waas (Hansen and Waas, 2016) presented a micromechanical model to predict the stress–
strain behavior of a unidirectional matrix composite comprising a matrix and fibers with
a finite thick coating. Almost all the above-mentioned mechanical models assume the
uniaxial loading condition, with limited analytical models that address CMCs under
shear loading. Recently, Rajan and Zok (Rajan and Zok, 2014) formulated the minimum
matrix cracking stress in unidirectional CMCs subjected to shear loading using the energy
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criterion (Budiansky et al., 1986). A micromechanical model capable of handling general
loading must be developed to analyze the mechanical behavior of structural components.

Formulating the complete stress–strain behavior of a cross-ply laminate and woven
CMCs is more complicated because of the interaction between the matrix and
transverse cracks. Several researchers have studied the damage progression in cross-
ply (Xia et al., 1993; Okabe et al., 1998; Kuo and Chou, 1995; Takeda and Kiriyama,
1999; Karandikar and Chou, 1993; Longbiao, 2015) CMCs under uniaxial loading.
Kuo and Chou (Kuo and Chou, 1995) defined five damage modes depending on
the combination of cracks that penetrate both 0◦ and 90◦ plies, cracks that only
exist in 0◦ plies, and fiber/matrix interfacial debonding around a matrix crack. They
formulated the shear-lag model for each mode using the energy balance approach.
Takeda and Kiriyama, (Takeda and Kiriyama, 1999) as well as Longbiao (Longbiao,
2015) established matrix and transverse crack evolutions using the previously mentioned
approach adopted by Kuo and Chou. However, simultaneously managing all of the
damage modes using the models developed by Kuo and Chou is difficult because
of the inherent complexity. A one-dimensional analytical model that predicts the
nonlinear stress–strain behavior of 3D woven CMCs was established by Ogasawara et
al., (Ogasawara et al., 2004) which predicted the effective axial Young’s modulus in a
damaged 3D woven CMC. However, other elastic moduli, such as the effective shear
modulus and effective Poisson’s ratio, were not formulated. Three-dimensional effective
compliance is required to evaluate the stress field of the components under complex
loading using numerical analysis. In particular, the micromechanical model for cross-ply
and 3D woven CMCs under shear loading has not been sufficiently developed.

Herein, a 3D micromechanical model was developed to predict the stress-strain
behavior of 3D woven CMCs subjected to in-plane loading, including shear loading. The
compliance of the 3D woven composite was calculated using three-dimensional laminate
theory (Gudmundson and Zang, 1993). The CDM approach was used to describe the
stiffness reduction of a unidirectional composite due to transverse and matrix cracking.
The damage variables for transverse and matrix cracking were explicitly described
using our established model (Onodera and Okabe, 2020) and the model developed by
Curtin, (Curtin et al., 1998) respectively. The transverse and matrix crack progressions
were analyzed by considering the effect of stress transfer due to fiber/matrix interfacial
debonding. A mesomechanical model that uses finite element analysis (FEA) was
established to validate the micromechanical model. The stress–strain behavior was
investigated and an in situ crack for an orthogonal 3D woven TyrannoTM ZMI fiber/Si-
Ti-C-O matrix composite under in-plane loading observed and compared with the
micromechanical and mesomechanical model predictions.

Modeling

Micromechanical model
A CDM-based analytical model for the nonlinear mechanical behavior of 3D woven
CMCs resulting from multiple types of damage was developed. Here, two types of 3D
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Figure 2. Schematic representation of (a) unit cell A, (b) components of unit cell A, and (c)
subcomponents of regions E, F, and G.

woven CMC material are considered. Figure 2 (a) depicts unit cell A in the orthogonal 3D
woven Si-Ti-C-O/Si-Ti-C-O composite studied by Ogasawara et al., (Ogasawara et al.,
2004) and Fig. 3 (a) shows unit cell B in the orthogonal 3D woven TyrannoTM ZMI/Si-
Ti-C-O composite investigated in this study. The coordinate system (X,Y, Z) denotes
the unit cell coordinate system. Unit cells A and B are constructed by the pure matrix
region and three fiber bundles in the X-, Y -, and Z-directions. The X- and Y -direction
fiber bundles of unit cell A have the same width bF and thickness ht, whereas the width
and thickness of the Z-direction fiber bundle are represented by bT . The widths of the
fiber bundles of unit cell B in each direction is denoted by bTj (j = X,Y, Z), and
the thicknesses of the X- and Y -direction fiber bundles are denoted by htX and htY ,
respectively. The Z-direction fiber bundle thickness of unit cell B is bTZ . The distance
between Z- and the other-directed fiber bundles of unit cell B is h∗.

In the micromechanical model, the macroscopic mechanical properties of 3D
woven CMCs are obtained by homogenizing unit cells A and B, which are one
possible approximation of the repeating unit cell representing macroscopic mechanical
properties (Ishikawa et al., 1998), because symmetric conditions are assigned on the
Y -Z and Z-X planes, as shown in Fig. 4. Unit cell A was subjected to monotonic
loading in the X direction and the results were compared with the experimental
results (Ogasawara et al., 2004). Unit cell B was loaded along the X (0◦), Y (90◦),
and 45◦ directions to evaluate the micromechanical model with the experimental results
presented in this study.

In the micromechanical model, the stiffness of the unit cell and the stresses
in each fiber bundle were calculated using three-dimensional laminate the-
ory, (Gudmundson and Zang, 1993) which assumes that the in-plane strain and the out-
of-plane stress in each ply are spatially equal to the applied laminate in-plane strain and
out-of-plane stress. As shown in Fig. 2 (b) and Fig. 3 (b), unit cells A and B are divided
into three regions along the X direction. Three regions (E, F, and G) are further divided
into subcomponents, as shown in Fig. 2 (c) and Fig. 3 (c). By applying three-dimensional
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laminate theory, the compliance of unit cell A was calculated by carrying out three steps:
(1) the compliances of subcomponents E2, F2, and G2 were calculated by stacking the
X-direction fiber bundle and pure matrix in the Y or Z direction; (2) the compliance of
components E, F, and G was computed by laminating the subcomponents in the Y or Z
direction; (3) the compliance of unit cell A was determined by stacking components E,
F and G in the X direction. The compliance of unit cell B was calculated in the same
manner. The stresses in each fiber bundle and the pure matrix were calculated using the
division order depicted in Figs. 2 and 3. These fiber bundle stresses were used to calculate
the crack density of the transverse cracks perpendicular to the X axis in the Y - and Z-
direction fiber bundles and the matrix crack density in the X-fiber bundle. In the case
of unit cell B, the crack density of transverse cracks perpendicular to the Y axis in the
X- and Z-direction fiber bundles and the matrix crack density in the Y -direction fiber
bundle were computed by calculating the fiber bundle stresses according to the dividing
sequence, as shown in Fig. 5. Unit cell B is divided into three components (H, I and J) in
the Y direction; these components were further divided into subcomponents.
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The effective compliance of the fiber bundles with transverse and matrix cracking is
represented based on CDM. In this study, the effective compliance proposed by Lopes
et al. (Lopes et al., 2009) is used. According to them, the complementary free energy
density, Uc, of the damaged fiber bundles in the material coordinate system (1,2,3) is
defined as

Uc =
σ2
11

2(1− dL1 )(1− dTI
1 )(1− dTO

1 )EFB
1

+
1

2EFB
2

[
σ2
22

2(1− dL2 )(1− dTI
2 )(1− dTO

2 )
+

σ2
33

2(1− dL3 )(1− dTI
3 )(1− dTO

3 )

]
− νFB

12

EFB
1

(σ22 + σ33)σ11 −
νFB
23

EFB
2

σ22σ33

+
σ2
12

2(1− dL6 )(1− dTI
6 )(1− dTO

6 )GFB
12

+
σ2
13

2(1− dL5 )(1− dTI
5 )(1− dTO

5 )GFB
12

+
σ2
23

2(1− dL4 )(1− dTI
4 )(1− dTO

4 )GFB
23

(1)

Subscripts 1, 2, and 3 denote the fiber, in-plane transverse, and out-of-plane transverse
directions, respectively. The superscript FB represents the property of the fiber bundle,
E is Young’s modulus, G is the shear modulus, and ν is Poisson’s ratio. The elastic
moduli of the fiber bundle were calculated by the model proposed by Kravchenko et
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al. (see Appendix A in their article (Kravchenko et al., 2016)) using the elastic moduli
of the fiber and matrix. The damage variable, d, describes the stiffness reduction of the
mechanical properties due to damage. The superscripts L, TI, and TO denote reductions
due to damage perpendicular to axes 1, 2, and 3, respectively. The following expression
are assumed to consider the fiber bundle with matrix cracks perpendicular to axis 1 and
the transverse cracks perpendicular to axes 2 and 3

dTI
1 = dTO

1 = dL2 = dTO
2 = dL3 = dTI

3 = dTO
6 = dTI

5 = dL4 = 0, (2)

1

1− dL5
=

1

1− dL6
=

1

2

[
1

1− dL1
+

]
, (3)

1

(1− dTI
4 )(1− dTO

4 )
=

1

2

[
1

1− dTI
2

+
1

1− dTO
3

]
. (4)

Equations (3) and (4) represent the approximation formulae proposed by Chou and Lu
(Chow and Lu, 1989). Using Eqs. (1) and (2), the effective compliance of the damaged
bundle can be represented as follows.

SFB =
∂2Uc

∂σ ⊗ ∂σ

=



1
(1−dL

1 )E
FB
1

− νFB
12

EFB
1

− νFB
12

EFB
1

1
(1−dTI

2 )EFB
2

− νFB
23

EFB
2

1
(1−dTO

3 )EFB
2

sym.

0 0 0
0 0 0
0 0 0
1

(1−dTI
4 )(1−dTO

4 )GFB
23

0 0
1

(1−dL
5 )(1−dTO

5 )GFB
12

0
1

(1−dL
6 )(1−dTI

6 )GFB
12


.

(5)

The effective compliance matrix can reproduce the effective stiffness in composite
laminates with transverse cracking and fiber breakage (Onodera and Okabe, 2020).
However, in the Lopes model, damage variables indicate the knockdown factors for
elastic constants, and only the orthogonal components of the damage tensor were utilized.
The effective matrix considering the full matrix of the damage tensor is available in the
literature (Voyiadjis and Kattan, 2006). The sophisticated model for effective compliance
matrix (Voyiadjis and Kattan, 2006) can be used by formulating the full matrix of the
damage tensor, which is a future work prospect.
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The damage variables associated with transverse cracking can be formulated based on
micromechanics. According to Onodera and Okabe, (Onodera and Okabe, 2020) damage
variables dTI

22 , dTI
12 , dTO

33 , and dTO
31 are expressed as functions of transverse crack density:

dTI
22(ρ

TI
k ) =

λhthickρ
TI
k√

3
tanh

[ √
3

λhthickρTI
k

]
, (6)

dTI
12(ρ

TI
k ) =

hthickρ
TI
k√

3
tanh

[ √
3

hthickρTI
k

]
, (7)

dTO
33 (ρTO

k ) =
λbwidthρ

TO
k√

3
tanh

[ √
3

λbwidthρTO
k

]
, (8)

dTO
31 (ρTO

k ) =
bwidthρ

TO
k√

3
tanh

[ √
3

bwidthρTO
k

]
, (9)

λ =

√
EFB

2 −GFB
23 (νFB23 + νFB12 νFB21 )

GFB
23 (1− νFB12 νFB21 )

, (10)

where hthick is the fiber bundle thickness, and bwidth is the fiber bundle width, while ρTj
k

(j = I,O; k = X,Y, Z) is the transverse crack density in the k-direction fiber bundle.
The evolution of the transverse crack density was described as a function of the applied
loading using both strength and energy criteria. It is assumed that the quadratic criterion
induced microcracks perpendicular to axis 2 in the k-direction fiber bundle:(

σk
22

σk
22c

)2

+

(
αTI
k

σk
12

σk
22c

)2

+

(
βTI
k

σk
23

σk
22c

)2

≥ 1. (11)

In the same way, microcracks perpendicular to axis 3 are initiated by the following
criterion: (

σk
33

σk
33c

)2

+

(
αTO
k

σk
23

σk
33c

)2

+

(
βTO
k

σk
31

σk
33c

)2

≥ 1. (12)

Superscript/subscript k denotes the property of the k-direction fiber bundle, σij is the
stress, and σijc represents a critical stress. The stress σk

ij of the k-direction fiber bundles
was calculated using three dimensional laminate theory. The constants α and β are
mixed-mode ratios for the contribution to shear stress defined as follows:

αTI
k =

σk
22c

σk
12c

, βTI
k =

σk
22c

σk
23c

, αTO
k =

σk
33c

σk
23c

, βTO
k =

σk
33c

σk
31c

. (13)

The microcracks propagate into transverse cracks when the following energy criterion is
satisfied:

Γk ≥ Γk
c . (14)
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The variable Γk is the energy release rate associated with the propagation of transverse
cracking in the k-direction fiber bundle, and Γk

c is the critical energy release rate of the k-
direction fiber bundle. A new transverse crack is assumed to propagate between the two
pre-existing cracks and over the full width and thickness of the k-direction fiber bundle
under a constant applied stress of component p (p = E, F, G, H, J) in the bundle. Under
this assumption, the energy release rate Γk is formulated as: (Onodera and Okabe, 2019)

Γk(ρtransk ) = −Up(ρtransk /2)− 2Up(ρtransk )

Atrans
, trans = TI,TO, (15)

where Atrans (= ATI = blenhthick or ATO = bwidthblen) is the surface area of the
transverse crack and blen is the fiber bundle length. Additionally, Up is the strain energy
in a component p with length 1/ρtransk as follows:

Up(ρtransk ) =
Atrans

U1

2ρtransk

(σp)TSpσp, trans = TI,TO, (16)

with

ATI
U1 = bpTtp, A

TO
U1 = bpLtp, (17)

where tp, bpT, bpL, σp, and Sp are the thickness, width, length, average stress, and
compliance matrix of component p, respectively. The average stress σp was obtained
using three-dimensional laminate theory. In this study, the transverse crack density
increased as the stress- and energy-based criteria became being satisfied.

Damage variables, dL11, related to matrix cracking parallel to axis 1 in the fiber bundle
can be expressed as:

dL11 = 1− EFB
1dam

EFB
1

(18)

where EFB
1dam denotes the effective longitudinal Young’s modulus of the k-direction fiber

bundle. When the average bundle stress, σk
11, is applied to the k-direction bundle along

the 1-axis, the average bundle strain, εave11 , along this axis, which disregards the additional
displacement caused by matrix cracking, is expressed as

εave11 =
σk
11

EFB
1

. (19)

In addition, the k-direction bundle strain εk11, which considers the incremental
displacement caused matrix cracking, can be described as

εk11 =
σk
11

EFB
1dam

. (20)

Substituting Eqs. (19) and (20) into Eq. (18), the damage variable, dL11, is rewritten as

dL11 = 1− εave11

εk11
= 1− σk

11/E
FB
1

εk11
(21)
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From the Curtin model, (Curtin et al., 1998; Curtin, 2000) the axial fiber bundle strain
εk11, considering additional strain due to matrix cracking and fiber breaks, is given by:

εk11 =
σk
11

EFB
1

+
a

ΛkEf

(σk
11 − σk

deb)(σ
k
11 + σk

deb)

σk
R − σk

deb

(1− e−Nk(σk
11,L,A))

+
1

Ef

(
T k
f − σk

11

Vf

)
2δk

xk
(xk > 2δk), (22)

εk11 =
σk
11

VfEf
− aΛk

4Ef
(σk

R − σk
deb)(1− e−Nk(σk

11,L,A))−1

+
1

Ef

(
T k
f − σk

11

Vf

)
(xk < 2δk). (23)

Coefficient a, slip length δk generated by fiber/matrix debonding around matrix cracking,
the average matrix crack spacing xk, and the number of flaws Nk in an observed length
L and area A that can propagate at applied stress are given by:

a =
(1− Vf )Em

VfEFB
1

with EFB
1 = VfEf + (1− Vf )Em, (24)

δk =
ar

2τk
(σk

11 − σk
deb), δkR =

ar

2τk
(σk

R − σk
deb), (25)

xk = xk
s(1− e−Nk(σk

11,L,A))−1 with xk
s = ΛkδkR, (26)

Nk(σk
11, L,A) =

LA

2δRA0

(
σk
11 − σk

11i

σk
R − σk

11i

)mk
1

, (27)

where r is the fiber radius, Vf is the fiber volume fraction, τ is the sliding stress at the
fiber/matrix interface, Ef is the Young’s modulus of the fiber, Em is the Young’s modulus
of the matrix, xk

s is the saturated matrix crack spacing, δkR is the critical slip length
associated with the critical matrix cracking stress σk

R, A0 is the reference area, σk
11i is

the minimum cracking stress, mk
1 is the Weibull modulus for matrix cracking, and σk

deb

is the debonding stress introduced by Hutchinson and Jensen (Hutchinson and Jensen,
1990). The term σk

11 is the effective stress considering the mixed-mode matrix crack
progression introduced in this study. It is assumed that the following quadratic criterion
induced matrix cracks:(

σk
11

σk
11i

)2

+

(
αL
k

σk
12

σk
11i

)2

+

(
βL
k

σk
13

σk
11i

)2

≥ 1, (28)

with

αL
k =

σk
11i

σk
12i

, βL
k =

σk
11i

σk
13i

, (29)

where σk
12i and σk

13i are the minimum in-plane and out-of-plane shear cracking stresses
calculated from the energy-based criteria, (Aveston et al., 1971; Rajan and Zok, 2014)
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respectively. To evaluate the left expression of Eq. (28), the effective stress, σk
11, is

defined as follows:

σk
11

σk
11i

≡

√(
σk
11

σk
11i

)2

+

(
αL
k

σk
12

σk
11i

)2

+

(
βL
k

σk
13

σk
11i

)2

. (30)

The stress σk
ij of the k-direction fiber bundles was calculated using three dimensional

laminate theory. Using Eq. (30), the number of flows Nk considering mixed-mode matrix
cracking is calculated. Λk = Λk(mk

1 , σ
k
11i/σ

k
R, σ

k
deb/σ

k
R) in Eqs. (23) and (26) is the

matrix cracking spacing parameter as a function of the Weibull modulus, the minimum
cracking stress, the critical matrix cracking stress, and the debonding stress; Λk has
been previously reported (Curtin et al., 1998; Curtin, 2000) and its minimum value is
1.337 (Curtin, 1993). The term T k

f is the stress carried by the unbroken fibers, which is
determined by solving the following nonlinear equation:

f1(T
k
f ) ≡

(
1− q(zk0 , T

k
f )

(
1 +

2lks
xk

))
T k
f − σk

11

Vf
= 0, (31)

where

zk0 =

{
δk (xk > 2δk)

xk/2 (xk < 2δk)
, (32)

q(zk0 , T
k
f ) = 1− exp

−{1− (1− zk0
lks

)m2}(T k
f

σc

)m2+1
1

m2 + 1

 . (33)

In this equation, lks (= rT k
f /(2τ

k)) is the fiber slip length around fiber breakage,
q(zk0 , T

k
f ) is the probability that the fiber will fail within zk0 at/below stress T k

f , m2 is
the Weibull modulus for fiber breakage, and σc is the characteristic fiber strength. The
values of m2 and σc can be obtained by fiber fracture mirror observation (Davies et al.,
1999; Thouless et al., 1989). The ultimate failure condition of the fiber bundle is given
by:

df1
dT k

f

= 0. (34)

In this study, when the failure condition (34) is satisfied, the 3D woven composite is
regarded as having failed and its ultimate strength and failure strain are obtained.

This study considered the stress redistribution between fiber bundles resulting from the
fiber/matrix interfacial debonding associated with matrix cracking. As shown in Fig. 6,
fiber/matrix interfacial debonding with slip length 2δk around a matrix crack occurs when
the crack is initiated. In the debonding region, fibers in the k (= X,Y, Z) direction fiber
bundle mainly carry the applied load upon matrix cracking. Therefore, the load-bearing
capacity of the q (q ̸= k) direction fiber bundles and pure matrix next to the debonding
region in the k-direction fiber bundle is highly reduced owing to debonding. This effect is
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Figure 6. Stress redistribution between k- and q-direction fiber bundles due to the
fiber/matrix interfacial debonding associated with matrix cracking.

required to accurately predict the stress–strain response and transverse crack progression
of a 3D woven CMC. It is assumed that the q-direction fiber bundles and pure matrix
adjacent to the fiber/matrix interfacial debonding with length, 2δk, in the k-direction
fiber bundle do not bear the applied load. Under this assumption, the stiffness reduction
V k
del caused by fiber/matrix debonding in the k-direction fiber bundle is given by:

V k
del =

xk − 2δk

xk
. (35)

The stiffness reduction caused by debonding is considered to multiply V k
del and the

stiffness matrix of the q-direction fiber bundles and pure matrix. The transverse crack
densities considering debonding are calculated using the following steps. First, the
transverse crack density ρtransq,local (trans = TI,TO) in a local area with length xk − 2δk,
where the q-direction fiber bundle has load-bearing capacity, is calculated from the stress
(Eqs. (11) and (12)) and energy (Eq. (14)) criteria, respectively. Then, the transverse
crack density in the q-direction fiber bundle is calculated by adding the number of new
cracks propagated in the local region to the number of pre-existing cracks as follows:

ρtrans,nq = ρtrans,n−1
q + V k

del(ρ
trans,n
q,local − ρtrans,n−1

q ), trans = TI orTO, (36)

where n is the current incremental step and n− 1 is the previous incremental step. The
transverse crack density in the q-direction fiber bundle is saturated when debonding in
the k-direction fiber bundle has fully propagated (V k

del = 0). An analysis flowchart for
calculating the nonlinear stress–strain response of a 3D woven CMC subjected to in-
plane loading is shown in Fig. 7, and the the algorithm for progressively analyzing
transverse cracking perpendicular to axis 2 is depicted in Fig. 8. Transverse cracking
perpendicular to axis 3 is progressively analyzed in the same manner as shown in Fig. 8.
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Calculate the stresses 1H, 1I, and
1J of components H, I, and J 

using 3D laminate theory

Determine transverse crack density of each 
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and (11)) and energy (Eq. (13)) criteria 

Calculate damage variables associated with 
transverse cracking using Eqs. (5)-(8)

Calculate damage variables associated with 
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Calculate the unit cell strain

END

See the algorithm 
in Fig. 7

Figure 7. Analysis flowchart for calculating the nonlinear stress–strain response of a 3D
woven CMC subjected to in-plane loading.

Mesomechanical model

To validate the micromechanical model, the mesomechanical model was established
using FEA and CDM. The micromechanical model does not consider stress disturbance
caused by the geometry of the unit cell, whereas the mesomechanical model considers
this effect. Therefore, the simulated results by the mesomechanical model are more
accurate than those obtained by micromechanical model. Displacement controlled static
analysis via 3D FEA was used to consider the stress disturbance due to the structural
geometry of the 3D woven composite under X- and Y -direction tensile loads. Figure 9
shows FEA models for the 3D woven unit cells with approximately 17 000 eight-node
brick elements, which are called C3D8 in ABAQUS (ABAQUS, 2013). The following
boundary condition was employed for X-direction tensile loading:

u = 0onx = 0, v = w = 0atx = y = z = 0, u = uapp onx = LX , (37)

and for Y -direction tensile loading:

v = 0on y = 0, u = w = 0atx = y = z = 0, v = vapp on y = LY . (38)
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Algorithm: Transverse cracking progressive analysis

For all p ∈ {components E, F, G, H, I, J} do ▷ Loop over each component
if V k

del > 0 then ▷ Check transverse crack saturation

while

(
σ
q
22

σ
q
22c

)2

+

(
αTI
q

σ
q
12

σ
q
22c

)2

+

(
βTI
q

σ
q
23

σ
q
22c

)2

≥ 1 and Γq ≥ Γ
q
c do ▷ Search ρTI

q,local

ρTI
q,local ← ρTI

q + ∆ρTI
q ▷ Increment the transverse crack density in the local area

d
TI
22 (ρ

TI
q,local) ←

λhthickρTI
q,local

√
3

tanh

 √
3

λhthickρTI
q,local

 ▷ Calculate damage variables

d
TI
12 (ρ

TI
q,local) ←

hthickρTI
q,local
√

3
tanh

 √
3

hthickρTI
q,local


S
FB
22 =

1

(1 − dTI
2 )EFB

2

▷ Update the effective compliance SFB

S
FB
44 =

1

2GFB
23

 1

1 − dTI
2

+
1

1 − dTO
3

 of q-direction fiber bundle

S
FB
66 =

1

(1 − dL6 )(1 − dTI
6 )GFB

12
call threedimensional laminate theory ▷ Calculate the stiffness Sp of component p and

update the average stresses σq
ij

of q-direction

fiber bundle using 3D laminate theory

U
p
(ρ

TI
q,local) ←

tpbp

2ρTI
q,local

(σ
p
)
T

S
p
σ
p

▷ Calculate the strain energy Up(ρTI
q,local)

d
TI
22 (ρ

TI
q,local/2) ←

λhthickρTI
q,local/2

√
3

tanh

 √
3

λhthickρTI
q,local

/2

 ▷ Calculate damage variables

d
TI
12 (ρ

TI
q,local/2) ←

hthickρTI
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√
3

tanh

 √
3

hthickρTI
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/2


S
FB
22 =

1

(1 − dTI
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▷ Update the effective compliance SFB

S
FB
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1
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+
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 of q-direction fiber bundle

S
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(1 − dL6 )(1 − dTI
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call threedimensional laminate theory ▷ Calculate the stiffness Sp of component p

U
p
(ρ

TI
q,local/2) ←

tpbp

2ρTI
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/2
(σ

p
)
T

S
p
σ
p

▷ Calculate the strain energy Up(ρTI
q,local/2)

Γq(ρTI
q,local) ← −

Up(ρTI
q,local/2

)−2Up(ρTI
q,local)

ATI
▷ Update the energy release rate Γq

end for
ρTI
q ← ρTI

q + V k
del

(
ρTI
q,local − ρTI

q

)
▷ Update the transverse crack density

end if
end for

• k denotes the fiber bundle with matrix cracks
• q ( ̸= k) denotes the fiber bundle next to the debonding region in the k-direction fiber bundle

Figure 8. Algorithm for progressively analyzing transverse cracking perpendicular to axis 2.

The variable Lj (j = X,Y, Z) is the unit cell length parallel to the j-direction, and u, v,
and w are the displacements in the X-, Y -, and Z-directions, respectively. The subscript
“app” represents the applied displacement.

The matrix or transverse cracks in fiber bundles were considered using the CDM.
The effective compliance SFB of the damaged fiber bundle in Eq. (5) and the shear
damage variables in Eqs. (3) and(4) were employed. The damage state of an element
with transverse cracks (or matrix cracks) in the fiber bundle is assumed to be the same as
that of the fiber bundles possessing steady-state transverse (or matrix) cracks propagating
throughout the width and thickness of the fiber bundle. The damage variables in Eqs.
(6)-(9) associated with transverse cracking were used, and the transverse cracks in the

Prepared using sagej.cls



16 Journal Title XX(X)

(a) (b)

Pure matrix
X fiber bundle
Y fiber bundle
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Figure 9. Finite element model for 3D woven structures of (a) unit cell A and (b) unit cell B.

local area (Fig. 6) were progressively analyzed in the following four steps. (1) The
transverse crack density ρtransq,local (trans = TI or TO) of each element of the q-direction
(q = X,Y, Z) fiber bundle in the local area was initialized to ρtransq,local = ρtrans,n−1

q +∆ρ

with the increment ∆ρ and the transverse crack density ρtrans,n−1
q at the previous step.

(2) The stress criterion (Eq. (11) or (12)) was checked for each element with transverse
crack density ρtransq,local. (3) When the stress criterion was satisfied, the energy release rate
Γk(ρtransq,local) under constant strains was calculated using the following equation:

Γk(ρtransq,local) =
UFB(ρtransq,local/2)− 2UFB(ρtransq,local)

Atrans
, trans = TI orTO,

(39)

where Atrans (= ATI = blenhthick or ATO = bwidthblen) is the surface area of the
transverse cracking in the fiber bundle with length blen, width bwidth, and thickness
hthick. The term UFB is the strain energy in the fiber bundle with length ρtransq,local, as
given by:

UFB(ρtransq,local) =
Atrans

U2

2ρtransq,local

(
εFB

)T
(SFB)−1εFB, (40)

with

ATI = blenhthick, ATO = bwidthblen (41)

The superscripts FB denote the properties of the fiber bundle and εFB is the fiber bundle
strain. (4) When the energy criterion in Eq. (14) is satisfied, the virtual transverse crack
density ρtransq,local increased by ∆ρ and step (2) was repeated while the stress and energy
criteria were satisfied. When the stress criterion or the energy criterion were not satisfied
under constant strains, the new transverse crack density ρtransq,local in the local area was
determined. The transverse crack density ρtrans,nq considering the effect of stress transfer
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arising from fiber/matrix debonding around the matrix cracks in other fiber bundles, was
calculated by substituting ρtransq,local and Eq. (35) into Eq. (36). The stiffness reduction V k

del

was calculated using the average matrix crack spacing xk and the average interfacial
debonding length δk in the k-direction fiber bundle with matrix cracks. The damage
variable dL11 associated with the matrix crack density in each element was evaluated using
Eqs. (21), (22), and (23).

The nonlocal damage theory established by Bažant and Pijaudier-
Cabot (Bažant and Pijaudier-Cabot, 1988) was adopted for two reasons: to prevent
nonphysical damage localization by a fine mesh and to average physical damage (e.g.,
matrix and transverse crack densities) on a bundle scale. The latter reason is necessary
for comparing the mesomechanical model with the micromechanical model, which
calculates the averaged crack densities on the fiber bundle. Based on nonlocal damage
theory, the non-localization of damage variables dij at a point x in the fiber bundle was
achieved as follows:

dij(x) =
1

Vr(x)

∫
V

h(s− x)dij(s)dV (s), (42)

h(x) = exp

[
−kD|x|2

ω2

]
, (43)

Vr(x) =

∫
V

h(s− x)dV (s), (44)

where dij is the non-local damage variable, h is the Gaussian distribution function, Vr

is the reference volume, kD is the dimension number, and ω is the characteristic length.
In this study, kD = 3, and the characteristic length ω was set to the half thickness of the
fiber bundle to average damage variables in the fiber bundle. The ultimate tensile strength
of the 3D woven composite was determined when the failure condition in Eq. (34) was
satisfied for an element.

Experiments
The tested specimen was an orthogonal 3D woven TyrannoTM ZMI fiber (56 % Si, 1
% Zr, 34 % C, 9 % O: Ube Industries, Ltd.)/Si-Ti-C-O matrix composite with unit cell
B (Higuchi et al., 2016; Suzuki et al., 2015). The volume fractions of the fiber bundles in
the X and Z directions were largest and smallest, respectively, compared to the fiber
bundles in other directions. The matrix was generated by chemical vapor infiltration
(CVI), solid phase infiltration (SPI), and polymer impregnation and pyrolysis (PIP). The
fiber bundle contained fibers and a CVI matrix around the fibers, and the pure matrix
region was produced by SPI and PIP.

The microdamage and macro stress–strain response of the 3D woven CMC was
evaluated using monotonic tensile testing and loading/unloading testing. Monotonic
tensile testing was performed to determine the stress–strain responses in the X , Y ,
and 45◦ directions. Dumbbell specimens were loaded in the X , Y , and 45◦ directions.
Loading/unloading testing was performed to investigate transverse and matrix cracking
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in dumbbell specimens subjected to tensile loading in the X or Y direction. The
free edge of each dumbbell specimen was polished using a diamond grinding disk
(Buehler Ltd.) to observe the transverse and matrix cracks based on the replica
method (ASTM E1351-01(2012), 2012) using RepliSet (Struers). Loading/unloading
testing was conducted using the following three steps. (1) A tensile load was applied
to the specimen. (2) The specimen was maintained at a specific load, and the matrix
and transverse cracks on the free edge were observed based on the replica method. (3)
The specimen was unloaded until the load reached zero. This loading/unloading cycle
was repeated until the specimen failed. The matrix and transverse crack densities under
failure stress were measured at the free edge of the failed specimen.

Comparing the prediction with the experiment

Orthogonal 3D woven Si-Ti-C-O/Si-Ti-C-O composite
The matrix and transverse crack evolutions and nonlinear stress–strain behavior of
unit cell A of the 3D woven Si-Ti-C-O/Si-Ti-C-O composite under X-direction tensile
loading were analyzed to compare with the experimental results of Ogasawara et
al. (Ogasawara et al., 2004). The mechanical properties of the fiber, matrix, and pure
matrix are shown in Table 1. The pure matrix region in unit cell A has many
voids; (Ogasawara et al., 2004) therefore, the Young’s modulus of the pure matrix Epure

m

was determined by fitting the Young’s modulus of unit cell A, calculated using the
micromechanical model, to the experiment result (141 GPa (Ogasawara et al., 2004)).
Table 2 lists the material properties of the matrix crack evolution and fiber breakage in the
X-direction fiber bundle. Table 3 shows the material properties of the transverse crack
evolution in the Y and Z fiber bundles. Because the shear stresses in each bundle are
zero for the 3D woven composite subjected to X- or Y -direction tensile loading, αTI

k =
αTO
k = αL

k = βTI
k = βTO

k = βL
k = 0 was assumed in this analysis. Parameters σX

11i,
σX
deb, σX

R , mX
1 , and xX

s were determined by fitting the matrix crack evolution predicted
by the micromechanical model to that obtained experimentally results. The critical stress
σY
22c was also determined by fitting the transverse crack evolution calculated by the

Table 1. Mechanical properties of the fiber, matrix, and pure matrix (Ogasawara et al., 2004)

.

Young’s modulus of the fiber, Ef (GPa) 185
Poisson’s ratio of the fiber, νf (-) 0.2
Shear modulus of the fiber, Gf (GPa) 77.08
Volume fraction of the fiber in unit cell A, V unit

f (-) 0.413
Fiber volume fraction in the fiber bundle, Vf (-) 0.543
Young’s modulus of the matrix, Em (GPa) 185
Poisson’s ratio of the matrix, νm (-) 0.2
Shear modulus of the matrix, Gm (GPa) 77.08
Young’s modulus of pure matrix, Epure

m (GPa) 29.7
Poisson’s ratio of pure matrix, νpure

m (-) 0.2
Shear modulus of pure matrix, Gpure

m (GPa) 12.375
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Table 2. Material properties for matrix crack evolution and fiber breakage.

Minimum cracking stress, σX
11i (MPa) 190

Debonding stress, σX
deb (MPa) 380

Critical matrix cracking stress, σX
R (MPa) 950

Weibull modulus for the flaw strength distribution, mX
1 (-) 3.5

Statistical parameter, ΛX (-) 1.927264
Characteristic crack spacing, xX

s (µm) 44.5
Longitudinal length for the matrix cracking observation, L (mm) 0.6 (Ogasawara et al., 2004)
Fiber radius, r (µm) 4.25 (Ogasawara et al., 2004)
Weibull modulus for the fiber strength, m2 (-) 4.19 (Davies et al., 1999)
Characteristic strength for the fibers, σc (GPa) 3.09 (Davies et al., 1999)

Table 3. Material parameters for transverse crack evolution.

Critical energy release rate, ΓY
c and ΓZ

c (J/m) 8.0 (Ogasawara et al., 2004)
Critical stress, σY

22c and σZ
33c (MPa) 120
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Figure 10. (a) Matrix and transverse crack evolutions and (b) stress-strain response of the
orthogonal 3D woven Si-Ti-C-O/Si-Ti-C-O composite calculated by the micromechanical and
mesomechanical models, together with the experimental results (Ogasawara et al., 2004).

micromechanical model to that obtained experimentally. The critical energy release rate
and critical stress of the Z-direction fiber bundle were assumed to be equal to those of
the Y -direction fiber bundle.

The predicted results for the matrix crack density in the X bundle and transverse
crack density in the Y bundle using the micromechanical and mesomechanical
models are shown in Fig. 10 (a), with the crack densities reported by Ogasawara
et al. (Ogasawara et al., 2004) also shown. The transverse and matrix crack densities
calculated by the micromechanical model correlate well with those predicted by the
mesomechanical model, which indicates that the stress disturbance in the fiber bundles
arising from the geometry of the unit cell is small, and that three-dimensional laminate
theory is effective for predicting the effective stiffness of the 3D woven CMC. The
micromechanical and mesomechanical models were able to reproduce the saturated
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Table 4. Ultimate tensile strength of 3D woven Si-Ti-C-O/Si-Ti-C-O composites.

Experiments (Ogasawara et al., 2004) Micromechanical model Mesomechanical model

423.8 MPa 426.0 MPa 424.7 MPa

transverse crack density of the experimental results because the stresses in the Y and
Z fiber bundles gradually decreased through the stress redistribution due to the growth
of fiber/matrix interfacial debonding around the matrix cracks in the X fiber bundle.

The initial transverse cracking stress predicted by the two models exceed that observed
the experimentally. This discrepancy may be due to the assumption that the pure matrix
region is undamaged. Experimentally, cracks initiate in the pure matrix region at very low
stress levels. The cracks in the pure matrix region grew in the Y - and Z-direction fiber
bundles owing to stress concentration at the crack tip. Therefore, the initial transverse
cracking stress observed experimentally is lower than that in the present models,
which are considered undamaging states in the pure matrix region at any stress level.
Another reason is the statistical variability of the fracture parameters in a bundle due to
initial defects. In this study, a deterministic approach that assumes the average critical
energy release rate and critical stress in a fiber bundle, was employed. These fracture
parameters are statistically distributed in the fiber bundle due to initial defects during
manufacturing. Hajikazemi et al. (Hajikazemi et al., 2020) analyzed transverse crack
progression in carbon-fiber-reinforced plastic laminates using an energy-based approach,
considering the statistical distribution of the critical energy release rate in cracked plies.
They demonstrated that the region of weakness due to defects results in a low initial
transverse cracking stain, as reported by Bertheolt and Corre (Berthelot and Le Corre,
2000). However, the predicted results reproduced the experimental results at a high
stress level, and the deterministic approach for transverse crack progression was valid
for predicting the failure strength and strain of the 3D woven CMC.

Figure 10 (b) depicts the stress–strain response predicted by the micromechanical
and mesomechanical models with peak stress obtained by loading/unloading
testing (Ogasawara et al., 2004). The two models are in good agreement with the
experimental results up to the failure point. With the exception of ultimate failure
strength, the micromechanical and mesomechanical models produced almost identical
results. Table 4 shows the ultimate failure strengths predicted by the micromechanical
model and the mesomechanical model, and that obtained experimentally. The
strength predicted by the mesomechanical model was slightly lower than that of the
micromechanical model because stress disturbance arising from the microstructural
geometry is considered in the mesomechanical model. Therefore, the mesomechanical
model enabled more appropriate results to be obtained than the micromechanical model.
However, the discrepancy between the micomechanical and mesomechanical models
is negligible, and the strengths predicted by the mesomechanical and micromechanical
models correlate well with the experimental results.
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Figure 11. (a) Matrix and transverse crack evolutions and (b) stress–strain response of the
orthogonal 3D woven TyrannoTM ZMI/Si-Ti-C-O composite under X-direction tensile loading
calculated by the micromechanical and mesomechanical models and compared with the
experimental results. Stresses and strains were normalized against the ultimate tensile
strength and failure strain of specimen A.

Orthogonal 3D woven TyrannoTM ZMI/Si-Ti-C-O composite

The experimental results for the orthogonal 3D woven TyrannoTM ZMI/Si-Ti-C-O
composite under in-plane loading were summarized and compared with the results
predicted by the micromechanical and mesomechanical models. The values of the
Weibull modulus, m2, and characteristic strength, σc, for the fibers obtained by Davies
et al. (Davies et al., 1999) were adopted (Table 2). The longitudinal length L for the
matrix cracking observation was 1.6 mm, and the fiber radius r was 5.5 µm. The
material parameters for the matrix and transverse crack evolutions in each fiber bundle
were determined by fitting the results predicted by the micromechanical model with the
experimental results of the X- and Y -direction tensile loadings.

Figure 11 shows the matrix and transverse crack densities and the stress–strain
relationship of the 3D woven composite subjected to X-direction tensile loading
predicted by the micromechanical and mesomechanical models with the experimental
results of two specimens (specimens A and B). The material parameters for the matrix
crack evolution in the X bundle and transverse crack evolution in the Y and Z bundles
are listed in Tables 5 and 6, respectively, in which the stresses and strains are normalized
against the ultimate tensile strength and failure strain of specimen A. The saturated
transverse crack densities predicted by the micromechanical and mesomechanical models
are slightly higher than those obtained experimentally. However, the prediction of the two
models correlate reasonably with the experimental data. The initial transverse cracking
stresses predicted by the two models are lower than the experimental values owing
to stress concentration near the crack tip in the pure matrix region and the statistical
distribution of the fracture parameters in the fiber bundle, as discussed in the previous
subsection.
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Table 5. Material properties for matrix crack evolution in the X-direction fiber bundle.

Minimum cracking stress, σX
11i (-) 0.192a

Debonding stress, σX
deb (-) 0.384a

Critical matrix cracking stress, σX
R (-) 1.92a

Weibull modulus for the flaw strength distribution, mX
1 (-) 3.9

Statistical parameter, ΛX (-) 1.86848
Characteristic crack spacing, xX

s (µm) 153.5
a Stress is normalized against the ultimate tensile strength of specimen A

Table 6. Material parameters for transverse crack evolution in Y - and Z-direction fiber
bundles.

Critical energy release rate, ΓY
c and ΓZ

c (J/m) 25.0
Critical stress, σY

22c and σZ
33c 0.436a

a Stress is normalized against the ultimate tensile strength of specimen A

Table 7. Material properties for matrix crack evolution in the Y -direction fiber bundle.

Minimum cracking stress, σY
11i (-) 0.265a

Debonding stress, σY
deb (-) 1.06a

Critical matrix cracking stress, σY
R (-) 2.65a

Weibull modulus for the flaw strength distribution, mY
1 (-) 4.5

Statistical parameter, ΛY (-) 1.88937
Characteristic crack spacing, xY

s (µm) 180.1
a Stress is normalized against the ultimate tensile strength of specimen C

A photographic image of the replica observation in the X − Z plane of the 3D
woven CMC under X-direction tensile loading is shown in Fig. 12. Transverse cracks
initially propagate in the Y -direction fiber bundles at low stress levels (Fig. 12 (b)).
These transverse cracks penetrate the X bundles, and matrix cracks initiate in the X-
direction fiber bundles (Fig. 12 (c)). Kuo and Chou (Kuo and Chou, 1995) defined
transverse cracks that penetrate the matrix crack as major cracks; they result in a
relatively large stiffness reduction (Okabe et al., 1998). At high stress levels, major and
minor cracks (Kuo and Chou, 1995) that only exist in 0◦ plies were observed (Fig. 12
(d)). Therefore, to capture crack propagation, it is necessary to calculate both the major
and minor cracks. The crack progression analysis used in the micromechanical and
mesomechanical models can be used to model major and minor cracks. As shown in Fig.
11 (b), the stress–strain response calculated by the micromechanical and mesomechanical
models correlate well with the experimental results, up to ultimate failure.

The transverse and matrix crack evolutions and stress–strain curve of the 3D woven
composite subjected to Y -direction tensile loading predicted by the micromechanical and
mesomechanical models are shown in Fig. 13 along with the experimental results of two
specimens (specimens C and D). Table 7 lists the material parameters for matrix crack
progression in the Y -direction fiber bundle, and Table 8 shows the material parameters
for transverse crack evolution in the X- and Z-direction fiber bundles. The stresses
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Figure 12. Photographic images of the replica observation in 3D woven TyrannoTM ZMI
fiber/Si-Ti-C-O matrix composite under tensile loading along the X axis at normalized stress
values of (a) 0, (b) 0.4361, (c) 0.5233, and (d) 0.6978. Stresses are normalized against the
ultimate tensile strength of specimen A.

Table 8. Material parameters for transverse crack evolution in the X- and Z-direction fiber
bundles.

Critical energy release rate, ΓX
c and ΓZ

c (J/m) 13.0
Critical stress, σX

22c and σZ
22c (MPa) 0.318a

a Stress is normalized against the ultimate tensile strength of specimen C

and strains were normalized against the ultimate strength and failure strain of specimen
C, respectively. As was observed in Fig. 10, the two models are able to reproduce the
experimental results. However, there is a large difference between the experimental
results of specimens C and D, which is ascribable to material variability arising from
the impregnation rate of the matrix in the fiber bundle during the CVI process. From the
results shown in Figs. 10, 11, and 13, the micromechanical models presented in this study
are able to reasonably reproduce the results from the mesomechanical model and those
obtained experimentally.
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Figure 13. (a) Matrix and transverse crack evolutions, and (b) stress–strain responses of
orthogonal 3D woven TyrannoTM ZMI/Si-Ti-C-O composite under Y -direction tensile loading
as calculated by the micromechanical and mesomechanical models with experimental results
also shown. Stresses and strains are normalized against the ultimate tensile strength and
failure strain of specimen C.

The mechanical response of the 3D woven CMC subjected to 45◦ tensile loading
was analyzed using a micromechanical model. The parameters for the matrix and
transverse crack progression that were used in each fiber bundle are shown in Tables
5–8. Furthermore, the influence of mixed-mode ratios on the stress–strain behavior
under in-plane loading was evaluated by considering the mixed-mode ratios as αL

k =
αTI
k = αTO

k = 0, 1, 2, 3 and βL
k = βTI

k = βTO
k = 0. Because out-of-plane shear stresses

in each fiber bundle are zero under in-plane (X-, Y -, or 45◦-direction) tensile loading,
βL
k = βTI

k = βTO
k = 0 was considered.

Figure 14 shows the stress–strain diagram under 45◦ tensile loading as predicted by
the micromechanical model, together with experimental results. Stress and strain were
normalized against the experimental ultimate tensile strength and failure strain. When
the mixed-mode ratios were equal to 3, the predicted result was in good agreement with
the experimental result, which indicates that shear stresses significantly contribute to the
stiffness reduction in 3D woven composites when shear loading is applied. When the
material parameters were determined using X , Y , and 45◦ tensile tests conducted in this
study, the micromechanical model was able to reproduce the stress-strain relationship of
the 3D woven CMC under in-plane multiaxial loads.

Recently, Higuchi et al. (Higuchi et al., 2016) established a macromechanical model
for damaged 3D woven composites based on phenomenological stiffness degradation.
Using micromechanical and macromechanical models, the multiscale modeling of
bridging damage at the micro level to the multiaxial stress distribution at the macro
level can be established. The macromechanical model is easily applied to FEA without
predicting transverse and matrix crack densities; therefore, the stress distribution in a
structure can be analyzed. When the stresses in a structure comprising 3D woven CMC
were obtained using a macromechanical model, the micromechanical model was able to
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Figure 14. Stress–strain responses of the orthogonal 3D woven TyrannoTM ZMI/Si-Ti-C-O
composite under 45◦ direction tensile loading calculated by micromechanical model, along
with experimental results. Stresses and strains are normalized against the experimental
ultimate tensile strength and failure strain.

reproduce the transverse and matrix crack densities in the 3D woven CMC subjected to
multiaxial loading predicted by the macromechanical model.

Conclusion
This study formulated a micromechanical model for 3D woven composites with
transverse and matrix cracks subjected to in-plane loading. The three-dimensional
effective compliance of the 3D woven composite was derived using three-dimensional
laminate theory. The damage variables were formulated using the models developed by
Onodera and Okabe (Onodera and Okabe, 2020) and Curtin et al. (Curtin et al., 1998) to
describe the stiffness reduction in the fiber bundle with transverse and matrix cracking.
The method for transverse and matrix crack progression under in-plane loading was
established by introducing mixed-mode damage criteria. This study considered the stress
redistribution among fiber bundles in the 3D woven composites due to fiber/matrix
interfacial debonding around matrix cracking. In addition, a mesomechanical model was
established (using FEA) to evaluate the stress disturbance in fiber bundles arising from
the geometry of the unit cell.

The transverse and matrix crack evolutions and stress–strain responses of 3D
woven composites were predicted under X , Y , and 45◦ direction tensile loading
using micromechanical and mesomechanical models and were compared with the
results of those obtained experimentally. The micromechanical and mesomechanical
models reproduced the saturated transverse crack densities by considering the stress
redistribution arising from the fiber/matrix interfacial debonding. The stress–strain
curves for a 3D CMC under X- and Y -direction tensile loading predicted by both models
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are in good agreement with the experimental results up to the ultimate strength and failure
strain. Thus, the results of the micromechanical model, which does not consider stress
disturbance in the fiber bundles of 3D woven composites, reasonably agree with those of
the mesomechanical model. Therefore, the stress disturbance arising from the geometry
in the fabric structure is extremely small. Moreover, the mechanical response of the 3D
woven CMC subjected to 45◦ tensile loading was analyzed using a micromechanical
model. The stress–strain response under tensile and shear loading was predicted by
introducing mixed-mode damage criteria that contributes to the transverse and matrix
crack progressions.
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