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Universality Class around the SU(3) Symmetric Point of the Dimer-Trimer Spin-1
Chain

Tohru Mashiko*, Shunji Moriya†, and Kiyohide Nomura‡

Department of Physics, Kyushu University, Fukuoka 819-0395, Japan

We study critical phenomena of the SU(3) symmetric spin-1 chains when adding the SU(3) asymmetric term. To
investigate such phenomena, we numerically diagonalize the dimer-trimer (DT) model Hamiltonian around the SU(3)
symmetric point, named the pure trimer (PT) point. We analyze our numerical results on the basis of the conformal field
theory (CFT). First of all, we discover soft modes at the wave number q = 0 and q = ±2π/3 for the PT point, and then the
system is critical. Secondly, we find that the system at the PT point can be described by the CFT with the central charge
c = 2 and the scaling dimension x = 2/3. Finally, by investigating the eigenvalues of the Hamiltonian in the vicinity
of the PT point, we find that there is a phase transition at the PT point from a massive phase to a massless phase. From
these numerical results, the phase transition at the PT point belongs to the Berezinskii-Kosterlitz-Thouless (BKT)-like
universality class that is explained by the level-1 SU(3) Wess-Zumino-Witten (SU(3)1 WZW) model.

1. Introduction
Recently, there have been major achievements in the de-

velopment of experiments and quantum simulations of ultra-
cold alkaline earth metallic atoms in an optical lattice.1–3)

To illustrate these types of materials, the SU(ν) symmet-
ric Hubbard model4) (ν: integer) has especially attracted at-
tention, which is a generalization of the SU(2) Hubbard
model. In particular, we focus on the SU(3) symmetric spin-
1 chain to which the SU(3) asymmetric term is added.
The bilinear-biquadratic (BLBQ) model has the Berezinskii-
Kosterlitz-Thouless (BKT)-like transition on the SU(3) sym-
metric point.5) In contrast, concerning the dimer-trimer (DT)
model, there is a study showing that the SU(3) symmetric
point is not a phase boundary.6) Therefore, we study the DT
model around the SU(3) symmetric point in more detail.

The DT model Hamiltonian is defined as

ĤDT = −
N∑

i=1

[
cos θD̂(i) + sin θT̂ (i)

]
, (1)

with competing dimer and trimer interactions. The operators
D̂(i) and T̂ (i) are defined as follows. To begin with, we let Ŝi

denote the spin-1 operator at site i. We then introduce Ŝi j ≡
Ŝi + Ŝ j for a pair of adjacent sites ( j ≡ i + 1), and Ŝi jk ≡
Ŝi + Ŝ j + Ŝk for a set of three adjacent sites (k ≡ i + 2). Then,
we define the dimer projection operator P̂D(i) and the trimer
projection operator P̂T (i) as

P̂D(i) ≡ 1
12

(
Ŝ2

i j − 2
) (

Ŝ2
i j − 6

)
, (2)

P̂T (i) ≡ − 1
144

(
Ŝ2

i jk − 2
) (

Ŝ2
i jk − 6

) (
Ŝ2

i jk − 12
)
. (3)

Each projection operator gives an eigenvalue +1 for spin sin-
glets, and zero for all other spin multiplets. The operators used
in Eq. (1) are expressed as

D̂(i) ≡ 3P̂D(i), (4)
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T̂ (i) ≡ 6P̂T (i). (5)

The DT model was originally proposed for the sake of ex-
plaining the characteristics of a trimer liquid (TL). Oh et
al. carried out numerical calculations employing the density-
matrix renormalization group (DMRG), and they studied the
phases of the DT model according to the parameter θ. The
region π/8 < θ < π/4 is the symmetry-protected topologi-
cal (SPT) phase. The phase is translationally symmetric and
massive. The region π/4 < θ < π, the TL phase, is a massless
phase and has soft modes at the wave number q = 0, ±2π/3.
The point θ = π/2, the pure trimer (PT) point, is SU(3) sym-
metric.6) In Ref. 6, it was argued that the PT point lies in the
TL phase.

Next, we review the BLBQ model around the SU(3) sym-
metric point to confirm differences and similarities between
the two models. The Hamiltonian of the BLBQ model is de-
fined as

ĤBLBQ =

N∑
i=1

[
cos θ

(
Ŝi · Ŝi+1

)
+ sin θ

(
Ŝi · Ŝi+1

)2
]
. (6)

The region −π/4 < θ < π/4 is the Haldane phase.7) This phase
is translationally invariant and massive.8, 9) The region π/4 <
θ < π/2 is the massless trimerized (spin quadrupolar) phase,
which was investigated in several numerical works.10–12) The
massless trimerized phase has soft modes at q = 0, ±2π/3.10)

The point θ = π/4, which is SU(3) symmetric, is known
as the Uimin-Lai-Sutherland (ULS) point,13–16) which is ex-
actly solvable with the Bethe ansatz. The system at the ULS
point is critical, whose universality class is the same as that
of the level-1 SU(3) Wess-Zumino-Witten (SU(3)1 WZW)
model.17–19) Around the ULS point, numerical studies were
carried out10, 12) to calculate the central charge c and the scal-
ing dimension x, which determine the universality class of
the system. Itoi and Kato analyzed5) systems around the ULS
point with the renormalization group (RG) by mapping the
ULS model to the general SU(3)1 WZW model. They found5)

that the phase transition at the ULS point belongs to the BKT-
like universality class, which we mention in the next para-
graph.
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In a system that belongs to the BKT or BKT-like universal-
ity class, the correlation length ξ behaves as5)

ξ ∼
exp

[
C(θC − θ)−σ

]
, (for θ < θC)

∞, (for θ ≥ θC)
(7)

where C is a positive constant, θC is a phase transition point,
and σ is a critical exponent. In a system with the U(1) sym-
metry, such as the 2D classical XY model, it is known that the
exponent σ = 1/2 and the central charge c = 1. This type of
phase transition is generally called the BKT transition. Also,
in the BKT transition, the spin correlation function decays
as20) 〈

Ŝ x
i Ŝ x

i+r

〉
=

〈
Ŝ y

i Ŝ y
i+r

〉
∝ r−1/4 (ln r)1/8 . (8)

Because of the logarithmic correction shown in Eq. (8), it
has been difficult to calculate critical exponents of the BKT
transition by conventional numerical methods. To deal with
this bothersome correction, one of the authors developed a
method, named level spectroscopy,21) which is designed to
cancel the logarithmic correction by appropriately combining
several physical quantities. Therefore, it produces credible re-
sults for relatively small systems.

On the other hand, if the system has symmetries higher than
U(1), it can be σ , 1/2 and c , 1. In this paper, we will call
this type of phase transition the BKT-like transition. We deal
with the SU(3) BKT-like transition around the PT point on the
basis of the theory by Itoi and Kato,5) which can be considered
as a generalization of level spectroscopy (see Appendix).

In this paper, we numerically diagonalize the Hamiltonian
of the DT model under periodic boundary conditions (PBC)
to investigate critical behaviors near the PT point. The DT
model Hamiltonian at the PT point is composed only of ex-
change operators Pi j, which is introduced in Sect. 2. Numer-
ical results at the PT point are given in Sect. 3 to specify the
universality class of the system at the PT point. Numerical re-
sults around the PT point are given in Sect. 4 to discuss the
phase transition occurring at the PT point. Conclusions and
discussions are shown in Sect. 5. In Appendix, we review the
calculations made by Itoi and Kato.5)

2. Exchange Operator
We introduce the exchange operator P̂ii′ , which swaps the

spin at site i with that at site i′, as

P̂ii′ |· · · S z
i · · · S

z
i′ · · ·⟩ = |· · · S

z
i′ · · · S

z
i · · ·⟩ , (9)

where |· · ·⟩ is a state vector of a spin system and S z
i is a spin

magnetic quantum number at site i. The dimer and trimer pro-
jection operators defined in Eqs. (2) and (3) can be rewritten6)

as

P̂D(i) =
1
3

(
P̂i j − Ŝi · Ŝ j

)
, (10)

P̂T (i) =
1
6

(
1̂ + P̂i jk + P̂−1

i jk − P̂i j − P̂ jk − P̂ki

)
, (11)

where we define j and k as j ≡ i+ 1 and k ≡ i+ 2, and 1̂ is the
identity operator. The three-site exchange operators22) used in
Eq. (11) are defined as

P̂i jk ≡ P̂ jkP̂i j = P̂ikP̂ jk = P̂i jP̂ik, (12)

P̂−1
i jk ≡ P̂i jP̂ jk = P̂ jkP̂ik = P̂ikP̂i j. (13)

At the PT point, the Hamiltonian is composed only of the
exchange operators, which leads to the conservation of the
number of spins, N1, N0, N−1 for each state S z = 1, 0, −1
respectively. Then, the 3N dimensional Hilbert space is re-
ducible to an N!

N1!N0!N−1! dimensional subspace, (N = N1+N0+

N−1).

3. The PT Point
In this section, we show the results of our numerical calcu-

lations of the DT model Hamiltonian at the PT point, utilizing
the conservation of the number of each spin, N1, N0, N−1, and
the translational symmetry. Then, we investigate several phys-
ical quantities, namely, the scaling dimension x, the central
charge c, and the coefficients d of the logarithmic correction,
to specify the universality class of the system.

First, we let T̂ be a translational operator, which shifts spins
in the system by one site. T̂ has an eigenvalue written as

T̂ |· · ·⟩ = exp (iq) |· · ·⟩ , (14)

where q is the wave number. Under PBC, T̂ N is an identity
operator. Therefore, the wave number should be q = 2πn/N
(n: integer).

The energy eigenvalue E is a function of the wave number
q and the total spin quantum number of the system S T . Thus,
we let ES T (q) denote the lowest energy at certain q and S T .
We define the difference between ES T (q) and the ground-state
energy Eg as

∆ES T (q) ≡ ES T (q) − Eg. (15)

Then, we let E(q) be the lowest energy at a certain q and de-
fine the difference between E(q) and Eg as

∆E(q) ≡ E(q) − Eg. (16)

3.1 Dispersion curves
Figure 1 shows dispersion curves ∆E(q) at the PT point

with N = 9–21 as a function of the wave number q. We find
that the ground-state energy is the lowest energy at q = 0
and S T = 0, namely, Eg = E(0) = E0(0). Moreover, soft
modes appear at q = 0, ±2π/3 for all the system sizes, as
shown in Fig. 1. These results are consistent with the theory

Fig. 1. Dispersion curves ∆E(q) at the PT point for the wave number q
with N = 9–21. The dashed line is a curve obtained using Eq. (19). (Color
online)
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of Sutherland.15) In this theory, in the case of the ULS point
of the BLBQ model, ∆E(q) is given by

∆E(q) =
4π
√

3

[
cos

(
π

3
− |q|

)
− 1

2

]
,

(
0 ≤ |q| ≤ 2π

3

)
(17)

∆E(q) = ∆E
(
|q| − 2π

3

)
,

(
2π
3
≤ |q| ≤ π

)
(18)

in the thermodynamical limit, N → ∞. Our numerical results
shown in Fig. 1 also seem to follow

∆E(q) = D
[
cos

(
π

3
− |q|

)
− 1

2

]
,

(
0 ≤ |q| ≤ 2π

3

)
(19)

and the same equation as Eq. (18), where D is a non-universal
constant. A dispersion curve gained using Eq. (19) is also
shown in Fig. 1. We also find that E(±2π/3) = E1(±2π/3) =
E2(±2π/3), that is, an eightfold degeneracy. The eightfold de-
generacy is composed of the threefold degeneracy of the spin
triplet state (S T = 1) and the fivefold degeneracy of the spin
quintuplet state (S T = 2). Considering the fact that soft modes
appear at q = 0, ±2π/3, one should carry out numerical cal-
culations only in cases where N is a multiple of 3 in later
sections as well.

In Fig. 2, we replot ∆E(±2π/3) for different system sizes.
The excitation energy ∆E(±2π/3) depends linearly on N−1.
We extrapolate ∆E(±2π/3) with the function ∆E(±2π/3) =
a0 + a1N−1, where a0 and a1 are constants. We then obtain
a0 = 0.27 ± 0.01. It seems that a small gap may exist, but this
should be massless considering the logarithmic correction, as
will be discussed in Sect. 3.2.

Additionally, we calculate the spin wave velocity, which is
utilized for later calculations of the scaling dimension and the
central charge. The spin wave velocity v0 is defined as

v0 ≡
dE(q)

dq

∣∣∣∣∣
q=0
. (20)

The spin wave velocity is a function of N, v0(N). In the nu-
merical calculations, we investigate the slope of the spectrum
shown in Fig. 1 to obtain the velocity written as

v0(N) =
E(2π/N) − E(0)

2π/N
. (21)

The values of the velocity are plotted in Fig. 3.

Fig. 2. Elementary excitation energy,∆E(±2π/3), at the PT point as a func-
tion of N−1. (Color online)

Fig. 3. Spin wave velocity with q = 0 at the PT point as a function of N−2.
(Color online)

3.2 Scaling dimension
In this subsection, we show our numerical results of the

scaling dimension. The scaling dimension is one of the critical
exponents, which specify a universality class. The elementary
excitation energy at a certain S T follows the equation5, 23, 24)

∆ES T

(
±2π

3

)
=

2πv0

N

(
xS T +

dS T

ln(N/N0)

)
, (22)

where xS T is the scaling dimension at S T , dS T is a coefficient
depending on S T , and N0 is a non-universal constant. The xS T

and dS T take the values5) shown in Table I, at the point illus-
trated by the SU(3)1 WZW model corresponding to the line
g1 < 0, g2 = 0 in Fig. A·1. Note that the logarithmic correc-
tion [ln(N/N0)]−1 in Eq. (22) converges slowly and is about
0.26 in the case of N = 21, which is not very small compared
with x = 2/3. Thus, we remove the logarithmic correction in
Eq. (22) using the values in Table I,

1
9

[
∆E0

(
±2π

3

)
+ 3∆E1

(
±2π

3

)
+ 5∆E2

(
±2π

3

)]
=

2πv0(N)
N

x(N), (23)

where we rewrite v0 to v0(N) defined in Eq. (21).
After removing the logarithmic corrections, there remain

the correction terms derived from descendant fields of the
identity operator with x = 4.23–26) Therefore, the effective
scaling dimension x(N) behaves as

x(N) = x +C1N−2 +C2N−4 + O
(
N−6

)
, (24)

where C1 and C2 are constants.
Figure 4 shows the numerical results of the effective scaling

dimension at the PT point. If we choose a function of the form
x(N) = x + C1N−2 + C2N−4, we obtain x = 0.6641 ± 0.0003

Table I. Values of xS T and dS T at the point illustrated by the SU(3)1 WZW
model17–19) corresponding to the line g1 < 0, g2 = 0 in Fig. A·1 from Ref. 5.

S T = 0 S T = 1 S T = 2
xS T 2/3 2/3 2/3
dS T 8/9 −1/9 −1/9

3



J. Phys. Soc. Jpn. FULL PAPERS

Fig. 4. Effective scaling dimension x(N) at the PT point as a function of
N−2. (Color online)

when we extrapolate the x(N) with four points, N = 12–21.
These numerical results at the PT point are consistent

with the scaling dimension, x = 2/3, of the SU(3)1 WZW
model.17–19)

3.3 Central charge
In this subsection, we investigate the central charge, which

is also one of the critical exponents, characterizes the quantum
anomaly, and specifies the universality class of the system.
At the critical point of one-dimensional quantum systems, the
ground-state energy density at N should converge27, 28) as

Eg(N)
N
= ϵ∞ −

πv0c
6N2 , (25)

where ϵ∞ is the ground-state energy density in the thermody-
namic limit N → ∞ and c is the central charge. Also, ϵ∞ and
v0 are non-universal constants. Note that the central charge
has a logarithmic correction5) as a form of O

(
(ln (N/N0))−3

)
in the c = 2 CFT. However, since (ln(N/N0))−3 converges
much faster than (ln(N/N0))−1, we thus neglect the logarith-
mic correction in the central charge. The ground-state energy
densities are plotted in Fig. 5 at the PT point. The ground-
state energy density depends linearly on N−2, consistent with
Eq. (25).

In Eq. (25), Eg and v0 are calculated from the numerical

Fig. 5. Ground-state energy density Eg/N vs N−2 at the PT point. (Color
online)

Fig. 6. Effective central charge c(N) as a function of (N − 3/2)−2 at the PT
point. (Color online)

diagonalization and Eq. (21), but the two constants, ϵ∞ and c,
remain as unknown values. Therefore, by removing the con-
stant term ϵ∞ in Eq. (25), we calculate the effective central
charge c(N) as

Eg(N)
N
−

Eg(N − 3)
N − 3

= −π
6

[
v0(N)

N2 − v0(N − 3)
(N − 3)2

]
c(N). (26)

Additionally, similarly to Eq. (24), we extrapolate the ef-
fective central charge c(N) as23–26)

c(N) = c + D1(N − 3/2)−2

+D2(N − 3/2)−4 + O
(
(N − 3/2)−6

)
, (27)

where D1 and D2 are constants.
Figure 6 shows the effective central charge at the PT point

for different system sizes. If we choose a function of the form
c(N) = c+D1(N−3/2)−2+D2(N−3/2)−4 as a fitting function,
we obtain c = 1.9677 ± 0.0001 when we extrapolate the c(N)
with four points, N = 12–21.

From these results, we conclude that the system at the PT
point belongs to the CFT with c = 2.

4. Around the PT Point
In this section, we investigate the DT model Hamiltonian

around the PT point to specify a phase transition and the
universality classes of the systems. In our numerical calcula-
tions, we make use of the conservation of the magnetization,
M =

∑
i S z

i , and the translational symmetry. The reduction of
the Hilbert space, mentioned in Sect. 2, is not so efficient ex-
cept at the PT point. Thus, we deal with only smaller systems
up to N = 18.

First, we investigate the elementary excitation energies
around the PT point. In Fig. 7, we plot the excitation energy
at q = ±2π/3 of the singlet state (S T = 0), the triplet state
(S T = 1), and the quintuplet state (S T = 2) for various θ with
N = 15 and N = 18. As shown in Fig. 7, ∆E0(±2π/3) is larger
than ∆E1(±2π/3) and ∆E2(±2π/3). It can also be seen from
Fig. 7 that ∆E1(±2π/3) and ∆E2(±2π/3) are crossing at the
PT point. We discuss these numerical results on the basis of
the theory of Itoi and Kato.5) Analytically, they studied the
action of the fields in the vicinity of the system described by
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Fig. 7. Low-energy spectrum of the DT model with N = 15 (a) and N = 18
(b) as a function of θ.

the SU(3)1 WZW model,17–19) as shown in Eq. (A·2) in Ap-
pendix. They derived renormalization-group equations of the
action, Eqs. (A·3) and (A·4), and then obtained the trajectories
made by the solution of these equations, Eq. (A·8). As a result
of the calculations by the RG method, they found5) that if the
system lies in a massless phase corresponding to the second
quadrant g1 < 0, g2 ≥ 0 in Fig. A·1, ∆ES T (±2π/3) satisfies
the relation

∆E0

(
±2π

3

)
> ∆E1

(
±2π

3

)
≥ ∆E2

(
±2π

3

)
. (28)

They also found that if the system lies in a massive phase
corresponding to the third quadrant g1 < 0, g2 < 0 in Fig.
A·1, ∆ES T (±2π/3) satisfies the relation as

∆E0

(
±2π

3

)
> ∆E2

(
±2π

3

)
> ∆E1

(
±2π

3

)
. (29)

Comparing our numerical results in Fig. 7 with the results
obtained on the basis of the theory,5) we find that the region
θ ≥ π/2 in Fig. 7 is a massless phase. We also find that the
region θ < π/2 in Fig. 7 is a massive phase.

To investigate the universality classes of the systems
around the PT point, we plot the effective central charge as
a function of θ in Fig. 8 with N = 12–18. The effective central
charge was firstly investigated with numerical calculations in
the case of the CFT with c = 1.29) In this study, we calcu-
late the effective central charge using Eq. (26). Although Eq.

Fig. 8. Effective central charge gained by the method shown in Eq. (26) as
a function of θ. (Color online)

(25) is true only in the case of the critical phase (or massless
phase), we can apply Eq. (26) even to systems in a massive
phase. We find that the effective central charge shows a sharp
decline in the region θ < π/2 in all cases of N = 12–18. In
contrast, in the region θ ≥ π/2, the effective central charges
smoothly converge to c = 2 as N → ∞ (also see Fig. 6). These
results are consistent with Zamolodchikov’s c-theorem.30)

In summary, from Figs. 7 and 8 with the CFT plus the
RG,5, 30) we conclude that the region θ ≥ π/2 is described by
the c = 2 CFT (massless phase), whereas the region θ < π/2
is a massive phase. In addition, from the theory of Itoi and
Kato,5) one can say that the scaling dimension is x = 2/3 in
the c = 2 CFT phase (θ ≥ π/2). The SU(3)1 BKT-like transi-
tion occurs at the PT point.

5. Conclusions
We have investigated the DT model to clarify the critical

behavior around the PT point, by numerically diagonalizing
the DT model Hamiltonian. We summarize our findings as
follows. First of all, soft modes appear at the wave number
q = 0, ±2π/3 for the PT point, and the system is critical.
Secondly, the PT point belongs to the CFT with the central
charge c = 2 and the scaling dimension x = 2/3, or more
precisely, the SU(3)1 WZW universality class.17–19) Thirdly,
there occurs a phase transition at the PT point from a massive
phase to a massless phase.

As for the spin correlation function at the PT point, it is
expected5) to be〈

Ŝi · Ŝi+r

〉
∝ cos

(
2π
3

r
)

r−4/3(ln r)2/9, (30)

from Table I and Fig. 4 (x = 2/3, d = −1/9). The spin-
quadrupolar correlation function is also expected12, 31) to be〈

Q̂µν(i) Q̂(i+r)µν

〉
∝ cos

(
2π
3

r
)

r−4/3(ln r)2/9, (31)

Q̂µν(i) ≡
1
2
{Ŝ µi , Ŝ

ν
i } −

2
3
δµν,

from Table I and Fig. 4. Here, Q̂µν(i) is the spin-quadrupolar
order parameter at site i, which is symmetric and traceless. In
the θ > π/2 region of the DT model, it is expected5, 12) that the
spin-quadrupolar correlation is more dominant than the spin
correlation. As for the critical exponent σ defined in Eq. (7),

5
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it should be σ = 3/5.5)

As mentioned in Sect. 1, Oh et al. argued6) that the PT
point is not the phase transition point. The discrepancy be-
tween our results and those of Oh et al. firstly comes from the
fact that Oh et al. did not consider6) the logarithmic correc-
tion shown in Eqs. (8), (30), or (31). Even in large systems
with N ≈ 10000, the logarithmic correction is not small,32)

and thus, wrong conclusions often follow from simply utiliz-
ing the DMRG without considering the logarithmic correc-
tion. Secondly, since they did not calculate critical exponents
(x and c),6) one cannot trace their reasoning on how to deter-
mine the TL phase boundary.

On the other hand, we carry out the calculations with the
numerical diagonalization under PBC. By combining the CFT
with the finite size scaling, similarly to the level spectroscopy,
one can calculate critical exponents (see Figs. 4, 6, 7, and 8).
Critical exponents from our numerical data and those from
the analytical theory5) are consistent within numerical errors.
Therefore, we conclude that the TL phase boundary is located
at the PT point.

We also believe that our numerical results for the DT model
can be applied to experiments and quantum simulations ex-
plained by the SU(ν) symmetric Hubbard model,4) as de-
scribed in Sect. 1.
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Appendix
In this section, we review the RG calculation by Itoi and

Kato5) to investigate the critical behavior around the system
of spin chains illustrated by the SU(ν)1 WZW model.17–19)

First, we let x0 be the time in the system and x1 be the
position of the field. We then put z and z̄ as

z ≡ x0 + ix1, z̄ ≡ x0 − ix1. (A·1)

We define the action Â as

Â ≡ ÂSU(ν)1 +

2∑
i=1

gi

∫
d2z
2π
Φ̂(i) (z, z̄) , (A·2)

where ÂSU(ν)1 is the action of the free fields in the SU(ν)1
WZW model.17–19) Both Φ̂(1) and Φ̂(2) are operators of the
marginal or relevant field with rotational symmetry and chi-
ral Zν symmetry. In particular, Φ̂(1) is SU(ν) symmetric, and
Φ̂(2) is SU(ν) asymmetric but O(ν) symmetric. The scaling
variables g1 and g2 are perturbational parameters. If g2 = 0,
the system remains SU(ν) symmetric regardless of the value
of g1. If g2 , 0, the SU(ν) symmetry of the system is bro-
ken. According to Itoi and Kato,5) the renormalization-group
equations for the scaling variables become

dg1

dl
=

1
√
ν2 − 1

(
νg2

1 + 2g1g2

)
, (A·3)

dg2

dl
= − 1

√
ν2 − 1

(
νg2

2 + 2g1g2

)
, (A·4)

l ≡ ln(N/N0).

Fig. A·1. Trajectory gained from the solution of renormalization-group
equations, Eq. (A·8) in the case of ν > 2.

From Eqs. (A·3) and (A·4), there is a fixed point at g1 = g2 =

0. Moreover, in the case of g1 = 0, it remains 0 after the
renormalization, and g2 diverges or converges as

(g1, g2)→
(0, 0), (for g2 > 0)

(0,−∞). (for g2 < 0)

Also, in the case of g2 = 0, it remains 0 after the renormaliza-
tion, and g1 diverges or converges as

(g1, g2)→
(∞, 0), (for g1 > 0)

(0, 0). (for g1 < 0)

Here, we put X ≡ g1 − g2 and Y ≡ −g1 − g2. From Eqs.
(A·3) and (A·4), we obtain two equations as

d
dl

(
X2 − Y2

)
=

ν − 2
√
ν2 − 1

(
X2 − Y2

)
X, (A·5)

d
dl
|Y | = − ν

√
ν2 − 1

|Y | X. (A·6)

Using these equations, we obtain

d
dl

(
X2 − Y2

|Y |(ν−2)/ν

)
= 0. (A·7)

In conclusion, a solution of the renormalization-group equa-
tions is found to be

X2 − Y2 = C |Y |(ν−2)/ν , (A·8)

where C is a constant.
From Eq. (A·8), flows5) of the RG can be drawn, as shown

in Fig. A·1. Then, we can discuss critical behaviors around
the system described by the SU(ν)1 WZW model,17–19) by an-
alyzing the convergence and divergence of the perturbational
parameters, g1 and g2. The graph can be divided into six re-
gions according to the values of g1 and g2. The parameters
diverge or converge differently depending on the regions they
belong to. After repeating the renormalization infinite times,
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they diverge or converge as

(g1, g2)→



(∞, 0), (for g1 > 0, g2 > 0)
(0, 0), (for g1 < 0, g2 > 0)
(0,−∞), (for g1 < 0, g2 < 0)
(∞, 0), (for g1 > 0, g2 < 0, g1 + g2 > 0)
(0,−∞), (for g1 > 0, g2 < 0, g1 + g2 < 0)
(∞,−∞). (for g1 > 0, g2 < 0, g1 + g2 = 0)

Therefore, the region g1 < 0, g2 > 0 corresponds to a mass-
less phase, and the other regions correspond to different mas-
sive phases.

This theory by Itoi and Kato5) is a generalization of the
level spectroscopy21) of the BKT transition, which is equiv-
alent to the case of ν = 2 of the theory by Itoi and Kato.5)

In the case of ν = 3, fields in the theory5) correspond to the
systems of the DT model and the BLBQ model. The transi-
tion point that we deal with in this paper corresponds to the
line of g1 < 0, g2 = 0, named the SU(3)1 BKT-like line. Ac-
cording to Itoi and Kato,5) the relation Eq. (28) holds only
in the case where the parameters belong to the second quad-
rant, g1 < 0, g2 > 0. Also, according to Fig. A·1, the region
θ < π/2 in Figs. 7 and 8 corresponds to the case where the pa-
rameters belong to the third quadrant, g1 < 0, g2 < 0. That is,
the BKT-like transition in this paper corresponds to the tran-
sition between the second quadrant and the third quadrant.
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10) G. Fáth and J. Sólyom, Phys. Rev. B 44, 11836 (1991).
11) A. Schmitt, K.-H. Mütter, M. Karbach, Y. Yu, and G. Müller, Phys. Rev.

B 58, 5498 (1998).
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