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Abstract

A balanced flow in an equality network is an important tool in the problem
of finding the equilibrium prices in the linear Fisher market and the linear
Arrow—Debreu market. In this paper, we prove that the problem of finding a
balanced flow in an equality network can be reduced to the problem of finding
a lexicographically optimal flow in a slightly modified network.
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1. Introduction

A balanced flow in an equality network introduced by Devanur, Papadim-
itriou, Saberi, and Vazirani [1] is an important tool in the problem of finding the
equilibrium prices in the linear Fisher market [1] and the linear Arrow—Debreu
market [2, 3] (see also [4, 5, 6, 7]). An equality network is a network where we
have the set of buyers adjacent to the source vertex and the set of goods adjacent
to the sink vertex, and there are edges between the set of buyers and the set of
goods. It is known [1] that a balanced flow can be found with O(b) maximum
flow computations, where b is the number of buyers. Darwish and Mehlhorn [8]
proposed a faster algorithm for finding a balanced flow in an equality network
by using parametric maximum flow [9]. The time complexity of the algorithm of
Darwish and Mehlhorn [8] is the same as the time complexity of the algorithm
of [10] for the maximum flow problem.

In this paper, we prove that the problem of finding a balanced flow in an
equality network can be reduced to the problem of finding a lexicographically
optimal flow [11] in a slightly modified network. (Precisely speaking, we consider
a slightly generalized setting.) It is known [9] that we can find a lexicographi-
cally optimal flow in the same time complexity as the algorithm of [10] for the
maximum flow problem. Notice that this time complexity matches the result of
Darwish and Mehlhorn [8].
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2. Preliminaries

We denote by R, Q4, and Q4 the sets of non-negative real numbers, non-
negative rational numbers, and positive rational numbers, respectively. For each
finite set U, each function £: U — R, and each subset X of U, we define (X)) :=

Y uex &(uw). Assume that we are given ordered sequences x = (v1,Z2,...,2)
and y = (y1, 92, - - -,,ye) of non-negative real numbers. Then we write x >x ¥,
if there exists an integer 4 in {1,2,..., ¢} such that (i) for every integer 7 in Z;

such that 1 < j <4, x; = y;, and (ii) z; > y;.

For each finite directed graph D, we denote by V(D) and A(D) the vertex
set and the arc set of D, respectively. For each finite directed graph D and each
vertex v in V(D), we denote by 85 (v) (resp., 6;(v)) the set of arcs a = (u, w)
in A(D) such that u = v (resp., w = v). In this paper, we assume that for each
finite directed graph D, we are given a subset S(D) of V(D) as the set of sources
of D, and some vertex t(D) in V(D) \ S(D) is designated as a single sink of D.
Furthermore, we assume that for every finite directed graph D, é,(v) = 0 for
every vertex v in S(D), and 63 (t(D)) = 0.

In this paper, we define a network N as a pair of a finite directed graph D
and a capacity function ¢: A(D) — Q4. We denote by N = (D, ¢) this network.
For each network N = (D, ¢), a function f: A(D) — R, is called a feasible flow
in N, if the following conditions are satisfied.

e For every arc a in A(D), f(a) < ¢(a).
e For every vertex v in V(D) \ (S(D) U {t(D)}), f(65(v)) = f(05(v)).

Assume that we are given a network N = (D, ¢). For each feasible flow f in
N, we define the function val;: S(D) — Ry by vals(v) := f(51,(v)). A feasible
flow f in N is called a mazimum flow in N, if

valf(S(D)) > valy(S(D))

for every feasible flow ¢g in N.

3. Balanced Flows

In this section, we formally define the balanced flow problem. An instance of
the balanced flow problem consists of a network N = (D, ¢), a weight function
w: S(D) — Q44+, and a source capacity function e: S(D) — Q4. We assume
that the following conditions are satisfied.

e D does not have parallel arcs and self-loops.
e There does not exist an arc from a vertex in S(D) to t(D).
e Tor every vertex v in S(D), §5(v) consists of a single arc a,.

e For every vertex v in S(D), ¢(a,) = e(v).
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e w(v) > 1 for every vertex v in S(D).

We denote by I = (N = (D, ¢),w, e) this instance.

Assume that we are given an instance I = (N = (D, ¢),w, e) of the balanced
flow problem. Then the goal of the balance flow problem is to find a maximum
flow f in N such that

3 (e(v) —vals(v))? _ 3 (e(v) — valy(v))? (1

w(v) B w(v)

~—

veS(D) veS(D)

for every maximum flow g in V.

Darwish and Mehlhorn [8] considered this problem in an equality network
(i-e., the structure of D is restricted and w(v) = 1 for every vertex v in S(D)),
and proved that the balanced flow problem can be solved in O(nm log(n?/m))
time by using the parametric maximum flow algorithm of [9], where we define
n:= |V(D)| and m := |A(D)]|.

4. Lexicographically Optimal Flows

In this section, we formally define the lexicographically optimal flow problem.
An instance of the lexicographically optimal flow problem consists of a network
N = (D,c) and a weight function w: S(D) — Q4. We denote by I = (N =
(D, ¢),w) this instance.

Assume that we are given an instance I = (N = (D, c¢),w) of the lexico-
graphically optimal flow problem. For each feasible flow f in N, we define

vi(f) = (valf(sl) vals(s2) valf(sk)>7

w(sy) = w(s2) 77 w(sk)

where we assume that S(D) = {s1, s2,...,s;} and

valy(s1) < valy(s2) e < valf(sk.)'
w(s1) — w(s2) T T w(sk)
Notice that the order s1, s, ..., sk depends on f. A feasible flow f in N is called
a lexicographically optimal flow in N, if vi(f) >1ex vi(g) or vi(f) = vi(g) for
every maximum flow g in V. Then the goal of the lexicographically optimal
flow problem is to find a lexicographically optimal flow in V.

It is known [9, Section 4.1] that the lexicographically optimal flow problem
can be solved in O(nmlog(n?/m)) time by using the parametric maximum flow
algorithm of [9], where we define n := [V(D)| and m := |A(D)|.

Furthermore, it is known [12, Theorem 3.3] that for every instance I = (N =
(D, ¢),w) of the lexicographically optimal flow problem, I is equivalent to the
problem of finding a maximum flow f in N such that

1 valp(v)? 1 valy(v)?
2 Z w(v) = 2 Z w(v)

veS(D) veS(D)

for every maximum flow g in N.
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5. Main Result

Assume that we are given an instance I = (N = (D, ¢),w, e) of the balanced
flow problem. Define

M := max{e(v) | v € S(D)}.

Notice that for every maximum flow f in N, valy(S(D)) is the same. We denote
by B this value.

Define the instance I' = (N’ = (D', ¢’),w’) of the lexicographically optimal
flow problem as follows.

o V(D') :=V(D), S(D') := S(D), and t(D') := t(D).

e A(D") :=A(D)U{a, = (v,t(D)) | v € S(D)}, where @, is a new arc that
is not contained in A(D).

e (a) := c(a) for each arc a in A(D), and ¢/(@,) := w(v)- M —e(v) for each
vertex v in S(D). (Notice that for every vertex v in S(D), since w(v) > 1,
we have ¢/(a,) > 0.)

o W i=w.

Theorem 1. Assume that f' is an optimal solution of I'. Define the function
f:A(D) = Ry by f(a) := f'(a). Then f is an optimal solution of I.

Proof. 1t is not difficult to see that f is a maximum flow in N. We prove that
(1) holds for every maximum flow g in N. Define the function ¢': A(D') — Ry
by ¢'(a) := g(a) for each arc a in A(D) and ¢'(@,) := ¢/(a,) for each vertex v
in S(D). It is not difficult to see that ¢’ is a maximum flow in N’. Since f’ is a
maximum flow in N, we have f/(a,) = ¢'(a@,) = w(v) - M —e(v) for every vertex
v in S(D’). Thus, we have

valy (v)° _ (f'(a0) + f'(@))?
vesz(;),) W' (v) 2 w'(v)

_ Z (valf(v) + w(v) - M — e(v))?

w(v)

veS(D’)

veS(D)

=y L S (o (o) — ) + o) %)

veS(D) veS(D)

(2)

-y R o (5 efsto)) +elsD) M
veS(D)

Since ¢ is a maximum flow in N, in the same way, we can prove that
2
Z va |g/ (U)
w'(v)

- (e(v) = valy(v))* n_ o
ap> w(v) +2M - (B — ¢(S(D))) +w(S(D)) - M*.
veS(D)
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Since f’ is an optimal solution of I’ and ¢’ is a maximum flow in N’,

1 valp ()21 valy (v)?
2 2 o) 532 @)

ves(D’) veS(D’)

Since (2), (3), and (4) imply that

3 (e(v) —valy(v)? _ Z (e(v) — valy(v))?

ves(D) w(v) - ves(D) w(v)
we have
3 (e(v) —valg(v))? _ T (e(v) —valy(v))?
w(v) w(v)
v€S(D) veS(D)
This completes the proof. O

Assume that |V(D)| = n and |A(D)| = m. Since |[V(D')| = n and |A(D')] <

m + n, Theorem 1 implies that the balanced flow problem can be solved in
O(nmlog(n?/m)) time by using the parametric maximum flow algorithm of [9].
(Without loss of generality, we assume that for every vertex v in V(D), we have
165,(v)| + 165 (v)| > 1. This implies that n < 2m.)
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