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ABSTRACT

In this paper, leader-follower formation and reconfiguration problems based on the periodic orbits of the
nonlinear relative dynamics along a circular orbit are considered. First, initial conditions of coplanar and
non-coplanar relative orbits are characterized by the initial true anomaly, mean motion, semimajor axis,
eccentricity and inclination angle of the follower’s inertial orbit. Based on the property of null controlla
bility with vanishing energy of the Hill-Clohessy-Wiltshire equations, L ; suboptimal feedback controllers
are designed via the linear quadratic regulator theory. Simulation results for three examples are given. A
comparison with the reconfiguration problem based on the periodic orbits of the Hill-Clohessy-Wiltshire
equations shows that replacement by nonlinear periodic orbits does not increase the L ;-norm of the feed-
back control.

1 Introduction

The relative motion of one satellite with respect to another in a circular orbit is described by autonomous
nonlinear differential equations. The linearized equations around the null solution were introduced by Clo-
hessy and Wiltshire [1] to analyze satellite rendezvous, and are now known as Hill-Clohessy-Wiltshire
(HCW) equations [2-4]. Since then, the HCW equations were used by many authors to study rendezvous
problems (see [5] and references therein). Typica problems involve fixed-time and fixed-end conditions,
impulsive maneuvers, the total velocity change as a cost function, and optimal solutions are sought. Pruss-
ing [6, 7] derived two-, three- and four-impulse solutions. Carter [8] and Carter and Brient [5, 9] obtained
necessary and sufficient conditions for optimal solutions for both HCW equations and Tschauner-Hempel
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(TH) equations, which are linearized equations of the relative motion along an eccentric orbit. A general
but succinct formulation of rendezvous problemsis givenin [5] and optimal solutions are derived in an ele-
mentary manner. Jezewski and Donaldson [10] considered a free-time problem, and obtained two-impulse
solutions. The Space Shuttle project in 1980’s and expected future space missions lead to a new concept
of formation flying, and the HCW equations were used by many researchers to study formation problems.
In formation flying, the satellite in the circular reference orbit is often referred to as aleader, and the other
as afollower. In earlier days, formationkeeping problems, where the final desired state is the origin, were
studied. Vassar and Sherwood [11] assumed impulse maneuversat given sampling times, and employed the
discrete-time linear quadratic regulator (LQR) theory. Leonard, Hollister and Bergmann [12] used three-
valued differential drag between two satellites for controlling the relative motion. Redding, Adams, and
Kubiak [13] proposed a controller based on feed-forward control and the discrete-time LQR theory. Mo-
tivated by new developments in propulsion technologies, Kapila, Sparks, and Buffington [14] employed
pulse control, and designed stabilizing feedback controls by the discrete-time LQR theory.

The HCW equations possess periodic solutions, which are useful as temporary orbits before mission,
and for proximity operations such as inspection and repair. They are also used for satellite formation.
Kang, Sparks, and Banda [15] used feedback linearization and the continuous-time LQR theory to track
a periodic solution of the HCW equations. Campbell [16] considered a reconfiguration problem between
two periodic solutions, and formulated the minimum-time problem, and a minimum-fuel problem, where
the time interval is finite and the cost function is the absolute integral of the thrust. Schaub [17] derived
the description of the relative orbit in terms of orbit element differences for both circular and eccentric
reference orbits. Vaddi et. a. [18] considered formation and reconfiguration problems using orbit element
differences, and obtained a two-impulse solution. Palmer [19] considered a finite-time formation problem,
where the square integral of the thrust accelerations is minimized, and analytic solutions for the thrust
functions are given. Periodic solutions of the TH equations, which give relative orbits along an eccentric
reference orbit, were characterized by Inalhan, Tillderson and How [20], and the initialization procedureto
periodic motion was given.

It is well-known in the LQR theory that a large penalty on control resultsin smaller inputs [15]. For a
certain class of linear systems, the Lo-norm of the feedback control given by the LQR theory tendsto zero
as the penalty on control becomes infinitely large. This property is referred to as null controllability with
vanishing energy (NCVE), and wasintroduced for infinite dimensional systems by Priolaand Zabczyk [21]
together with necessary and sufficient conditions. A more precise definition is given as follows. A linear
system is null controllable with vanishing energy (also denoted by NCVE) if any state can be steered to
the origin by a control with an arbitrarily small L »-norm, as the control duration becomes arbitrarily large.
Recently, it was remarked by Shibata and Ichikawa [22] that the HCW system with three independent
thrusters is NCVE. This property assures the design of a feedback controller with an arbitrary small L -
norm through the LQR theory taking a small (large) penalty matrix on state (control, respectively). Using
periodic solutions of HCW equations, Shibata and |chikawa[22] considered formation and reconfiguration
problems by feedback control. The main performanceindex is the L ;-norm of the feedback control, which
corresponds to the total velocity change. Numerical simulations with various initial and final conditions
show that the L1-norm of the feedback control designed by the LQR theory decreases monotonically with



Lo-norm, as the penalty on control becomes arbitrarily large. Using this fact, L ; suboptimal controllers
were designed, and applied to the nonlinear relative dynamics. The notion of NCVE was extended by
Ichikawa [23] to discrete-time systems and periodic systems. An open-time reconfiguration problem with
impulsive maneuverswas studied by Ichimuraand I chikawa[24], and optimal threeimpul se controlsfor the
HCW system are derived. Noting that the discretized system inherits NCVE [23], [, suboptimal impulsive
feedback controls were designed and applied to the nonlinear relative dynamics. Shibata and Ichikawa[22]

also showed the NCVE property of the TH equations with three independent thrusters, and considered the
reconfiguration problem along an eccentric reference orbit using the LQR theory of the periodic system
[25].

In [15, 22, 24], designed feedback controls were applied to the original nonlinear relative dynamics.
However, periodic relative orbits used for formation are not those of the nonlinear relative dynamics, but
those of the HCW equations. To maintain these orbits, control inputs are necessary for all time, even though
they might be small. In this paper, periodic orbits of the HCW system are replaced by those of the original
nonlinear relative dynamics, and the corresponding formation and reconfiguration problems are considered.
Periodic solutions of the nonlinear relative dynamicswere used by Gurfil [26] for the initialization problem,
where given initial conditions of the nonlinear relative dynamics are adjusted by a single impulse to those
of a periodic solution. Using an energy matching condition, the initialization problem with minimum
velocity change was solved. However, this method is not applicable to a formation problem with a given
relative orbit nor to a reconfiguration problem. The relative motion of the follower with respect to the
leader isperiodic if and only if the follower isin an inertial orbit with its semimajor axis equal to the radius
of the circular reference orbit. Using this fact, initial conditions of the nonlinear dynamics, which yield
periodic solutions, are explicitly determined by theinitial positions of two satellitesin their inertial orbits.
First, two inertial orbits are assumed to be coplanar, and the initial positions of two satellites are given
in the perifocal reference frame associated with the follower’s eccentric orbit. The corresponding initial
conditions of the nonlinear relative dynamics are characterized by the initial true anomaly, mean motion,
semimajor axis and eccentricity of the follower’sinertial orbit. Thefollower’s eccentric orbit is then rotated
around one of the axes of the perifocal reference framein the orbit plane, and in each case, initial conditions
of periodic solutions are characterized by the same parameters and the rotation angle. Initial conditions of
al non-coplanar relative orbits are generated by the combination of two rotations. Using these periodic
solutions of the nonlinear relative dynamics, formation and reconfiguration problems are formulated, and
asin[22], L, suboptimal feedback controls are designed by the LQR theory. To compare the performances
of feedback controls, a reconfiguration problem of Shibata and Ichikawa[22] is modified by replacing the
initial conditionsof an HCW periodic orbit by those of the periodic orbit of the nonlinear dynamicswith the
same initial positions. Then L;- and L,-norms of the feedback controls and settling times are computed.
Two examples of amore general coplanar orbit and a non-coplanar orbit are also given.

The paper is organized as follows. Section 1 is Introduction. Section 2 introduces the egquations of the
relative motion and their state space form. Section 3 gives the characterization of initial conditions of peri-
odic solutions of the nonlinear relative dynamics, and Section 4 formulates formation and reconfiguration
problems. Section 5 discusses the design of feedback controls, and finally Section 6 presents simulation
results on three examples.



2 Equationsof Relative Motion

Consider two satellites subject to the central gravity field of the Earth, one of which is flying in a given
circular orbit of radius Ry and is referred to as a leader, and the other flying nearby is referred to as a
follower. The relative motion of the follower with respect to the leader is given by Newton's equations of
motion as follows [4]

T = 2TLy -+ TL2(R() -+ Z) — %(Ro -+ Z) -+ Uy,

ij = —2ni + n’y — %y + Uy, (€N}
zZ= —%z + u,,

wherethe coordinate system (z, y, z) isfixed at the center of mass of the leader, «-, y- and z- axesareaong
theradia direction, the flight direction of the leader, and the normal direction respectively (see Fig. 1), i1 is
the gravitational parameter of the Earth, n = (u/R3)'/? the orbit rate of theleader, R = [(Ro + ) + 4> +
2212, and u,, u, and u, are the control accelerations. The linearized equations around the null solution
x =y =z =0aregivenby

& = 2ngy + 3n°x + ug, 2
§J = —2ni + uy, 3
5 =-n%2z+u., 4%

which are known as Hill-Clohessy-Wiltshire (HCW) equations. The in-plane motion is determined by
Egs. (2) and (3), and is independent of the out-of-plane motion given by Eq. (4). The solution of HCW

equationsis periodic if and only if the CW condition ¢y = —2nx holds. In this case the in-plane motion
isgiven by [22]
z(t) = acos(nt + «),
®)
y(t) = d — 2asin(nt + a),
where
a= [(3:c0 + 250/n)? + (a'co/n)Q] 1/2 , d=1yo— 2&o/n, ©
cosa = —(1/a) (3xzo + 29o/n), sina = —ig/(na).
It formsan ellipse
a? | (y—d)?
— + =———=1. 7
a? * (2a)? U

in (z,y) plane, and is useful for formation flying as well as proximity operations such as inspection and
repair. Defining

x=[zy iy 2z, u=|u Uy THES
the HCW equationsin the state space form become

& = Ax + Bu, (8)



where

0

and Eq. (1) isrewritten in a semilinear form

where

o o o o o

0 0
0 0
0 1
, B=
0 0
1 0
0 0

& = Az + Bu + Bg(x),

9(®) = [ —3n%z — (Ro + 2)(p/R® — n?)
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y Leader at 7

Circular Orbit
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Figure 1: Leader and follower at ¢: coplanar.

3 Periodic Solutions of Relative Dynamics and Their Initial Condi-

tions

o o o o o

T

—y(u/R® —n?) —z(uz/R*—n?) |

©)

Although periodic solutions of the HCW equations given by Eq. (5) are useful for formation flight and vari-

ous other operations, they are not free motions of Eq. (1), and hence control efforts are required to maintain

them. In this section, initial conditions of periodic solutions of Eq. (1) will be characterized. Assume that

the follower isin an eccentric orbit I' = (A, e) in theinertial frame, where A is the semimajor axis and

e the eccentricity vector. Let (X,Y, Z) be its perifoca reference frame whose origin is the center of the

earth and the X axisisin the direction of the eccentricity vector e. Assume first that two inertial orbits are



coplanar as shown in Fig. 1, where R, R, are the position vectors of the follower and the leader respec-
tively, and r istherelative position vector. If the X coordinate of the perigeeis A o — a, then the eccentricity
e = |e] = a/Ay. Let ty be the time at which the leader is in the direction of e (on the X axis). Let 6(t)
be the true anomaly of the follower, and set 6, = 6(to). Below the initial conditions of Eq. (1) at ¢, will
be calculated. Recall that the relative motion of the follower is periodicif and only if Ay = Ry, becausein
this case periods of the circular and eccentric orbits coincide.
Note that 7(¢) in the (X, Y, Z) coordinate system is given by
R(t) cos6(t) — Rocosn(t — to)
r(t) = R(t) — Ro(t) = | R(t)siné(t) — Rosinn(t —ty) |- (10)
0
where R = | R| isgiven by
R(t) = p/(1+ecosb(t)), p= Ao(l —€?).

To find the relative velocity of the follower, the lemmabelow is useful.

Lemma3.1.
PO = (u/p)/2(1+ ecosb(t))?,
p L cos(0(t) + )/ (1 +ecosd(t) = —(u/p)*(sin(0(1) + ) + esin ),
pLsin(0(t) + B)/(1 + ecosb(t) = (u/p)"/(cos(B(t) + B) + e cos ),

dt
where 3 is an arbitrary phase angle.

The first equation follows from the Kepler's second law concerning the area velocity, while other two
equalities are abtained by direct differentiation.

Note that the angular velocity of the rotating frame (z,y, 2) isw = [0 0 n]? and that the derivatives of
r(t) inthe (X, Y, Z)- and (x, y, z) frames denoted respectively by 7 (dr/dt) and ér /it are related by the
following equation [4]

= d_r = 5_7' +wxr
Codt ot '
Hence the relative velocity or /6t expressed in the (X, Y, Z) coordinate system is given by

or . ;
() =i~ wxrlt) = R—wx R(t)

—% sin0(t) + nR(t) sin 0(t)

= \;lloﬂ (cosB(t) +e) —nR(t)cosb(t) | » (11)

—e2

0

where the equality §Ro(t)/6t = 0, Lemma 3.1 with 3 = 0, and (u/p)*/? = noAo/(1 — e*)Y/2, ng =
(11/A3)/? are used. Thusthe relative velocity at ¢ is

9 . —_ 2 .
5 ——\7% sin 6y + 77;106(30520) sin @
r 2
E(to) = % (cosfy +e) — %103690) cosfy | - (12)

0
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Figure 2: Periodic relative orbits (89 = 0).

Because dr /6t in two coordinate systems (X, Y, Z) and («, y, z) coincideat t, Eq. (12) isaso the relative
velocity inthe (z, y, z) coordinate system. Hence, Eq. (10) with¢ = ¢, and Eq. (12) givetheinitia positions

and velocities at ¢, i.e.,
AU(17€2)

x(to) Trecos g, CO8 0o — Ry
y(to) | = fﬁélcgf ;[)) sin 6o , (13)
2(to) 0
% (to) —% sin By + 7"?1‘22&;02) sin
ylto) | = %(COS 0o +e)— %ggj) cosfy | - (14)
2(to) 0

Theinitial conditions can be directly derived from »(t) in the system (x, y, z) given by

x(t) R(t) cos[f(t) — n(t —to)] — Ro
yt) | = R(t) sin[0(t) — n(t — to)]
2(t) 0

Infact t = t( yields Eq. (13), and the derivativeat ¢ gives Eq. (14).
Egs. (13) and (14) with Ay = Ry and ng = n yield a periodic solution of Eq. (1), and the following
theorem holds.

Theorem 3.1. LetT" = (Ry, e) beaninertial coplanar eccentric orbit of the follower. Let ¢, be the time at
which the leader isin the direction of e, and let 8, = 6(tp). Then the relative motion of the follower with



respect to the leader is periodic, and the initial conditions of Eq. (1) at ¢, are given by

x(to) i"i;:zz cosfy — Ry
y(to) = f:ﬁii;f;i sin 6o , (15
| z(to) | | 0
[ z(to) ] [ — \/% sin Oy + %10;6;0) sin g
9(to) = \/% (cosby +e) — % cosfy | - (16)
2(to) 0

Using Egs. (15) and (16), periodic solutions of Eq. (1) with parameter e are generated in the case 0 ¢ = 0
and depicted in Fig. 2.

Leader at 7

|
=

-
\
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/ \ \ Circular Orbit

Figure 3: Leader and follower at ¢: non-coplanar.

Now consider non-coplanar orbits of the follower and their associated initial conditions of Eq. (1). Most
practical non-coplanar orbits are generated by rotating coplanar orbits around their X -axisor Y axis. For
definiteness, consider the planar orbit T' = (R, e), and rotate it around the Y axis by an angle ¢ in the
negative direction (see Fig. 3). Denote by (X, Y, Z) the resulting perifocal referenceframe. ThenY = Y.
The position vector of the follower at timet inthe (X, Y, Z) coordinate system is

R(t) cosO(t)
R(t) = | R(t)sinf(t) |-

0
whileinthe (X,Y, Z) coordinate system
R(t) cos6(t) R(t) cos6(t) cos ¢
R(t) = C2(¢) | R(t)sinf(t) | = R(t)sin (t) : (17)

0 R(t) cos6(t) sin ¢



where C3(¢) is the rotation matrix

cos¢p 0 —sing
Ca(¢) = 0 1 0
sing 0 cos¢

Hence the relative position vector » inthe (X, Y, Z) coordinate system becomes

R(t) cos6(t) cos  — Rg cosn(t — to)

r(t) = R(t)sinf(t) — Rosinn(t — to) : (18)
R(t) cos6(t) sin ¢
Therelative velocity expressed in the (X, Y, Z) coordinate system is then
52—9:7"7wxr(t) (19
- \%”_476"2 sin 6(t) cos ¢ + nR(t) sin O(t)
= \;Lff—cfg (cosB(t) +e) — nR(t)cosb(t)cos ¢ | - (20)
— ;f—f—eo? sin 0(t) sin ¢
Hencethe initial conditionsat ¢, are given by
x(to) fﬁilcgse;)) cosfycosp — Ry
y(to) | = % sin o ; (21)
z(to) fﬁilc;: zz cos 0 sin ¢
% (to) —% sin 6 cos ¢ + %sin@o
y(to) | = \7?:4—8“2 (cosby +¢) — %ﬁ;i} cosbpcos¢ | - (22)
2(to) - \710?—22 sin f sin ¢

Note that Egs. (21) and (22) are reduced to Egs. (13) and (14) if ¢ = 0. Setting Ay = Ry and ng = n,
initial conditions of a periodic solution of Eq. (1) are obtained.

Theorem 3.2. LetT' = (R, e, ¢) be anon-coplanar eccentric orbit of the follower. Let ¢, be the time at
which the leader isin the direction of Pe, andlet 8y = 6(t(), where P isthe projection onto the orbit plane
of the leader. Then the relative motion of the follower with respect to the leader is periodic, and the initial
conditions of Eq. (1) at ¢ are given by

R _ .2
x(to) % cosfycosp — Ry

762 .
y(to) | = 7&)&03 9[)) sin 6y ; (23

R()(l*e?) .
%(to) Tccosdy COS 0o sin ¢

and
. R, . nRo(1—e?) .
Z(t()) — \/% S11 9() COS (725 + H%OSOO) S 9()

y(to) = nRo (cosby +¢e) — % cosbycosg | - (24)

. R, . .
2(to) - \/% sin f sin ¢




Now rotate the coplanar orbit ' = (R, e) around the X axis by an angle ¢ in the negative direction,
and denote by (X, Y, Z) the resulting perifocal reference frame. Thenin thiscase X = X. The relative
position vector is given by Eq. (17) with C» () replaced by C1(¢), where

1 0 0
Ci(¥) =10 cosyp siny |,
0 —siny cosy

and the initial conditions are given as follows:

R _ .2
x(to) 1+0i1cose(9()) cosfy — Ro

2

ylto) | = | L Lsinycosy | (25)
—_ 2 . .

Z(to) — ﬁiilco:ei sin 6 sin

and
nRo(1—e?)

3 _ _nRo
ﬂ?(to) Vi—e? Sin 90 + 1+ecosfg

ylto) | = \;%(COS 0o + €) cosp — % cosfy | - (26)

sin 6y cos

2(to) — \/% (cosby + e) sinp
General non-coplanar orbits of thefollower can be generated by two successiverotations C 3 (¢) and C (v)).
Infact, let (X, Y, Z)and (X, Y, Z) bethe perifocal referenceframes obtained by rotating (X, Y, Z) around
the Y-axis by —¢, and then around the X -axis by —1) successively i.e., C2(¢) : (X,Y,Z) — (X,Y, 2),
Ci(¥): (X,Y,Z) — (X,Y, Z). The position vector of the follower at timet inthe (X, Y, Z) coordinate
system is given by

R(t) cos0(t)
R(t) = | R(t)sinf(t) |,

0
andinthe (X,Y, Z) coordinate system
R(t) cos0(t)
R(t) = C2(¢)C1(¥) | R(t)sinb(t)

0

The relative position vector r(¢) and the relative velocity dr(t)/dt can be calculated in the same way as
Egs. (18) and (20), whichinturn givetheinitial conditionsof Eq. (1). Alternatively, let C(q) : ( X,Y, Z) —
(X,Y, Z) bethe direction cosine matrix parametrized by the quaternions. Then the position vector R(¢) in
the (X,Y, Z) coordinate system is given by thefirst equality of Eq. (17) with C'»(¢) replaced by C/(q), and
the relative position vector and the relative vel ocity can be calculated in asimilar way.

4 Formation and Reconfiguration Problems

In this section, formation and reconfiguration problems based on the periodic relative orbits are formul ated.
First, a characterization of relative orbits is given. Let (X, Yo, Zo) be an inertial reference frame such



that the (X, Yo) plane coincides with the orbit plane of the leader. Let T = (A, e) be a coplanar inertial
orbit of the follower. Then the relative orbit is determined by theinitial time ¢y and theinitial true anomaly
0o, and hence it will be denoted by v = (Ay, e, to,0p). Similarly, the relative orbit corresponding to a
non-coplanar inertial orbit is denoted by v = (Ao, e, to, 0o, ¢, v) if the angles of successive rotations of
the planar orbit around the Y -axis and the X -axis are —¢ and —1 respectively. The formation problem in
ageneral form is described as follows. For a given initial relative orbit vo = (Ag, e, to, 6o, d0, 100) and a
final periodic orbit vy = (Ro. ey, tro, 070, @7, %), find afeedback control strategy such that the solution
of (9) starting form the initial orhit tracks v ; asymptotically. The performance index of the controller is
the L;-norm, which represents the total velocity change, and hence fuel consumption. If, in particular, the
initial orbit is periodic, i.e., 7o = (R, €o, to, b0, 0, %0), it is areconfiguration problem. Note that two
orbits vo and v have different initial times, which is inconvenient for control purposes. Below it will be
shown how to calculate the relative state of the final orbit at ¢5. Recall that the relative dynamics of the
follower is given by (9) so that

& = Ax + Bu + Bg(x), x(tg) = xo,
where the initial condition x is determined by ~o. In order to track v, a virtual satellite is introduced,
which follows the free motion of (9), i.e.,

be :Azf—i—Bg(a:f), $f(tf0)=$f0, (27)

where x ¢, is determined by v;. Without loss of generdity, the inequality to > tyo is assumed. For
simplicity, consider a planar orbit vy = (R, ey, tro0,00) (See Fig 4). Then the relative position and
velocity of the virtual satellite at ¢ in the perifocal reference frame of thefinal orbitI' = (R, e) aregiven
by
Ry(t)cos(0f(t) —n(to — tro)) — Rocosn(t —to)
rp(t) = Rp(t) — Ro(t) = | Ry(t)sin(0;(t) — n(to — tso)) — Rosinn(t —to) | >
0
where
Ry(t) = Ro(1—€7)/(1+ ey cosO(t)).

Hence, as in the previous section,

Ry(to) cos(bf(to) — n(to — tro)) — Ro

r(to) = Ry(to)sin(0f(to) — n(to —ts0)) ; (28)
0
and
00 gy 1) — o 1)
- \/nff—“e? [sin(0f(to) — n(to —ts0)) — er sinn(to — tgo)] + nRy(to) sin(0f(to) — n(to —ts0))
= | Hrleos0(to) —n(to — t10))] + e cosnlto — tyo)] = nRy(to) cos(6(to) = nlto — t5o)) |-

0

(29)
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Figure 4: Leader and virtual satellite at ¢: coplanar.

where Lemma 3.1 with 5 = n(to — t50) is used. The true anomaly 6 ¢(to) is determined by the Kepler's
time equation
n(t() — tp) = Ef(t()) —€ef sin Ef(t())

and the following relation

_cos Ey(to) — ey
cos B (to) = 1 —egpcos Ef(to)’
where E is the eccentric anomaly, and the perigee passagetime ¢, is given by

n(tro —tp) = Ef(tro) — epsin Ef(tgo),
cos Ef(to) — ey

O5(tso) = '
cosO¢(tyo) 1 —epcos Ef(tso)

The initial condition x f(¢() is then obtained by rearranging (28) and (29). When ~ ; is non-coplanar, the
relative position and velocity at ¢ can be derived using rotational matrices.
In the next section, feedback controls such that «(t) — « ¢(t) — 0 ast — oo are designed.

5 L, Suboptimal Feedback Controllers

To design feedback controllers, the error dynamics
é=Ae+ Bu+ Blg(x) — g(xy)] (30)

is introduced, where e = « — . As a main performance index, the L-norm of a controller, which
represents the fuel consumption, is employed. Recall that the linear part of (30) is the HCW system (8),
whichis null controllable with vanishing energy (NCVE). Thisis a property that any state can be steered to
the origin with an arbitrary small amount of control energy inthe L , (square integral) sense, provided that
the time duration is free. The system (8) is NCVE if and only if (A, B) is controllableand X = 0 isthe
unique nonnegative solution of the singular algebraic Riccati equation

ATX + XA-XBR'BTX =0, (31)



where R isany positive definite matrix. The second condition can be replaced by a more explicit condition:
Re A < 0for every eigenvalue \ of A [21, 23]. The HCW system (8) is NCVE, becauseit is controllable
andthe set of eigenvaluesof Ais{0,0, +in, tin}. Let X bethestabilizing solution of the algebraic Riccati
equation

ATX + XA-XBR 'BTX +Q =0, (32)

where @ is a nonnegative matrix such that (1/Q, A) is detectable. Apply the linear feedback control u =
—~R'BT Xz to the HCW system (8). Then due to the NCVE property, the L ,-norm of the feedback
control decreases to zero as () decreasesto zero (or, equivalently, as R increases to infinity) for any initial
condition of Eqg. (8). In[22], the reconfiguration problem for the HCW system defined by

x Az + Bu, x(0) =z,

fo = A%f, ZBf(O)Z%?O, (33)

was considered, where z’ and a:% are the initial conditions of the initial and final orbits of the HCW
system. The feedback control
u=-R'B"Xe, e=x—x; (39

was employed and its L,- and L;-norms were computed. It was also applied to Eq. (9) with z(0) = = £.
In either case, numerical simulations show that the L 5-norm of the feedback convergesto zero, and that the
L1-norm decreases monotonically to a positive constant.

In the next section, the feedback controller (34) is employed for the reconfiguration problem of the
nonlinear system (30). As performanceindices, the L - and L,-norms and the settling time are computed
as functions of a parameter of R. Then the performance indices are compared with those of [22]. The
feedback controller (34) locally stabilizes Eqg. (30), while the feedback controller

u=—-R'B"Xe—[g(z) — g(zy)] (35)

stabilizes globally. Hence, the L -norm of the feedback (35) is also calculated for comparison.

6 Simulation Results

For numerical simulations, a circular orbit of the leader of height ». = 500 km is considered. Then the
period of thisorbitisT = 5677 s, andthe orbit raten = 1.1068 x 10 ~3 rad/s (see Table 1), where the radius
of the Earth R, and the gravitationa constant of the Earth 1, are also given. Let (4, 7, k) bethe basisvectors
of theinertial frame (X, Yo, Zo).

Example 6.1. Coplanar formation: synchronized case.

Consider two periodic relative orbits denoted by vo = ((50/Ry)%,0,0) and v = ((5/R), 0, 0), where
Ry = R. + 500, and consider the reconfiguration from ~ to ;. Inthis case, (Xo, Yy, Zo) isthe perifoca
reference system of the two orbits. The X coordinates of the perigee are Ry — a with ¢ = 50, and
5 respectively. Moreover, the leader, follower and virtual satellite are initially on the X axis so that



Table 1: Constants and common parameters

Constants Values
R, 6378.136 km
M 398601 km3/s?
Common parameters Values
he 500 km
n 1.1068x 10—2 rad/s
T 5677 s

to = tyo = 0. Using (15) and (16), theinitial conditions of the nonlinear systems (9) and (27) are given
respectively by

xo = [ —50.0000 0.00000 0.00000 0.11064 0.00000 0.00000 |,

xso=[ —5.00000 0.00000 0.00000 0.01104 0.00000 0.00000 |-

Initial conditions of the HCW system (8), which start from the same positions and produce periodic solu-
tions, are given respectively by

o' =] —50.0000 0.00000 0.00000 0.11044 0.00000 0.00000 J,

33%:[ —5.00000 0.00000 0.00000 0.01104 0.00000 0.00000 ]-

They correspond to the two concentric relative orbits (7) with d = 0 kmand a = 50 km, 5 km, respectively.
The initial phases of the follower and the virtual satellite are equal, and o = «. Note that x o and a:%
coincide up to six digits, because these final relative orbits are small and close to each other. This example
does not involve the out-of-plane motion, and hence, the four dimensional subsystems of (8) and (9) are
used for simulations below. Asin[22], @ and R in Eq. (32) are assumed to be diagonal, i.e., Q = diag(q ;)
and R = 10" withg; = 1.0 x 107°,i =1, 2,and¢; = 0,4 = 3, 4. The controller (34) with parameter
r is applied to the nonlinear system (9) with initial condition xy. The settling time T; and L1- and L»-
norms of the feedback controller are depicted in Figs. 5 - 7. Asin [22], the settling time is defined as the
first time after which inequdlities |z|, |y| < 0.017,,., and |Z|, |y| < 0.01v,,., are satisfied, where r,,,;,,
is the minimum distance of a point in the final orbit from its center, and v ,,,4,, 1S the minimum velocity of
the follower in the final orbit. The linear case in the figures corresponds to the initial conditions x & and
m]{fo, while the nonlinear case corresponds to the initial conditions ¢ and x so. The HCW case gives the
performance indices for the reconfiguration problem of the HCW system (8) and (33). However, L - and
L1-norms of the feedback control in three cases are indistinguishable. The L 5-norm decreases to zero as r
tends to infinity, confirming the NCV E property, whereas the L ;-norm decreases to a minimum. Minimum
values of the L-norm are attained at » = 7 and are givenin Table 2.



Table 2: Minimum L-norm

Reference Periodic Orbit plant Ly-norm [m/g]
Linear Nonlinear (Eq. (9)) 30.553
Nonlinear Nonlinear (Eq. (9)) 30.776
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An open-time reconfiguration problem for the HCW system with impulsive maneuvers was solved in
[24]. The minimum total velocity change is equal to n|a ; — ag|/2, where a is the size parameter of a
periodic orbit given in (7). The minimum is achieved by three impulses aong the y-axis. The minimum
total velocity change becomes nja s — aol, if impulses are restricted to the x-direction. In this example,
ay = 50 kmand ag = 5 km, whichyieldsn|a s — ag|/2 = 24.903 m/sand n|as — ag| = 49.806 m/s. The
minimum L1-norm in Table 2 is larger than the minimum total velocity change by 24%.

For reconfiguration simulations, the parameter is set to » = 4, which gives a shorter settlingtime 7' =
17527s. In this case the L;-norm of the feedback control is 43.917 m/s and the controlled trajectory of
the follower is given in Fig. 8. The larger orbit is v, while the sméller oneis v¢. Initial positions of the
follower and the virtual satellite are indicated by a dot and a square.

In the reconfiguration problem of the HCW system [22], the nonlinear system (30) is replaced by the
HCW system

€ = Ae + Bu. (36)

The minimum cost of the LQR problem associated with thisis given by e}’ X e, and further minimization
with respect to the initial condition e, was performed. When the follower is allowed to stay in the initia
orbit and to choose the initial time freely, this determines the best initial position to start control, which
minimizesthe L,-norm of the controller. Then the L ;-norm also decreases. In Fig. 9, L;-normsare plotted
against the initial phase 0 < o < 27. The best initial position in the nonlinear caseis a = 3.92, whilein
other two cases o« = 3.97. Finally, the nonlinear feedback (35) with » = 4 is applied to (9). The L ;-norm
is 44.127 m/s and the settling timeis T = 17481 s. The L;-norm increases by 0.5%. This simulation
indicates that the linear feedback controller is aso effective for proximity reconfiguration of the nonlinear
system (9) and that no extra control efforts are needed to replace HCW orbits by those of the nonlinear

relative dynamics.
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Example 6.2. Coplanar formation: general case.

Consider the initial and final two orbits given by v = ((50/R),0,0.02) and vy = ((50/Ro)j, —1'/4,0).
The angle between e and e is /2. The perifocal reference system of theinitial orbitis (X, Yo, Zo). At
timet, = 0, the leader is on the X, axis, i.e,, in the direction of eo. Attime sy = —T1'/4, the leader was
on the negative part of the Y, axis, which is the direction of e ;. Hence the perifocal reference system of
thefinal orbitis (—Yo, X0, Zo). Then by (15) and (16), theinitial conditions of the follower and the virtual
satelliteat top = 0 and ¢t o = —T'/4 are given respectively by

xo = [ —51.3577 136.747 0.00000 0.00110 0.00000 0.00000 |,

xro=[ —0.50000 0.00000 0.00000 0.00110 0.00000 0.00000 -

Using (28) and (29),  ;(0) is given by

xr(0) =] —0.37611 99.9983 0.05522 —0.00017 0.00000 0.00000 ]-

In this example, the penalty parameters of Example 6.1 are used. In Fig. 10, two orbits v, v, and the
controlled trajectory are given. The initial position of the follower at ¢t = 0 is indicated by a dot and
the positions of the virtual satellite at to = 0 and tyg = —T'/4 are shown by squares. The L;-norm
of the feedback control (34) is 115.12 m/s, and the settling time 7'; = 15008 s. The initia distance
|z (0) — zo| = 62 and is larger than 45 km of Example 6.1, which leads to the increase of the L ;-norm.
The L;-norm of the nonlinear feedback (35) in thiscaseis 107.91 m/s, and the settling time 7'y = 16424 s.

Example 6.3. Non-coplanar formation.

Consider theinitial and final orbitsgiven respectively by vy = ((50/Ry)%,0,0) and~y; = ((5/Ro)%,0,0,0.001).
Theinitial orbitisintheorbit plane of theleader (coplanar), and its perifocal referencesystemis (X o, Yo, Zo).
Attimet, = 0, theleader and thefollower areon the X axis. Thefinal orbitisthe ¢ = 0.001 [rad] rotation

of the coplanar orbit v, = ((5/Ro)%,0,0), and the initial position of the virtual satelliteat ¢ o = o = 0
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Figure 12: Controlled trgjectory in the rotational frame.

is on the X, axis, where (X, Yo, Zo) is the corresponding perifocal reference system. Then the initial
conditionsat to = 0 of the follower and the virtual satellite are given by

xo = [ —50.0000 0.00000 0.00000 0.11064 0.00000 0.00000 |,
xro=[ —5.00344 0.00000 0.00000 0.01105 6.88280 0.00000 -

There are two additional penalty parameters in this example, which are set ¢5 = 1.0 x 1072 and ¢gg = 0.
In Figs. 11 and 12, the initial and final orbits and the controlled trajectory are shown in the inertial frame
(X,Y,Z) = (Xo, Yo, Zo) and in the rotational frame (z, y, z) respectively. The L,-norm of the controller
is45.829 m/sand is 4.4% larger than that of Example 6.1, although the sizes of v, and ¢ are the samein
two examples. Thisis dueto the fact [24] that the minimum total velocity change for the reconfiguration
in the out-of-plane motion is twice larger than that in the in-plane motion. Note that z yo = 6.88280. The
settling time T, = 17527 s.



7 Conclusions

The conventional formation problem along acircular orbit involves periodic solutions of the Hill-Clohessy-
Wiltshire equations. However, amore natural problem is to use periodic solutions of the nonlinear relative
dynamics. This paper has given an explicit characterization of the initial conditions of the nonlinear rel-
ative dynamics for given initial positions of the leader and the follower in their inertial orbits. When the
two inertia orbits are coplanar, the initial conditions are given in terms of the initia true anomaly, mean
motion, semimajor axis and eccentricity of the follower orbit. Any non-coplanar orbit of the follower can
be generated by two successive rotations of a coplanar orbit around the two axes of the perifocal reference
frame. Based on this fact, the initial conditions in the non-coplanar case are derived by multiplying two
rotation matrices on those of the coplanar case. When the two inertial orbits have the same size, initial
conditions above yield periodic solutions of the nonlinear relative dynamics.

The formation problem in this paper is to find feedback controls which steer the follower asymptotically
to a periodic solution of the nonlinear relative dynamics, and the main performance index is the L ;-norm
of the control accelerations. The formation problem is solved as the stabilization of the error dynamics, and
hence coplanar and non-coplanar formation problems are formulated in a unified manner. The design of
feedback controlsis based on the null controllability with vanishing energy of the controlled Hill-Clohessy-
Wiltshire equations and the linear quadratic regulator theory, which assures the decrease of the L ;-norm
as the penalty on control increases. Numerical solutions show that the initial conditions of periodic solu-
tions of the Hill-Clohessy-Wiltshire equations and those of the nonlinear relative dynamics do not differ
substantialy, if their initial positions are the same. Comparison of the L ;-norms of the feedback controls
for the new formation problem and for the conventional problem a so showsthat theincreasein L ;-normis
very little. Thus the introduction of the periodic solutions of the nonlinear relative dynamics to formation
problems does not require extra control efforts.
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