SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

Formation-Flying Trajectory Design Based on
Attractive Sets of Tschauner-Hempel Equations

Yamane, Motoki
Digital Solutions and Delivery Business Unit, End point Business Division, Solution
Development Department

Bando, Mai
Department of Aeronautics and Astronautics, Kyushu University : Associate Professor

HOKAMOTO, Shinji

Department of Aeronautics and Astronautics, Kyushu University : Professor

https://hdl. handle. net/2324/4479056

HiRIEZR : Journal of guidance, control, and dynamics. 43 (10), pp.1943-1951, 2020-08-25.
American Institute of Aeronautics and Astronautics
N—o30:

HEFIBAMR

KYUSHU UNIVERSITY




Formation Flying Trajectory Design based on Attractive Sets of
Tschauner-Hempel Equations

Motoki Yamane*
FUJITSU LIMITED, Tokyo 140-0052, Japan

Mai Bando" and Shinji Hokamoto*
Kyushu University, 744 Motooka, Nishi-ku, Fukuoka 819-0395, Japan

I. Introduction

Spacecraft formation flying (SFF), two or more spacecraft traveling and maneuvering together, is an enabling
technology for future space missions which has potential to improve mission flexibility and performance. SFF could
replace a single large spacecraft with a number of smaller, less-expensive spacecraft and realize a long baseline that
is difficult to realize with a single spacecraft. Therefore various missions are considered such as a telescope with
a stereoscopic view and a long focal length, radio wave detection, and laser interferometer. The problems of the
formation initialization, stationkeeping and reconfiguration have received significant interest by control researchers.
Providing fuel-efficient orbit design techniques to change between different formation geometries is the main focus of
the reconfiguration problem [II, Z1].

The Hill’s equations (also known as the Hill-Clohessy-Wiltshire (HCW) equations) are equations of relative motion
of a chaser satellite linearized around a target satellite in a circular orbit [B, @]. The Hill’s equations have periodic
solutions that are convenient for formation flying. These solutions are useful for formation flying because no control
efforts are needed to maintain them. The rendezvous problem for a target on a circular orbit has been studied extensively
in the literature [5]. When a target is in an elliptic orbit, the equations of relative motion of a chaser have periodic
coeflicients. Then, the Tschauner-Hempel (TH) equations are derived after the linearization of the nonlinear equations.
The TH equations also possess periodic solutions which can be used for passive formation flying. The state transition
matrix of the TH equations is given in various forms [8]. Yamanaka and Ankersen derived the powerful state transition
matrix associated with the TH equations [6]. In this solution, the position and velocity of the chaser depend on an
initial true anomaly of the target. Therefore the geometry of the solutions have been extensively studied by some
authors [[Z-9]. In [[Z], the fundamental solutions of the TH equations are interpreted geometrically as generalizations
of the well-known solutions of the Hill’s equations. The effects of eccentricity on the shape and size of relative orbits

were studied in [R]. In [9], the geometry of periodic solutions of the TH equations were used to generate the periodic
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orbit family.

The optimal rendezvous/reconfiguration problem using continuous low-thrust is often treated as the optimal control
problem. When the performance index is described by a quadratic function, the optimal rendezvous and reconfiguration
problem for the HCW equations or the TH equations becomes a linear quadratic (LQ) optimal control problem [ITT-T3].
The LQ optimal control is given by solving algebraic Riccati equation (ARE) and differential Riccati equation (DRE)
for the HCW equations or the TH equations respectively. The attractive sets of optimal control are defined as level sets
of the optimal cost [T4]. For the LQ optimal control problem, the optimal cost is expressed as a quadratic function of
the initial state and the attractive set for time-invariant system becomes an ellipsoidal set. The attractive set can be used
to determine the optimal initial state among possible initial states by exploiting the geometry of the ellipsoid. Thus
solutions to the ARE and DRE implicitly contain the geometry of the optimal solution and they can provide additional
insight into the optimal control problem. This motivates to study the geometric interpretation of the solutions of the
ARE and DRE for formation flying by introducing the concept of attractive set of optimal control. In [I5], attractive
sets for optimal rendezvous problem along a circular orbit was investigated based on the solution of the ARE. It was
shown that the optimal initial positions can be obtained as the tangent point between the largest attractive set inscribed
in the periodic orbit and the periodic orbit. Moreover, it was revealed that the attractive set of optimal control reflects
the dynamical structure of the motion to reduce the control effort and the cost becomes less sensitive to the initial state
on a periodic orbit.

For the TH equations, which is represented by a time-periodic linear system, the attractive set of optimal cost
becomes time-periodic and makes it difficult to interpret geometrically. In this paper, a novel geometric method to
describe the geometry of the time-periodic solutions of DRE using the attractive set is proposed. Then a formation
reconfiguration problem along an elliptic orbit, in which a satellite initially located on a periodic orbit is required to

change the formation, is solved exploiting the geometry of attractive set.

I1. Equation of Relative Motion

A. Tschauner-Hempel equations
Consider a target satellite along an elliptic orbit of period T given by Ry shown in Fig. [, where R is the radius
vector from the center of the Earth to the target satellite; 6 is the true anomaly of the target satellite. The equations of

motion of the target satellite are
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Fig. 1 Target satellite in an elliptic orbit.

where Ry = |Ry|. Then, the equations of motion of the chaser relative to the target is expressed by
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which are referred to as the Tschauner-Hempel equations. In Egs. (B) - (B), in-plane motion and out-plane motion are
independent and the out-of-plane motion is a simple sinusoidal motion.

T T
andu = [ TN ] be the state

In the following, the in-plane motion is considered. Let X = [ Xy X

and control acceleration respectively. Then the state space form of the in-plane motion is denoted by

X =A(t)X +Bu ©)
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Let the initial time be 7. Then, for 0 < ty < T, the solution of Eq. (8) with u = 0 is given by
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and % is angular momentum of the elliptic orbit [B, [3]. The parameter vector K is uniquely determined by initial state
as K = <I>(‘,01X (t0). Because G (#) is the only aperiodic term in Eq. (I0), the in-plane motion is periodic if and only if

K, = 0. In this case

x(t) == Kysinf — K3 cos 6 (12)
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To understand the geometry of periodic orbits, size and phase parameters are introduced. Define a = /K% + K_% and



@ = cos™! K& then Eqs. (I2) and (I3) become
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It can be seen that the parameters K, a and « correspond to the deviations from the center, size and initial phase,

1+ (l)] sin(0 + @) (16)
P

respectively. Figure @ shows periodic orbits family corresponds to (K, @) = (0,1/V2) and (K;,a@) = (6,1/V2),
respectively, drawn by varying a and 6 in Eqs. (I3) and (I[6). In Fig. B, the corresponding values of K are also given.

Note that the initial state on the periodic orbit depends on the initial true anomaly of the target 6.
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Fig. 2 Periodic orbits family for ¢ = 0.3.



B. Optimal reconfiguration problem

In this subsection, the optimal reconfiguration problem for formation flying is formulated and the attractive set
of optimal control is introduced. For a given initial condition, the chaser is required to asymptotically track a final
periodic relative orbit. The problem when the chaser is initially in a periodic relative orbit (an initial orbit) is called
the reconstruction problem [IA]. Let the state of the chaser be X;. Recall that the relative dynamics of the chaser are

given by Eq. (H) so that
X1 = A()X1 +Bu, Xi(t) = Xio (17)

where the initial condition X satisfies the condition for periodic solutions (K4 = 0). To solve the reconfiguration

problem, an error system is introduced:

¢é=A(t)e+ Bu, e(ty) =eg (18)
where e = X| — X, and X3 is the state of the final orbit

X; = A() X, Xa(to) = Xao (19)

where the initial condition X5 also satisfies the periodic condition. When X9 = 0, i.e. the final orbit is the origin of
the coordinate, the problem is called a rendezvous problem, i.e. e = X;. For simplicity, denote X to represent the state
error for the reconfiguration problem or the state of the chaser for the rendezvous problem in the following. Consider

an optimal control problem for Eq. (I¥) that minimizes the performance index J given by
J= /too(XTQX +u"Ru)dt (20)
0
where Q > 0 and R > 0. Then, the optimal feedback control such that X — 0 as t — oo is given by
u'=-R'B"M()X (21)
where M is a positive definite solution of the differential Riccati equation (DRE)

-M =A()"™™ + MA(1) +Q - MBR'B™M (22)



satisfying the final condition tlim M(ty) = 0. If /O and A are detectable, the DRE has a unique T-periodic stabilizing
F o

solution and its initial condition M (#y) is calculated recursively by
~Mi = A1) My + MiA(t) +Q — MiBR™ B™My,  Mi(T) = My-1(10) (23)

with My(T) = 0 [I74]. In fact My (¢p) monotonically converges to M (ty). Then the minimum value of the performance

index J* is given by
J' = XgM(l‘o)Xo (24)
Since M (o) > 0, the set {Xo € R* | X M (19) X < C} is an ellipsoidal set.

C. Definition of Attractive Sets of Optimal Control
For a given value of J*, the states on the surface of Eq. (24) form an n-dimensional ellipsoid. Consider the set of

all initial states inside the n-dimensional ellipsoid J* = C
o/ (C) ={Xo € R" | Xy M(t9)Xo < C} (25)

The ellipsoidal set <7 (C) is called the attractive set of optimal control [T4]. The optimal trajectory departing from
the inside of the ellipsoid is guaranteed that the value of the performance index is less than C. It should be noted
that the attractive set for a fixed final-state fixed finite-time optimal control problem is described by the controllability
Grammian [[4], while it is described by the positive definite solution of the Riccati equation for an infinite-time
problem in Eq.(I3).

The important property of the attractive set is that the shape of ellipsoidal set is characterized by the eigenvalues

and eigenvectors of the positive definite matrix M (zp). In fact, from the relation
Amin (M ((20)) 1 Xoll* < X5 M (10)Xo < Amax (M ((10))[|XolI* (26)

the largest distance of attractive set is defined by A,,,4x (M (o)) and the smallest one is defined by A,,,;, (M (¢9)). This

property poses the problem of finding the optimal initial states over the set of possible initial states.



I11. Attractive Sets for Formation Flying

A. Geometry of attractive sets for elliptic orbit
For the TH equations, the attractive sets of optimal control are characterized by the solution to the DRE [Eq. (I2)]

and are given by
(C,10) = {Xo € R* | XIM(10) Xy < C} 27)

From the definition [Eq. (ZZ1)], we can find the initial state to achieve J* < C at time #y. Thus we call the attractive set
[Eq. ()] the instantaneous attractive sets in this paper. Since M () depends on the initial true anomaly of the target
6o € [0, 27], the shape of instantaneous attractive set [Eq. (Z2)] also depends on the true anomaly of the target. Figure B
illustrates the instantaneous attractive sets for various target’s initial true anomaly 6. It should be noted that the initial
state of the chaser on the periodic orbit is uniquely determined by target’s initial true anomaly and the instantaneous
attractive sets vary with it. Therefore instantaneous attractive sets cannot be used to find the optimal initial position
along a periodic orbit. This time-varying property of attractive sets makes it difficult to find the optimal initial state

along a given initial periodic orbit geometrically.

————— Chaser’s initial orbit @ Chaser at 6,
large

Fig. 3 Examples of instantaneous attractive sets: the shape of attractive sets and chaser’s initial position
depend on the target’s initial true anomaly.




Attractive set associated with periodic orbits family of TH systems

The chaser’s initial orbit is assumed to be a periodic orbit of the TH equations and the attractive sets along periodic
orbit family are depicted to find the optimal initial state on the periodic orbit. In the following, four-dimensional
attractive sets are reduced to two-dimensional sets by restricting the initial state of the chaser to generate periodic
orbit families as in the circular case. Assuming K4 = O (periodic condition), we can see that all periodic orbits are
parameterized by three parameters (K, a, ). Recall that the shape of periodic orbits are determined by K| and «,
therefore a family of periodic orbits for specific K; and @ denoted by I'(K|, @) is considered. Then all initial state
of I'(Ky, @) is parameterized by the size parameter @ > 0 and the initial true anomaly 0 < 6y < 2x so that the
corresponding initial position (xg, yg) of the chaser is uniquely computed from Eqs. (I§) and (If). Corresponding
initial velocity (Xg, yo) is also uniquely determined on I' (K, @) from Egs. (I3) and (IH). Then the attractive sets can be
drawn in two-dimensional plane of (xg, yo) as in the circular case. Thus, the projection of attractive sets onto periodic

orbits family I'(K1, ) is defined as
o/ (C,T (K1, @)) = {(x0, y0) € R* | XgM(60)Xo < C, Xo € I'(K1, )} (28)

Now the procedure to draw the attractive sets [Eq. (E8)] is presented below. The parameter K; corresponds to a
translation of y, and hence K; = 0 is assumed for simplicity. The main observation here is that the shape of attractive
sets depends on K; and «, and it is independent of the size parameter a. For a given value of C, the procedure to draw
the attractive set &7 (C,T'(K, @)) is as follows:

step 1 Let 6(zyp) = 6y = O (the target is initially at perigee) and Q(0) be the chaser’s initial position (see the green

circle in Fig. E(a)J). Draw an instantaneous attractive set of unit size ng (0)xp = 1 (see the red solid line in

Fig. A(a)).

step 2 Draw a straight line 00(0) from the origin to the position of the chaser (the dotted black line in Fig. f(a)).

Let P(0) be the intersecting point with the segment m and the unit instantaneous attractive set (see the blue

circle in Fig. f(a)).

step 3 The attractive set at §p = 6 (the target is initially at ) can be drawn in a similar manner. Draw the unit

instantaneous attractive set xOTM (0)xp = 1 (the red solid line in Fig. E(®)). Then draw a straight line m

from the origin to the position of the chaser at 8, and let P(6) be the intersecting point with m and the unit

instantaneous attractive set (the blue circle in Fig. B{(B)). Repeat step 3 for 8y from O to 2.

step 4 The attractive set along the initial orbit of the chaser is generated by connecting P(6p) (6 from O to 27)

(the solid blue line in Fig. B(c)).

step 5 Finally the attractive set of a desired value C is obtained by multiplying a scaling factor C (see the solid red

line Fig. B(d)).



From the geometry of attractive sets, the largest attractive set inscribed in the initial periodic orbit and their tangent
point are the minimum cost and the optimal initial position along the periodic orbit. Therefore, the optimal initial state
on the initial periodic orbit can be sought as the point of contact between the maximum attractive set inscribed in the

initial periodic orbit and the initial periodic orbit.

B. Geometry of attractive sets for elliptic orbit: general case
In the previous subsection, the translation of periodic orbits from the center is assumed to be zero, i.e. K| = 0. In

the case of K| # 0, periodic orbit family and attractive sets no more have their common center. Instead, the center of

K,
> I+ecos @

periodic orbit at each instant is given by (x, y) = (0 ) from Eq. (I4). Then, in step 2 of the previous subsection,
it is necessary to draw a straight line from the center of the periodic orbit at each instant. Therefore, the procedure is
modified as follows:
step 1 Let 6(¢9) = 6y = 0 (the target is initially at perigee) and Q(0) be the chaser’s initial position (the green
circle in Fig. p(a)). Then draw an instantaneous attractive set of unit size ng (0)xo = 1 (the dotted blue line in
Fig. b(@)).
step 2 Draw a straight line m from the center at 6y = 0 denoted by O(0). Let P(0) be the intersecting
points with the segment m and the unit instantaneous attractive set (the blue circle in Fig. p(a)).
step 3 The attractive set at 6y = 6 (the target is initially at 6) can be determined in a similar manner. Draw a unit
instantaneous attractive set ng (@)xop = 1. Then draw a straight line m from the center at 6 denoted by
0(0), and let P(6) be the intersecting point with W and the unit instantaneous attractive set. Repeat step
3 for 6y from O to 27 (the dotted blue line in Fig. p(b)).
step 4 The attractive set along the initial orbit of the chaser is generated by P(6y) for 6y from O to 27 (the solid
blue line in Fig. p(c]).
step 5 Finally the attractive set of a desired value C is obtained by multiplying a scaling factor C (the solid red line
Fig. p(d)).
Even in the general case, the largest attractive set inscribed in the initial periodic orbit and their tangent point are the
minimum cost and the optimal initial position along the periodic orbit. Therefore, the optimal initial state on the initial

periodic orbit can be also sought as the point of contact.

IV. Numerical Simulations
In the numerical simulation, the nondimensional equations of relative motion are used: distances are nondimen-

sionalized utilizing the target’s radius and time is also nondimensionalized by the mean motion of target’s orbit. The
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Initial orbit of a chaser

J*=1latf =0
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(a) ste

Initial orbit of a chaser

Chaser at =0

p 1 and 2

J*=1atf=0
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(b)

step 3
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A X
Initial orbit of a chaser J*=1atf € [0 2n]

Chaser at = 0 Chaser at =0

(c) step 4

Initial orbit of a chaser

(d) step 5

Fig.4 How to construct the attractive sets along elliptic orbit.
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Initial orbit of a chaser g =)

(b) step 3
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Initial orbit of a chaser 6,= 0\

(c) step 4

Initial orbit of a chaser g = O

(d) step 5

Fig. 5 How to construct the attractive sets along elliptic orbit (K| # 0).
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feedback control is designed to achieve rendezvous with a target at the origin to minimize the performance index
J= / (XTOX +u"Ru)dt (29)
0

In the following, the weight matrices in Eq. (Z9) are assumed to be Q = 1091, R = I and the L;-norm of the control is

defined as

1

ty 3
lull, = ( / |u|2dr) (30)

where the setting time 77 is the first time after which inequality | X (#)| < 1.0 x 1072 is satisfied.

A. Optimal Rendezvous Problem for the TH Equations

In this subsection, attractive sets for optimal rendezvous problem along an elliptic orbit is presented and the
geometries of the attractive sets are investigated based on the proposed procedure. For convenience, the attractive sets
presented in Section III can be plotted utilizing the MATLAB® function. First the time-periodic solution M (6(z)) of
the differential Riccati equation [Eq. ()] is obtained by using Eq. (Z3). Then for each 6, the instantaneous attractive
set of unit size ng (0)xo = 1 is plotted by using contour function of MATLAB®. A rough estimate for the largest

attractive set inscribed in the initial orbit is graphically found by varying the value of scaling factor C.

1. Optimal trajectory design using attractive sets

For the TH equations, the optimal control is given by the time-periodic solution to the differential Riccati equation
[Eq. (E2)], while it is given by the solution to the algebraic Riccati equation for the HCW equations. The attractive
sets of optimal reconfiguration control problem is implemented by its periodic solution obtained by Eq. (Z3). Assume
that the target’s orbit is elliptic with eccentricity of 0.3 and the chaser is initially on a periodic orbit corresponding
to K =[0 1 2 0]T which corresponds to (K;, ) = (0,V5). Figure B shows the contour of the attractive sets
[Eq. (Z2)] for different weight parameters obtained by the proposed procedure. Figure [ shows the optimal trajectories
of the chaser for 6y = 0, i.e. the target is initially at perigee. In Fig. [, the black lines represent the chaser’s initial
periodic orbit, the blue circles represent the chaser’s initial state, and the red lines represent the controlled trajectories
of the chaser. In our geometric approach, the optimal initial states are obtained as the tangent point between the largest
attractive set inscribed in the chaser’s initial periodic orbit and the initial periodic orbit. Figure B shows the optimal
trajectories of the chaser for the optimal initial state along the initial periodic orbit obtained by the proposed procedure.

On the other hand, since the chaser’s initial periodic orbit is 1-dimensional manifold on 6, € [0, 27], the problem to

15



Table 1 Performance indices: elliptic case (K = [0 12 0]7).

q J* - 1y [-] Ly-norm [-]
6p=0 90296 6p=0 49():96 6p=0 90206
8538 5499 5.338 9.295 27.98 17.17
47.63 18.25 7.645 10.22 3.729 2.333
-5 0.00253 0.00252  628.9 6299  0.1502  0.1501

S W

find the optimal initial true anomaly 6, on a initial periodic orbit is stated as

Find 6, = arg min x0(00)TX (00)x0(6) 31

0<6y<2m
2 0(60) — (’*_I) ’
X()(QO) N Yolbo p(6)

SR e () (4 8)

The optimal initial position obtained by the proposed method were validated by the solution obtained by a numerical

subject to =1, 0<6y<2n (32)

search along the periodic orbit 6y € [0,27]. The results are summarized in Table [, where columns 2 and 3 give J*,
columns 4 and 5 the flight time and columns 6 and 7 the L,-norm. The performance index J* is minimized when
the optimal initial state is used. It can be seen that the controlled trajectory starting from the optimal initial position
reduces the cost J* but takes a slightly longer flight time for the same g. Moreover, as ¢ decreases, the Ly-norm of

control decreases while 77 increases.

2. Discussion on a shape of attractive sets

In order to further understand the relations between the weight matrices and the obtained optimal trajectories, the
changes of the shape of the attractive sets is investigated for some weight parameters ¢g. In Fig. B(a), the shape of the
contour is like a circle when the weight on state is relatively large (g = 3). This result implies that the optimal trajectory
tends to take a shortest path to the origin for high energy trajectories. Indeed, the distance to the origin is the shortest
on (x,y) = (2,0) on the periodic orbit. As the weight on control input becomes relatively large (¢ = —5), the shape of
attractive sets have the same shape with that of the initial periodic orbit. From the geometry of the sets, the minimum
values of the performance index occur at the tangent points between the periodic orbit and the attractive sets, which
overlaps the contour of J*. These results suggest that the asymptotic behavior of the attractive sets to reflect the free

motion and to become less sensitive to the initial state as presented in [I3] for circular case holds for the TH equations.

3. Attractive sets for general case
A general case with K = [6 1 1 0]7T is considered as an example. The attractive sets drawn by the procedure

presented in Sec. B are shown in Fig. B. From Fig. B, the attractive sets converge to the shape of the periodic

16
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Fig. 6 The contour of the attractive set for ¢ = 3,0, —5.
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(a) Optimal trajectory for ¢ = 3: 6y = 0.
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(c) Optimal trajectory for g = =5: 6y = 0.
Fig.7 The optimal trajectories for 9, = 0. Target’s initial true anomaly is fixed to perigee.
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(a) Optimal trajectory for g = 3: optimal initial state.
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(b) Optimal trajectory for g = 0: optimal initial state.
21 ]
— 17 1
<ol |
-1t i
2t i
5 0 -5
y I

(c) Optimal trajectory for g = —5: optimal initial state.

Fig. 8 The optimal trajectories for the optimal initial state. Target’s initial true anomaly is optimized.
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Table 2 Performance indices: elliptic case (K = [6 1 10]7).

q J* - ty [-] Ly-norm [-]
6p=0 90293 0y =0 90298 0y =0 90206
3 10902 5806 5.703 11.37 32.82 16.12
0 92.20 22.18 8.442 12.74 5.936 2.712

-4 01971 0.1675 1812 187.3  0.2848  0.2862

orbit even in the case where K is a nonzero value. Figure [ shows the optimal trajectories of the chaser for 6y = 0.
Figure [T shows the optimal trajectory departing from the optimal initial state obtained by the proposed geometric
approach. The optimal initial position obtained by the proposed method were also validated by the solution obtained
by a numerical search along the periodic orbit 6y € [0, 27r]. The results are summarized in Table DI. The optimal initial
position reduces the cost J* but takes a longer flight time for the same ¢ as in the previous case. In the optimal controlled
trajectory, it is observed that the trajectories starting from the optimal initial states exploit the natural periodic motion

more effectively.
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Fig. 9 The contour of the attractive set for g = 3,0, —4.

21



Ok
-1+
Il Il Il Il Il Il Il Il
14 12 10 8 6 4 2 0
yI[-]
(@) g =3.
T T T T T T T T
lk
= 0
-1+
Il Il Il Il Il Il Il Il
14 12 10 8 6 4 2 0
yI[-]
(b) g =0.
T T T T T T T T
lk
Es
-1+
Il
14
yI[-]
(©) g=-4.

Fig. 10 The optimal controlled trajectories corresponding to 6y = 0 for ¢ = 3,0, —4.
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Fig. 11 The optimal controlled trajectories departing from the optimal initial position for ¢ = 3,0, —4.
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V. Conclusion

This paper considered the optimal trajectory design for formation flying along an elliptic orbit. The attractive
set of optimal reconfiguration problem has been proposed based on the linear quadratic regulator theory for the
Tschauner-Hempel equations. The geometric approach to depict the attractive sets using periodic properties of the
Tschauner-Hempel equations has been proposed. Then, the optimal initial state along an initial periodic orbit can be
found as the tangent point between the periodic orbit of the chaser and the maximum attractive set inscribed in it.
Simulation results on the shape of the attractive sets for different weight parameters revealed that the attractive sets
reflect the dynamical structure of equations of motion. Especially, the attractive sets have an interesting property that
their shapes converge to the shape of the initial periodic orbit of the chaser as the weight parameter of control input is

increased.
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