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1 Introduction

The invariant manifold structures associated with hyperbolic equilibrium points or periodic orbits in the
restricted three-body are the modern basis for low-energy design of ballistic trajectories. The mathemat-
ics of these manifolds and their description have been applied in many different ways to enable efficient
approaches to designing cost-free transfers, as summarized in [1-7]. These approaches generally only con-
sider small propulsive maneuvers to enable connections between manifolds that may not intersect, with the
fundamental goal of driving these maneuvers to zero [8, 9].

In a previous paper [10], we investigated how the use of manifolds could be extended by the application
of low-thrust maneuvers, motivated by the demonstrated ability of low-thrust to enable new interplanetary
mission designs [11-13]. That paper took a purely local approach to the problem, and only considered
optimal control using the quadratic cost function along the linearized manifolds in the vicinity of hyperbolic
equilibrium points and periodic orbits in the Hill 3-body problem. The linearized optimal control problem
can be reduced to Ricatti equations and was solved completely, enabling the construction of a feedback
control law. The specific approach taken was to find the attractive set of the target equilibrium point or
periodic orbit for a fixed time, thus defining ellipsoids in phase space of constant cost. The time was then
a free parameter, and we explored the solutions for both infinite time and finite time. This study revealed
that the asymptotic form of the attractive set to an equilibrium point or a fixed point under optimal control

is completely defined by its left unstable eigenvectors and a term inversely proportional to its unstable
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eigenvalue under the linearized assumption [10].

In the current paper we continue our investigations into how optimal feedback control can be used to
extend the invariant manifold structure of the three-body problem and extend the idea of the attractive set of
an equilibrium point or a periodic orbit to a nonlinear system. Solutions to the optimal transfer problem are
obtained by solving the Hamilton-Jacobi-Bellman (HJB) equation, a nonlinear partial differential equation
that is difficult to solve in general. For the infinite-time problem, many approaches to obtain the smooth
solutions to the HJB equation have been proposed in the literature. A Galerkin spectral method is proposed
to solve the HIB equation in [14]. A successive approximation method is proposed to transform the HIB
equation into a sequence of a linear partial differential equations in [15]. Lukes obtained a power series
solution to the HIB equation by expanding the dynamics, cost and control input in power-series [16].

For the finite-time problem, solving the HIB equation becomes more difficult to solve due to the nonlinear
terminal constraints. Guibout and Scheeres [17] and Park and Scheeres [18] proposed a novel method
to solve the two-point boundary value problem using generating functions of a canonical transformation
where higher order solutions are obtained by a power series expansion of generating functions. Vadali and
Sharma [19] presented a series solution method for finite-time problem by expanding the value function as
a polynomial series of the states and Lagrange multipliers.

We consider both the finite and infinite time problem, and introduce a power series solution to the HIB
equation analogous to the method followed in [16]. Given the solution to the linearized problem, the
solution to the higher order corrections can be reduced to quadratures carried out recursively, and we carry
out this solution procedure up to 4th order for a set of specific examples.

Our analysis also explores the relation between the attractive set to an hyperbolic solution, and the reach-
able set which can be achieved starting from a given hyperbolic solution under low thrust control. While
these sets are not equivalent, they share many similar elements and are solved by the same set of partial
differential equations. In addition, we show that when the attractive set to a hyperbolic solution contains a
certain periodic orbit, that the reachable set of that periodic orbit also contains the hyperbolic solution. We
note that this is an efficient and natural way to construct transfers between periodic orbits that utilizes the
manifold structure associated with these terminal orbits. We show a specific example of this approach to
connect a near-Lyapunov orbit with a Halo orbit in the Hill 3-body problem.

The paper is structured as follows. We first review the attractive set of optimal control for linear system
in Sec. 2. The reachability problem is also formulated and reachable set of optimal control is introduced.
Section 3 provides the main theoretical results. In Sec. 4, examples are given to demonstrate the main
results for an equilibrium point, a Lyapunov orbit and a halo orbit in the Hill three-body problem. Section

5 gives closing remarks.



2 Attractive sets of Optimal Control for Nonlinear System

In this Section, the minimum energy problem with fixed terminal state for an affine nonlinear system is

reviewed. Then the attractive and reachable set are introduced as the level set of the optimal cost.

Problem statement

Let us consider the minimum energy problem for an affine nonlinear system

& = f(x,t)+ Bu, t € T = [0,ty], (1)
I
=5 [ lulpar @)
2 /i,
subject to
iB(to) = Xy, :B(tf) = mf (3)

where & € R" is the state, u € U C R™ is the control where U C R is a set of admissible controls,
f(x,t) € R™ x T is assumed to be continuous with respect to ¢, B € R™ x R™ and .J is a performance
index to be minimized. Moreover, we assume that the linearized system @ = Ax + Bw is controllable
where A is a first order approximation about a nominal solution of the non-linear differential equations, and

that the state remains in the vicinity of this solution [16, 20].

2.1 Attractive and reachable sets of optimal control

In the following the attractive set and reachable set are introduced by setting different target sets shown in
Fig. 1.

Attractive set of optimal control

The boundary condition of the attractive problem is given as

m(tf) =xy € Xta'r‘get 4)

where X ;4,.ge¢ C R”™ denotes a set of terminal states referred to as the target set. Then the attractive set
of a given target set X 44,4e¢ for the system (1) is defined as a set of initial states satisfying an inequality

constraint on the cost function J* < ¢ where J* denotes the infimum of .J.



Definition 2.1. The attractive set &o(to, t¢, X target, €), of the system (1), is defined as the set of all initial
states x(to) for which there exists an optimal control input w*(t) € U,t € [to,ts] and a corresponding
trajectory x(t)(t € [to,tf]) of the system (1), such that x(ty) € Xiarger and J* < c.

If an initial state x lies inside the attractive set & (to,t ¢, X target, ¢), then the cost of the transfer from
xo to xy is less than c. Therefore the set &4 (to, ¢, Xtarget, ¢) represents the attractive region associated
with the optimal control of cost J* < c.

We define the Hamiltonian as

H(z,p,t) = 1ineilrj_{%uTu—|—pr(:1:,u,1f)} (5)

where p is adjoint vector. From the necessary condition for optimality,
u = 7BTp (6)
It is well known [21, 22] that for any ¢ € T, the boundary of the attractive set can be computed as the

zero level set of the solution V' (x, t) of the Hamilton-Jacobi-Bellman (HJB) equation,

)% ov

where the final condition V(z,t5) = 0 where @ € X 4,¢e; is the boundary of the target set X 4qges. For

the system (1), the HIB equation becomes

oV oV 1oV pov?h B
E“”%f(mvt)*g%BB % *Oa V(matf>*0 (8)
(a) Attractive set (z(to) = x, x(ty) = 0). (b) Reachable set x(ty) =0, x(tf) = x.

Fig. 1: Attractive set and reachable set.



Reachable set of optimal control

The boundary condition for the reachable problem is given as
x(to) = ®o € Xinitial )

where X ;,:+ia1 C R™ denotes a set of initial states referred to as the initial set. Then the reachable set (of a

given initial set X ;;,;4;41) for the system (1) is defined as follows:

Definition 2.2. The reachable set &r(to,t s, Xinitiai, €), of the system (1), is defined as the set of all
terminal states x(ty) for which there exists an optimal control input u(t),t € [to,ts] and a corresponding
trajectory x(t)(t € [to,tyf]) of the system (1), such that x(ty) € Xinitiar and J* < c.

If a terminal state « ¢ lies inside the reachable set &r(to,tf, Xinitial, ¢), then the cost of the transfer
from xo to x is less than c. Therefore the set &g (to,tf, Xinitial, c) defines the maximum reachable
region associated with the optimal control of cost J* < c.

By defining the Hamiltonian, the HIB equation for the reachable set is exactly as given in Eqs. (7) and

(8) except the boundary condition becomes V' (x, ty) = 0 where © € X ;nitial-

Symmetry of the problems

We note that the two problems are governed by the same equations, with the only significant difference being
in the time direction the problem is solved in. From these symmetries in the attractive set and reachable set,
ifxg € Ealto,ty, zy,c), then xy € Er(to,tf, xo,c), and vice-versa. This implies that the same trajectory
can solve both the attractive and reachable problem between two states. We use this symmetry later in
constructing non-linear transfers between two periodic orbit solutions, which represents the most general

application of our approach.

3 Analytic expansion of Hamilton-Jacobi-Bellman equation
In this section, we introduce the power series solution to the HIB equation, analogous to the method fol-

lowed in [16].

3.1 Calculation of Approximate Solutions for «* and V'

Assume that the target set X 4, ge: is represented by a nominal solution of (1) as Xygrger = {@g(t) €

R™ | ¢y = f(o,t)}. We define the relative state with respect to the nominal solution as = ¢ — ¢,. By



expanding f (¢, t) about the nominal trajectory ¢, we find [18]
F@,t) = F(do, )+ Y fildo, i+ D> fildo, Dwiwy + D D > fisn(do, aiwjwp - -
i i i J ok
= f(Po, 1) + fi(bo, t)zi + fij (o, t)wiz; + fijn(Po, )wizjzn + - (10)

where the summation convention is used in the second line and f; = %. Therefore the relative motion can
K

be described as

T = f(¢7t) - f(¢0)t)
= fi(@g: t)xi + fij(o, )iz + fiji(Pg, t)wizjzy + - -

Since f(p,t) — f(¢y,t) is a power series, V is also expand as a power series in the relative state and is

given by

Vi, t) = Vi;(O)zix; + Vijr (O zizjor + Viju (O)zizjepa + - - (12)

=V, t) + VO (x,t) + VI (x, t) + - (13)

where it is well known that the leading term is quadratic. Then u*(x, t) is given by

@) ) @
v (@,t) = —BT agm @) - BTV " 1y BT e (w.t) -
= () + 4, 0) + 6 1) + (14)

Substituting Eq. (13) and (14) into the HIB equation (8) yields

V@ Ly ... OV Ly ...
Vo) A ) (10 1) 4 5O t) +-)

B 15({/(2) S VA CORNTI )T BB 8(V(2) +VB 4. )

= 1
2 ox ox 0 (15)
The first order terms in Eq. (15) are given by
Ve gV 1tove’ L ov®
1) _Z T = = 1
5 + 5 Y (x,t) 5 BB 5 0, V(z,ty) =0 (16)
. 1
< [Vij () + fil¢o, t)Vis () + Vi (1) f(b0, 1) — 5 Vi () BBV (t)]aia; = 0, a7



and

(2)
u(l)(m,t) =BT ag (x,t) = fBTV;j:cj (18)
T

Similarly, balancing terms of the same order in the power series expansion, the m-th order terms from
Eq. (15) and k-th order terms from Eq. (14), the HIB equation is transformed into a system of ordinary

differential equations for the coefficients.

) ) m—1
ovm) n ovm) (U — Bu®) = ZB (m—k+1) GV() Zf(m k1) 6V(>
ot ox
[(m—l)/Q] 1
S R Ly ) g5
=2 2
(19)
(k+1)
w® =gtV 2,3,---) (20)

ox

with boundary condition V(™) (2 f,tg) = 0. Starting with u™) and V(?), the higher order terms can be
computed successively by solving Eqgs. (19) and (20). Hence a power series solutions for V' and w can be
obtained.

For the infinite-time problem, 8‘/8( "~ 5 0and Eq. (19) reduces to a set of linear algebraic equations

m m—1 m—1 k
oV )(f( D _ Bu®) Z Bu(m—kt1) | oV _ 3 flmekn), av®)

ox rre = ox
[(mfl)/2] 1
_ Z w®) L m=k) _ 5u(m/2> ™ (m=3,4,5,--)
k=2
2
oV (k1)
u(ic):_BTT (k=2,3,---) (22)

The process of deriving equations for V' can be continued to arbitrarily high-order by the use of a symbolic
manipulation program. In the following, the successive equations are solved by Mathematica (Wolfram
Research, Inc.) In practical, the optimal control for the long time duration case is known to be sensitive to
the numerical error. Therefore, the transient behavior of V (m)(t) is ignored and the periodic feedback gain

is used in the simulation.

)



3.2 Solutions for Linearized System

The key to solving the recursive equations is to first have a linear solution, which we work out in detail in
the following.

Attractive set for a linear system

For the second order solution, redefine V' and f by the use of block matrices:

V(z,t) = V;(t)riz; & %mTX(t)a: (23)
f(@,t) = fi(¢o, )i = A(t)z (24)

The second order solution of V' (x, t) defines the ellipsoidal set as the attractive set of optimal control.
The shape of the ellipsoid can be described by the eigenvalues and eigenvectors of the controllability gram-
mian, which then extends to the non-linear system, In the following, we restate without proof the key result

from [10] concerning how the linear structure around the target state organizes the attractive set.

Theorem 3.1 (Attractive set [10]). The asymptotic form of the attractive set to an equilibrium point or a
fixed point under optimal control is completely defined by its left unstable eigenvectors and a term propor-

tional to its unstable eigenvalue.

Reachable set for a linear system

As noted in Section 2, the HIB equation for the reachable set is identical to that for the attractive set except
the boundary conditions.
Similar to the attractive set, the second order solution of V' (z, t) defines the ellipsoidal reachable ! ! set

and the following holds for the reachable problem.

Theorem 3.2 (Reachable set). The asymptotic form of the reachable set to an equilibrium point or a fixed
point under optimal control is completely defined by its left stable eigenvectors and a term proportional to

its stable eigenvalue.

Proof. From the discussion above, the reachable set is equivalent to the attractive set of the adjoint system.
Moreover, the adjoint system inherits the conjugate structure from the original system, meaning that the
stable manifold becomes the unstable manifold and vice versa. Therefore, from Theorem 3.1, the asymp-
totic form of the reachable set to an equilibrium point or a fixed point under optimal control is completely
defined by the unstable eigenvectors and a term proportional to unstable eigenvalue of its adjoint system

z=-ATzorx(k+1)=-ATz(k). O



4 Applications

The specific solution process for obtaining higher order solutions changes depending on whether the target
solution is an equilibrium point or a periodic orbit. In this section we explore these different solution
procedures, using the Hill 3-body problem as an example problem. We note that all of these procedures can
also be applied to the Restricted 3-body problem, or indeed to any astrodynamical system [23], however the

detailed expansions are more complicated and would mask the essential nature of our approach.

4.1 Hill three-body problem

The Hill three-body problem represents the dynamics of two particles of arbitrary relative mass with respect
to each other while being perturbed by a massive third body. The restricted Hill three-body problem can
be viewed as a simplification of the circular restricted three-body problem by assuming the first body has a
larger mass than the second one and the third one has negligible mass [24]. It is in general a good model
for approximating motion in the vicinity of the Earth for the spacecraft-Earth-Sun problem. The equations

of motion in normalized form are given by

:'c'f2y:a—U+um (25)
ox
. ou
y+2x:a—y—|—uy (26)
ou
._ oU )
z az+uz (27)
P S S22 2
U7;+5(3:c —z7), r=va?+y?+z (28)

where the coordinate system is centered on the second body [23].
T

T
Introducing the state ¢ = | 2 y oz & oy & and control acceleration u = [ Uy Uy Uy } s

the equations of motion become

x 0O 0 O

Yy 0 00

- Z 0O 0 O
& = f(x) + Bu, f(z)= s |+ B= (29)

2+ 3z — = 1 0 0

T
. 010
T
I —% | 0 0 1]

Note that there are symmetries in the Hill problem (z, y, z, &, 9, ,t) < (z, —y, 2, —&, 9, —%, —t).



4.2 Attractive and reachable sets for equilibrium point

)1/3,y:z:0.

The Hill problem has two equilibrium solutions, the libration points located at x = + (%

The eigenvalues of the linearized system are given by

Ao =+\/2V7+1 (30)
Asa = +j\/2V7 -1 (31)

As,6 = £2j (32)

The first four eigenvalues A; 2 and A3 4, correspond to the in-plane motion while the eigenvalues s g
correspond to out of plane motion. Note that the out-of-plane motion is decoupled in the linearized equation
and consists only of periodic motions while the in-plane motion consists of a stable, an unstable and a center
manifold.

For the planar motion of Egs. (25)-(27), the attractive set of optimal control to transfer to the equilibrium

point is considered, i.e. the target set is the equilibrium point

(5"

Xtarget = (33)
0

W=

The series expansion about X ;4,.4¢; 1S given by

7= f(l)(m) + f(2)(1:) + ...+ Bu (34)
where
T 0 0
IO (@) = Y Pe = O @) =
9z + 29 5 V3y* — 9V/3% 12 3%/%2° — 18 3% y?
3y — 2i 9V/3zy §37%y° —183%%a%y
(35)

Note, |z|, |y|, ||, y| << 1.

The nonlinear attractive and reachable sets to transfer to the origin was computed over a time interval
[0,tf] in nondimensional time. First, the infinite-time problem is considered. In this case, the HIB equation
is reduced to the algebraic equations for the unknown coefficients Eq. (21) and higher order solutions are

successively obtained from w(*) and V(?). Figure 2 shows the projection of attractive and reachable sets

10
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Fig. 2: Attractive set (top) and reachable set (bottom) of equilibrium point for ¢y = oo.

onto x-y plane obtained by the power series solution of order 2 and 4 respectively. The solution to the
linearized system is equivalent to the order 2 solution. The attractive and reachable sets for the infinite-time
problem are unbounded along the right stable eigenvector and the least extent is along the left unstable
eigenvector as stated in Theorem 3.1 and 3.2. This can be easily confirmed in the manifold coordinate
(defined in [10]) in which the z-axis is aligned with the left unstable eigenvector and y-axis with the right
stable eigenvector. The attractive set using the manifold coordinates (z,,-y.,) is shown in Fig. 3. It is
noteworthy that the attractive set is unbounded along the right stable eigenvector (y,,,) for the higher order
solution. Note that the attractive set and reachable set are symmetric with respect to the y-axis due to the
symmetry properties of the Hill equations.

Next, the finite-time problem is considered. In this case, the HIB equation is reduced to the differential
equations for the unknown coefficients and successively obtained by Eq. (19). Figures 4 - 5 show the the
projections of attractive and reachable sets onto x-y plane obtained by the power series solution of order 2

and 4 respectively. It can be seen that the higher order attractive set is almost the same as the ellipsoidal

11



0.10F

005

0.00

-0.05+

—0.10}

-0.10

2005 0.00

(a) Order 2.
Ym

005

0.10

—-0.10t!

-0.10

Fig. 3: Attractive set (top) and reachable set (bottom) of equilibrium point for t; = oo in the manifold

-0.05 0.00

(c) Order 2.

coordinate (T, -Ym)-

solution of the second order problem for a short flight-time. For a longer flight-time, the shape of the
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contour of the attractive set is no longer ellipsoidal due to the nonlinearity.

4.3 Attractive set of a fixed point: Lyapunov orbit case

Next, the optimal control problem to transfer to a periodic orbit in the vicinity of the libration point is

considered. Transfer problems can be solved in two ways: one uses the attractive set of the final Lyapunov

orbit, and the other uses the reachable set of the initial Lyapunov orbit.

We assume that the spacecraft is initially on the Lyapunov orbit defined by the initial condition

Tiyape (0) = | 0.7640 0.0000 0.0000 0.0000

12

T
—0.5211 0.0000

0.05

Xm

Xm
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Fig. 5: Attractive sets set of equilibrium point for £y = 0.5.
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and its period is Ty = 3.0669 and the final Lyapunov orbit is defined as

Tiyap, (0) = | 0.7600 0.0000 0.0000 0.0000 —0.4895 0.0000

and its period is T’y = 3.0626.

For the attractive problem, the target set (4) is defined by the final Lyapunov orbit as

Xiarget = {00(t) | 0 = f(0), $0(0) = Tiyap, (0)} (36)

For the reachable problem, the target set (7) is defined by the initial Lyapunov orbit as

Xinitiat = {¢o(t) | b0 = J(90),00(0) = Ziyap, (0)} 37

The nonlinear attractive and reachable sets to transfer to the origin was computed over a time interval
[0, 100T}] in nondimensional time. The computation finds the coefficients for the attractive and reachable
sets as continuous functions of time. For presentation purposes we only show them at stroboscopic periods

oft =kT,k=1,2,---. The series expansion about X s, gt is given by
&= fYa,t)+ fPD(x,t)+ -+ Bu (38)

It should be noted that all coefficients of f()(x,t), f (x,t), f®)(x,t), - - are T-periodic. Figure 6(a)
shows the attractive set of the final Lyapunov orbit and Fig.6(b) shows the reachable sets of the initial
Lyapunov orbit obtained by the power series solution of order 4. The same optimal trajectory can be

obtained by both attractive and reachable problem as shown in Fig. 7.

4.4 Attractive set of the halo orbit

The attractive set for a three-dimensional periodic orbit called a halo orbit is finally considered. Halo orbits
are found by continuation from their bifurcation from planar Lyapunov orbits [23]. The particular halo orbit

we used as our target is given by the normalized initial condition

Tref(0) = | 0.7406 0.0000 —0.3979 0.0000 —0.8509 0.0000

with a period of 7" = 3.0461. Figure 8 depicts this halo orbit in 3-dimensional position space, projected

onto = — y plane, y — z plane and z — z plane. This halo orbit has one pair of hyperbolic characteristic

14
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(a) Attractive set for Lyapunov orbit. (b) Reachable set for Lyapunov orbit.

Fig. 6: Attractive set and reachable set of Lyapunov orbits: the origin represent the final (left) and initial
(right) Lyapunov orbits and the black dot represent the initial (left) and final (right) Lyapunov orbits.
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trajectory
02 0.0157°~ :
0.01 o
0.1 RS .
0.005 ’
S \\\ ,/
~ 0 > 0 ~8-
—0.005 .
-0.1 s N
-0.01 7 o
—02 —0.015F .
-0.0
04 05 06 07 08 09 —(%02 -0.01 Om 0.01 0.02
X

(a) Controlled trajectory in the X-Y’ coordinate. (b) Controlled trajectory in the manifold coordinate.

Fig. 7: Controlled trajectory.

exponents o = +6.5918 and a four dimensional center manifold.

As in the previous examples, the attractive set for the finite-time and infinite-time problem is obtained
by solving the differential equations for the unknown coefficients successively obtained by Eq. (19). For
the halo orbit case, the power series is obtained along the halo orbit and hence the HIB equation is reduced
to a set of differential equations with time-periodic coefficients. Therefore, the solutions to the differential
equation (19) converge in time to periodic solutions, in contrast to the equilibrium point case where they
converge to a constant value. Figures 9 and 10 show the transient and steady-state periodic solution of the
coefficient of V2, and we note similar behavior for the higher order solutions. As a result, the attractive
set for the periodic orbit (when viewed as a fixed point) converges to a similar structure. The attractive
region becomes larger and finally becomes unbounded along the right stable eigenvector as in the previous

examples.
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Fig. 8: Halo orbit.

As an application of the nonlinear attractive set, the optimal transfer between two different halo orbits is
considered. We compute the nonlinear attractive set of a halo orbit and extend it to the point where we find
a target halo orbit which lies inside a given level set. The point we choose for our example is defined by the

initial condition

x(0) = | 0.7747 0.0000 0.0001 0.0000 —0.6138 0.0000

40 45 50 55 60
t t

Fig. 9: Transient solution of Vi (¢) for halo orbit. Fig. 10: Steady-state solution of V71 (¢) for halo orbit.
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Fig. 11: Optimally controlled trajectory for ¢y = 57 (solid line: 4th order HJB, dotted line: feedback
linearization).

and we note that for convenience we choose a very small out pf plane z-component. This point is inside
the level set ¢ = 0.12 for the finite-time attractive set of ¢y = 57" and ¢ = 0.06 for t; = 507". The optimal
control trajectories based on 4th order solution are shown in solid lines in Figs. 11 and 12 where t; = 5T’
and ty = 507 respectively.

For comparison, the nonlinear control approach using feedback linearization is implemented. The system

can be written in the semi-linear form:

x = A(t)x + B(g(x) + u) (39)
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Fig. 12: Controlled trajectory for ¢ = 507" (solid line: 4th order HJB, dotted line: feedback linearization).

Then the nonlinear control input to decouple the system is given by

U = Ulinear — g(a:) (40)

The controlled trajectory based on Eq. (40) is shown in dotted lines in Figs. 11 and 12 where ty = 5T
and ty = 507, respectively. To obtain the cost value, the integration along the controlled trajectory is
required and those values were almost ten times larger than the optimal cost in the example. This example
exemplifies the use of our proposed approach, as the cost function immediately defines the control and

trajectory from any point in the attractive set to the target.
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5 Conclusion

This paper extends the idea of the attractive set of optimal feedback control to nonlinear dynamical systems
in astrodynamics problems and to reachable sets. The attractive or reachable set using optimal control is
characterized by the solution to the Hamilton-Jacobi-Bellman partial differential equation. A power series
approach is used to obtain an approximate solution to the Hamilton-Jacobi-Bellman partial differential
equation. The higher order terms are successively obtained starting from the solution to the linearized
equation along an equilibrium point or a periodic orbit. We demonstrate our approach through optimal
transfer problems in Hill’s three-body problem to equilibrium points and to three-dimensional Halo orbits.
By using target sets associated with hyperbolic solutions in the Hill problem, we enable the extension of
classical invariant manifold techniques to optimal low-thrust transfers. For the non-linear sets, we are also
able to compute transfers between specific periodic or equilibrium solutions, and thus utilize both the stable

and unstable manifolds in these systems.
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