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1. Introduction

The practical implementation of control algorithms using
differential atmospheric drag for formation flying poses some
technical issues. The main issue is the low magnitude of the
atmospheric drag force at high altitudes, which is handled by
using the differential atmospheric drag in low earth orbits be-
low 600 km. The second issue is its weakness to control the
normal direction to the orbital plane,1) which is handled by
integrating it with other forces to assure full controllability
in different directions.2) This technique was also imple-
mented to overcome the inability to precisely track the in-
plane periodic trajectories in formation flying missions.3)

Moreover, some other practical issues affect the performance
of the control action when implemented in real missions.
These issues are related to the saturation of the control action
and uncertainty in differential atmospheric drag, which is re-
lated to the unequal relative velocity vectors of the leader and
the follower, and the uncertain values of atmospheric density
and drag coefficients.4)

In our previous paper,3) we mainly designed a parameter-
ized output regulation (POR) algorithm to track the reference
trajectories of formation flying missions, and it eliminated
the effects of different perturbations. The control algorithm
is designed for formation flying missions subject to satura-
tion using a combination of differential atmospheric drag
and thrust. For high gains that can’t satisfy the conditions
of the parametric algebraic Lyapunov equation (PLAE), the
assumptions of non-perturbation forces except J2 and equal
relative velocity in designing the POR algorithm are suffi-
cient to handle the unmodelled perturbations and uncertain-
ties in realistic high-performance models.

The contribution of this paper is to measure the perform-
ance of the POR control algorithm under actual space envi-
ronmental conditions, applying it as the precise formulation
of the differential atmospheric model. It also tries to enhance
the performance by incorporating an integral part with the
POR control algorithm. This is achieved by designing an in-
tegrated POR control action and an integral part with an anti-
windup scheme. The stability of this system is also estimated
using the PLAE theorem. The paper compares the results of

POR and the new control algorithm, and illustrates its effect
to enhance the performance and robustness of the POR algo-
rithm using a high-precision orbit propagator (HPOP).

2. Dynamics Model of Satellite Formation Flight

In this section, the equations of the relative motion are
briefly reviewed for later developments. The main equations
of relative motion between the leader and the follower in a
Radial-Tangential-Normal (RTN/RSW) coordinate system
in which the R-axis is directed in the radial direction, the
W-axis is normal to the orbital plane and the S-axis is in
the along-track direction such that R� S ¼ W is stated in
these formulas5,6)

€x ¼ x _�
2 þ y €� þ 2 _y _� � �ðrc þ xÞ

r3
þ �

r2c
þ ax

€y ¼ y _�
2 � x €� � 2 _x _� � �y

r3
þ ay

€z ¼ ��z

r3
þ az

ð1Þ

where, rc is the leader position vector, ª is the true anomaly
and r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrc þ xÞ2 þ y2 þ z2

p
, while x; y and z are the com-

ponents of the position vector of the follower satellite relative
to the leader. It is observed from Eq. (1) that the in-plane mo-
tion (x{y plane) and the out-of-plane motion (z-direction) are
independent, therefore they can be stated separately. For a
circular orbit and the small formation radius ðx � rcÞ, the
values of €� ¼ 0; r � rc and _� are equal to the mean motion
n ¼

ffiffiffiffiffiffiffiffiffiffi
�=r3c

p
. Therefore, the equations are transformed to

the Hills-Clohessy-Wiltshire (HCW) model, which was de-
veloped to incorporate J2 perturbation effects and formed a
Schweighart-Sedwick (SS) relative dynamics model.7) The
in-plane motion of the SS equations is stated as follows

€x� 2nc _y� ð5c2 � 2Þn2x ¼ ax

€yþ 2nc _x ¼ ay
ð2Þ

where, c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3J2R

2
e

8r2
1þ 3 cos 2ið Þ

s
. Introducing the

control input u ¼ ux ��̂
� �T where ux is the thrust acceler-

ation in the x-direction and ��̂ is the atmospheric drag control
action,3) the state space representation of these equations is
presented as

_xðtÞ ¼ AxðtÞ þ B2uðtÞ; xðt0Þ ¼ x0 ð3Þ
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where, x ¼ x y _x _y
� �T is the state vector. The state

and input matrices are

A ¼

0 0 1 0

0 0 0 1�
5c2 � 2

�
n2 0 0 2nc

0 0 �2nc 0

2
6664

3
7775; B2 ¼

0 0

0 0

1 0

0 By

2
6664

3
7775

ð4Þ
where, By is equal to �Cd

Ad

m V 2
rel cos�0. This control coeffi-

cient By is derived from the main formulation of the differen-
tial in atmospheric drag between the leader and follower that
is expressed by this formula

�fd ¼ fdf � fdl

¼ �1

2
�fCdf

Af

mf

VrelfkVrelfk þ
1

2
�lCdl

Al

ml

VrellkVrellk

ð5Þ
where, the cross-sectional areas over mass for the leader and
follower satellites Al=ml and Af=mf are designed with equal
drag plate areas over mass Ad=m using the following equa-
tions

Al=ml ¼ Ad=m sinð�0 þ ��̂Þ
Af=mf ¼ Ad=m sinð�0 � ��̂Þ

ð6Þ

As for the small formation radius, the relative velocity vectors
of the leader and follower satellites can be represented using a
scalar and equal component in the tangential direction as

Vrel ¼ 0 Vrel 0
� �T ð7Þ

Finally, the assumptions of small ��̂,3,8) the equal atmospher-
ic density value µ and drag coefficient value Cd are used to
generate the coefficient By for state space representation,
where the atmospheric density µ is calculated using the expo-
nential density model (CIRA 72)6) and this formula

� ¼ �0e

�
�hellp�h0

H

�
ð8Þ

where, hellp, h0, �0, andH are the actual altitude, base attitude,
nominal density at the base attitude, and scale height, respec-
tively.6)

In this paper, the leader and follower satellites are placed
in a “free-orbit ellipse”.9) It is necessary to modify the initial
conditions to accommodate the SS model frequency. The in-
itial velocity components _x0 and _y0 for the leader and follower
satellites need to be adjusted to remove the secular motion and
constant offset terms due to the J2 effects. The initial values of
x0 and y0 and their derivatives for the SS model are given by

x0 ¼
rrel

2
cos �; y0 ¼ rrel sin�

_x0 ¼ n
2� c2

2c
y0; _y0 ¼ �2ncx0

ð9Þ

where, x0 and y0 present the initial relative states between the
leader and follower satellites. It should be noted that the initial
values of in-track (tangential-direction) velocity terms for the
leader and follower satellites incorporate constant offset to
eliminate the secular drift concerning the reference unper-
turbed circular orbit, which is presented as

_y0l ¼
3J2n

2R2
e sin

2 ir

4krc
ð10Þ

where, k ¼ ncþ 3nJ2R
2
e cos

2 i

2r2c
.

3. Parameterized Output Regulation

The objective of the output regulation algorithm is to find
a feedback control such that the output of the system con-
verges to zero as time tends to infinity. This problem can
be used to model asymptotic tracking as well as asymptotic
disturbance rejection.10)

The dynamic equations, including those of an exogenous
system, can be stated for control input subject to saturation
as follows3)

_xðtÞ ¼ AxðtÞ þ B1!ðtÞ þ B2�1	ðuðtÞÞ
_!ðtÞ ¼ S!ðtÞ
eðtÞ ¼ CxðtÞ þD11!ðtÞ þD12uðtÞ

ð11Þ

where, A; B2; C; and D12 are the state-space matrices of the
classical control system, while B1 and D11 are the state and
output-exogenous matrices and S is the state matrix for the
exogenous system. The full-information output regulation
problem is solvable if, and only if, ðA; B2Þ is stabilizable
and there exist control gain matrices ¬ and ¥, which satisfy
the regulator equation.10)

�S ¼ A�þ B2�þ B1

0 ¼ C�þD12�þD11

ð12Þ

The parameter 	ðuðtÞÞ is the normalized saturation function
that assures k	ðuðtÞÞk1 � 1, where it is defined as

	ðuiðtÞÞ ¼

ui

�1i

if juij � �1i

1 if ui > �1i

�1 if ui < ��1i

8>>>><
>>>>:

ð13Þ

The coefficient matrix �1 2 R
m�m represents the saturation

limits for different control inputs, which is stated as follows

�1 ¼
�11

0

. .
.

0 �1m

2
64

3
75 ð14Þ

For clarity, we assume D12 ¼ 0. Under these conditions, ad-
missible controller actions are given by

uðtÞ ¼ K"xðtÞ þ L!ðtÞ ð15Þ
where, the feedback gainK" ¼ �R�1BT

2P" and output signal
eðtÞ is given by

eðtÞ ¼ CeðAþB2K"Þtx̂0 þ ðC�þD11ÞeSt!0 ð16Þ
For POR, we consider the state weighting matrix Q" ¼ "P",
while ¾ is the independent control parameter.3)

P"Aþ ATP" � PB2R
�1BT

2P" ¼ 0 ð17Þ
We then transform the parametric algebraic Riccati equation
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(PARE) to PLAE with A" ¼ �AT � 1
2
"In, where R > 0 and

In is a n� n identity matrix. The parameterized matrix P" is
approved to be the unique positive definite solution from the
structure of the following parametric Lyapunov equation

0 ¼ AT
" W" þW"A" þ CT

1C1 ð18Þ
where, W" ¼ P�1

" and C1 ¼ R�1
2BT

2 .
This solution creates a stable feedback gain K" ¼

�R�1BT
2P" while assuring the boundary of the magnitude

of state feedback.11) Moreover, the properties Q" > 0 and
dQ"=d" > 0 for any " 2 ð0; "��, where "� is the value of ¾
for the stability margin and lim"!0 Q" ¼ 0 are the necessary
conditions to prove the stability of the SS model with the
POR algorithm subject to the input saturation. The control
action is described by

uðtÞ ¼ K"x̂ðtÞ þ �!ðtÞ ð19Þ
where, L ¼ ��K"� and x̂ ¼ xðtÞ ��!ðtÞ. The stability
condition for the PLAE algorithm is defined by Theorem 1
in Saberi et al.12)

To track !ð
Þ ¼ c1 cos!r
 c2 sin!r

� �T , the solution

to the regulator equation is explicitly given by3)

� ¼

1 0

0 1

0 �c1!r

c2

c2!r

c1
0

2
666666664

3
777777775

� ¼

�c1!
2
r þ c1n

2ð5c2 � 2Þ þ 2c2nc!r

c1
0

0 �c2!
2
r þ 2c1nc!r

c2By

2
6664

3
7775

ð20Þ

where, c1 and c2 are constant values that present the magni-
tude of the reference signals, while !r is the frequency of the
reference signals.
3.1. POR control algorithm with an integral part

The new control algorithm is designed by combining the
POR and an integral controller with an anti-windup scheme.
It is presented by this formula

uðtÞ ¼ K"x̂ðtÞ þ �!ðtÞ þKIq ð21Þ
The anti-windup controller is based on the conditional inte-
gration method, so the integral action is switched on or off
depending on the linear range or saturation range of the inte-
gration part.13) The internal anti-windup for conditional inte-
gration is implemented as

q ¼
Z t

0

x̂ðtÞdt if jKIqj � �I & j	ðuiÞj � 1

0 otherwise

8<
: ð22Þ

This condition can be partially interpreted by sup
t

KIq
� � ¼

�I , where 0 < �I < 1. The stability conditions of the en-
hanced control algorithm of the POR and the integral part

are similar to the PLAE theorem conditions of the POR algo-
rithm. The margin for the percentage of the feedback control
action of the new algorithm is described by

kK"x̂þKIqk1 � kK"x̂k1 þ kKIqk1
� kK"x̂k1 þ �I � �

ð23Þ

where, the closure of ¤ is determined by � 2 ½0; 1�. On the
other hand, Theorem 1 illustrates k�!k1;T � 1� �, where
k k1;T denotes the L1-norm after time T. The limits of the
¤-value are illustrated to determine the margin for feedback
control action �I þ kK"xk1 based on the saturation level
of the thrust and differential atmospheric drag for the specific
satellite parameters.3) It should be noted that when the value
of �I increases, the margin for the feedback output regulation
control action kK"x̂k1 decreases.

4. Numerical Simulation Results

This section presents the numerical simulation results of
the new control algorithm implemented in the high-precision
orbit propagator. The results in this section present a compar-
ison between the POR control algorithm and the new control
algorithm for stable control gains when implemented in the
HPOP.

The HPOP implemented for performance testing is based
on AstroLib software,3) which incorporates high-fidelity
force models and a precise numerical integrator as presented
in Table 1.

The more realistic formulation of the relative velocity vec-
tors in the RTN coordinate system using orbital elements for
small formation radius is presented as follows14)

Vreli ¼
_xi � yiðnc� !e cos irÞ � zi!e cos �r sin ir

_yi þ ðrc þ xiÞðnc� !e cos irÞ � zi!e sin �r sin ir

_zi � ðrc þ xiÞ!e cos �r � yi!e cos �r sin ir

2
64

3
75

ð24Þ
where, the subscript i is an indication for the leader or fol-
lower satellites. Based on the SS model, the reference orbital
elements (denoted by subscript r) are calculated for virtual
unperturbed reference circular orbit, so the initial values of
x0; y0; z0; _x0 and _z0 for the leader satellite are equal to zero,
while there is a constant term that appears in initial tangential
velocity term _y0l of the leader satellite and all relative veloc-
ity terms affected.

The satellite parameters for numerical simulations are pro-
vided in Table 2, with the saturation value of the thrust con-
trol action umax ¼ 1� 10�4N and altitude hellp ¼ 350 km.
From the nature of atmospheric density, it can be estimated
that the limits for ¤ values without the integration part for
reference frequency !r ¼ n are approximately equal to unity
for altitudes hellp � 500 km, while its values for this test case
decreases dramatically above hellp 	 550 km, so it will be
less than 0:3 for hellp � 700 km. This illustrates that it will
be difficult to incorporate the integration part with the POR
control action while proving the stability of the dynamics

Trans. Japan Soc. Aero. Space Sci., Vol. 63, No. 5, 2020

245©2020 JSASS



equations for altitudes higher than 700 km.
The control parameters used for both control algorithms

are stated as follows:
1. POR control action with " ¼ 8:6� 10�9.
2. New control action with �I ¼ 0:3; " ¼ 7:7� 10�9.

The integral gain matrix for the integrated control is
KI ¼ diag ð10�12; 1:2� 10�6Þ.

The results in Figs. 1 and 2 show the error states of the
POR combined with integrated control, which are calculated
using this formula

eðtiÞ ¼ xðtiÞ ��!ðtiÞ; ti 2
�
t0; tf

� ð25Þ
while the control for the POR and the integral control algo-
rithms are calculated using Eqs. (15) and (21), respectively.

Figure 1 shows the in-plane error components using the
POR control algorithm for the control gains presented in
Eq. (20). It shows that the error of the stable gains of the
POR algorithm shows significant performance degradation
and instability in the tangential direction when implemented
in the HPOP.

Figure 2 presents the results of the new control algorithm,
where Fig. 2(a) illustrates a moderate improvement in the ra-
dial direction as compared to Fig. 1(a), while Fig. 2(b) states
that the integral part greatly enhances the performance of the
tangential direction of the POR algorithm and maintains sys-
tem stability for low gains when compared to the results in
Fig. 1(b). Based on the difference between the ideal formu-
lation of the relative velocity vectors presented in Eq. (7)
and the more realistic formulation presented in Eq. (24),
the tangential offset value from the reference circular orbit il-
lustrated in Eq. (10) and the difference between the relative
velocity vectors create deterioration in the performance of
the in-plane components. These differences create more
dominant effects in the mean anomaly, which was approxi-
mately presented by the tangential direction in the in-track
formulation of the circular formation flying.15) These results
also explain that the integral part improves performance deg-
radation in the tangential direction quite well.

Figure 3 shows a comparison between the components of
the control action in the POR and the new integrated control
algorithms. Figure 3(a) illustrates that the values of ux for the
new control algorithm are larger than POR control action in
the x-direction and doesn’t oscillate around zero as with the
POR algorithm, while the error in the x-direction is approx-
imately the same for both control algorithms, as presented in
Figs. 1(a) and 2(a). This behavior exists due to an integral
part of the new control algorithm as we strive to resolve

Table 1. Reference numerical propagation force models.

Force models

Geopotential 70� 70 EGM-96
Drag Exponential model CD ¼ 2:2

Third-body Solar/Lunar point masses based on Jet
Propulsion Laboratory ephemerides, DE405

Solar radiation Conical shadow model, reflectivity factor
Cr ¼ 1:2

Tidal effects No tide forces

Propagator parameters

Integrator Runge Kutta 4th order
Time step 100 s
Simulation period 30 days

Table 2. Parameters of the JC2Sat satellite.

Parameter Symbol Unit Value

Mass M kg 18

Drag plate area Ad m2 0:09

Drag coefficient Cd — 2:2

0 5 10 15 20 25 30
Time [days]

-50

0

50

(a) Error in radial direction

0 5 10 15 20 25 30
Time [days]

-1000
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(b) Error in tangential direction

Fig. 1. Error components of the POR control algorithm.
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Fig. 2. Error components of the integrated control.
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the formation maneuver problem. For the tangential direc-
tion, the control action of the new algorithm is larger than
the control action of the POR algorithm, while the POR algo-
rithm error values are higher than its values in the new algo-
rithm and present an unstable behavior as presented in
Fig. 1(b). It mainly exists because the magnitude of the inte-
gral control action is the dominant part compared to the mag-
nitude of control action of the classical POR algorithm.

Although Fig. 2 presents a great improvement in the tan-
gential direction results and a moderate enhancement in the
radial-direction results as compared to Fig. 1, the integral
part can’t handle all of the perturbations and uncertainty ef-
fects in the high-precision orbit propagator models. These re-
sults reveal that the integral part with low, stable POR gains
according to the PLAE approach are not sufficiently robust to
deal with the unmodelled dynamics and nonlinearity of the
HPOP dynamic models.

5. Conclusion

This paper investigated the performance of the parameter-
ized output regulation algorithm. It proves that performance
can be degraded using low stabilized control parameters ac-
cording to the parametric Lyapunov algebraic equation ap-
proach. This performance degradation exists mainly due to
the effects of differences between the Scheiwghart-Sedwick
linear relative model and the high-precision orbit propagator
nonlinear full-perturbation models. Furthermore, it is as-
sumed in implementing construction of the parameterized al-
gorithms that the formation radius between the leader and
follower satellites is small. Therefore, this paper developed
a control algorithm based on combining the parameterized

output regulation algorithm and an integral control with an
anti-windup scheme. The combined integral part improves
the performance of the parameterized output regulation when
applied in a high-precision orbit propagator. The results are
promising as a first step to overcome the nonlinear and un-
modelled dynamics in the formation flying problem subject
to saturation. However, it can’t eliminate all of the error com-
ponents under different simulation conditions. We recom-
mend testing the performance and robustness of the new algo-
rithm against differential drag uncertainties in density and
drag coefficients. It is also recommended to upgrade the con-
trol structure based on more precise relative dynamics models.
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Fig. 3. Comparison of control components for the POR and new inte-
grated control.
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