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Abstract 

Quantitative determination of interlaminar fracture toughness that governs onset and growth 

of delamination is essential for engineering of composite materials and structures. This study 

proposes a new approach to evaluate both the initial fracture toughness and the crack growth 

resistance property of pure mode II delamination by tensile tests of specimens having two initial 

cracks, which were conceived from double-lap joints. The proposed test method achieves stable 

growth of mode II delamination by using a fundamental testing system. This study presents the 

specimen configuration, the theory to evaluate the energy release rate, and experiment results. 

The mode II initial fracture toughness measured by the present approach agreed well with the 
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results of conventional end notched flexure tests. Furthermore, the crack growth resistance 

curves were evaluated by unloading-reloading tests of the proposed doubly end-notched tension 

specimens. 

Keywords: Polymer-matrix composites (PMCs); Delamination; Fracture toughness; 

Mechanical testing. 

 

1. Introduction 

Carbon fiber reinforced plastics (CFRPs) have been frequently used in primary structures of 

the latest airplanes because of their high specific strength and modulus as well as good fatigue 

properties. Use of CFRPs are now growing rapidly in various industries. CFRPs are often used 

as a laminate in which thin layers are stacked, but in general, delamination appears frequently 

because of the inevitable interlaminar shear stress and the lack of through-thickness 

reinforcement. Delamination significantly degrades compressive strength [1]. Therefore, 

quantitative evaluation of delamination onset and its growth is important. 

Standardization of test methods for interlaminar fracture toughness has been investigated [2]. 

Mode I interlaminar fracture toughness of unidirectional fiber-reinforced polymer matrix 

composites has been measured by the double cantilever beam (DCB) test, which is prescribed 

as a standard test method [3-5]. The end notched flexure (ENF) test [6] has been frequently 

performed to evaluate mode II interlaminar fracture toughness, and this test is prescribed as a 

standard method in Japanese Industrial Standard (JIS) [3] and ASTM [7]. However, 

international consensus on standardization of the ENF test has not been reached due to the 
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unstable nature of crack growth and the influence of friction [2]. Some test methods have been 

addressed to achieve stable growth of mode II delamination [8-10]. The stabilized ENF test 

[11,12] requires a complex testing system for the control of the crack shear displacement or the 

coordinate conversion control. The end loaded split (ELS) test [13,14] requires a special 

horizontally-sliding clamp. The four-point bend ENF test [15,16] has to take into account the 

friction, because the loading point is above the initial delamination. Friction is also assumed in 

the over notched flexure (ONF) test [10]. Therefore, the influence of friction on the apparent 

fracture toughness has been investigated [10,17-20]. In recent years, new methods have been 

developed to obtain the crack growth resistance curve (R-curve) of mode II delamination. 

Arrese et al. [21] obtained the mode II R-curve by the three-point ENF test based on a set of 

equations of the compliance and the energy release rate considering shear, local deformation 

and bending rotation effects. Nakatani et al. [22] obtained an analogical R-curve of mode II 

delamination by tensile tests of unidirectional CFRPs containing designed discontinuity of 

fibers, but some specimens are required to evaluate the R-curve due to unstable failure manner. 

The mixed mode bending (MMB) test [23,24] and the cracked lap shear (CLS) test [25,26] to 

evaluate mixed mode I and II fracture toughness are well-known, but test methods for mixed-

mode delamination growth are still of interest [27-29]. 

This study proposes a new approach to achieve stable growth of mode II delamination by 

using a simple testing system and presents a theory to evaluate the energy release rate. We 

focused on the crack growth in a double-lap joint. Cracks between the base plate and lap plates 

are ideally in pure mode II. The influence of friction is small because of the absence of external 



 4

forces in the through-thickness direction. This study will evaluate both the initial fracture 

toughness and the R-curve of mode II delamination by the newly proposed doubly end-notched 

tension (DENT) tests. 

This paper is organized as follows. Section 2 proposes the DENT specimen that idealizes a 

half of a double-lap joint. A shear-lag analysis to evaluate the energy release rate is also 

presented. This theory will indicate that the energy release rate is independent of the crack 

length and that the delamination growth is stable. Finite-element analysis of the proposed test 

is also performed to confirm the stress distribution predicted by the shear-lag analysis. In 

Section 3, the proposed DENT test will be verified by comparing the measured initial mode II 

fracture toughness GIIC of unidirectional CFRP laminates with that obtained by the conventional 

ENF test. Furthermore, the fracture toughness during delamination growing stage, GIIR (i.e., R-

curve), will be evaluated by unloading-reloading tests. 

 

2. Evaluation of mode II energy release rate by doubly end-notched tension tests 

This study proposes the DENT specimen conceived from a double-lap joint, and Fig. 1a 

depicts the configuration of the proposed specimen. The two plates at the left end are the lap 

plates, and the region within x ≥ −a corresponds to the bonded area. Two initial cracks (length 

a) are introduced from the end of the overwrap. Growth of pure mode II delamination is 

achieved by applying tensile load to this specimen. 

 

2.1 Theory 
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The stress recovery in the middle layer and the compliance of overall specimen can be 

obtained by a shear-lag analysis [30]. The interlaminar shear stress between the surface layer 

and the middle layer, τ, is written by 

 𝜏 ൌ 𝐺
ሺ௨భି௨మሻ

௧
 , (1) 

where G and t are the shear modulus and the thickness of the shear layer; u1 and u2 are the 

displacements of the surface and middle layers in the longitudinal (x) direction defined in Fig. 

1a. Equilibrium of force in an infinitesimal element in the middle layer (Fig. 1b) provides 

 
ௗఙమ
ௗ௫

ൌ െ ଶఛ

௛మ
ൌ െ ଶீሺ௨భି௨మሻ

௛మ௧
 , (2) 

where σ2 and h2 are the stress and the thickness of the middle layer. By differentiating Eq. (2) 

with x, the following equation is obtained. 

 
ௗమఙమ
ௗ௫మ

ൌ െ ଶீ

ா௛మ௧
ሺ𝜎ଵ െ 𝜎ଶሻ (3) 

Here, E is the Young’s modulus in the x-direction, and σ1 is the stress in the surface layer, which 

is given as follows. 

 𝜎ଵ ൌ
௉

ଶ௛భ஻
െ ௛మ

ଶ௛భ
𝜎ଶ (4) 

P is the tensile load, h1 is the thickness of the surface layer, and B is the specimen width. 

Equations (3) and (4) provides 

 
ௗమఙమ
ௗ௫మ

ൌ ீு

ா௛భ௛మ௧
ቀ𝜎ଶ െ

௉

ு஻
ቁ , (5) 

where H (= 2h1 + h2) is the total thickness of the specimen. The following two boundary 

conditions are subjected to Eq. (5): (i) σ2 = 0 at the tip of the delamination (x = 0), and (ii) 

perfect stress recovery at the end of the specimen (x = L − a), i.e., σ2 = σ1 = P / (HB). The stress 

in the middle layer is then given by 



 6

 𝜎ଶ ൌ
௉

ு஻
ቄ1 െ coshሺ𝑘𝑥ሻ ൅ ୡ୭ୱ୦ሾ௞ሺ௅ି௔ሻሿ

ୱ୧୬୦ሾ௞ሺ௅ି௔ሻሿ
sinhሺ𝑘𝑥ሻቅ , (6) 

 where 𝑘 ൌ ට
ீு

ா௛భ௛మ௧
 . (7) 

Within the delaminated region (−a ≤ x ≤ 0), σ2 = 0 and σ1 = P / (2h1B) since the two surface 

layers support the external force. It is noted that the above theory ignores friction between the 

surface layer and the middle layer in the delaminated region. 

The compliance will be derived based on the above theory. The elongation of the surface 

layer within the delaminated region (−a ≤ x ≤ 0), δ1, is 

 𝛿ଵ ൌ
ఙభ
ா
𝑎 ൌ ௉௔

ଶ௛భ஻ா
 . (8) 

The elongation of the surface layer within the intact region (x > 0), δ2, is obtained as follows. 
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 (9) 

The compliance of the specimen, C, is then written by 
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௉
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൅ ௅ି௔
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Taking two cracks into account, the energy release rate is then calculated as 
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ቇ . (11) 

If the crack length a is sufficiently smaller than the gage length L to satisfy the boundary 

condition (ii), the second term in the bracket of the right-hand-side of Eq. (11) is negligible, 

since the shear layer thickness t is of the order of 0.1 mm (described later). In this case, the 

energy release rate G is independent of the crack length. 

 𝐺 ൌ ௛మ௉మ

଼௛భு஻మா
 (12) 

The two cracks in a DENT specimen thus grow stably. The initial fracture toughness GC is 

evaluated by detecting the beginning of nonlinearity in the load-displacement curve of quasi-
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static tensile tests, and the fracture toughness in the growing stage, GR, is obtained by the 

unloading-reloading tests. In the following section, finite-element analysis will reveal that the 

cracks in a DENT specimen are in pure mode II. Appendix A shows a stability analysis of the 

crack growth. 

 

2.2 Validation by finite-element analysis 

Stress distribution in the DENT test analyzed by the above theory was verified by the finite-

element analysis. Figure 2 depicts the two-dimensional finite-element model considering the 

symmetry in the through-thickness direction; the analysis was linear elastic under the plane 

strain condition. The model was 160 mm long, including the grip region of the actual specimen. 

The thickness of the surface layer and the half thickness of the middle layer were 0.75 mm; the 

thickness of the model was 1.5 mm. The initial crack length was 25 mm. The model was 

discretized by eight-node rectangular elements with a constant size; an element was 0.4 mm 

long in the x-direction and 0.1875 mm wide in the y-direction. There were 10866 nodes and 

3180 elements. The initial crack was modeled by double nodes, and double nodes were also 

arranged on the extended line of the initial crack. Penalty elements were inserted into the 

interface except for the initial crack region. When the crack surfaces contacted to each other, 

penalty stiffness was introduced into the contact region. The left end was fixed in the x-direction, 

and a uniform tensile stress was applied to the right end. The transversely isotropic constitutive 

law was used, and Table 1 lists the material properties used in the analysis. 

Figure 3 compares the distribution of the longitudinal stress σx between the shear-lag analysis 
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and FEM; stresses along the lines ±0.1875 mm above the interface are plotted. Stresses of the 

shear-lag analysis almost overlapped with those of FEM. This result validated the shear-lag 

analysis presented in the previous section. Figure 4 depicts the stress distribution near the crack 

tip. The shear stress concentrated at the crack tip, and the thickness of the stress concentrated 

region, i.e., the shear layer thickness, was approximately 0.1 mm. Since the value of k (L − a) 

is approximately 10-100, the assumption that the energy release rate is independent of the crack 

length, Eq. (12), is valid. The absence of the crack-opening positive σy at the crack tip 

demonstrated that delamination grows in pure shear mode in the DENT test. It is noted that the 

crack-closing negative σy appeared locally at the crack tip, and its influence on the apparent 

fracture toughness will be investigated in our future work. 

 

3. Experiment 

3.1 Doubly end-notched tension specimen 

Figure 5 depicts the dimensions of the DENT specimen. The material used was unidirectional 

CFRP (T700SC/#2592, Toray Industries). The stacking sequence was [06//012//06]. In the 

molding stage, the surface layers (1st-6th plies and 19th-24th plies) were 200 mm square, and 

the middle layer (7th-18th plies) was 150 mm long and 200 mm wide. A 1.5 mm thick 

polytetrafluoroethylene (PTFE) plate was inserted into the space (50 mm × 200 mm) of the 

middle layer in the molding stage. Twofold polyimide films (12.5 μm thick) were inserted into 

the interfaces between the 6th and 7th plies and between the 18th and 19th plies as the initial 

cracks, and specimens with four initial crack lengths (aini = 25, 35, 50 and 70 mm) were 
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fabricated. The stacked prepreg sheets were cured by a hot-press with a vacuum chamber under 

the condition of 1.3 MPa pressure and 130°C temperature for two hours. Coupon specimens 

were cut out from the fabricated plate, and the fold line of the polyimide films was cut by a 

knife. The two cracks extended slightly by this preparation. It is noted that aini is not the crack 

length containing the precrack but the film insert length. Finally, a GFRP plate 1.5 mm thick 

was inserted and adhered at the end of the specimen, and GFRP tabs were attached to prevent 

grip failure. To facilitate observation of the cracks by a measuring microscope (total 

magnification factor of 40X), the edge of the specimen was painted white as depicted in Fig. 

5b. 

Quasi-static tensile tests of unidirectional coupon specimens were performed in advance to 

obtain the longitudinal Young’s modulus that was determined as the initial slope of the stress-

strain curve. Ten specimens were tested and the average Young’s modulus was 131.5 GPa. 

 

3.2 Quasi-static tensile tests for GIIC measurement 

In order to evaluate the initial mode II fracture toughness GIIC, quasi-static tensile tests were 

performed for the DENT specimens at the crosshead speed of 0.5 mm/min using a hydraulic 

testing machine (VH-5, The Japan Steel Works). Figure 6 depicts the overview of the 

experiment setup. The tensile load and the crosshead displacement, which was the substitute of 

the elongation of the gage section, were recorded. The edge of the specimen was observed 

continuously during the test, and the test was finished when the delamination reached the end 

of the gage section. 
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Figure 7 plots typical load-displacement curves of four aini values. Following the procedure 

of the DCB test, the critical load PC was determined as the minimum value out of the first of 

5% slope change, the maximum load, and the first load drop. It is noted that PC should be the 

load that induces growth of the cracks, and PC has to be defined carefully for the DENT test. 

Continuous observation by the microscope as well as the absence of steep load drop after PC in 

Fig. 7 confirmed stable delamination growth in all cases. The two cracks grew by the gradual 

increase of the tensile load after PC, and the load increase at the final stage in the load-

displacement curves corresponded to tension after complete delamination in the gage section. 

Table 2 lists the initial mode II interlaminar fracture toughness GIIC calculated by Eq. (12) 

along with the results of ENF tests for the same material. The fracture toughness values of four 

initial crack lengths were almost identical, and these values obtained by the present test method 

agreed well with the ENF test. This result confirmed the validity of the mode II fracture 

toughness obtained by the DENT tests. 

 

3.3 Unloading-reloading tests for GIIR evaluation 

Unloading-reloading tests of the DENT specimens were performed to evaluate the crack-

growth resistance property of the mode II delamination. The crosshead speed was 0.5 mm/min. 

The specimens were unloaded at some prescribed crosshead displacements that included the 

load smaller than the critical load PC. The crack length was measured by the measuring 

microscope during the unloading stage. The unloading process was halted at a small load (1 

kN), and the specimen was again loaded in tension. The test was finished when the delamination 
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reached the end of the gage section. 

Typical load-displacement curve for aini = 25 mm is plotted in Fig. 8; similar curves were 

measured in the specimens with the other three initial crack lengths. Delamination grew stably 

in all aini values, similarly to the quasi-static tensile tests. Figure 9 compares the compliance 

predicted by Eq. (10) with the measured one; the average length of the two cracks are also 

plotted. The rate of change of the analytical compliance that governs the energy release rate 

(see Eq. (11)) agreed with the measurements. Although the analytical compliance was smaller 

than the measured values, the difference between the analysis and the measurement decreased 

with increasing the initial crack length. Since the region governed by the shear-lag analysis 

became smaller with a longer crack, the difference would be caused by the disregard of the two-

dimensional stress distribution in the shear-lag analysis. Another possibility of this difference 

was the use of the crosshead displacement that substituted for the specimen elongation. 

The load just before the beginning of unloading was defined as the critical load PR in the 

crack growing stage, and the mode II interlaminar fracture toughness GIIR was evaluated. Figure 

10 plots the R-curve, i.e., the relationship between GIIR and the crack extension Δa. Since the 

unloading was repeated before reaching the critical load PC of this material, the apparent GIIR 

increased rapidly within a small crack growth. The fracture toughness GIIR increased slightly 

with increasing Δa after reaching the initial value GIIC. This result suggested the influence of 

fiber bridging near the crack tip; detailed observation of the crack tips will be performed in our 

future work. 

Appendix B describes a data reduction procedure to evaluate the R-curve by a single tensile 
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test without measuring crack length, which will simplify the test method to obtain GIIR. 

 

4. Conclusions 

This study proposed and demonstrated doubly end-notched tension (DENT) tests that 

realized growth of pure mode II delamination as observed in a double-lap joint. A corresponding 

shear-lag analysis was also presented to evaluate the mode II energy release rate. This theory 

indicated that the energy release rate in the DENT specimen is constant. Therefore, this test 

method achieved stable growth of the mode II delamination by a simple tensile test, and enabled 

us to measure the mode II interlaminar fracture toughness in the crack growing stage, i.e., the 

crack growth resistance curve. The conclusions are summarized below. 

1. Two mode II cracks grew stably in the doubly end-notched tension specimens under quasi-

static tensile loading with displacement-controlled condition. 

2. The initial fracture toughness GIIC measured by the present method agreed with the result 

of the conventional ENF test. Almost identical GIIC was obtained by different initial crack 

lengths. These results confirmed the validity of the DENT test and the corresponding shear-

lag analysis. 

3. The mode II fracture toughness in the crack growing stage, GIIR, was successfully obtained 

by unloading-reloading tests. 

Influence of friction at the crack tip generated by the local crack closing compressive stress 

will be investigated in detail in the future work. 
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Appendix A. Stability of crack growth 

The stability of crack growth can be judged by the sign of dGII/da. GII in the DENT test is 

obtained by the fracture mechanics as in Eq. (11). For the fixed load condition, dGII/da is 

 
ௗீ౅౅
ௗ௔

ൌ ௉మ

ସ஻

ௗమ஼

ௗ௔మ
ൌ െ ௉మ

ସ஻

௛మ௞

ସ௛భு஻ா
sech ቂ௞

ଶ
ሺ𝐿 െ 𝑎ሻቃ tanh ቂ௞

ଶ
ሺ𝐿 െ 𝑎ሻቃ . (13) 

The right-hand side is always negative since (L−a) > 0, and the crack growth is then stable in 

this case. For the fixed displacement conditions, GII is expressed by 

 𝐺୍୍ ൌ
ఋమ

ସ஻஼మ
ௗ஼

ௗ௔
 , (14) 

where δ is the total elongation (δ1+δ2). By differentiation of this expression under constant δ, 

dGII/da is expressed as follows. 
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(15) 

This expression is also negative, and the crack growth is therefore stable under the constant 

elongation condition, which is more common in tensile tests. Equations (13) and (15) ensure 

the stable delamination growth in the DENT tests. 

 

Appendix B. R-curve evaluation without measuring crack length 

Since a mode II crack is closed, accurate measurement of its length is difficult, and the 

resulting R-curve will be affected by the measurement error [13]. The R-curve may be evaluated 

by a quasi-static tensile test of a DENT specimen without measuring the crack length based on 
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the estimated crack length concept. The crack length is estimated from the compliance as 

follows based on Eq. (10) for a large (L – a) value. 

 𝑎 ൌ ଵ

௛మ
ቀ2ℎଵ𝐻𝐵𝐸𝐶 െ 2ℎଵ𝐿 െ

௛మ
௞
ቁ (16) 

A single quasi-static tensile test data will provide the relationship between the energy release 

rate calculated by Eq. (12) and the crack growth estimated by Eq. (16). However, Eq. (16) 

includes the unknown shear-layer thickness in the parameter k. The following data reduction 

procedure will overcome this obstacle. 

1. Determine the critical load PC. 

2. Assume the crack length at PC, which will be about the same as the crack length before 

loading. 

3. Estimate the parameter k by using the compliance at PC. 

Although the load-displacement curves of the tensile tests (Fig. 7) provided R-curves, the 

crack extension Δa calculated by Eq. (16) was found to be incorrect. The shear-layer thickness 

t determined by the estimated parameter k was much larger than the total thickness of the 

specimen. This method thus requires accurate compliance in both the experiment and analysis. 

The other simple procedure to estimate the crack length is the use of the linear relationship 

between the crack length and the compliance. If the grip of a specimen can be made in the same 

condition, the crack length will be estimated by using a calibration curve measured in advance, 

which is used as the substitute of Eq. (16). 
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Table 1 Material properties of a CFRP unidirectional lamina [31]. 

Longitudinal Young’s modulus E1 (GPa) 139 

Transverse Young’s modulus E2 (GPa) 9.85 

In-plane Poisson’s ratio ν12 0.25 

Out-of-plane Poisson’s ratio ν23 0.38 

In-plane shear modulus G12 (GPa) 5.25 

 

 

 

Table 2 Measured initial mode II fracture toughness GIIC (kJ/m2). 

 Initial crack length aini (mm) 

ENF test 

Specimen 25 35 50 70 

#1 1.029 1.182 1.274 0.779 1.139 

#2 1.170 1.221 1.380 1.271 1.101 

#3 0.979 1.081 1.140 0.969 0.944 

Average 1.059 1.161 1.265 1.006 1.061 
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Figure captions 

Fig. 1 Configuration of the doubly end-notched tension specimen. 

Fig. 2 Finite-element model of the DENT specimen. The crack length was 25.2 mm. Half of 

the specimen was analyzed considering the symmetry in the through-thickness 

direction. 

Fig. 3 Comparison of the stress σx distribution between the shear-lag analysis and the FEM. 

Stresses along the lines ±0.1875 mm above the interface were plotted for FEM. 

Fig. 4 Stress distribution near the crack tip. 

Fig. 5 Dimensions of the DENT specimen. 

Fig. 6 Overview of the experiment setup. 

Fig. 7 Load-displacement curves of the quasi-tensile tests for the DENT specimens with four 

crack lengths. 

Fig. 8 Load-displacement curve of the unloading-reloading test for the DENT specimen with 

25 mm initial crack length. 

Fig. 9 Change of the crack length and compliance against the elongation. The dotted line and 

the dashed line represent the lengths of the two cracks, and average length is plotted 

by the solid line. 

Fig. 10 Crack growth resistance curve obtained by the unloading-reloading tests for the DENT 

specimens with four crack lengths. 
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Fig. 8
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Fig. 9

(a) aini = 25 mm (b) aini = 35 mm
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Fig. 10
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