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Abstract

In this paper, we consider the problem of testing substitutability of weak preferences. For this problem, Aziz, Brill, and Harrenstein
proposed an O(£3u? + €*u®s?)-time algorithm, where u is the size of the ground set, € is the number of acceptable sets, and s is the
maximum size of an equivalent class. In this paper, we propose an O(£*u + £>u?s)-time algorithm for this problem. Our algorithm

is based on a generalization of the characterization of substitutability of strict preferences given by Croitoru and Mehlhorn.
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1. Introduction 20

The two-sided matching market model introduced by Gale s
and Shapley [1]] is one of the most fundamental mathematical s
models for assignment problems. When we consider many-to- s
many matching markets, we frequently assume that the prefer- s
ence lists of agents are given in the form of choice functions. s
(If there exist ties in the preference lists, then they are given in ss
the form of choice correspondences.) In matching models with ss
choice functions, the property called substitutability plays an a7
important role (see, e.g., [2,3]). For example, in several match- ss
ing models, if choice functions are substitutable, then a stable
matching always exists (see, e.g., [4]).

In this paper, we consider substitutability of choice func- *
tions from the algorithmic viewpoint. More specifically, we
consider the problem of checking whether a given preference
list (i.e., the choice function induced by it) is substitutable. "
This line of research was initiated by Hatfield, Immorlica, and
Kominers [4], and they proposed an O(£3u)-time algorithm in
the strict preference case, where u is the size of the ground set
and ¢ is the number of acceptable sets. Then Aziz, Brill, and
Harrenstein [3]] considered the weak preference case (i.e., the
preference lists contain ties), and they proposed an O(£3u® +
{>u”s%)-time algorithm, where s is the maximum size of an
equivalent class.

In this paper, we propose an O(£*u + €>u*s)-time algorithm “
in the weak preference case. Our algorithm is based on a gener- ¥
alization of the characterization of substitutability of strict pref-
erences given by Croitoru and Mehlhorn [6]].
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2. Preliminaries

Throughout this paper, we fix a finite set U and a transitive
and complete relation > on 2V The relation 3 is also called a
weak preference. We denote by A the family of subsets X of U
such that X > 0. That is, A is the family of acceptable subsets
of U. For each pair of subsets X, Y of U, we write X > Y
(resp., X ~Y)if X zx Yand Y ¥ X (resp., X z Y and Y x> X).
Since the relation x is transitive and complete, it is not difficult

to see that A can be uniquely partitioned into Ay, Ay, ..., A
satisfying the following conditions.
e For every integer i in {1, 2, ..., k} and every pair of mem-
bers X, Y of A;, we have X ~ Y.
e For every pair of integers i, jin {1,2,...,k} such that i <
J» every member X of A;, and every member Y of A;, we
have X > Y.
We assume that x is given in the form of A;, Ay, ..., Ai. De-

fine u := |U|, € := |A|, and s := max{|A;|, I&ZIZUI, o AL
The choice correspondence C: 2V — 2% induced by % is
defined by

C(X) :={Y C X | Y % Z for every subset Z of X}.

Notice that since X is transitive, C(X) is not empty for any sub-
set X of U. Furthermore, notice that for every subset X of U,
since ) C X, C(X) C A.

Consider the following example. (This example was intro-
duced in [5]].)

U={a,b,cd),

{a,b,d} ~ {b,c,d} > {a,b} ~ {b,c} ~ {a,c} > 0. M
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In this example, 87
A = {{a,b,d}, {b,c,d}} ::
Ay = {{a, b}, {b, ¢}, {a, c}} %
Az = {0}. 4
Furthermore, C(U) = {{a, b, ¢}, {b, ¢, d}} and C({a}) = {0}. 93

The relation % is said to be substitutable if the following

.. . 94
conditions are satisfied.

95

(S1) Assume that we are given non-empty subsets A, B of U
such that B C A. Then for every member X of C(A), there *
exists a member Y of C(B) suchthat XN BC Y. o7

(S2) Assume that we are given non-empty subsets A, B of U *
such that B C A. Then for every member Y of C(B), there 4
exists a member X of C(A) suchthat XN B C Y.

100

The above definition of substitutability was introduced by So-1o1
tomayor [7]. See also [5 Section 3] for this definition. Notice:o:
that the relation in (I)) is not substitutable. If we set A := U and
B :={a, b, c}, then (S2) is not satisfied. In this case,

103

104

CA) = {{a, b, d}, {b,c,d}} 105
C(B) = {{a, b}, {b, ¢}, {a, c}}. 108
However, X N B ¢ {a, c} for any member X of C(A). 108

In this paper, we consider the problem of checking whetherios
the relation X is substitutable. Aziz, Brill, and Harrenstein [[5]10
proposed an O(£3u* + (*u?s*)-time algorithm for this problem. s
As a special case of this problem, the case of s = 1 was con-1:2
sidered. We call this special case the strict preference case.is
Hatfield, Immorlica, and Kominers [4] proposed an O(£3u%)-11s
time algorithm in the strict preference case. Notice that the
time complexity of Aziz, Brill, and Harrenstein [5]] in the strict
preference case (i.e., the case of s = 1) is O(£*u?), which im-'"
proved the time complexity of the algorithm of [4]. Further-, .
more, in the strict preference case, Croitoru and Mehlhorn [6],,,
gave a new characterization of substitutability of strict prefer-,,
ences, and proved that their characterization naturally leads to,,
an O(C%u + (*u*)-time algorithm. By improving this algorithm, ,,
Croitoru and Mehlhorn [6] also proposed an O(£?u?)-time algo-
rithm in the strict preference case. 122

In this paper, we propose an O(£3u + £2u?s)-time algorithm
for the above problem. Our algorithm improves the time com-""
plexity of the algorithm of [5]]. Our algorithm is based on a new""
characterization of substitutability of weak preferences that is a
generalization of the characterization of substitutability in the
strict preference case given by Croitoru and Mehlhorn [6].

115

3. Characterization

The following lemma was proved in [3]]. For completeness,
we give its proof.

Lemma 1 (Aziz, Brill, and Harrenstein [5, Lemma 1]). Assume
that we are given subsets A, B of U such that B C A. If C(A) N
28 £ 0, then C(B) = C(A) N 25.

Proof. Let X be a member of C(A) N 2. Since X € C(A) and
B C A, we have X x Y for every subset Y of B. Since X C B,
this implies that X € C(B).

Let X be a member of C(B). Since X C B, if we can prove
that X € C(A), then X € C(A)N25. Let ¥ be a member of C(A)N
2B Then Y € C(B) (see above). Thus, since X € C(B), X ~ Y.
This implies that X € C(A). This completes the proof. O

A pair (X, Y) of members of A is called a witness (to non-
substitutability) if the following conditions are satisfied.

(W1) X e C(X U Y).

(W2) There exists an element x in X\ Y satisfying the following
conditions.

(a) Y e C(Y U {x}).
(b) At least one of the following conditions holds.

(i) For any member Z of C(Y U {x}), X N (Y U {x})
is not a subset of Z.

(i1) For any member Z of C(X U Y), Z N (Y U {x})
is not a subset of Y.

Intuitively speaking, X U Y plays the role of A, and Y U {x} that
of B, in the definition of substitutability. This definition of a
witness is a generalization of the definition of a witness in the
strict preference case proposed by Croitoru and Mehlhorn [6]].
The definition of a witness by Croitoru and Mehlhorn [6] con-
sists of only (W1) and (W2)-(a). It should be noted that (W1)
implies that for every witness (X, Y), X = Y. In the strict prefer-
ence case, (W1) implies that X > Y. Croitoru and Mehlhorn [6]]
included this in the definition of a witness. However, this is
redundant. Thus, we remove this condition.

Theorem 1. The relation % is not substitutable if and only if
there exists a witness.

Proof. Assume that the relation x is not substitutable. Then at
least one of (S1) and (S2) does not hold.

First, we consider the case in which (S1) does not hold. In
this case, there exist subsets A, B of U satisfying the following
conditions.

(P1) BCA.

(P2) There exists a member X of C(A) such that X N B is not a
subset of Z for any member Z of C(B).

Let Y be a member of C(B) such that X N Y is inclusion-wise
maximal among all members of C(B). Then (P2) implies that
XNBZY. Since X € C(A) and Y € C(B), we have X,Y € A.
Thus, what remains is to prove that (W1) and (W2) are satisfied.
Since X € C(A)N2XY and Y € B C A (ie, XUY C A),
Lemmall]implies that C(X U ¥) = C(A) N 2XYY, which implies
that X € C(XUY). That s, (X, Y) satisfies (W1). Since XN B ¢
Y, there exists an element x in (X N B) \ Y. Since Y € B and
x € B, we have Y U {x} C B. Thus, since Y € C(B) n 2Y",
Lemmaimplies that C(Y U{x}) = C(B)N2YY™ which implies
that Y € C(Y U {x}). That is, (X, Y) satisfies (W2)-(a). Let Z be
a member of C(Y U {x}). Since C(Y U {x}) = C(B) n 2¥V,
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Z € C(B). Thus, the choice of Y implies that X N Y € X N Z or
XNY=XNZ IfXNY ¢ XN Z, then there exists an element
yinXNYsuchthaty¢ Z. If XNY = X N Z, then since x € X
and x ¢ Y, we have x ¢ Z. In both cases,

XN(Yufa)=XNY)U{x} ¢ Z

This implies that (X, Y) satisfies (W2)-(b)-(i).
Next we assume that (S2) does not hold. In this case, there
exist subsets A, B of U satisfying the following conditions.

(Ql) BCA.

(Q2) There exists a member Y of C(B) such that Z N B is not a
subset of Y for any member Z of C(A).

Let X be a member of C(A) such that X \ Y is inclusion-wise
minimal among all members of C(A). Then (Q2) implies that
XNBZY. Since X € C(A) and Y € C(B), we have X,Y € A.
Thus, what remains is to prove that (W1) and (W2) are satisfied.
Since X € CA)N2XY and Y € B C A (ie, XUY C A),
Lemmal1]implies that C(X U ¥) = C(A) N 2*YY, which implies
that X € C(XUY). That s, (X, Y) satisfies (W1). Since XN B ¢
Y, there exists an element x in (X N B) \ Y. Since Y C B and
x € B, we have Y U {x} C B. Thus, since Y € C(B) N 2Y"1,
Lemmaimplies that C(YU{x}) = C(B)N2Y"™ which implies
that Y € C(Y U{x}). That s, (X, Y) satisfies (W2)-(a). Let Zbe a
member of C(XU Y). Since C(XUY) = C(A)N2XYY, Z € C(A).
Since Z € C(XUY),Z C XUY. Thisimpliesthat Z\ Y C X\ Y.
Thus, the choice of X implies that Z\ Y = X \ Y. Since x € X
and x¢ Y,wehave x€e X\ Y =Z\Y. Thus,

ZNYuxh)=Znuix} LY

This implies that (X, Y) satisfies (W2)-(b)-(ii). 153
To prove the other direction, we assume that there exists aiss
witness, that is, there exists a pair (X, ¥) of members of A sat-1ss
isfying (W1) and (W2). Let x be an element in X \ Y satisfying1ss
(W2). Define A := XUY and B := Y U {x}. Then B C A. Fur-
thermore, (W1) implies that X € C(A), and (W2)-(a) impliesrss
that Y € C(B). First, we assume that (W2)-(b)-(i) holds. Thatise
is, we assume that X N B ¢ Z for any member Z of C(B). This1eo
implies that (S1) does not hold. Next we assume that (W2)-(b)-1e
(i) holds. That is, we assume that ZN B ¢ Y for any member Z1e2
of C(A). This implies that (S2) does not hold. This completestss
the proof. Dlves
165

4. Algorithm s
167

In this section, we propose an algorithm for the problem'®

of checking whether the relation X is substitutable. See Algo-
rithm [} This algorithm is based on Theorem [T} If the relation'”
> is substitutable, then this algorithm outputs Yes. Otherwise,""
it outputs No. 172

First, we prove the correctness of Algorithm[I] For this, we
prove that at Line 15 (resp., 18), it is sufficient to consider only
members of Ajy) (resp., Aix)). At Line 15, since sens(x,Y) ="
False, Y € C(Y U {x}). This implies that for every member Z'"*
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Algorithm 1:

1 for each member X of A do
2 Define i(X) as the integer i in {1, 2, ..., k} such that
XeHA,.

3 for each element x of U \ X do

4 if X ¢ C(X U {x}) then

5 | Define sens(x, X) := True.
6 else

7 | Define sens(x, X) := False.
8 end

9 end
10 end

11 for each pair of members X, Y of A do
12 if X e C(XUY) then

13 for each element x in X \ 'Y do

14 if sens(x, Y) = False then

15 if XN (Y VU{x}) & Z for any member Z
Ofﬂ,’(y) then

16 | Output No, and halt.

17 end

18 if ZN (Y U{x}) €Y for any member Z
Ofﬂi(x) then

19 ‘ Output No, and halt.

20 end

21 end

22 end

23 end

24 end

25 Output Yes, and halt.

of C(Y U {x}), we have Y ~ Z. Thus, at Line 15, it is sufficient
to consider only members of Ajy). Furthermore, at Line 18,
X € G(XUY) (see Line 12). This implies that for every member
Z of C(XUY), we have X ~ Z. Thus, at Line 18, it is sufficient
to consider only members of Ajy).

What remains is to evaluate the time complexity of Algo-
rithm [T} First, we need to specify how the input data is given.
We assume that for each integer i in {1, 2, ..., k}, A; is given in
the form of a list L;. That is, each element of L; is a member of
A; (i.e., some subset of U). Each member X of A is given in the
form of a one-dimensional array ay indexed by elements in U.
For each element x in U, if x € X, then ax[x] = 1. Otherwise,
ax[x] = 0. Thus, for every pair of members X, Y of A, we can
find X U Y and X N Y in O(u) time, and we can check whether
X C Y in O(u) time.

We are now ready to evaluate the time complexity of Algo-
rithm 1. First, we evaluate the time complexity of Lines 1 to
10. Let X be a member of A. Then we consider the time com-
plexity of Lines 2 to 9. By searching the list L; for all integers
iin{l1,2,...,k}, we can compute i(X) in O({u) time. For each
element x in U \ X, we can compute C(X U{x}) in O(€u) time by
searching the list L; for all integers i in {1,2,...,k}. Thus, for
each element x in U \ X, we can compute sens(x, X) in O(¢u)
time. Since |U \ X| < u, the time complexity of Lines 3 to 9 is
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O(tu?). This implies that the time complexity of Lines 2 to 9 is
O(£u?). Thus, the time complexity of Lines 1 to 10 is O(£u?).
Next, we evaluate the time complexity of Lines 11 to 24.
Let X, Y be members of A. Then we consider the time complex-
ity of Lines 12 to 23. In the same way as above, we can com-
plete Line 12 in O(fu) time. Let x be an element in X \ Y. Then
we evaluate the time complexity of Lines 14 to 21. Clearly, we
can complete Line 14 in O(1) time. (Notice that if we do not
prepare sens(-,-), then this part needs O(¢u) time. Thus, we
can not achieve the desired time complexity without sens(, -).)
Furthermore, the time complexity of Line 15 is O(us). Simi-
larly, the time complexity of Line 18 is O(us). Thus, the time
complexity of Lines 14 to 21 is O(us). This implies that the
time complexity of Lines 12 to 23 is O(¢u + u*s). Thus, the
time complexity of Lines 11 to 24 is O(€*u + €>u?s). This im-
plies that the time complexity of Algorithm|[1]is O(*u + %u?s).
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