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Abstract 

The present paper demonstrates the capability of a numerical method based on the lattice 

Boltzmann method (LBM) with wall-resolved grid to predict the broadband sound generated from the 

turbulent boundary layer at low Mach numbers. The present method is based on the lattice BGK 

equation with the D2Q9 and D3Q15 models, and a multi-scale approach using hierarchically refined 

grids is proposed to efficiently and simultaneously capture the multi-scale phenomena of turbulent 

eddies near walls and far-field sound waves. Numerical instabilities caused by the lack of grid 

resolution are suppressed with a fourth-order implicit filtering scheme. This numerical method is 

discussed in two benchmark problems and an application to the prediction of the broadband sound 

generated from the turbulent boundary layer. First, the computational accuracy and speed of the LBM 

scheme are assessed with a pulse-propagating problem. The results indicate that the LBM can achieve 

accuracy comparable to the fourth-order central scheme with the four-stage Runge-Kutta method for 

the compressible Navier-Stokes (N-S) equations and compute 12.3 times faster. These findings suggest 

that the LBM is an efficient computational method for aeroacoustic simulations. Second, the proposed 

method is validated by simulating the Aeolian tone generated by the flow past a circular cylinder at 

Reynolds number of 150 and Mach number of 0.2. The present simulation is compared with a 

compressible N-S simulation using a high-order finite difference scheme in terms of the wave profile 

and the propagation speed of the tonal sound. This validation result suggests that the present method 

is available for direct aeroacoustic simulations of low-Mach-number flows. Finally, the capability of 

the present method to predict the broadband sound is demonstrated by conducting a wall-resolved 

simulation for the turbulent flow generated by a short separation bubble over an isolated airfoil at 

Reynolds number of 2.0 × 105 and Mach number of 0.058. This simulation shows a good agreement 

with measurements of the surface pressure distributions, the wake velocity profiles, and the far-field 

sound spectrum. In contrast to hybrid approaches based on the incompressible N-S equations, the 

present method can accurately predict the broadband sound in the high-frequency range by simulating 

the acoustic scattering on the airfoil. 
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Nomenclature 

𝐱 position 

𝑡 time 

𝐜𝑖 particle velocity 

𝑓𝑖 particle distribution function 

𝑓𝑖
eq

 local equilibrium distribution function 

𝜏 relaxation time 

𝜌 fluid density 

u fluid velocity 

𝑝 fluid pressure 

𝜐 fluid dynamic viscosity 

𝑐𝑠 sound speed 

𝑓𝑖 distribution function after the collision operation 

𝑓𝑖 distribution function after the filtering operation 

𝐷 cylinder diameter 

𝐶𝑝 pressure coefficient 

𝐶𝐷 drag coefficient 

𝐶𝐿 lift coefficient 

𝐶 airfoil chord length 

Re Reynolds number 

Ma Mach number 

St Strouhal number 
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1. Introduction 

The prediction of the sound induced by low-Mach-number flows is important in the aerodynamic 

design of low-speed fans, which are installed in home appliances, information equipment and, vehicles. 

In previous studies on fan noise, numerical predictions have been achieved for the aerodynamic sounds 

associated with large flow structures such as wakes, distorded inflows, and tip vortices, which are 

detached from walls [1, 2, 3]. On the other hand, the prediction of the broadband sound generated from 

the turbulent flow attached to blade surfaces remains a challenging problem for actual applications. 

To predict the sounds induced by low-Mach-number flows, several hybrid approaches have been 

developed over the past two decades [4, 5]. In these hybrid approaches, the incompressible Navier-

Stokes (N-S) equations is solved by several approaches such as the large eddy simulation (LES) to 

obtain time series of pressure fluctuation relating to unsteady flows, and the far-field sound is 

calculated from the incompressible N-S results on the basis of Lighthill’s acoustic analogy [6]. The 

most practical choice for acoustic calculations is Curle’s equation [7], but the pressure fluctuations 

obtained from the incompressible N-S equations cannot be used for calculating such integral solutions 

if the object is not sufficiently compact compared with the wavelength of the radiated sound. To predict 

the high-frequency broadband sound generated from the attached turbulent flow, it is important to 

consider the scattering of the sounds radiated from turbulence eddies on walls by the compressible 

flow simulation. The conventional density-based schemes for the compressible N-S equations, 

however, suffer the stiff problem and the severe Courant-Freidrichs-Lewy (CFL) condition in 

computing low-Mach-number flows [8]. 

Recently, the lattice Boltzmann method (LBM) has attracted great attention as an alternative 

approach for aeroacoustic simulations of low-Mach-number flows because of its computational 

efficiency [9, 10, 11]. The tonal and broadband sounds generated from the flow past tandem cylinders 

have successfully predicted using a commercial solver based on the LBM and the Ffowcs Williams-

Hawkings (FW-H) equation [12]. In the literature, these sounds are induced by the largely separated 

flow, which has been simulated using the k − ε turbulence model with a wall function on a zonal 

refinement grid. This approach has been applied to many applications such as the trailing-edge noise 

of an airfoil [13], the broadband noise of a turbofan with outlet guide vanes [14], and the vortex-blade 

interaction noise of a helicopter [15]. On the other hand, only a few studies have attempted a wall-

resolved simulation with the LBM [16], which is effective to the prediction of the broadband sound 

generated from the attached turbulent. In such a simulation, regular lattices should be efficiently 

arranged across the computational domain to simultaneously capture both turbulent eddies near walls 

and far-field sound waves at feasible computational cost. 

The purpose of this study was to demonstrate the capability of the numerical method based on the 

LBM to predict the broadband sound generated from attached turbulent flows at low Mach numbers. 

A multi-scale approach using hierarchically refined grids adapted to object geometries was proposed 
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to efficiently and simultaneously capture the multi-scale phenomena of turbulent eddies near walls 

and far-field sound waves. In the method, numerical instabilities arising in coarse grids are suppressed 

with a filtering operation. The proposed method was tested with two benchmark problems and applied 

to the prediction of the broadband sound generated from an attached turbulent flow. First, the 

computational accuracy and speed of the LBM scheme were investigated in a pulse-propagating 

problem. Second, the present numerical method was validated for the Aeolian tone generated by the 

flow past a circular cylinder at Reynolds number of 150 and Mach number of 0.2 in comparison with 

a high-order finite difference scheme for the compressible N-S equations. Finally, the broadband sound 

of the turbulent flow generated by a short separation bubble over an isolated airfoil at Reynolds number 

of 2.0 × 105  and Mach number of 0.058 was predicted with a wall-resolved simulation, and the 

simulation results were compared with measurement data in detail. 

 

2. Numerical method 

2.1. Lattice Boltzmann method 

In the LBM, flow and sound are simulated by computing the lattice Boltzmann equation, which is 

a kinetic equation that describes the streaming and collision processes of particles with a finite number 

of velocities. The lattice Boltzmann equation with the Bhatnagar-Gross-Krook (BGK) collision model 

[17,18] is written as 

𝑓𝑖(𝑡 + ∆𝑡, 𝐱 + ∆𝑡𝐜𝑖) = 𝑓𝑖(𝑡, 𝐱) −
1

𝜏
[𝑓𝑖(𝑡, 𝐱) − 𝑓𝑖

eq(𝑡, 𝐱)], (1) 

where 𝑓𝑖(𝑡, 𝐱) is the distribution function of a particle with velocity 𝐜𝑖 at position x and time t. The 

right-hand side of Eq. (1) is the collision operator, which assumes that the particles relax to the local 

equilibrium states represented by 𝑓𝑖
eq

at a relaxation time 𝜏. This collision operator can be computed 

locally and is suitable for parallel computing. Furthermore, the streaming operation can be completed 

only by shifting the distribution function from one node to its neighbor, since the time increment ∆𝑡 

satisfies the relation ∆𝐱 = ∆𝑡𝐜𝑖 , where ∆𝐱  is the grid spacing. That means the CFL number is 

enforced to be 1. 

   The fluid density 𝜌 and velocity u are defined as follows: 

𝜌 = ∑𝑓𝑖
𝑖

, 𝜌𝐮 = ∑𝑓𝑖𝐜𝑖
𝑖

. (2) 

As discrete velocity models, we adopted the D2Q9 and the D3Q15 athermal models [18], which 

consider the conservation of mass and momentum only. In these models, the local equilibrium velocity 

distribution function 𝑓𝑖
eq

 is given by 

𝑓𝑖
eq

= 𝑤𝑖𝜌 [1 + 3𝐜𝑖 ∙ 𝐮 +
9

2
(𝐜𝑖 ∙ 𝐮)

2 −
3

2
𝐮 ∙ 𝐮]. (3) 

Here 𝑤𝑖 is the weighting factor, which is defined as 𝑤0 = 4 9 , 𝑤1~4 = 1 9 , 𝑤5~8 = 1 36⁄⁄⁄  in the 
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D2Q9 and 𝑤0 = 2 9 , 𝑤1~6 = 1 9 , 𝑤7~14 = 1 72⁄⁄⁄  in the D3Q15. 

The compressible Navier-Stokes equations are derived from the models using the Chapmann-

Enskog expansion, and the relaxation time 𝜏 is related to the fluid dynamic viscosity 𝜐 as follows: 

𝜏 =
1

2
+

3𝜐

∆𝑡𝑐2
. (4) 

Moreover, in the athermal models, the fluid pressure is related to the density as 𝑝 = 𝜌𝑐𝑠
2, where 𝑐𝑠 

is the speed of sound. The speed of sound is constant at 𝑐𝑠 = 𝑐 √3⁄ . All simulations presented below 

were performed for air at temperature of 293 K, and 𝜐 = 1.5 × 10−5 m²/s and 𝑐𝑠 = 343 m/s were 

used. As reported in the previous studies [9, 11, 19], the present study assumes that the athermal models 

are applicable to aeroacoustic simulations of weakly compressible low-Mach-number flows [20, 21], 

since temperature change is negligible there. 

 

2.2. Multi-scale approach 

The LBM model restricts the lattice shape to the uniform Cartesian grid. This subsection proposes 

a multi-scale approach using locally refined grids to overcome this difficulty and simulate turbulent 

eddies near walls and far-field sound waves at feasible computational cost. 

The present approach adopts the Building-Cube method (BCM) proposed by Nakahashi and Kim 

[22] to generate the locally refined grids. The BCM recursively divides a cubic domain that contains 

wall boundaries into eight sub-domains. All cubes in the bottom layer are discretized into the uniform 

Cartesian grids with a same number of grid points. This process generates a hierarchically refined grid 

adapted to object geometries. In the present multi-scale approach, the LBM computation is performed 

for each cube under each relaxation time, while communicating with neighboring cubes. 

The computational procedure at the interface between two differently sized cubes is illustrated in 

Fig. 1. The lower cube is two times finer than the upper one, and nodes of the both grids overlap at the 

interface. After the collision operation, the spatial and temporal interpolations are implemented for the 

distribution functions in the coarse grid. Then, before the streaming operation, the distribution function 

for each grid is transformed to that for the neighboring grid using a rescaling scheme. 

The rescaling scheme is derived to ensure the continuity of the density, the momentum and their 

derivatives at the interface between different resolution grids as follows [23, 24]: 

𝑓𝑖
ℱ = 𝑓𝑖

eq,𝒞
−
1

𝛺
(𝑓𝑖

𝒞 − 𝑓𝑖
eq,𝒞

) (5) 

𝑓𝑖
𝒞 = 𝑓𝑖

eq,ℱ
−𝛺(𝑓𝑖

ℱ − 𝑓𝑖
eq,ℱ

). (6) 

The superscripts ℱ and 𝒞 mark functions and parameters in the fine and coarse grids, respectively. 

𝑓 is the distribution function after the collision operation. The parameter 𝛺 is defined as follows: 
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𝛺 = 𝑛
𝜏𝒞 − 1

𝜏ℱ − 1
 , (7) 

where n is the ratio of coarse to fine grid spacing, and it is fixed to two in the present grid hierarchy. 

In the present study, the computations were parallelized based on the domain decomposition, by 

which neighboring cubes were allocated to the same core. 

 

2.3. Filtering operation 

Our application of the LBM with the BGK model suffers from numerical instabilities caused by 

the low grid resolution in some of the hierarchically defined cubes, since the relaxation time is a small 

value in these regions. To suppress the numerical instabilities arising in coarse grids, a filtering 

operation was incorporated into the LBM scheme. The filtering operation was implemented for the 

distribution function using the following implicit scheme [25]. 

𝑎𝑓𝑓𝑖̃(𝑡, 𝐱 − 𝐜𝒊Δ𝑡) + 𝑓𝑖̃(𝑡, 𝐱) + 𝑎𝑓𝑓𝑖̃(𝑡, 𝐱 + 𝐜𝒊Δ𝑡)

= ∑
𝑎𝑛
2
{𝑓𝑖(𝑡, 𝐱 − 𝑛𝐜𝒊Δ𝑡) + 𝑓𝑖(𝑡, 𝐱 + 𝑛𝐜𝒊Δ𝑡)}

𝑁

𝑛=0

, 
(8) 

where the fourth-order formula (N = 2) was adopted, and the free parameter 𝑎𝑓 was set to 0.45. 

The cubes that contain wall boundaries are sufficiently refined to maintain the numerical stability 

in the original operations, and this filtering operation was not applied to such cubes. 

 

2.4. Wall boundary condition 

To accurately represent arbitrary geometries with a Cartesian grid, the interpolated bounce-back 

scheme [26] was used for the wall boundary condition. Figure 2 illustrates this scheme for a direction 

𝑖 of discrete velocities. The black dots indicate computational nodes, where 𝐱1 is the closest node to 

the wall in the fluid, 𝐱2 is the node adjacent to 𝐱1 toward the fluid, and 𝐱𝑠 is the neighbor on the 

solid side. The white dot indicates a fictitious node, which is located so that a particle starting from 

the fictitious node just reaches 𝐱1 in one time step. The distribution function at the fictitious node is 

estimated and given to 𝐱𝑠  as a boundary condition as follows: 

𝑓𝑖̅(𝑡, 𝐱𝑠) =

{
 

 
2𝑞𝑖
Δ𝑥

𝑓𝑖(𝑡, 𝐱1) +
(Δ𝑥 − 2𝑞𝑖)

Δ𝑥
𝑓𝑖(𝑡, 𝐱2)     (𝑞𝑖 < Δ𝑥 2⁄ )

Δ𝑥

2𝑞𝑖
𝑓𝑖(𝑡, 𝐱1) +

(2𝑞𝑖 − Δ𝑥)

2𝑞𝑖
𝑓𝑖̅(𝑡, 𝐱1)     (𝑞𝑖 ≥ Δ𝑥 2⁄ )

, (9) 

where 𝑖 ̅ denotes the opposite direction to 𝑖. The scheme is applied to all the directions of discrete 

velocities for the particle model used, and thereby it can accurately represent the boundary of arbitrary 

geometries in both two and three dimensional simulations. 
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Fig. 1. Computational procedure at the interface between two differently sized cubes. 

 

  

(a) (b) 

Fig. 2. Illustration of the interpolated bounce-back scheme. (a) 𝑞𝑖 < Δ𝑥 2⁄ ; (b) 𝑞𝑖 ≥ Δ𝑥 2⁄ . 

 

2.5. Outer boundary condition and absorbing region 

At the outer boundaries of the computational domain, free-stream conditions were employed with 

the local equilibrium functions calculated from the free-stream density and velocity. The function is 

indicated by 𝑓𝑖
∞. 

Moreover, to prevent sound waves from reflecting off the outer boundaries, sound waves were 

absorbed in a specified region by adding the following damping term to Eq. (1) [27]: 

𝑓𝑖(𝑡 + ∆𝑡, 𝐱 + ∆𝑡𝐜𝑖) = 𝑓𝑖(𝑡, 𝐱) −
1

𝜏
[𝑓𝑖(𝑡, 𝐱) − 𝑓𝑖

eq(𝑡, 𝐱)] − 𝛼 (
𝑥𝑑
𝐿𝑑
)
2

[𝑓𝑖
eq(𝑡, 𝐱) − 𝑓𝑖

∞(𝑡, 𝐱)], (10) 

where 𝐿𝑑 indicates the width of the absorbing region in the radial direction, and 𝑥𝑑 indicates the 

distance from the inner boundary of the absorbing region. The parameter α was set to α = 0.05. 

 

3. Benchmark problems 

This section tests the present method with basic aeroacoustic problems before applying it to the 

prediction of the broadband sound. In the problems, the present method are compared with the 

conventional finite difference method (FDM) for the compressible N-S equations in terms of the 

computational accuracy and speed, and the availability of the present method for direct aeroacoustic 

simulations of low-Mach-number flows are discussed. 

 

Fine grid

Coarse grid

Rescaling StreamingInterpolationCollision

Wall Wall
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3.1. Propagation of Gaussian pulse 

This subsection compares the LBM with the finite differencing schemes for solving the 

compressible N-S equations in terms of the computational accuracy and speed for a two dimensional 

pulse-propagation problem. 

The athermal LBM with the D2Q9 velocity model and three finite differencing schemes for the 

compressible N-S equations are considered. One is the second-order central spatial differencing 

scheme with the two-stage Runge-Kutta method for time integration (E2RK2), and the second is the 

explicit fourth-order central scheme with the four-stage Runge-Kutta method (E4RK4). The third 

scheme is the sixth-order compact scheme [28] in combination with the four-stage Runge-Kutta 

method (C6RK4). 

Benchmark computations were performed for a Gaussian pulse propagating in a uniform flow. The 

computational domain extending −10 m ≤ 𝑥 ≤ 10 m,−10 m ≤ 𝑦 ≤ 10 m  was discretized in the 

three type of grids. Grid I and Grid II are uniform with resolutions ∆𝑥 = 0.1 m and ∆𝑥 = 0.05 m, 

respectively. Grid III consists of two resolutions, which are ∆𝑥 = 0.05 m  in −5 m ≤ 𝑥 ≤

5 m,−5 m ≤ 𝑦 ≤ 5 m and ∆𝑥 = 0.1 m in the other region. The uniform flow at a Mach number of 

0.1 was set along the x axis. The initial density and velocity was given as follows: 

𝜌(𝑥, 𝑦, 0) = 𝜌∞ + 𝜀 exp[−(ln2) (𝑥2 + 𝑦2) 𝑏⁄ ], u = 𝑢∞, v = 0, (11) 

where 𝜀 = 1.0 × 10−5 and 𝑏 = 0.1. The initial temperature was uniform at 293 K. The analytical 

solution of the linearized Euler equations for this initial value problem is [29]: 

𝜌′(𝑥, 𝑦, 𝑡) =
𝜀

2𝛼
∫ exp [−𝜉2 4𝛼⁄ ]cos (𝜉𝑡)𝐽0(𝜉𝜂)𝜉d𝜉

∞

0

, (12) 

where 𝛼 = ln2 𝑏⁄ , η = √(𝑥 − Ma𝑡)2 + 𝑦2, and 𝐽0 is the Bessel function of the first kind and order 

zero. The CFL number was enforced to 1 in the LBM as mentioned above, and that was specified to 

0.6 in the FDMs. The computations were completed before the pulse reached the outer boundary of 

the domain. 

Figure 3 exhibits the instantaneous distributions of the pressure fluctuation on the x axis at t = 

0.0176 s for the computational results and the analytical solution. Figure 3 (a) compares the results 

among different schemes, where Grid I (∆𝑥 = 0.1 m) was used. The curves between the lower and 

upper peaks are resolved with approximately 7 nodes in Grid I. Obvious differences among the 

schemes appear in Fig. 3 (a). Although both of the LBM and the E2RK2 have second-order accuracy 

in theory [20, 30], Fig. 3 (a) shows that the LBM is less dispersive than the E2RK2. This result is 

consistent with that of Marie et al. [9]. Moreover, Fig. 3 (a) shows that the LBM is comparable to the 

E4RK4 and inferior to the C6RK4 in accuracy. The C6RK4 result agreed well with the analytical 

solution. Figure 3 (b) compares the LBM results among different grids. The LBM result using Grid II 

(∆𝑥 = 0.05 m) almost agreed with the analytical solution. The LBM therefore can provide solutions 

comparable to the C6RK4 by using a double resolution grid. In Grid III with multi-resolution, there is 
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a discontinuity of resolution at 𝑥 = 5 m, but significant influences are not observed in the result of 

Fig. 3 (b). These results indicate that the error caused by the resolution discontinuity is relatively small. 

Figure 4 shows the amplitude A and phase 𝜑 of the pressure fluctuation at 𝑥 = 5 m, y= 0 m in 

the frequency domain by the ratio to the analytical solution. Obviously, the LBM shows a smaller 

dispersion error than the E2RK2 and the comparable accuracy to the E4RK4. 

Table 1 shows the computational times per one grid point per one time step measured for the 

schemes by the ratio to the LBM. These computations were performed without parallel processing. 

The LBM is 12.3 times faster than the E4RK4, which gave a comparable solution with that of the 

LBM in this benchmark test, and the LBM is 16.3 times faster than the C6RK4. Although the LBM is 

inferior to the C6RK4 in accuracy, this inaccuracy can be compensated for by increasing the grid 

resolution. 

The computational cost per one grid point per one time step for the LBM simulations is 

proportional to the number of the discrete velocities, and the D3Q15 requires 15/9 times more 

computational time than the D2Q9. The computational cost for the three-dimensional compressible N-

S simulation using a FDM scheme is estimated to be 15/8 times higher than that for the two-

dimensional simulation with the same scheme by comparing the number of equations and the number 

of special differential terms. These estimated values are comparable, so it seems feasible to apply the 

above discussion on the two-dimensional simulations to the three-dimensional simulations. 

These findings suggest that the LBM is an efficient computational method for aeroacoustic 

simulations. Also note that the LBM refers only to adjacent nodes, thus the LBM could compute much 

more efficiently than the high-order differencing schemes in parallel computations based on domain-

decomposition techniques. 

 

  

(a) (b) 

Fig. 3. Instantaneous distributions of the pressure fluctuation on the x axis at t = 0.0176 s. (a) Different 

schemes, with Grid I; (b) different grids, using the LBM. 
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(a) (b) 

Fig. 4. Amplitude and phase of the pressure fluctuation at 𝑥 = 5 m, y= 0 m in the frequency domain. 

(a) Amplitude; (b) phase. 

 

Table 1 Computational times measured for the schemes indicated by the ratio to the LBM. 

Scheme LBM E2RK2 E4RK4 C6RK4 

Computational time 1.0 6.0 12.3 16.3 
 

 

3.2. Aeolian tone of a circular cylinder 

Next, the Aeolian tone generated by the flow past a circular cylinder was computed in two 

dimensions. In this subsection, the computed flow and acoustic fields are compared between the 

present method and the high-order FDM for the compressible N-S equations on a body-fitted structure 

grid reported by Inoue and Hatakeyama [31]. 

The Reynolds number based on the cylinder diameter D was set to 150. The cylinder diameter D 

is 3.3 × 10−5 m. At this Reynolds number, the Karman vortex street is formed in the wake behind the 

circular cylinder, and the wake is laminar [32]. The free-stream Mach number was set to 0.2. This 

Mach number is a bit high for the LBM, but the simulation was successfully conducted without any 

special treatment. The computational domain is a square which extends over the area of −1024𝐷 ≤

𝑥 ≤ 1024𝐷,−1024𝐷 ≤ 𝑦 ≤ 1024𝐷, where x and y denote the coordinates parallel and normal to the 

free stream, respectively. The center of the circular cylinder coincides with the origin. 

Figure 5 shows the computational domain, which is divided into 628 sub-domains by the BCM. 

Each sub-domain includes 1292 grid points, and the total number of grid points is 10.5 million. The 

smallest grid spacing around the cylinder surface is 0.000977D, and the largest grid spacing around 

the outer boundaries is 2D. This grid resolves the wavelength of the tonal sound with at least 14 grid 

points. As shown in Fig. 5, the absorbing region is defined as 𝑟 > 768D , where 𝑟  is the radial 

coordinate (𝑟 =  𝑥2 + 𝑦2). The width of the absorbing region 𝐿𝑑 is 256D, which is sufficiently large 

to include nine wavelengths or more in the radial direction. 

First, the validation results for the flow fields will be discussed. Figure 6 plots the time-averaged 

and instantaneous pressure distributions on the cylinder surface, where the azimuth angle 𝜃 is defined 
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so that 𝜃 = 180°  coincides with the streamwise direction. The plots show smooth pressure 

distributions, and the time-averaged pressure agrees well with the result obtained from the FDM 

simulation with a body-fitted grid [31]. These results show the validity of the present treatment for 

wall boundaries using the interpolated bounce-back scheme. Figure 7 shows the time variations of the 

drag and lift coefficients. Time t is normalized with the cylinder diameter and the free-stream velocity, 

where normalized time 𝑡 = −10  and 𝑡 = 10  corresponds to 4024000 and 4202000 time steps, 

respectively. The drag and lift coefficients were calculated by approximating the cylinder surface using 

the nearest nodes in the Cartesian grid. This approximation may account for the underestimation of 

the drag coefficient that can be seen in Fig. 7. The amplitudes and periods of the drag and lift 

fluctuations, which are induced by Karman vortices, are consistent in the LBM and FDM results. The 

Strouhal number for the lift fluctuation is 0.183, which is equal to that reported by Inoue and 

Hatakeyama [31]. These results show that the present method accurately captures the fluctuations of 

the fluid force that contribute to the tonal sound as a dipole sound source. 

Next, the validation results for acoustic fields are discussed. Figure 8 shows instantaneous contours 

of pressure fluctuations. In Fig. 8, (a) and (b) display the near and far fields, respectively, and the black 

lines indicate the boundaries of the computational blocks. Figure 8 shows that the strongest sounds are 

radiated from the cylinder in the direction nearly normal to the streamwise direction, due to the large 

fluctuation of the lift. In Fig. 8, the contour lines are smoothly drawn across the blocks with different 

resolutions, and non-physically generated or distorted sounds are not observed at the block interfaces. 

These results indicate that the multi-scale approach is applicable to direct aeroacoustic simulations. 

Furthermore, Fig. 9 shows the RMS of the pressure fluctuation along the radial direction (𝜃 = 90°). 

Figure 9 compares the LBM results with and without the absorbing region. The LBM results is 

consistent with the decay law of 𝑟−1 2⁄  at positions sufficiently far away from the cylinder. In the 

result without the absorbing region, standing waves are observed near the outer boundary. On the other 

hand, in the result with the absorbing region, the pressure fluctuation is sufficiently damped near the 

outer boundary. Figure 10 shows instantaneous distributions of pressure fluctuations along the radial 

direction (𝜃 = 90°) at three time instants (t = 3.3, 4.3, and 5.3). Consistently, the results of the LBM 

are in excellent agreement with those of the FDM. This means that the sound simulated with the 

athermal LBM propagates at the same speed as the compressible N-S simulation, although the energy 

conservation law is not explicitly imposed on the athermal LBM. Figure 11 shows power spectral 

densities of pressure fluctuations at three positions. Frequency 𝑓  is normalized with the tone 

frequency 𝑓 one. In the spectrum at the position of 𝑟 = 𝐷, peaks are identified only at the tone and its 

second and third harmonic frequencies, and no spurious sound is generated near the cylinder. On the 

other hand, spurious sounds are observed in the high-frequency range at the positions of 𝑟 = 10𝐷 

and 𝑟 = 100𝐷, but these sounds are much smaller than the tone. 

The present simulation agreed well with the high-order finite difference scheme for the 
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compressible Navier-Stokes equations in terms of the wave profile and the propagation speed of the 

tonal sound. Although this test is for a low-Reynolds-number flow with a simple geometry, these 

results show that the athermal model and the multi-scale approach can be used for direct aeroacoustic 

simulations of low-Mach-number flows. 

 

 

Fig. 5. Computational domain for the circular cylinder’s Aeolian tone. 

 

  

Fig. 6. Time-averaged and instantaneous pressure 

coefficient distributions on the cylinder surface. 

Fig. 7. Time variations of drag and lift coefficients. 
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(a) (b) 

Fig. 8. Instantaneous distributions of pressure fluctuation. (a) −32𝐷 ≤ 𝑥 ≤ 32𝐷,−32𝐷 ≤ 𝑦 ≤ 32𝐷; 

(b) −128𝐷 ≤ 𝑥 ≤ 128𝐷,−128𝐷 ≤ 𝑦 ≤ 128𝐷. 

 

 

Fig. 9. RMS of pressure fluctuation along the radial direction (𝜃 = 90°). 

 

  

Fig. 10. Instantaneous distributions of pressure 

fluctuation along the radial direction (𝜃 = 90° ) at 

three time instants. 

Fig. 11.  Power spectral densities of pressure 

fluctuation at three positions. 
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4. Broadband sound of an isolated airfoil 

4.1. Computational setup 

This section discusses the simulation results on the broadband sound generated from the turbulent 

flow around an isolated airfoil. The computational results will be compared in detail with experimental 

results reported by Kato et al. [5] and Miyazawa et al. [33]. 

In the simulations, a NACA0012 airfoil was placed in a uniform flow. The airfoil chord length C 

is 0.15 m, and the free-stream Mach number is 0.058, and the angle of attack is 9.5°. The flow Reynolds 

number based on the chord length is 2.0 × 105. Under these conditions, the flow around the airfoil is 

turbulent downstream of a leading-edge separation, and the flow-induced sound shows a broadband 

spectrum. 

The computational domain extended over the area of −12𝐶 ≤ 𝑥 ≤ 12𝐶, −12𝐶 ≤ 𝑦 ≤ 12𝐶, 0 ≤

𝑧 ≤ 0.125𝐶, where x, y, and z, respectively, denote the coordinates in the chordwise direction, the 

normal direction to the chord, and the spanwise direction. This domain size is sufficiently large for the 

sound prediction as shown in Appendix A. The leading edge of the airfoil was placed at the position 

of x = 0, y = 0. The span length of the airfoil is 0.125C, which is sufficiently large to contain several 

streak structures in the turbulent boundary layer on the airfoil. In the spanwise direction, the periodic 

boundary condition was employed. To prevent sound waves from reflecting on the outer boundaries 

of the domain, an absorbing region was set at 𝑟 > 8𝐶, where 𝑟 is the radial coordinate (𝑟 = 𝑥2 +

𝑦2). The width of the absorbing region 𝐿𝑑 is 4C. 

The computational domain is divided into approximately 240,000 cubic blocks, and each block 

has 173 nodes, for a total of about 1.2 billion grid points. The maximum grid spacing around the 

outer boundaries is 0.0078C. This grid can resolve a sound wave of frequency 15kHz with at least 20 

grid points. Figure 12 shows the distribution of blocks around the airfoil. The grid was designed to 

resolve the turbulent boundary layer on the airfoil directly. The minimum grid spacing around the 

airfoil is 2.4 × 10−4C, which is 2.3 in terms of wall units. In addition to this fine grid, a coarse grid, 

which is a half resolution of the fine grid in all directions, was used to investigate the sensitivity of the 

numerical method to grid resolution. The total number of grid points in the coarse grid is about 0.3 

billion. Table 1 lists the grid information used for the wall resolved simulations of an isolated 

NACA0012 airfoil in the literature [5, 34-37] and in the present study. The grid resolutions in the 

streamwise and spanwise directions of the fine grid used for the present study are the finest of those 

listed in Table 1. On the other hand, the wall-normal grid spacing of the fine grid used for the present 

study is comparable to that used by Kato et al. and Marsden et al. [5, 34], and is relatively coarser than 

the others. This is one of the first attempts of applying a wall-resolved simulation using the LBM with 

a Cartesian grid to the turbulent flow around an airfoil. 

In the case of the fine grid, the value of the relaxation time ranges from 0.50006 to 0.50210. 

Generally, the standard BGK model cannot perform stable computations under such small values of 
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the relaxation time. In the present study, the filtering operation enabled such computations by 

suppressing the numerical instabilities. 

The outer boundary condition was given by 𝑓𝑖
∞ , which is the local equilibrium functions 

calculated from the free-stream density and velocity. Also, 𝑓𝑖
∞ was used for the initial condition. 

The computation using the fine grid was performed with 3200 cores of Fujitsu PRIMERGY CX400 

and was completed in 8.0 × 106 time steps, which were needed to fully develop the flow and acquire 

the statistical data for post-processing. The total computational time was approximately 770 hours. 

 

 

Fig. 12. Computational domain divided into cubic blocks around the NACA0012 airfoil. 

 

Table 2. Grid information for wall-resolved simulations of turbulent flows around a NACA0012 airfoil. 

Author Year Method Grid type Re ∆𝒙+ ∆𝒚+ ∆𝒛+ 

Kato et al. [5] 2007 FEM Body-fitted 2.0 × 105 50 2 50 

Marsden et al. [34] 2008 FDM Body-fitted 5.0 × 105 20 2.5 20 

Shan et al. [35] 2008 FDM Body-fitted 1.0 × 105 18 0.75 6 

Wolf et al. [36] 2012 FDM Body-fitted 4.08 × 105 50 0.5 20 

Zhang and Samtaney [37] 2016 FDM Body-fitted 5.0 × 104 5.6 0.9 10.8 

Present (fine) - LBM Cartesian 2.0 × 105 2.3 2.3 2.3 

Present (coarse) - LBM Cartesian 2.0 × 105 4.6 4.6 4.6 
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4.2. Results and discussion 

First, flow features around the airfoil will be discussed using the computational results with the 

fine grid. Figure 13 exhibits an instantaneous distribution of vorticity magnitude around the airfoil. 

This figure shows that the separated shear layer that appears over the suction surface near the leading 

edge transitions to the turbulent flow and subsequently reattaches to the airfoil surface. Downstream 

of the reattachment point, small eddies are resolved in the turbulent boundary layer. 

Figure 14 displays time-averaged streamlines and a streamwise velocity contour around the suction 

surface near the leading edge. This time-averaged flow is consistent with the flow structure of the short 

separation bubble as reported by Horton [38, 39]. The reattachment point is identified to be 𝑥/𝐶 =

0.105, where the skin-friction coefficient is zero. In Fig. 14, white lines mark the computational blocks, 

and these confirm that the whole region of the separation bubble is computed with the finest grid 

resolution. 

Figure 15 visualizes instantaneous flow fields in the boundary layer on the suction surface. Figure 

15 (a) shows a pressure fluctuation contour on the suction surface, which is involved with generating 

the dipole sound. In Fig. 15 (a), the negative pressure fluctuation regions observed at 0.05 < x/𝐶 <

0.10  correspond to the spanwise vortices generated in the separated shear layer. These two-

dimensional vortices break down into multiple flow structures aligned in the spanwise direction and 

lead to large pressure fluctuations around the reattachment point (𝑥/𝐶 = 0.105). Downstream of the 

reattachment point, a random distribution of the pressure fluctuation involved with turbulent flow is 

observed. Figure 15 (b) shows the contour of the streamwise velocity fluctuation near the suction 

surface (𝑦+ ≈ 5). This figure shows several streaky flow structures, which represent the presence of 

longitudinal vortex, appearing at the downstream of the reattachment point (𝑥/𝐶 > 0.105 ), and 

suggests that the present simulation with the fine mesh successfully captures the longitudinal vortices 

that appear in the turbulent boundary layer. 

Next, the computed flow fields around the airfoil will be compared with experimental results. 

Figure 16 plots the time-averaged pressure coefficients along the airfoil surfaces. The pressure on the 

suction surface computed using the fine grid shows a plateau in the separation region (0 < x/𝐶 <

0.10) and a rapid decrease at the reattachment point (x/𝐶 = 0.10). The computed reattachment point 

is shifted slightly downstream compared to the experimental one, and this shift may be caused by the 

shortage of grid resolution in the simulation or the presence of the free-stream turbulence in the 

experiment. Except for this difference, the simulation results for the fine grid are in good agreement 

with the experimental results [33]. In contrast, the coarse grid fails to capture these features. 

Subsequently, Fig. 17 shows profiles of the time-averaged velocity and RMS velocity fluctuation 

in the wake obtained from the simulation using the fine grid and the measurement [33]. The traverse 

line of the velocity measurement passes through x/𝐶 = 1.1, y/𝐶 = 0.0 and inclines by 14 degrees to 

the y axis as shown in Fig. 12. In the time-averaged profiles, the simulation is in excellent agreement 
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with the experimental result. As for the RMS profiles, the simulation and measurement results show 

the blunt and sharp peaks on the suction side and the pressure side, respectively. The quantitative 

differences in these peaks can be attributed to the rapid decrease in the grid resolution near the traverse 

line as shown in Fig. 12. 

Figure 18 shows the power spectrum densities (PSDs) of the pressure coefficient at x/𝐶 =

0.075, 0.10, 0.25, and 0.90 on the suction surface obtained from the simulation using the fine grid and 

the measurement [33]. For the simulation results, the PSDs are averaged in the spanwise direction. It 

is reported that the peaks at 60 < St < 100 in the experimental results are attributed to the Helmholtz 

resonance of static pressure holes [33]. In Fig. 18 (a), the underestimation in the simulation at x/𝐶 =

0.075 is caused by the delay of the reattachment point in the simulation, and the simulation result at 

the position of x/𝐶 = 0.10 , which is the reattachment point in the simulation, is closer to the 

experimental result at x/𝐶 = 0.075 . At x/𝐶 = 0.25  and 0.90, the simulation results are in good 

agreement with the experimental results. These validation results suggest that the sources of the 

broadband sound are reproduced with the wall-resolved simulation using the LBM. 

Finally, the computed results of acoustic fields will be discussed. Figure 19 shows an instantaneous 

distribution of the pressure fluctuation in a x-y plane obtained from the simulation using the fine grid. 

In Fig. 19, sound waves around the airfoil are shown as multiple concentric patterns with unequal 

spacing. This distribution indicates that the sound waves are radiating at multiple frequencies, and it 

is presumed that these sound waves are generated from the turbulent flow over the airfoil. Moreover, 

this figure shows that several wavelengths are comparably to the chord length of the airfoil. To 

accurately predict these high-frequency sounds, it is important to simulate the acoustic scattering on 

the airfoil as pointed out by Kato et al. [5]. This requirement can be achieved by the present method 

instead of the conventional incompressible N-S simulation for solving low-Mach-number flows. 

Figure 20 shows the frequency spectra of the far-field sound observed at a position of 6.7C away 

from the airfoil in the vertical direction. For the calculation of the sound spectra, the pressure history 

were collected over 1.1 × 106 time steps, which corresponds to 0.66 s in physical time. To obtain a 

smooth distribution, spectra calculated for 40 subsets of the data were averaged, where the frequency 

resolution is 61 Hz. The computed sound pressure levels (SPLs) were corrected with respect to span 

length using the method shown in Appendix B. The simulation using the coarse grid, which failed to 

capture the separated and transitional flow around the airfoil, underestimated the SPL in the high-

frequency range from 600 to 1100 Hz. On the other hand, the simulation result for the fine grid, which 

successfully captured the flow around the airfoil, are in good agreement with the experimental result 

[5] in the high-frequency range (f > 700 Hz). Large discrepancies appear in the low-frequency range 

between the simulation result for the fine grid and the experimental result. It is assumed that these 

discrepancies result from the facts that the present study did not model experimental circumstances 

aside from the airfoil itself. Generally, long wavelength sounds interact strongly with wind-tunnel 
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components such as the nozzle and end plates. 

The proposed method based on the LBM with the wall-resolved grid captured the turbulent flow 

generated by a short separation bubble over the airfoil. Furthermore, the method simulated the acoustic 

scattering of high-frequency sounds generated from the turbulent flow on the airfoil. Consequently, 

the method predicted the broadband sound spectrum including high-frequency components fairly well. 

 

 

Fig. 13. Instantaneous distribution of vorticity magnitude around the airfoil. 

 

 

Fig. 14. Time-averaged streamlines and streamwise velocity contour on the suction surface near the leading 

edge. 

 

  

(a) (b) 

Fig. 15. Visualization of instantaneous flow structures in the boundary layer on the suction surface. 

(a) Pressure fluctuation; (b) streamwise velocity fluctuation. 
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Fig. 16. Time-averaged pressure coefficients around 

the airfoil. 

Fig. 17. Time-averaged velocity and RMS velocity 

profiles in the wake. 

 

   

(a) (b) (c) 

Fig. 18. Power spectrum densities of the pressure coefficients on the suction surface. 

(a) 𝑥/𝐶 = 0.075 and 0.10; (b) 𝑥/𝐶 = 0.25; (c) 𝑥/𝐶 = 0.90. 

 

 
 

Fig. 19. Instantaneous distribution of pressure 

fluctuation. 

Fig. 20. Frequency spectra of far-field sound. 
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5. Conclusions 

The numerical method based on the LBM with wall-resolved grid was proposed to predict the 

broadband sound generated from attached turbulent flows at low Mach numbers. In the method, the 

athermal models of D2Q9 and D3Q15 were adopted to simulate weakly compressible flows at low 

Mach numbers with minimal computational cost. Furthermore, a multi-scale approach using 

hierarchically refined grids was proposed to efficiently and simultaneously capture the multi-scale 

phenomena of turbulent eddies near walls and far-field sound waves. Numerical instabilities caused 

by the lack of grid resolution were suppressed with a fourth-order implicit filtering scheme. The 

proposed method was tested with two benchmark problems and applied to the prediction of the 

broadband sound generated from an attached turbulent flow around an isolated airfoil. 

First, the computational accuracy and speed of the LBM were assessed with a pulse-propagating 

problem. The LBM can achieve accuracy comparable to the fourth-order central scheme with the four-

stage Runge-Kutta method for the compressible Navier-Stokes (N-S) equations and compute 12.3 

times faster than the N-S simulation. These findings suggest that the LBM is an efficient computational 

method for aeroacoustic simulations. 

Second, the proposed method was validated by simulating the Aeolian tone generated by the flow 

past a circular cylinder at Reynolds number of 150 and Mach number 0.2. The present simulation was 

in good agreement with the high-order finite difference scheme for the compressible N-S equations in 

terms of the wave profile and the propagation speed of the tonal sound. This validation results suggest 

that the present method based on athermal modeling is available for direct aeroacoustic simulations of 

low-Mach-number flows. 

Finally, the capability of the present method to predict the broadband sound was demonstrated by 

conducting a wall-resolved simulation for the turbulent flow generated by a short separation bubble 

over an isolated airfoil at Reynolds number of 2.0 × 105 and Mach number 0.058. This simulation 

was in good agreement with measurements of the surface pressure distributions, the wake velocity 

profiles, and the far-field sound spectrum. In contrast to the conventional hybrid approaches based on 

the incompressible N-S equations, the present method can simulate the acoustic scattering of high-

frequency sounds generated from the turbulent flow on the airfoil. Consequently, the method 

successfully predicted the broadband sound spectrum in high-frequency range. 
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Appendix A: Computational domain size 

This appendix shows the influence of the computational domain size on the sound prediction for 

an isolated airfoil presented in the section 4. Two different sized computational domains, Domain 1 

and Domain 2, shown in Fig. A.1 were investigated. The size of Domain 1 is 24𝐶 × 24𝐶 × 0.125𝐶, 

which was used in the section 4. The size of Domain 2 is 48𝐶 × 48𝐶 × 0.125𝐶, which is two times 

larger than Domain 1 in x and y directions. The absorbing region was set at 𝑟 > 8𝐶 and 𝑟 > 16𝐶 

for Domain 1 and Domain 2, respectively. The width of the absorbing region 𝐿𝑑 is 4C in the both 

domains. 

Figure A.2 shows the frequency spectra of the far-field sound observed at a position of 6.7C away 

from the airfoil in the vertical direction. Although the spectrum of Domain 2 is not smooth as that of 

Domain 1 due to short computational duration, these results are almost the same level. These results 

indicate that Domain 1 is sufficiently large for the sound prediction. Furthermore, these results suggest 

that the absorbing region was able to prevented sound reflections; otherwise the spectra of the both 

results would indicate different levels due to differences in the distance decay. 

 

 

 

(a) (b) 

Fig. A.1. Computational domains. (a) Domain 1; (b) Domain 2. 

 

 

Fig. A.2. Frequency spectra of far-field sound. 
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Appendix B: SPL correction with respect to span length 

In Section 4, the periodic boundary condition was employed in the spanwise direction, and as a 

result, the sound radiated from the airfoil with the infinite span length was simulated. The computed 

SPL is required to be corrected based on the airfoil span length in accordance with the measurement 

condition. This correction was performed in two steps. First, the SPL in the computational span length 

was estimated from the SPL computed in the infinite span length using the method shown in the 

following. Second, the SPL in the computational span length was corrected to the SPL in the 

experimental span length using the method proposed by Kato et al. [40, 41]. 

The first SPL correction from the infinite span length to the computational domain length is derived 

as follows. The sound source is simplified as a point row uniformly distributed on the z-axis with I 

acoustic energy per unit length as shown in Fig. B.1. Considering the distance decay, the acoustic 

energy 𝐼∞ radiated from the infinite row of point sound sources to an observer at z = 0, y = R is 

expressed as follows: 

𝐼∞ =
1

4𝜋
lim
𝐿→∞

∫
𝐼

𝑅2 + 𝑧2
d𝑧

𝐿

−𝐿

=
𝐼

4𝜋
 (B.1) 

In addition, the acoustic energy 𝐼𝑐  radiated from the computational span length 𝐿𝑐 , which is assumed 

to be sufficiently small compared with the distance 𝑅 (𝐿𝑐 ≪ 𝑅), to the observer is calculated as 

𝐼𝑐 =
𝐿𝑐𝐼

4𝜋𝑅2
 (B.2) 

By multiplying the ratio of 𝐼𝑐 𝐼∞⁄  with the directly computed acoustic energy, the SPL correction 

formula is 

SPL𝑐 = SPL∞ + 10 log10 (
𝐿𝑐
𝜋𝑅

) (B.3) 

where SPL∞ indicates the SPL computed under the condition of the infinite span length, and SPL𝑐 

indicates the SPL corrected to the computational span length.  

In the second step, the SPL in the experimental span length is calculated from the smaller 

computational span length using a method based on the spanwise coherence length. Refer to the 

literature for details [40, 41]. 

 

 

Fig. B.1. The calculation model of the sound radiated from an infinite row of point sound sources. 

Observer
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