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1 Introduction

There are a minimal surface and a constant mean curvature (CMC) surface as a solution of varia-
tional problem for surfaces. They have been studied for a long time. A minimal surface is a surface
that mean curvature is equal to 0 everywhere. On the other hand, a CMC surface is a surface that
mean curvature is constant (not always 0) everywhere. The former is a critical point of the area,
the latter is a critical point of the area for all variations that preserve the enclosed volume and fix
the boundary. Thus, these surfaces are sometimes called mathematical models of a soap film and
a soap bubble respectively. In this paper, the following three results were obtained by joint work
with Professor Miyuki Koiso (IMI, Kyushu University).

In Chapter 2, we introduce “Bifurcation and stability for surfaces with constant mean curvature
bounded by two coaxial circles”. The study of CMC surface with given curves as boundary is called
“generalized Plateau problem”. It is one of the most important problems of classical differential
geometry. In the case where the boundary is a single Jordan curve, there are some known important
results on the uniqueness of CMC surfaces (reference[l], [4], [6], [8], [21]). On the other hand, if
the boundary has two or more connected components, it is only inferred from the observation of
known examples that the existence and uniqueness of the solution are very complicated, and the
general result is unknown. In this paper, we focused on the simplest case in this situation, that
is, CMC surfaces bounded by two given coaxial circles with the same radius (we call the axis of
the boundary circles the vertical axis). In particular, they are surfaces of revolution when we
consider only embedded stable CMC surfaces spanned by two given coaxial circles and included in
the domain bounded by two parallel planes. For all CMC surfaces of revolution, we used a highly
original representation method where “the normal direction at the boundary” of surface is used as
a parameter. As a result, we obtained various important geometrical representation formulas such
as profile curves, enclosed volumes by surfaces and so on. In this study, moreover, we examined the
following problem. A CMC surface is “a critical point of the area for all variations that preserve the
enclosed volume and fix the boundary”. It is important to judge whether the solution is stable or
not. However, it is very difficult in general. We tried to determine the stability of all CMC surfaces
of revolution. As a result, we obtained the conclusion of stability concerning “solutions those are
close to known stable solutions with vertical symmetry” by complicated calculations using elliptic
integrals and the bifurcation theory for CMC surfaces (Koiso-Palmer-Piccione, 2017, [16]). This
study is very important from both theory and application because the CMC surface is also used
as a mathematical model of a soap film and a micro-droplet which can ignore gravity.

In Chapter 3, we introduce “Construction of fundamental geometric theory that can be applied
to all of smooth curves and surfaces, piecewise smooth curves and surfaces, discrete curves and
surfaces”. In differential geometry and discrete geometry, smooth curves and surfaces, discrete
curves and surfaces have been treated separately. Therefore, for example, the curvature of a
discrete surface was defined only for each face or each vertex. On the contrary, in this paper,
we construct a method to handle them uniformly. For example, geometrical concepts such as
curvatures and normal vectors are defined both at each smooth point and at each singular point.
At any smooth point, they are defined in the usual way in the classical differential geometry.
At each singular point, we define the “multi-valued unit normal” by extending the concept of
“normal cone” known in convex geometry. As for the curvatures, we define the curvature for plane
curves, the Gaussian curvature and the mean curvature for space surfaces so that generalizations
of so-called the Steiner’s formula and Minkowski’s formula for smooth curves and surfaces hold
also for piecewise-smooth curves and surfaces. The Steiner’s formula is sometimes used to define



curvatures of discrete curves and surfaces. However, it is a new idea to try to generalize the
Minkowski’s formula. This feature of our definition of the curvatures enables us to construct a
variational method for piecewise-smooth curves and surfaces.

In Chapter 4, we introduce “Uniqueness of local minimizers for crystalline variational prob-
lems”. Anisotropic substances, such as crystals and some kind of liquid crystals are considered to
form a local minimizer of an anisotropic surface energy with volume constraint. The anisotropic
surface energy is the integral of an energy density that depends on the normal direction of the
surface. For a given energy density function, the energy minimizer is unique. It is a convex closed
surface called the Wulff shape (J. E. Taylor, 1978, [23]). When the Wulff shape has singular points
like a polyhedron, the energy density function has non-differentiable points and the classical vari-
ational method cannot be used. Thus, mathematical study about local minimizers of the energy
has not progressed. Now, it is called crystalline variational problem to discuss local minimizers
when the Wulff shape is a polyhedron. For any convex closed surface W including the origin inside
in R?, there exists an energy density function v such that W is the Wulff shape. In general, v is
not necessarily unique. However, there is a unique “convex” energy density function 7 for each
W. In particular, when W is smooth and strictly convex, v is unique and the local minimizer of
the anisotropic energy for all variations that preserve the enclosed volume is W up to homothety
and translation (Palmer, 1998, [18]). Even when W is not smooth, in this paper, the uniqueness
of local minimizer is obtained as follows. “Theorem 4.4.1 (Theorem 4.6.1): Let W be a regular
polyhedron, let v be the support function of W and let M be a piecewise-C'' convex closed surface.
Then, M is a local minimizer of the anisotropic energy for all variations that preserve the enclosed
volume if and only if M = W (up to homothety and translation).” We also mention an application
of our Theorem 4.4.1 (Theorem 4.6.1) to material science (§4.8).



2 Bifurcation and stability for surfaces with constant mean
curvature bounded by two coaxial circles

2.1 Introduction

It is interesting to find all axially-symmetric CMC surfaces bounded by given two circles with
the same radius in two parallel planes. Below we will first study only CMC surfaces which are
symmetric with respect to the plane which is parallel to the planes including the boundary circles.
Moreover, in the case of unduloid, we will study only parts between two consecutive inflections.
Later we should study more general cases so that we will be able to apply the results to study the
bifurcation from a part of an unduloid between two consecutive necks (or bulges).

Figure 1: two coaxial circles with the same radius Figure 2: a surface of revolution

on two parallel planes

2.2 Representation formulas for Delaunay surfaces

Each Delaunay surface is parameterized as
X(s,0) = (z(s)e'?, z(s)), x>0,

where s is arc length of the generating curve (x(s), z(s)). Note that the area element d% of X is
given by
d¥ = xdsdf

at any point where x does not vanish. For the meantime, we choose the “outward pointing” unit
normal v = (v, va,v3) of X as

v(s,0) = (2'(s) cos B, 2’ (s)sin @, —2'(s)).
Then, the mean curvature H of X for this normal is

H=(2"2 —a'2" —a712))2. (1)



If H is constant, then the first integral of (1) is
Hz? = —22' + constant =: —x2’ + c. (2)
In fact, by using (1) and 2(2’2” + 2'2") = [(2/)? + (2/)?)' = 0, we have
(Hz?) = 2Hza' = xa'z" 2 — x(2')? — 2’2 = —x(2)%" —x(1 — (2)%)2" — 22 = —(22'). (3)
Note that, by taking a new parameter § := —s, (2) becomes
H(z(3))? = 2(3)2(8) + c.
So we may assume without loss of generality that H < 0 holds . With this normalization, we have

the following cases:

1)

12)

H =0 and ¢ = 0: horizontal plane.
H

=0 and ¢ # 0: catenoid.
II-1) H < 0 and ¢ = 0: round sphere S*(|H|™1).
11-2) H <0 and ¢ = (2|H|)"!: cylinder with radius (2|H|)~*.
11-3) H <0 and (2|H|)~! > ¢ > 0: unduloid.

(
(
(
* (
* (
o (II4) H < 0 and ¢ < 0: nodoid.

These surfaces are as follows.

e H = 0: minimal surface.

Figure 3: plane

Figure 4: catenoid

e H = constant (# 0): CMC (constant mean curvature) surface.



Figure 6: unduloid

Figure 7: sphere

Figure 5: cylinder Figure 8: nodoid

In cases (I-2), (II-3) and (II-4), the respective generating curve is referred as a catenary, an
undulary, and a nodary. In general, generating curves of Delaunay surfaces are called Delaunay

curves.
Set (u,v) := (2/, —a’). Then, (2) becomes

ux + Ha? = ¢, (4)

where c is the integral constant. By considering the direction of the Gauss map for the case of
nodoids, we have the following:

Proposition 2.2.1 (cf. [14]). Let
o (u(o),v(o)) := (coso,sing), o € (—o0,00),

be the profile curve of the unit sphere S2. Let X (s,0) = (z(s)e'?, 2(s)) be a Delaunay surface with
mean curvature H < 0. The unit normal (2'(s),—'(s)) of the profile curve (x(s),z(s)) can be
written as (2'(s), —2'(s)) = (u(o(s)),v(c(s))). Then the immersion X is given as follows.
(i) When X is an catenoid,
x=c/u

for some nonzero constant c.
(ii) When X is an unduloid,
utVu?+4He
—2H

for some constants ¢ > 0 and H < 0, where x = x(u(0)) is defined in {o|u > +/—4Hc}.

(i4i) When X is an nodoid,
u 4+ \/m
—2H
for some constants ¢ < 0 and H < 0, where x = x(u(0)) is defined in {—o0 < 0 < o0}.
In all cases above, z is given by

xTr =

xr =

zz/ Vy Ty, dut. (5)
Conversely, define x and z as in (i) ~ (iii) and (5). Then X(s,0) = (x(s)e®, 2(s)) is a

Delaunay surface which satisfies
Zx+ Ha? =,

10



where s is the arc length of (x,z), and H is supposed to be zero for Case (i).
If we study unduloid and nodoid, sometimes it is convenient to use the parameter
o :=4cH (6)
instead of ¢, because « is invariant under homotheties.

Remark 2.2.1. For each undulary and nodary (x(s), z(s)), there are a unique local mazimum B
and a unique local minimum N of x, which we will call a bulge and a neck respectively. For the
unduloid given in Proposition 2.2.1, B and N are given by

1+vita o 1-VIta
—2H - —2H '
For the nodoid given in Proposition 2.2.1, they are given by

1+V1+a N_—l-i-\/l-i-a
- —2H o —9H ’

B= (-l<a<0, H<O0).

B (>0, H<O0).

] B(bulge) ) B(bulge)

'N eck) N

Figure 9: bulge and neck (unduloid) Figure 10: bulge and neck (nodoid)

2.3 Delaunay surfaces bounded by two circles
Let r >0, h > 0. Let C_, C'y be the circles
C_ = {(re,—h) |0 € [0,2m)}, Cy :={(re’,h) |0 € [0,2m)}

with radius r which lie in parallel horizontal planes {z = h}, {z = —h}.

We consider the part of a Delaunay surface which is bounded by C_ and C,.. Then the surface
is parameterized as 4

X(s,0) = (z(s)e?, z(s)), x>0, s €[-L, L],
z(=L) < z(L),

where s is arc length of the generating curve (x(s), z2(s)). We assume that the surface is symmetric
with respect to the plane {z = 0}. This implies that X (0, 6) is either a neck or a bulge. Let v(s, 0)
be the unit normal along X which satisfies v(0,0) = (1,0, 0).

11



2.3.1 Representation formulas for Delaunay surfaces bounded by two circles

Since the surface X is symmetric with respect to the plane {z = 0}, we consider only its “half”
X(s,0) = (z(s)e”’, 2(5)), s €0, L], (7)

By using Proposition 2.2.1, we have the following representation formulas for the profile curve
T := (x, 2) of the surface (7).

Case(I-1) X is a non-convex nodoid: H >0,0<u <1, a > 0,

u—VuZ+ o

= V= = 8
! DY (8)
1 v —q T—VuZ+a
z = — - — da. 9)
—2H J; V1—a? Vi2 + a

Case(I-2) X is a non-convex unduloid: H <0, /—a<u <1, -1 < a <0,

u—Vu? 4+ o

_ 10
! Y (10)
1 [~ a- V@
- / v oVt e g (11)
—2H J; Vi-@® ViZ+a

Case(II-1) X is a convex nodoid: H < 0,0<u <1, a> 0,

u+Vu? 4+ o

- 12

Y (12)
v TRNGP:

- / v ukve e (13)
—2H J; Vi-@® ViZ+a

Case(II-2) X is a convex unduloid: H <0, y/—a<u <1, -1 < a <0,

u+Vu? 4+ o

= 14
z Y (14)
1 “—q U+ ViuZ+a
z = — - = di. (15)
—2H J; V1-—a2 ViZ + o

12



Figure 11: Case(I-1) Figure 12: Case(I-2)  Figure 13: Case(Il-1)  Figure 14: Case(II-2)

Remark 2.3.1 (Sphere). Both limy—, o (II— 1) limg—, o (Il — 2) give the sphere with mean cur-
vature H.

Remark 2.3.2 (Catenoid). Recall « = 4cH. For ¢ # 0, Both limg_, 1o (I—1) limpg_,_o (I— 2)

give the catenary
c 1+vV1—u?
T=—, z=clog—————,
u U

that is .
x = 5(62/0 +e7%/e).

Remark 2.3.3 (Cylinder). The cylinder with radius 1/|2H| appears when a — —14-0 for unduloids
(I-2), (II-2). In this case, u = 1.

2.3.2 The ratio z/x for the profile curves

The ratio z/z of x, z studied in the last subsection ((x, z) is a profile curve of a part of an undulary
or a nodary) is a function of v and «. So we set

plu, ) = z/z,

and study the equation “p(u,a) = constant”.
We will try to determine parts of Delaunay surfaces bounded by two circles

C_ = {(re?®,—h) |0 € [0,21)}, Cy :={(re?® h) |0 € [0,2)}.

with radius r which lie in parallel horizontal planes {z = h}, {z = —h}. Assume that (ug, @) is a
solution of the equation

o(u, ) = h/r.

13



Define H by

. D)
M VBT (Casell - 1), (1-2)),

2
A VJ;‘LO‘ (Case(IL — 1), (I — 2)).

r

(16)

Then, x, z defined in the last subsection 2.3.1 determine axially-symmetric CMC surfaces bounded

by Cy. Note that the neck size N and the bulge size B are

N_l—\/1+a
T —2H
_1+\/1+a
- —2H

(Case(I—-1),(I-2)),
B (Case(II — 1), (IT — 2)).
Below we will sometimes write (zo, zg) instead of (r, h).

Case(I-1) and (I-2): Non-convex unduloid and non-convex nodoid:

By using the formulas obtained in the last subsection, we have

1 vo—q t—Vit+a .

U, ) = . du,

elu.0) u—vVuZt+ali V1-—a? VaZ +a

where
H>0,0<u<l1 a>0, (Case(I — 1) : non — convex nodoid),
H<0, vV—a<u<l, -1<a<0, (Case(I—2):non— convex unduloid).

By standard computations, we obtain

lim o(u, a) = ulog

14++v1—u?
" .

Remark 2.3.4. Assume that (ug, ) is a solution of
o(u, @) := zp/xg, w0 >0, 29 > 0.

Then

g

up — /Ui + « o l=Vita

=T g “oH

Since o = 4¢cH ((6)),

up — \J/ud + 4cH N_l—\/1+4cH

o= “oH ’ T oH

If we have a smooth 1-parameter family {(us, o) € R? |0 <t < e}, (¢ > 0), such that

w(ug, ap) = 20/x0, ¢ = 4y Hy, Hy € Clint, Vte (0,¢),

lim H; =0, lim u; =wup, lim ¢ = cg.
t——+0 t——+0 t——+0

14
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Then,

g — \/ui + 4 Hy _ < (25)

= 1'
o tE}(lJ —2Ht ’LLO7
. 1—\/1+4Cth_
NO = }%T = Cp. (26)

Case(II-1) and (II-2): Convex unduloid and convex nodoid:

By using the formulas obtained in the subsection 2.3.1, we have

u+\/u2+a

1
u, ) = . u, 27
Pl o) u+\/u2+a/1 V1 —a2 Va2 + a @7)
where
H<0,0<u<1, a>0, (Case(II — 1) : convex nodoid), (28)
H<0, V—a<u<l, -1<a<0, (Case(Il—2): convex unduloid).

2.3.3 How to find the solutions of ¢(u,a) = constant?

As we saw in the previous subsection 2.3.2, the solutions of “p(u, ) = constant = h/r” determine
(all?) axially-symmetric CMC surfaces bounded by Cy. These solutions are given by the level
curves {z = constant} of the surface z = p(u, ). So we will try to draw pictures of the surface

z = o(u, a).

Case(I-1) and (I-2): Non-convex unduloid and non-convex nodoid:

Recall that we obtained the following formula in subsection 2.3.1.

1 — u—Vut+a .
o(u,a) = — . = di, (29)
u—VuZ+ali V1-—a2 Viaz + a
where
H>0,0<u<l, a>0, (Case(I — 1) : non — convex nodoid), (30)
H<0, v—a<u<l, —1<a<0, (Case(I—2):non— convex unduloid).
We compute
1 -4 U —Vu? + a
olu,a) = — | s A (31)
u—VvVui+ali VI—a Vi + a
2
= 1 —— di (32)
—Vu2+a i \/1—u2\/u2—|—oz \/1—u2
B / —? —a+a dii + -1 —u? (33)
B \/u2+a V1—u*VuZ +a vV

15



1 u2+a N \/l—u2
- u—\/u2—|—a</1 V1i—a2 /\/l—u2 +adu> u— \/u2+a (34)

1 vl—u2
= ——|-Ti(u,a) + aZs(u, @) 35
u—\/u2+a< i 2( —VuZta (35)
where

u /=3

T (u, ) I g, (36)
V1—1a2

“ 1
o) = di 37
) /1 V1—-a?vVil+ o (87)

It is known that the integrals Z; (u, «), Zo(u, &) can be written in terms of standard elliptic integrals.
The elliptic integral of the first kind F'(k, ¢) and that of the second kind E(k, ¢) are defined as
follows.

(38)

) 1 sin ¢ 1 p
= _— d = / t7
) /0 V1 —k2sin® ¢ v 0 \/ 1—2)(1 — k2t2)
sin ¢ 2t2
/ 1 —k2sin? e dyp = / —k (39)

The followings are notations in the software Mathematica (cf.

EllipticF[¢p, m EllipticK[m (40)

EllipticE[¢p, m / \/1 —msin®¢ dip, EllipticE[m / \/1—msin® v dip. (41)

The Mathematica gives the followings:

Vu? 1 1
H —v/1 + aEllipticE[ArcCos|u], T a] =—Vit+a E(ﬁ, arccosu), (42)
/u ! dit = ———— EllipticF[ArcCos{u], ——] L pt )
0= ipticF[ArcCos[u =— , Arccos u).
N e \/7 P l+a'  Vita Vita )
43
By using (34), (42), and (43), we obtain
1 Vit a b « . —V1—u?
olu,a) = — di+ — di | + ————
u—vurt+al\i V1—a? 1 V91—V + u—vVur+a«
1 1
= ——|vV1i+akF ,arccos u
u—\/u2—|—a< (\/1+oz )
o 1
— F , osu) — /1 — u2 44
ita (\/1+aarcc u) u) (44)
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Case(II-1) and (II-2): Convex unduloid and convex nodoid:

] “ i a+v@Ta .
o(u,a) = — . = du (45)
ut+vVui+aldi V1I—a2 Vi + «
where
H<0,0<u<l1, a>0, (Case(IT — 1) : convex nodoid), (46)
H<0, v—a<u<l, -1<a<0, (Case(Il —2): convex unduloid).
we obtain
1 v TN
olu,0) = / u~ .u+~u Jrada (47)
ut+vVuitali Vi—a2 Va2 +a
1 1
= ——|Vvi+aFE ,arccos u
U+\/u2+a< ( 1+« )
a F( ! arccosu) + /1 — u? (48)
— ,ar U —u
Vita Vita

Recall that we want to know the level curves {z = constant} of the surface z = ¢(u, ). So we
will try to draw pictures of the surface z = p(u, @) and its level curves by using the formulas (44)
and (48). As the examples, we drew the following pictures by using Mathematica.

I-1

e Case(I-2

) : Non-convex nodoid (h/r = 0.4).
) : Non-convex unduloid (h/r = 0.4).

I1-2) : Convex unduloid (h/r = 5).

Please pay attention to the followings. Firstly, for Case(I-2) and (II-2) (in cases of unduloid),
the intersection of the surface and the plane denote a family of inflection points. That is,

u=v-asu=-asa=—u?
denote a family of inflection points.

Secondly, from Remark 2.3.1, for Case(II-1) and (II-2) (in cases of convex nodoid and convex
unduloid), each picture shows that it is a sphere when oo — 0.

Thirdly, from Remark 2.3.2, for Case(I-1) and (I-2) (in cases of non-convex nodoid and non-
convex unduloid), each picture shows that it is a catenoid when o = 0. When we gradually
increase the height of {z = constant}, the number of intersections of the surface z = ¢(u, @) and
the plane at a = 0 changes. It means that the number of intersections is equivalent to the number
of solutions.

Lastly, from Remark 2.3.3, for Case(I-2) and (II-2) (in cases of unduloid), each picture shows
that it is a cylinder when o — —1 4 0 because u = 1.

17



0.0

Figure 15: Case(I-1): Non-convex nodoid (h/r = 0.4)

Figure 16: Case(I-2): Non-convex unduloid (h/r = 0.4)
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000

Figure 17: Case(II-1): Convex nodoid (h/r = 5)

0.0

0.0

Figure 18: Case(II-2): Convex unduloid (h/r = 5)
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2.4 Representation formulas for unduloids
2.4.1 Unduloids which are symmetric with respect to the plane {z = 0}

In this subsection, we deal with only a part of {z > 0} because we consider unduloids which are
symmetric with respect to the plane {z = 0}.

z z z
z
— 5 - T o x I o T _ o] T

-------- x A 7 B
...... ol * )/

{ ] —

'\\ /’ _____:‘.‘ ___________ -

. E % /X'

Figure 19: (G) Figure 20: (G-) Figure 21: (R4) Figure 22: (R_)

(G+): A profile curve exceeds a inflection point. However, it doesn’t exceed a neck: H < 0,
vV—a<u<l -1<a<0,

_utVulta

SH (convex)
u—vVut+a
T= (non-convex)

1 /\/7‘l —1 u—i—\/u?—i—a / ﬂ—\/ﬂz—i—adﬂ
-2 1 \/l—u2 Vi + « \/Q\/l—uQ Vi + «
1

,arccos v —a) +2v1+ a E(

arccos v/ —a)

vat —|—Oz7

arccosu) + /1 — u2>

ZH( \/1+a \/1
a F( arccosu) —V1+a E(

1
\/1+oz \/1 Vita’

(G-): A profile curve exceeds a inflection point. However, it doesn’t exceed a bulge: H < 0,

20



vV—a<u<l -1<a<0,
U+ Vu? + o

xr = T, (COHVeX)
u— Vu?+ o
x=———  (non-convex)

—2H ’

1 /\/7 —10 _ \/u2+a / 11+\/1]2+ozd11
-2 1 \/1—u2 \/u2+a m\/l—uz Vi +
1

,arccos vV —a) + 2vV1 4+ a B(———

\/T arccos v/ —a)

—2H< \/1—1—04 \/1
a ,arccosu)—\/l—u2>

arccosu) —V1+a E(

+\/1+a F(

i
+
Q

\/1

(R4+): A profile curve exceeds both a inflection point and a neck. However, it doesn’t exceed a
next inflection point: H <0, v—a<u <1, -1 <a<0,

u+Vu2 +

T= (convex)
u—vul+a
T= (non-convex)

1 Vea o g ﬂ—&—\/uQ—i—au
oH . Vi@ JVi2ta

+<_/1 i a-V@ta — a—mdﬂ»

. du + :
v=a V1 —a? \/u2—|—oz 1 V1 — a2 VaZ +a

1 2 1 1
= — F ,arccosv—a)+2vV1+a FE ,
2H( Vit (\/1+a ) (\/1+a

o 1 1
— F ,arccosu) +vV1+a E ,arccosu) — v/ 1 — u?2
Vi+a (\/1—|—a ) ( ) )

arccos v/ —a)

=
+
Q

(R-): A profile curve exceeds both a inflection point and a bulge. However, it doesn’t exceed a
next inflection point: H <0, /—a<u <1, -1 <a <0,

U+ Vu? + o

T = (convex)
u—vVut+a
T= (non-convex)
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—2H Vi—@ JViZta
! i a+Vidta o [ —a  a+Vidta .
+ | - — - = du + — - = du
v=a V1—a? Vi + « 1 V1 — a2 Va2 + a

1 {( v g a—\/a2+adﬂ>
1

1 2 1 1
( < F( AT ,arccos v —a) + 2v/1 + a E(——, arccos vV —a)
a

—2H\ Vita Vita
e} 1 1
— F ,arccosu) +vV1+a FE ,arccosu) + v/ 1 — u?2
Vit (\/1+a ) ( I+a )

2.4.2 Unduloids which are asymmetric with respect to the plane {z = 0}

In this subsection, we deal with a part of z € [—h, h](h > 0) because we consider unduloids which
are asymmetric with respect to the plane {z = 0}. Now, we introduce (B4) and (B_). We can
consider upside-down unduloid in both cases, however, these are essentially the same.

Figure 23: (By) Figure 24: (B_-)

(B+): A unduloid which is asymmetric with respect to the plane {z = 0} where the radius of

/2
boundary circles are equal to %: H<0,y/—a<u<l -1<a<0,

U+ Vu? + o

x = —g (convex)
u—vVu+a
T= (non-convex)

22



z = 2((G4)+ Case(I-2))

1 2a 1 1
= 2 —-—==- — F ,arccos v —a) + 2v1 4+ a E(———, arccos v —«
( 2H> {( Vifa (\/1+a ) (\/1—1-04 )

1
a F( ,arccosu) — vV 1+ a E( ,arccosu) + /1 — u2>

1

_l’_

\/]-+Oé \/1+O{ V1 +a

+ <— a F( ! ,arccosu) + vV 1+ a E( ,arccosu) — /1 — u2>}
1

V14 « Vita’ \/1+oz

2 o 1
< i (\/1 ,arccos vV—a) + vV 1+ a E(

, AICCOS m))

i
+
Q

(B-): A unduloid which is asymmetric with respect to the plane {z = 0} where the radius of

2
boundary circles are equal to ————— utvu —|—a cH<0,v—a<u<l —-1<a<0,
u+Vu2 +
xr=———+-— (convex)
—2H
u-vwta (non-convex)
= non-convex
x —of , Vi
z = 2(Case( Hf2)+ -)
o 1 1
= 2. ,arccosu) +vV1+a E , arccos u +\/1—u2>
( ) {( + \/1+ ) <\/ I+a
2c0
+ | - F ,arccosv—a) +2V1+a E ,arccos v/ —«
( Vit ( ) (\/1+a )
« 1
+ F ,arccosu) — V1 + a B(————,arccosu) — /1 — u?
Vita (\/1 +a’ ) (\/1+o¢ ) )}
2 @ 1 1
= —— |- F ,arccosy—a) ++vV1+a FE ,arccos v —«
H< Vit (\/1—|—a ) (\/1—1—05 ))
Remark 2.4.1. The equation z in (By) and (B_) are as follows.
2 @ p(—2 )+ VIt a B(— ))
z=——= |- ,arccos v —a« a E(————,arccosv—«
H Vita Vi+a V1i+a

That is, both cases are the same.
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e Delaunay surfaces bounded by two coaxial circles: Around one period of an unduloid between
two necks

TN

)
|
8

(I02) [ (Go) [ () [ (Bo)
inflection point 0 2 2 2
neck 0 0 2 1
bulge 1 1 1 1

e Delaunay surfaces bounded by two coaxial circles: Around one period of an unduloid between
two bulges

( > inflection point

neck
\ / bulge

Remark 2.4.2. In the case of (By) and (B—), the number of inflection point, neck and bulge are
the same. They can be classified into whether between inflection points are neck or bulge.
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2.5 Graph of function h/r = p(u, a)

The surface below is the graph of function h/r = ¢ (u, a). 2
The level curves of the surface (two curves of intersection

of the surface and the plane) show that Delaunay surfaces C.
bounded by two circles. (

o

| a=—-1] —1<a<0 | =0 |
| cylinder | non-convex unduloids | catenoid | C_C

Figure 25: Case(I-2): Non-convex unduloid

i

L

25

| \P




e Similarly, three surfaces are the graphs of function ¢ (u,«) of (Ry), (B+) and (G4). Each
of the level curves 01f_fphe surfaces show that Delaunay surfaces bounded by two circles.

0.0 0.0

Figure 26: The surfaces that the radius of boundary circles
u—vVu+a« )
are equal to —————— and its level curves
—2H
e The bottom picture is an enlarged picture of the level curves when we watch Figure 26 from
above. The surface of branch point of three level curves is the unduloid which is just from a

neck to a neck.

20, =

Jm%u.i

0.0
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e Secondly, three surfaces are the graphs of function ¢ (u,«) of (R_), (B-) and (G_). Each
of the level curves of the surfaces show that Delaunay surfaces bounded by two circles.

Figure 27: The surfaces that the radius of boundary circles
u+vVui+a .
are equal to — Qo and its level curves

e The bottom picture is an enlarged picture of the level curves when we watch Figure 27 from
above. The surface of branch point of three level curves is the unduloid which is just from a
bulge to a bulge.
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2.6 Volume of unduloid

We will examine stability of (G), (Ry), (B+), (G-), (R-) and (B_) later. Hence, in this section,
we compute volume of unduloid in each case.

2.6.1 Volume V_ of Case(I-2) and volume V, of Case(II-2)

In this subsection, we will calculate volume of (G4), (R4+), (B+), (G-), (R-) and (B_) later.
Thus, firstly, we compute volume V_ of Case(I-2) and volume V, of Case(II-2).

Case(I-2) X is a non-convex unduloid: H <0, v/—a<u <1, -1 <a<0,

 uvita
B —2H

_ 1 /“ —1 ﬂ—\/ﬂ2+ada

—2H J; V1-a2 i+«
Hence, volume V_ of Case(I-2) is as follows.
u
d
V. =« /1 xgﬁdu (49)

Vi (50)

T /u ( 4yt N —4q? n 3au? n —au > du (51)
- u
8H3 J1 \V1—-uVu2+a Vi—-u2 VIi—-u2Vul+a V1-—u2

4H? C2H \/17u2. VuZ + o

_ 7T/“<2u2—2ux/u2—i—a—&—oz>{ 1 ( —u u—\/uz—l—a)}du

Proposition 2.6.1.

“ 4yt 4 1
du = =-<—-uvli—-uw*vVui+aoa-21-a)vli+aFE , arccos U
/1 V1—utVu? + o 3{ ( ) (\/1+04 )
1-2 1
+a( @) F( 7arccosu)}
V1i+ta V1+a

Therefore, from (51) and Proposition 2.6.1,

T “ 4yt —4q? 3au? —au
<3 + + + du
8H3 J1 \V1—uwVul+a V1i—-u?2 Vi—-u>Vul+a V1-—u2

= T {4\/1—u2<ux/u2+04—2—u2—3a>

©24H3 4
1 4 1
+8+a)Vi+ta E(ﬁ,arccosu) - a\ﬁl ::__Z) F(\/1 +a,arccosu)}

Consequently, we obtain the following.
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Theorem 2.6.1. Case(I-2) X is a non-conver unduloid: H <0, /—a<u<1, —-1<a<0,

u—Vu®+a
T T aE
o 1 /“ —i _a—mdﬁ
—2H J; V1-—a? Vi + a '

Thus, volume V_ of Case(I-2) is as follows.

= T {4\/1—u2(u\/u2+a—2—u2—3a>

24H3 4
1 4 1
+B8+a)Vli+a E(m,arccosu) - a\}%) F(m,arccosu)}

Corollary 2.6.1. In Case(I-2), volume Vi_ which is from a neck to a inflection point is the
following.

, T
Vie = g Vitale=s)
1 4 1
+@B8+a)V1i+ta E(\/m,arccos —a)—a\ﬁ%) F(m,arccos —a)}

Similarly, we obtain the following.
Theorem 2.6.2. Case(1I-2) X is a convex unduloid: H <0, /—a<u <1, -1 <a<0,
u+vVui+a
—2H ’
1 /“ -1 ﬂ+\/ﬂ2+ad~
z = . u.
=2H J; Vi-@® Vi?+a

Thus, volume V4 of Case(II-2) is as follows.

- T — 42 2 2 3
Vi 51 {4\/1 U (ux/u +a+2+4+u +4a>
1 a(d+a) 1
+ (8+ l1+a E ,arccos u) — F , arccos
(-+0) VI @ B resoss) = S (o oo

Corollary 2.6.2. In Case(II-2), volume Viy which is from a bulge to a inflection point is the
following.

Vi, —ﬁ{\ﬂ%-a@—a)
1 a(d+a) 1
+ 8+a) \/1+aE(ﬁ,arccosx/ja)f SiTa F(\/m,arccos a)}
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2.6.2 Volume of (G)

(G4): A profile curve exceeds a inflection point. However, it doesn’t exceed a neck.
We calculate volume V¢, in (G4).

V(G+)

D) = (Vig)+ (Vi) — (V)

3
= 4v/1 — u? 2 R Vg
24H3[ \/ U <U\/u + « U 404)
1 1
+(8+a)\/1+0z{2 E(ﬁ,arccos —a)—E(m7arccosu)}

a(4+a){ 1 1 H
- ————<2F ,arccosv/—a) — F , arccos u
V1i+a ( 1+« ) ( 1+a )

Consequently, we obtain the following.

Theorem 2.6.3.

Vi) = |: 4\/1_U2(\/u2+a—2—u—3a)

12H3 4

1
+(8+a)\/1+a{ E(\/i arccos —a)—E(m,arccosu)}

O‘\;‘%{Z){Q F( 11+ ,arccos vV—a) — F( ! ,arCCOSU)H

2.6.3 Volume of (R})

Q
—
+
Q

(R+): A profile curve exceeds both a inflection point and a neck. However, it doesn’t exceed a
next inflection point.
We calculate volume V(g in (Ry).

Vi
02 = (Viy) + (Vie) + (V)
3
_ ) 2 9 2=
24H3 {4\/1 U <U\/’LL +a—2—u 4a>
+(8+a)\/1+a{2 E(\/ll_’_ia,arccos a)+E(\/11+7a,arccosu)}

a(4+a){ ( 1
Vita Vita

Consequently, we obtain the following.

arccos v —a) + F/(

1
, arccos u
V1+a«a )H
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Theorem 2.6.4.

3
Vir,) 12H3 [4\/1u2( u2+a—27u271a
1 1
+8+a)V1+aq2 F(———,arccosv—a) + F , arccos u
8+0)VITa{2 Bl )+ Bl arccosu) |
a(d+a) 1 1
-2 F ,arccosy/ —a) + F , arccos u
Vit o { ( 1+a ) ( 1+« )H

2.6.4 Volume of (B;)

(B+): A unduloid which is asymmetric with respect to the plane {z = 0} where the radius of

. u—Vu+a
boundary circles are equal to Y-
We calculate volume V(p, ) in (By).
Vis.) Vi)
— = —= 4 (V_
5 5 T (V)
1 4 1
= - 127;13 {(8 +a)V1l+a E(ﬁ,arccos —a) — a\ﬁl ::: z) F(\/l = =, arccos —a)}
Consequently, we obtain the following.
Theorem 2.6.5.
1 a(d+ ) 1
Vi = 8 1 E sy —a) — F S A/—
(B.) 6H3 {( +a)V1l+a (m,arcc% a) e (m,arcc% a)}
2.6.5 Volume of (G_)
(G-): A profile curve exceeds a inflection point. However, it doesn’t exceed a bulge.
We calculate volume Vig_y in (G_).
(G-)
Vi
S = (Vio)+(Viy) -
3
- 24H3 { 4y/1— 2 ( VR +a+ 244 + 4a>
1
+8+a)Vit+a { E(\/li arccos v/ —a) — E(m,arccosu)}
4 1 1
_ 015171? {2 F( - +Ozﬁ;urccos —a) — F( e a,arccosu)}]

Consequently, we obtain the following.
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Theorem 2.6.6.

™ 3
Vie) = 13 3[—4\/1—u2<u\/u2+a+2+u2+4a)
1 1
+(8+a)VIt+al2 B(——, —a)-E :
(8+ ) a{ (\/m arccos v —a) (\/m arccosu)}

a(d+ ) 1 1
— ——12F ,arccos v/ —a) — F(——=———=, arccosu
Vit o { ( 14+ a ) (\/1+a )H

2.6.6 Volume of (R_)

(R-): A profile curve exceeds both a inflection point and a bulge. However, it doesn’t exceed a
next inflection point.
We calculate volume V(g _y in (R_).

Vir_ ‘ .
L = (Vio)+ (Vi) + (V3)
- - 4\/1—u2 U\/u2+oz—|—2+u2+§oz
24H3 4
1 1
—|—(8+a)\/1—|—a{2 E(\/m,arccos —oz)—i—E(\/m,arccosu)}
4 1 1
_ 015171—3){2 F(m,arccos\/—a)—&—F(\/m,arccosu)H
Consequently, we obtain the following.
Theorem 2.6.7.
- " — 2 (u/a2 2, 3
Vir_) B [4 1—u <u u +a+2+u +4a>
1 1
+(8+a)VItal2 B(——, —a)+E :
8+ a) a{ (\/m arccos v/ —a) (\/m arccosu)}
a(d+ )

! 1
B, erd {2 F(ﬁ,arccos V—a)+ F(m,arccosu)}]

2.6.7 Volume of (B_)
(B-): A unduloid which is asymmetric with respect to the plane {z = 0} where the radius of

u+VuZ+a
—2H '
We calculate volume Vi _y in (B_).

boundary circles are equal to

Vis.) Via.)

R
= —L ) « ; arccosy/ —o) — a(4+a) ! arccos v —«
= 12H3 {(8+ )V1+ E(\/m’ ) V1+a F(\/l—&-a’ \/7)}

Consequently, we obtain the following.



Theorem 2.6.8.

1 4 1
Vi) = 623{(8+a)\/1+7aE(m,arccos *a)*a(ﬁlj_z) F(m,arccos a)}

Remark 2.6.1. V(p,) = V(p_) holds.

2.7 Partially differentiation of elliptic integral of the first (second) kind
with respect to u or «

In this section, in order to calculate partial differentiation of function h/r = ¢ (u, «) later, we must
partially differentiate elliptic integral of the first (second) kind with respect to u or o. We need to
calculate 8 types.

2.7.1 Definition of elliptic integral of the first (second) kind

Definition 2.7.1. FElliptic integral of the first kind F(k, ¢) and elliptic integral of the second kind
E(k,¢) are defined as follows.

1

) 1 sin ¢
F(k,¢) ::/ —d@:/ dt,
( 0 vV1—k2sin?60 0 \/(1—t2)(1—/€2t2)
) sin ¢ — 1.272
E(k, ¢) ;:/ \/1—k2sin2€d9:/ LR
0 0

1—1¢2

2.7.2 Partially differentiation of elliptic integral of the first (second) kind with re-
spect to u

Proposition 2.7.1. The following four formulas hold.
0 1 1

-y , =— , 52
50 ( Y arccos u) o (52)
1—wu?
1+a
o+ u?
9 1 1+«
> , =Y 1lta 53
5 ( T arccos u) Vi (53)
0 1
Pu F( 1+a,arccos —a) =0, (54)
1
gu E(m,arccos —a)=0. (55)
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2.7.3 Partially differentiation of elliptic integral of the first (second) kind with re-
spect to «

Definition 2.7.2. Elliptic integral of the third kind is defined as follows.
® 1
II(k,n, @) ::/ de
0 (14 nsin?0)v/1 — k2sin?6
Claim 2.7.1. The following formula holds.

i 1 1 k2 sin 2¢
(TI(k, k%, ) =) / ) = Blhg) - —
0 (1—k?sin”9) 2¢/1 — k2?sin® ¢

Proposition 2.7.2. The following four formulas hold. In particular, the equation (56) can be
proved by using Claim 2.7.1.

0 1
% F( e a,arccosu)
1 1 1 1 sin 2 (arccos u)
= F ,arccosu) — — < K ,arccosu) — 56
2(1+ «) <\/1+oz ) 20 ( 1+a ) a+ u? (56)
2(1+a)
1+ o
9 E(; arccosu) = ! {F( ! arccos u) — E( ! arccos u)} (57)
da  ‘Vi+a’ 214 a) Vita T+a’ ’
9 F( ! arccosy/ —a) = ! F( ! arccos vy —a) — N E( ! arccos v/ —a)
da I+a’ S 2(1+a) Vita 20 Vi+a ’
(58)
9 E(# arccos v —a) = ! {F( ! arccos v —a) — E( ! arccos v —a)
O Vita’ 2(1+a) Vita’ Vita’ '

(59)
2.8 Partially differentiation of function h/r = ¢ (u,«) (Gradient of tan-
gential line of level curve on a-u plane)
2.8.1 Partially differentiation of function h/r = ¢ (u,«) in (G;) with respect to u
Firstly, ¢ (u, @) in (G4) is as follows.

2 2a 1 1
u,a) = — F ,arccosvV—a) +2vV1+a FE ,arccos v/ —a
o 0) umm{ e ita )+ 2y iva )
« 1 1
+ F ,arccosu) —vV1+a E ,arccosu) + /1 — u?2
Vi+ta (\/1—|—a ) (\/1+04 ) }

Thus, we partially differentiate both-hand sides of “¢ (u,a) = constant” with respect to «,

cpuuaJrgDa:O@ua:—&

Pu
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holds. Hence, we must calculate ¢, and ¢,. Therefore, we compute ¢,. From (52), (53), (54),
(55),

0 2a 1 1 2a
— 19— F ,arccosyv—a) p =0- F ,arccos v/ —a) — -0=0
8u{ Vit (\/1+a )} (1+a ) Vit a
9 2\/1—&-0¢E($ arccosv—a) ¢ =0- F( ! arccosvV—a)+2vV1+a-0=0
ou Vifta’ B Vifta’
8{ a F 1 ) a 1 a
— arccosu) p = — = -
Ju 1+« I+ao’ 1+« 2 2
v v v NNy () RN s ey e
14+« 14+«
a+ u? — Ja+u?
9 1 l1+a Lo 1+
— s —V1i+aF ,arccosu}:—\/l—i—a — =
8u{ (\/l—i—a ) V1—u? V1—u?
0 —2u u
R ) P
8u( 2v1 —u? V1—u?
2<u—\/u2+a)=1— g _ v Veta-w u-Vwia
ou 2vVu? + « VuZ + o VuZ + o VuZ + «
Thus,
a+u? o+ u?
— 1 —uv1
190 1 a+( +O‘)(1+a> Wit T
20u —Vu2 2
uovere IFayi—ar /2ty
1+«
20 gL )+ 2Vt o B(—me )
—<— , arccos v —a @ , arccos v —a
ViFa Vi4a V1+ao
« 1 1 1
+ F ,arccosu) — V1 + a E(———,arccosu) + 1—u2}'(—>}
Vita (\/1+oz ) (\/1+a ) Vu? 4+ «
Now,
a+ u? o+ u?
- 1 —uy1
li ! o +O‘)(1+a> v Lta ! lim ! — +00
im . = -
u—=1-0 ¢ — \Vu? 4+ « 2 V14 au—=1-04/1 — g2
e
Consequently,
10y 1 _ 1
uEIln—Oia N \/]_+Oéull>I1n—O V1 — u? oo (60)
holds.



2.8.2 The other cases ((G+), (R+), (By))
In the case of (G4),

10 1 —+/1 1 1
lim - 2% = 3 { o F( ,arccos v —a) + E( , ATCCOS a)} >0
w=1-0200 (11— /Tt a) 1+« V1+a \/1+oz Vit a
(61)
holds.
In the case of (Ry),
19 1 _ 1
D200 = VTra o visw (@2)
and
1 1 1-+v1 1 1 1
lim Loy = 3 { o F( ,arccos v —a) + E( , Arccos a)} >0
10200 (1-/T+a) 1+a Vita’ Vita Vitao
(63)
hold.
In the case of (By),
10y 1 o 1 1
= - F ; svV—a) +V1+a B(——, 5/ — >0
w1040y VIta(l—Vita) { e g aecosv=a) o B( =g arecos O‘)}
(64)
and
10 1 1—-+/1 1 1 1
im -2¥ 5 { ta F( ,arccos v —a) + E( , arccos —a)} >0
u—1-0 4 D 2(1-vIta) 1+a Vita’ Vita Vita
(65)
hold.
2.9 Partially differentiation of volume V (u, «)
2
Firstly, we have already obtained that radius of boundary circles r = %. Thus,
u—vVul+a u—vVur+a
e —— H [
T Y < H (u,q) o (66)
From (66), we can compute as follows.
T T m (=) —8r3 2mr3
— = — - = — = (—77) =
12H3 (- /2 + o 3 1 (u—\/u2+a)3 12 (u—\/u2+a)3 3(u—\/u2—|—a)3
—2r —8r3
(67)
Similarly,
A3
T T o i (68)
6~ R T 35— Vi ta)
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2.9.1 Partially differentiation of volume V (u,«) in (G) with respect to u

Firstly, V (u, @) := V(q,) (u,a) in (G ) is as follows.

S WY a2 WS
V (u, @) 12H3[ 41 —u <ux/u +a—-2—-u 4a)
1 1
+(8+ 1+a{2 BF(—, —a)—F ,
8+ a)V a{ (\/m arccos v/ —a) (\/m arccosu)}
4 1 1
_ H{Q F(m,arccos —a)—F(\/m,arccosu)H
From (67),
273 3
V(u,a) = ™ 3 [—4\/1—u2 (u\/u2+a—2—u2—a)
3(u—\/u2+a) 4
1 1
+8+a)vl+aq2 E(———,arccosvV—a) — F ,arccos u
ravTTa{z AL )~ Bl g |
a(d+a) 1 1
— ———¢2 F(———=,arccosv—a) — F , arccos
vVi+a«a { (\/1—1—04 @) (\/14—04 u)}}
That is,
3 1 3
= = |41 -=2 2 —_9_yu2_=
QW?’V(%Q) (u—\/u2+a)3{ Vi-u (U\/u e ! 4a>
1 1
+(8+a) 1+a{2 E(m,arccos —a)—E(m,arccosu)}
4 1 1
— a\}%) {2 F(m,arccos —a) — F( 1+a,arccosu)H
3 3
Now, we partially differentiate —3V(u,a) with respect to u. Therefore, we compute ﬁVu.
™
From (52), (53), (54), (55),
0 3
Zda/1-w? (w2 +a—2—u®—"a
Ju 4
4u<ux/u2—|—o¢—2—u2—3a>—4\/1—u2 <\/u2+a+1ﬂ—2u>
V1 —u? 4 Vu? + «
a+ u?
9 1 1 1+«
218+ a) Vi 2 B(———— —a)-E S = (8+a)VI Y itae
5 [( + ) +a{ (m,arccos a) ( 1+a,arccosu)H B+a)V1i+a Ao
0 a(4+a){ 1 1 H a(d+a) 1
— | ———— 42 F(———,arccosv—a) — F ,arccos u = —
3u[ V1+ao (\/1+o< ) ( I1+a ) V1+a o+ u?
V1—u? g
o
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Hence,

3 oV 1 4u 3 u?
—— = Vuz+a—2—-u?—a) —4/1 —u? 2 — 2
275 90 (a2 T a) Hm(“ wam2ou 4“) Vi-u (““ T e ra “>

V1—u? - Vi+a m a+ u?

1+«

[ + u?
4 1 3
+8+a)Vita l+a ald+ae) .(u—\/u2—|—a)

—{—4\/1—u2 <U\/u2+a—2—u2—ia>

+@8+a)Vita <2 E(\/ll_‘_ia,arccos V—a) — E(\/ll_‘_ia,arccosu))

_ O‘;l;j:z) (2 F(\/%,arccos@) — F( 7arCCOS“))} ' (“_ \/mf (_\/ujﬂﬂ

1
vi+a

Now,

1 4u 3
lim ux/u2+a—2—u2—a)
u—=1-0 (uvu2+a)6{v1—u2 ( 4

\/].711,2 - V14« m ()é+u2
1+«

[a + u?
+B+a)Vi+ta 1+a aldtoa) ! ~(u—\/u2+a)3

3 . 1

= lim —— — 4+

vV1+ au—=1-04/1 — 42

Consequently,

lim 3 a—v = 5 lim _ — 400
u—1-0 27173 Qu /1 + o u—1-0 /1 — 442

(69)

holds.

2.9.2 The other cases ((G+), (R1), (B+))
In the case of (G4),

3 oV 3

lim — =
u—1-0 2773 dav (1-vita)
+<2+o¢+6\/1+a> B( 1
VvV1+ o V14«

,arccos v —aq)

{_a(1+a+3m)} .

(1+a)? I+a

, ArCcos —oz)} >0 (70)
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holds.
In the case of (Ry),

m SV 3 g, 1, (71)
us1-0 2773 Ou /T + o u—1-0 /T — 42
and
. 3 0V 3 a(l+a+3V/1+a) 1
lim s = 19— 372 F( ,arccos v —q)
u—1-0 2773 o (1-VI+a) (14 a) 1+«
2+ a+6v1l+a 1
+ E ) —a)| >0 72
< Niew > (\/m arccos v/ oz)} (72)
hold.
In the case of (B4),
3 oV 3 1
im —s—— = 8+ a)V1l+ a E(——, arccos v —«
u—1-0 47713 Ju \/1+a(1_\/1+a)3 {( ) (\/1+a )
a(d+a) 1
- F , —a) s >0 73
Tra (m arccos a)} (73)
and
: 3 0V 3 a(l+a+3V1+a) 1
lim ———— = 719 372 F( ,arccos v —a)
u—1-0 4773 Jav 2(1-vVI+a) 1+ a) V1i+a
2+ a+6v1l+a 1
+ E , —a)| >0 74
< e ) (\/m arccos a)} (74)
hold.

2.10 Partially differentiation V, of volume of unduloid fixed boundary
circles with respect to u

Now, we can express V =V (u, a (u)). We setNV (u) ==V (u,(u)), and partially differentiate it

with respect to u. We examine whether lirln o V., is positive or not. We can compute V,, as follows.
u—1—

- 1 u 1
Vu:Vu""Va'au:Vu""Va'i:Vu_Va'£:7((Pavu_@uva)

«@ Pa «

2.10.1 Partially differentiation V, in (G)

Firstly, we examine sign of

1
lim V, = lim — (paVu — 0uVa)

u—1-0 u—1-0 Yy

in (G4). From (61), (69), (60), (70),
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1 1 1-v1 1 1 1
lim Lop = 2{ o F( ,arccos vy —a) + E( ,
10200 (1-/T+a) 1+a Vi+ta’ Vita Vita
im 3 oV 3 1
us1-0 27013 Qu \/1—|—o¢u—>1 Om
10¢ 1

oy = \/mu_u om

. 3 0V 3
lim — = I
u—1-0 27173 Doy (1-VIita)
+<2+a+6\/1+a> B( 1
VvV1+ao Vita’

,arccos v —aq)

{ a(1+a+3\/1+a)} 1
_ F(
(1+a)*? I+a

>0

arccos v —a)

[

Now, we examine sign of

473

: 3 . . 1
A (Oé) = ul)rln 0 47’1’7‘3 (@avu @uVa) . (l'e' uglin OV UEEO E ' 3 A (Oé) )

Firstly, both lirln OgoaVu” and “ lim ¢, V,” are positive. Thus, we can’t find out sign of A («)
u—1—

u—1-0
soon. Hence, we will try to compute A( ).

1
Remark 2.10.1. Now, both lim ——=V,, and lim S¢, diverges in the same order. Therefore,
u—1-0 2 u—1-0 2
we set 3 1 1
li —Vy = —, lim v = ——.
u_1>I111_0 273 1+« u—1—0 2‘,0 1+«
1 1-V1+a 1 1 1
Ala) = F arccos v/ — E ,arccos v/ —« } . (
(@) (1_4/71+a)2{ l+a (\/1+a @)+ Vita (\/1—1-04 )
1 3 a(l+a+3V/1+a) 1
- . 74— 372 F( ,arccos v —a)
vita/ (1-yI+a) (1+a) Vi+a
+ <2+a+6 1+a) E( ! arccos a)}
vi+a Vita
3 2VT+a(3Vita+1)(1-VIta) 1
= 5 372 3 F( ,arccos v/ —a)
Vita(l-Vita) (1+a)*(1-vV1i+a) Vita

-8 1
+ E( ,arccos vy —q)
(1-vita)’ Vita }
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3
1+«
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Now,

3 -0 _2\/1+7a(3\/1+7a+1)(1—\/1+7a)<0 -8 “0

\/1+oz(1—\/1+oz)2 7 (1—|—a)3/2(1—\/1+o¢)2 7 (1—\/1—1—@)2 7
1 1
F(m,arccos —a) > E(m,arccos V—a) > 0.
Hence,
2/T+a(3Vi+a+1)(1-vVI+a) 1 —8 1
_ 37 3 F( ,arccos v —a)+ 5 E( ,arccosv—a) <0
1+ (1-V1i+a) Vita (1-v1i+a) Vit

Thus, A (a) < 0(— —o0). Hence, we concluded hIll’l 0‘7“ < 0(— —o0) because lirln o P> 0.
u—1— u—1—
Therefore, volume V of unduloid fixed two boundary circles in (G ) is monotone decreasing because
lim V, <0(— —o0).

u—1-0

2.10.2 Partially differentiation V, in (R,)

Firstly, we examine sign of

1
lim V, = lim — (paVu — 0uVa)

u—1-0 u—1-0 Yy

in (R4+). From (63), (71), (62), (72),

10y 1 1—V1+a 1 1 1
lim ——=—/ = F ,arccos v/ —a) + E ,arccos v —a) » >0
u—1-0 2 Jav (1— /1+a)2{ 1+« (\/1+a ) Vita (\/1+a )}
im > V3 g, L
usi-027r3 Ou 1+ au—sri-04/T1 42

. 10y 1 . 1
lim -——F— =— lim ———
u—1-0 2 Ou V1+ o u=s1-0 /1 — 2

— —00

: 3 9V 3 a(l+a+3V/1+a) 1
lim —— = 719 5 F( ,arccos v —aq)
u—1-0 2773 Qo (1-VIita) (1+ a)3/ Vit a
2+ a+6v1l+a 1
E ) —a)| >0
N ( Jita ) (e reces a)}
Now, we examine sign of
. . . = . 1 4
Afa) == Jm Trr3 (PaVu —puVa). (e Jm V= lim o T3 A(a).)

Firstly, both “ lim ¢,V,” and “ lim ¢,V,” are negative. Thus, we can’t find out sign of A («)
u—1—-0 u—1—-0

soon. Hence, we will try to compute A («).
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3 1
Remark 2.10.2. Now, both lim ——=V,, and lim S¢, diverges in the same order. Therefore,
u—1-0 277 u—1-0 2
we set
. 3 3 ) 1 1
lim ——V, = — , lim =, = — .
u=1—0 27773 T+a u—1-02 1+a
1 1-Vi+a 1 1 1 3
Ala) = F ,arccos v —a) + E ,arccos v/ —a } <—>
(@) (IM)Z{ 1+a (\/1—|—a ) Vita (\/14—04 ) Vit+a
1 3 a(l+a+3V/1+a) 1
(= . 2 14— 3/ F( , Arccos v —a)
Vita/ (1-yI+a) (1+a) Vi+a
+ <2 rotbyly a) E(; arccos —a)}
v+« Vifta’
3 2V/1+a(3vV1+a+1)(1-Vi+a) 1
= - 59— =72 5 F( ,arccos v/ —a)
Vita(l-vi+a) (1+a)”" (1-vV1+a) Vita
+ -8 E( L arccos v/ —a)
(1-vita) Vita
Now,
B 3 “0 _2\/1+a(3\/1+a+1)(17\/1+o¢)<0 I B
Vita(l-vita)® 1+a)*?(1-Vita) - Vvita)?
F( ! ) > E( ! )>0
,arccos v —a ———,arccos vV —« .
1+« Vvi+a
Hence,
2/1+a(3Vi+a+1)(1-Vi+a) 1 -8 1
_ 372 5 F( ,arccos v —a)+ 5 E( ,arccos v/ —a) < 0
1+ (1-vVI+a) Vita (1-v1i+a) Vita

Thus, A (a) > 0(— +00). Hence, we concluded lilln of/“ > 0 (— 400) because lign o P> 0.
—1— u—1—

u
Therefore, volume V of unduloid fixed two boundary circles in (R4) is monotone increasing because
lirln OV“ > 0(— +00).
u—1—

2.10.3 Partially differentiation V, in (B,)
Firstly, we examine sign of

1
lim V, = lim — (0aVi — ¢uVa)

u—1-0 u—1-0 Yy

in (B4). From (65), (73), (64), (74),

42



10p 1 {1—\/14—04 1 1 1

lim -—/ = F ,arccos v —a) + E ,arccosy —a) » > 0
u—1-0 4 Do 2(1_\/m>2 1+« (\/1+a ) Vita (\/1+a )}

3 IV 3 1
im —s—— = 8+ a)V1+ a EF(——, arccos v —«
u—1-0 47713 Ju \/1—|—04(1—\/l+0z)3 {( ) (\/1-1-04 )
a(d+a) 1
— F , — >0
it (m arccos 04)}
. 10¢ 1 ! 1 1
lim -=—F/ = — F ,arccos vV —a) +vV1+ a E(————,arccosy—a) o >0
u—1-0 4 Ou \/1—|—a(1—\/1—|—o¢){ Vita (\/1+a ) (\/1—|—0¢ )}
. 3 9V 3 a(l+a+3vi+a) 1
lim ——— = R 57 F( ,arccos v/ —a)
u—1-0 47713 oy 2(1_ /1—|—a) (1+a) Vit a

, Arccos —a)} >0

Now, we examine sign of

. 3 ) . - . 1 1673
Ale) = lim 7505 PaVu—guVa). (e lim Vo= lim 2= =5

A))

Firstly, both ¢ lim ¢,V,” and ¢ lim ¢,V,” are positive. Thus, we can’t find out sign of A («)
u—1-0 u—1-0

soon. Hence, we will try to compute A ().

Al@) = 2\/@(13@)5 _a(“g)fa;)ém) F( ﬂlﬂ,amcos o) F( 11+a,arccos )
+{(1_\/Tal)i8a+°‘)m—a§4jaa)} F( \/liia,amcos —a) E(\/%,arccos —a)
+ (8+\/O‘1)T‘/L+70‘ B \/llﬂ,arccosm) E(\/%,arccos —a)]
2@(13— Vo= la (1 ifjj);/m) F J%,arccosﬁ) F( \/ii_ia,arccos —a)

+{a(2+a+6\/1+a) _a\/1+a(1+a+3\/1+a)}

x F(— ) B(—— )
s arccos —Q —_—, arccos —Q
Vv1+a«o Vv1+ o
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+(2+a+6\/1+a)\/1+aE( 1 ) B( 1 )
,arccos v/ —o ———, arccos v —a
Vi+a V1t a V1t a
3 da(1-vVI+ 1 °
= - o ( o) {F( 7arccos\/—oz)}
2VT+a(l-vI+ta) I+a Vit
2(1-v1+ —4-5 1 1
+ ( lf)a( o) F(m,arccos —a) E(\/m,arccos —q)
2
+6(l-Vi+a { ( arccos a)}
(-viTa) {m Lo,
3 2
= , ArCCos a)}
2/T+a(l-vita) \/
Ny - S e {B2 )
————, arccos ,arccos v —a) + ¢ ,arccos v —a
Vita V1 vVi+a
=: 5 =M
2V1+a(l-V1i+a)
Now,
da (1 —+/1 2(1—-+v1 —4-5
_daQl=viva) o, 2 +a) 9 em6(1-vITa)>0.
1+ 14+«
Thus,
a+b+0—17(17\/1+04)<0 (75)
Now,
1 2
M = a{F(m,arccosv—a)}
1 2
b F , +ed B(———, -
( — arccos v/ —a) (\/7 arccos v —a) c{ (m arccos a)}
2
1
,arccos v/ —a) F( ,arccos v/ —a)
= a{E(l,arccos —|—é 11+a + -
Vita ,arccos v —a) “1 E( ,arccos v —a) “
Vvi+ta

We set the following.

,arccos v —a)

,arccos vy —a)

Then, we can express the following.
2

M=l B wccos v\ (224 Pet ) mad B arccosvTa) Y F (@)
(e b (e i) =olmrs



b 2
Now, we set f(z) := 2> + -z + €. We remark that a {E( , Arccos —a)} < 0 because
a a

1
V1i+a
a < 0. We define discriminant of f (z) as D.

Do (i) e (D)

Denominator of discriminant D is positive, thus we compute b? — 4ac,

e {2(1—s/1+a)(—4—5a)}2_4.40[(1—\/14—04)

6(1-V1+a)

1+« 1+«

41— VIF @) (a2 +16(1+a) 0
N 14+« 14+«

We turned out that quadratic equation f (z) has two different real solution because D > 0. Now,
we want to show f (z) > 0 when z > 1.

b b\? ¢
LN <> 41.6
a a a bF Vb —dac
fx)=0&e2= 5.1 = g =Tz

Now, a < 0 & —2a > 0 and vb? — 4ac > |b|. Thus, b+ vb? —4ac > 0 and b — Vb? — 4ac < 0.

b b
Moreover, from a < 0 and (75), f(1) =1+ — + c_atbre
a a

f(z) > 0 when x > 1. Therefore,

> 0. Hence, we showed that

2
\/%,arccos a)} fx)<0(e M<0)
& Ala) = 5 -M <0

2/T+a(l-vita)

f@)>0 < a{E(

Now,
3

2/T+a(l-vita)

Thus, A (o) (= finite) < 0. Hence, we concluded lirln o V.. (= finite) < 0 because lirln P> 0.
u—1— u—s1—

>0

Therefore, volume V of unduloid fixed two boundary circles in (B;.) is monotone decreasing because
lim . V., (= finite) < 0.

u—1—

2.10.4 Bifurcation around one period of an unduloid between two necks

Definition 2.10.1. A CMC surface is stable.

<=>The second variation of area is non-negative for all variations that preserve the enclosed volume
def.

and fix the boundary.
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Remark 2.10.3. We remark the following.

(1) A CMC surface is an equilibrium point of the area for all variations that preserve the enclosed
volume and fix the boundary.

(2) If a surface is a local minimizer of area among all surfaces enclosing the same volume and
bounded by the same boundary curves, then this surface is a stable CMC surface. (The converse
is NOT necessarily true.)

Theorem 2.10.1. Thanks to a representation formula (Koiso-Palmer, 2005, [14]), the bifurcation
theory for CMC surfaces (Koiso-Palmer-Piccione, 2017, [16]) and volume based on elliptic integrals

(new idea), we prove the following.
B~

unstable
neck
(R+) (Xo)
unstable Stable
neck
\\ )V
(B%)

unstable

This picture shows that bifurcation around one period of an unduloid between two necks. It has
already known that the volume increases (R4 )—(Xo)—(G4+). It also has already known that “(Ry)
is unstable”, “(Xp) is just stable” and “(G4) is stable” (Koiso-Palmer, 2017 [15]). However, when
we compared the volume (B, ) and (Xp), it is unknown which volume is bigger. In our research,
we used next the bifurcation theory for CMC surfaces (Koiso-Palmer-Piccione, 2017 [16]).

“Volume of (By) < Volume of (Xy) = (B) is stable.”
“Volume of (By) > Volume of (Xy) = (B, ) is unstable.”
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By using the this theory, we calculated in §2.10 (§2.10.1, 2.10.2, 2.10.3). Consequently, we proved
that “Volume of (B;) > Volume of (Xj)”, therefore, we obtained (B ) is unstable. This theorem
holds Va € (—1,0). This bifurcation is called “subcritical pitchfork bifurcation”.

2.11 Partially differentiation of function h/r = ¢ (u,a) (Gradient of tan-
gential line of level curve on a-u plane)

2.11.1 Partially differentiation of function h/r = ¢ (u,a) in (G_) with respect to u
Firstly, ¢ (u, @) in (G-) is as follows.

2 2a 1 1
u, ) = — F ,arccos vV —a) + 2V 1+ a F(——, arccos v —a
@ (wa) u+¢u2+a{ e [ ira )+ 2y = )
a 1 1
+ F ,arccosu) — V1 + o B(———,arccosu) — /1 — u?
V1+a (\/l—i—oz ) (\/1+oz ) }

Thus, we partially differentiate both-hand sides of “¢ (u, &) = constant” with respect to «,

gouua+g0a:0<:>ua:f&

Pu

holds. Hence, we must calculate ¢, and ¢,. Therefore, we compute ¢,. From (52), (53), (54),
(55),

0 20 1 1 2a
— = F ,arccosy/—a) o =0- F ,arccosy—a) — ——-0=0
8u{ Vifa <\/1+a )} ( Ifa ) VIFa
9 2vV1+4 a E( ! arccosv—a) ¢ =0- F( ! arccosvV—a)+2vV1+a-0=0
ou Vita’ B Vita’ B
0 { Q F( 1 arcco )} o 1 o
= rccos ) p = — - _
ou 1+ a 1+a’ vVi+a 2 2
v v V1—wu? Oi_:_u V1+ay1—u? Oij_u
a @

[+ u? — o+ u?
a{—\/l—i—aE( ! arccosu)}:—\/l—I—a RN e e l+a
ou IT+a’ V1—u? V1—u?

2(_@) _ —2u _ u

ou oVI-w2 VI-w2

2u U Vurtatu  ut+Vuita

1+ —— =1+ = =
2Vu? + « vu? + o vu? + o vu? + o

8 (o)
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Thus,

a + u? a+ u?
- 1 vat
100 1 O‘+(+a)(1+a>+“ T T1ra
20u w4+ Vu+ 2
vV Vitayl—w /2
1+«
{ 20 F( ! arccos )+ 2vV1+a E( L arcco )
-9 = ,ar -« « , arccos v —a
Vidta Vita Vi+a
o 1 1 1
+ F ,arccosu) —vV1+a E , arccos u —\/1—u2}-<>]
V1+a (\/1+a ) (s/l—i—a ) VuZ+
Now,
—a+ (1+a) o+t +uvl+a o+u?
) 1 1+« 1+a 1 . 1
uhr1nfo V2 +a 2 - Vita uglinfo Vi-a? e
TutvuTra VITayT—u2y) 2 e b
1+«
Consequently,
10¢ 1 . 1
A2 T A aee e T (76)
holds.
2.11.2 The other cases ((G-), (R-), (B-))
In the case of (G_),
10y 1 1+Vita 1 1 1
lim =¥ — _ F : W E : V_a) b <0
w120 2 da (1+ /71+a)2{ 1+a (m arceos a)+\/1+a (\/l—i—a areeos a)}
(77)
holds.
In the case of (R_),
. 10y 1 . 1
P ¥ Y e LN Sy - B (78)
and
1 1 1++v1 1 1 1
lim Lo¢ _ 2{ + +aF( ,arccos v —a) + E( ,arccos\/a)}<0
us1-0200 (14T a) I1+a Vita Vita Vita
(79)
hold.
In the case of (B_),
10y 1 Q 1 1
lim - 2% = F : o)~ VIt a B(—, —a) b <0
w10 1 ou m<1+\/1+a){\/1+04 (g arecos V=) o B( A amecos a)}
(80)
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and

1 1 1+v1 1 1 1
im 19 = 5 { tvita F( ,arccos vy —a) + E( ,arccos\/a)} <0
10400 (1 4+/T+a) 1+a V1+a Vita Vit+a
(81)
hold.
2.12 Partially differentiation of volume V (u, a)
V2
Firstly, we have already obtained that radius of boundary circles r = %. Thus,
u+vVui+a u+vVur+a
- —2r

From (82), we can compute as follows.

m m T (=) —8r3 273
— — — = = (—7)- =
1203 I v+ ViZFa 8 19 (u+\/u2+a)3 12(u+\/u2+a)3 3(u+\/u2+a)3
—2r —8r3
(83)
Similarly,
s s 4mr
_ - 2= (84)
6H®  12H? 3 (u+ Va2 +a)’

2.12.1 Partially differentiation of volume V (u,«) in (G_) with respect to u

Firstly, V (u, ) := V(¢_) (u, ) in (G_) is as follows.

V(u,0) = _TZ{?’ [—4\/1—112 <U\/u2—|—a+2—|—u2—|—ioz)
1 1
+(8+a) \/1—|—0¢{2 E(ﬁ,arccos —a)—E(\/m,arccosu)}
4 1 1
— a\ﬁliijz) {2 F(ﬁ,arccos —a) — F( — a,arccosu)H
From (83),
2773 3
V(u,a) = ™ 3[—4\/1—u2 (u\/u2+a—|—2+u2+a)
3(u+Vur+a) 4
1 1
+ 8+ ) \/14—04{2 E(ﬁ,arccos —a)—E(m,arccosu)}
4 1 1
_ Ci}ftz) {2 F( = =, arccos —a) — F(m,arccosu)H
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That is,

3 1 3
—3V(u7a) = 3{—4\/1—u2 (U\/u2+a+2+u2+a)
27y (u+Vu? +a) 4

1

+(8+a)\/1+a{2 E(\/%,arccos —a)—E(\/m,arccosu)}

- Oy P wecon v ) — (e}

3 3
Now, we partially differentiate —3V(u,a) with respect to u. Therefore, we compute 2—3Vu.
wr

From (52), (53), (54), (55),

L SNy u\/u2+a+2+u2+§a
ou 4

o+ u?
14+«

aau[(nga)\/m{zE(\/%,arccos —a)—E(\/lleia,arCCOSU)H = (8+a)Vita Nin=vl

9 [_a(4+a) {2 F( ! arccos v/ —a) — F(# arccosu)H _ _eldtq) !
oul Vita Vita’ Vita’ - Vita a+u?
V1—u? T
o

%(qu u2+a)3: (qu u2+a)3' <u23m>

Hence,

3 9V 1

W%_(ujﬂ/m)ﬁ Hm<um+2+u + a>—4\/1—u2<\/u2+04+\/7+2u>

o+ u?
Vita a(4+a) 1 3
r@+a)Vita - -(u—|— u2+a)
( ) V1—u? Vit a Ny a+ u?

14+«

3
—{—4\/1—u2 (U\/u2+a+2+u2+4a>

1 1
+@8+a)Vi+ta <2 E(W,arccos —) — E(W,arccosu))
J&) &

a(d+ a)
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Now,

1
lim {
u—s1-0 (u+ I +a)6 V1—u?

[+ u?
1+« a(d+a)

4
Y (ux/u2+a+2+u2+ia)

1
+ 8+ a)vl+a —
( ) V1—u? Vi+a \/172 o+ u?
" 1+«
5 li ! — +
= —— lim —— 00
VI4 au—=1-0 /1 — 42
Consequently,
I 3 oV 3 I 1 Ll
im — = im o 50
u—1-0 2713 Ju /14 @ u—1-0+/1 — 2
holds.

2.12.2 The other cases ((G-), (R-), (B-))
In the case of (G_),

3 oV 3

w120 2773 Do (1+vIita) (

{_a(1+a3M)

1+ 04)3/2 } H

N (2—1—04—6\/1—1-04

1
ita >Mﬁ+a

holds.
In the case of (R_),

,arccos v —a)

im 2 V3 g, L
us1-0 2773 Qu A1+ au—1-0 /T — 2
and
w3V 3 ~a(l+a-3V1+a) F(
u—1-0 27713 Do (1+\/m)4 (1+a)*?
24+a—-6V1+a 1
E , 5/ — <0
+ ( Sita ) (\/m arccos oz):|
hold.
In the case of (B_),
3 oV 3 {
im —— = —B8+a)V1i+a E(
u=1-0 4773 du Vita(l+ mf’
a(d+ a) 1
F , — <0
Sra (\/l—i—a arccos v/ oz)}
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and

. 3 oV 3
lim ——— 1
u—=1-0 47713 oy 9 (1 + \/m)
n 24+ a—6vV1+a B 1
vVi+a Vita’

arccos v/ —a)

a(to-3Tia)] oo
(1+a) Vita

arccos —a)} <0 (90)
hold.

2.13 Stability of one period of unduloid from a bulge to the next bulge

In this section, we examine the stability of one period of unduloid from a bulge to the next bulge.
From now on, we call this unduloid as U.

If U is close to a cylinder, it is known to be stable. Conversely, if U is close to a sphere (two
hemispheres), it is known to be unstable.

Now, we examine sign of [ («) := / n d3 for Y. The following has already known: if I (a)) > 0,
U
U is stable. Conversely, if I (o) < 0, U is unstable.

2.13.1 Calculation of I («) := / n dX
u

Firstly, we define as follows.

1
=aq — q, = >1 (-l<a<0
n:=aqg—4q, a T ( a < 0)

o

Now, g, ¢ are support function of & (unduloid), M (nodoid) respectively. Then,

q(s) =rz' —r'z, G(s) =77 -7z

where s
Ti=ar, Z:= / ++4/1— (ar’)? ds.

0

Moreover,
+ Vu? 1
45 = r dsdg, r— CEVE e dr L
—2H du —2H \/u2 + «

Now

z= /dz—/ dzdsdr —/uuL L 1+ Y du = ' Y L 1+ Y du
o ds dr du 1 —v —2H VuZ + o o 1 V1—wu? —2H Vu? + a
Moreover,

ds — ds dr du — 1 1

u
S
drdu \/1—u2 —2H< \/u2+a) du
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Let sp denote the first positive value of s at which a bulge of U occurs. Then the first bulge on N

also occurs at s = sg. Thus,

Ia) = //7 de/u(aq—q)rdsdﬂz/ (arq — 1q) dsdf

u
27 SB SB SB
(/ d0> {2/ (arq — rq) ds}:27r-2</ arq ds—/ rq ds)
0 0 0 0
SB SB
= 47 {a/ r(rz —1r'z) dsf/ r(7Z —732) ds}
0 0
SB SB SB SB
= 4r {a (/ r?z ds — / rr'z ds) — (/ riz’ ds —/ i’z ds)}
0 0 0 0

= 4r{a(A-B)—-(C-D)}

Hence, A, B,C, D are as follows.

SB SB SB SB
A ::/ r?z ds, B:= / r'zds, C ::/ riz’ ds, D ::/ ri' % ds
0 0 0 0
Proposition 2.13.1. The following result holds.
SB
A = / r22 ds
0
2
B /m u—Vui+a " { 1 1 (1_ u )} du
- T ==m Vi—we 2\ ViZia
2
! u+Vu+a« 1 1 u
+ —_— | u- . 14+ du
—2H V1-—u?2 —2H Vu? + o

\/ja
S a)vV1i+a 1 arccos v —a) — ald+a) !
- {0 VI B )~ rre e

—12H3
Proposition 2.13.2. The following result holds.

B = / rr'z ds
0
/‘/70‘ U —Vu? + o 1 2{ 1 1 (1 U )d}
= —u 1 - — u

A e TR e i\ Ve
1 1 u

A= (1-\ﬁ>}du
1—u? —2H u? +a

! U+ Vu? 4+ «a
+ —_— | V1 —u?
e\ —2H

x /\/Tau L 1(1-“) du—i—/u e 1<1+
1 vV1—u? —2H Vu2 + o — V1—u? —2H
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U

U

X{\/11—71A2—3H< u2+a>}
_ 1{@( 1+3VI+a+a) (VT

- —12H3
Proposition 2.13.3. The following result holds.

1
arccosvV—a) —a (VI+a+3) F(——,
v+«

arccos v/ —a) }

C = / riz’ ds
0
V—a /3 2
= / a u=vilta (, 17(12(17“2)) L O "
! —2H Vi—e 20\ Vita
2
V=a —2H 1—u2 —2H Vo
a 1 1
= Tom E(——=—= —a) —da F(—— -
_12H3 {(8+ Ta) (m,arccos @) o (\/m,arccos a)}
Proposition 2.13.4. The following result holds.
SB
D = / ri'Z ds
0
= /\/Q @ (QM)[ v 1_a2(1_u2){ 1 1< _u)} du}
' - 1 Vi—w 20\ Vita

T
+/1 <u+\/m>'(am>

—2H

o
(oo o)}

()
()

1 1
x{\/l—u2 . —2H
1-2a+3V/1+a) E

a
T —12H3 {(_ Vita’
From Proposition 2.13.1, 2.13.2, 2.13.3 and 2.13.4,

I(a) := /undZ:47r{a(/OSBr22’

= 4r{a(A-B)-(C-D)} =

m(aA—aB—-C+ D)
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arccos v=a )}
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- 47T[ 12H3 {(8+a)\/1+7aE(\/7 arccos Q)Q%) F(\/ll_i_ia,arccos a)}
__1;LH3{\/H704(—1—|—3\/1+7Q+Q) E(\/ll_i_ia,arccos —a)
—a(\/m+3) F(ﬁ,arccos }
O 18+ 70) B(—2 Va) — da F—t
_12H3{( + Ta) (\/m arccos ) — 4o (ﬁ,arccos —a)}
a 1 1
+ —oms {(—1 —2a+3V1+a) E(ﬁ,arccos V—a) + 2 F(ﬁ,arccos —a)H
. 1 —a(l1-3V1+a) 1
— H53{4(1_m) E(m,arccos —a) + o F(m,arccos —a)}
= ° 1 —a(1-3VI+a)
- _H%l4(1_m)m{E(m)+aK(M)}+ T+a '\/1+04K(\/1+04)

T
= m{‘l(l—\/l—ka) EWl+a)+a(3-V1i+a) K(V1+a)}
—am 4 1 1-3vli+a 1 —am
- E S — F 3 — =: .
5 {1+\/1+a (o avecos Vo) 4 Ta,arccosfw} T (@)
Proposition 2.13.5. The following properties hold.
(i)  dim f(a)=+oo
(i) lim f(a)=—o0
a——0
(i1i) ' (o) <0, Vo€ (-1,0)
(iv) f(—0.9)>0, f(-0.8)<0
where
4 1 1-3V1I+a 1
= E — F — 1
[ (a) T ita (\/1+a,arccos a) + T+ a (\/m,arccos a)  (91)

Now, from 1}; > 0 and Proposition 2.13.5, we found out that stability of one period of

unduloid from a bulge to the next bulge.

Jlag € (—0.9,-0.8), (g = —0.83) such that when —1 < a < ap, I («) > 0 holds. Therefore,
the unduloid U is stable. Conversely, when ap < « < 0, I () < 0 holds. Hence, the unduloid U is
unstable.

2.14 Partially differentiation V, of volume of unduloid fixed boundary
circles with respect to u

Now, we can express V =V (u, a (u)). We setj;' (u) := V (u,(u)), and partially differentiate it
with respect to u. We examine whether lilln o V, is positive or not. We can compute V,, as follows.
u—1—
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. 1 1
Vi=Vat Vo au = Vit Vo — = Vi = Vo 2% = — (0u Vi — 9uVa)

« Pa feY

2.14.1 Partially differentiation V, in (G_)
Firstly, we examine sign of

. 3 1
ugrlnfo Vu o ull}lil’lio @ (QpaVu - (Puvoc)

in (G_). From (77), (85), (76), (86),

10 1 14++1 1 1 1
L. {— tVita F( ,arccos v —a) + E( , ArcCos \/—a)} <0
a

lim ===

u—1-0 2 Hoy (1+ /71+a)2 1+a NS ViFa VI+
lim 3 a—v— 3 lim #—)—i—oo
u—s1-0 2713 Ou, V1+oau=1-04/1 —y2

. 10¢ 1 . 1
lim ——/ = lim ——
u—1-0 2 Ou \/m u—1-0 m

— +00

3 oV 3

lim —— =
u=1-0 2713 dox (1+vita)
+<2+a6\/1+a> B( 1
Vi+a VvVi+a

,Arccos v/ —a)

{_a(1+a—3\/m)} v

(1+a)’? I+a

, Arccos \/a)} <0

Now, we examine sign of

3 - 1 4
A(a) = lim — (paVu — ouVo). (e lim V,= lim — - o

u—1—0 4773 u—1-0 u—1-0 Qg 3

cA(a).)

Firstly, both “ lim ¢,V,” and “ lim ¢,V,” are negative. Thus, we can’t find out sign of A («)
u—1-0 u—1-0

soon. Hence, we will try to compute A ().

1
Remark 2.14.1. Now, both lim Vi, and lim =, diverges in the same order. Therefore,
u—1-0 27773 u—1-0 2
we set 3 3 1 1
lim —=V, = ——, lim =g, = .
u=1-0 277713 1+a u—1-02 1+ a
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_ L _ltvito ! arccos v —a ! ! arccosv —a) p - 5
Ae) = (1+m)2{ 1+a F(M’ \/7)+\/1+aE(\/1+a’ \/7)} ( 1—|—a>

,arccos v —a)

< 1 ) 3 a(l+a-3V1+a) F 1
Vita) (1+viFa) (1+a)? Vita

+ <2+04—6M) E( ! arccos a)}
V14t a«a Vita’
6 1-3VTFa 1 4 1
= F ,arccos v/ —a) + E ,arccosm}
\/1+a(1+\/1+a)3{ l+a (\/1+a ) 1+V1+a (\/1+o¢ )
Now,
6
>0
Vita(l+yi+a)
and from (91),
1-3V1l+a«a 1 4 1
F S — E 3 — =
T+ (m,arccos\/ oz)—|—1+\/1+a (\/1+a,arccosm) [ (@)

Thus, J1lag € (—0.9,-0.8), (g = —0.83) such that when —1 < a < ag, A(a) > 0 (= +00).
Hence, we concluded lirln OV“ < 0(— —o0) because lirln o Pa < 0. Therefore, volume V' of un-
u—1— u—1—

duloid fixed two boundary circles in (G_) is monotone decreasing because lirln o V. <0 (= —00).
u—1—

Conversely, when ag < a < 0, A(a) < 0(— —o0). Hence, we concluded lirlnoffu > 0(— +00)
u—1—
because lirln ,Pa < 0. Therefore, volume V of unduloid fixed two boundary circles in (G_) is
u—1—

monotone increasing because lirln o Vi >0 (= +00).
u—1—

2.14.2 Partially differentiation V, in (R_)

Firstly, we examine sign of

. 3 1
ugrln—o Vu o uglin—o E ((Pavu B QOUV(X)

in (R_). From (79), (87), (78), (88),

10y 1 1+V14+a 1 1 1
lim —=—F/ = — F ,arccos v/ —a) + E ,arccosv—a) p <0
w=1-020a (14 /1+a)2{ 1+a (\/m ) Vit a (\/l—i—a )}
im 2 WV 3 g, L
us1-0 2773 Ou /T + v u—1-0 /T — 442
im 1op 1 lim #%foo
us1-020u /14 au>1-0 /1 — 2
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3 oV 3

lim ——— =
u=1-0 2773 dav (1+vita)
24 a—-6V1+a 1
+ E ,arccosyv—a)| <0
< Vi+ao > (\/1—&-@ )}

,arccos v —a)

a(l+a-3Vi+a) 1
 (1+a) F

[—
+
Q

Now, we examine sign of

. . . - . 1 4mrd
A= I s (eVumeuda) - Ge Iip V= dip o0 Ale))

Firstly, both ¢ lim ¢,V,” and ¢ lim ¢,V,” are positive. Thus, we can’t find out sign of A («)
u—1-0 u—1-0

soon. Hence, we will try to compute A ().

3 1
Remark 2.14.2. Now, both lim 2—Vu and lim 03%u diverges in the same order. Therefore,

u—1-0 27773 u—1—
we set
3 3 ) 1 1
im ——V, :=— , lim —¢p, = — .
u—1-0 2773 1+a u—i—02 1+
1 1+V1+a 1 1 1 3
Ala) = — F ,arccos v/ —a) + E ,arccos v/ —a } (—>
(@) (1+\/m)2{ 1+a (\/1+a ) Vita (\/1+a ) Vita

,arccos v —q)

_(_ 1 ) 3 [{_a(l—i—a—?n/l—&-a)}F( 1
Vita/) (1+vita) (1+a)*? Vita

+<2+o¢6\/1+a) B 1 ALCCOS )}
,ar —a
VvVi+a Vvi+a
6 1-3v1 1 4 1
= - 3{ +aF( ,arccos v —a) + E( , ArCCOs —a)}
M+a(l+vVI+a) 1+« Vit+a 1+V1i+a Vi+a
Now,
6
= <0
Vita(l+vi+ta)
and from (91),
1-3vVli+a 1 4 1
F ,arccos v —a) + E ,arccos v/ —a) =:
T+ a ( T rceos v —aq) T vita (\/1+a rceos v —a) =: f (a)

Thus, J1ag € (-0.9,-0.8), (g = —0.83) such that when —1 < a < ag, A(a) < 0(— —00).

Hence, we concluded lirlnovu > 0(— +00) because lirlnocpa < 0. Therefore, volume V of
u—1— u—1—

unduloid fixed two boundary circles in (R_) is monotone increasing because lirln o Vi > 0(— 400).
u—1—
Conversely, when ag < o < 0, A(a) > 0(— +00). Hence, we concluded lirln 0‘7"’ < 0(—= —o0)
u—1—
because lirlnogpa < 0. Therefore, volume V of unduloid fixed two boundary circles in (R-) is
—1—

1

monotone decreasing because 1i1;n o Vi < 0(— —o0).
u—1—
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2.14.3 Partially differentiation V, in (B_)
Firstly, we examine sign of

. 3 1
ugrlnfo Vu o ull}lil’lio a (QpaVu - (Puvoc)

in (B_). From (81), (89), (80), (90),

19y 1 1+vVita 1 1 1
li - = — F ,arccos v —a) + E , arccos v/ — <0
w101 da 2(1+\/1+a)2{ Tra [ Jiga s Vo) + = Bl g arecos O‘)}
3 oV 3 { 1
lim —— = - B8+a)V1i+a E( ,arccos v/ —a)
u=1-0 473 Ju Vita(l+vita) Vita
4 1
a(d+a) F( , ArCCOS —a)}<0
V1+ao V1+a
10y 1 o} 1 1
lim - 27 = F , o)~ Vit a B(——, V=a)bt <0
w10 4 Ju Vita(l+vVi+a) {\/1+a (\/1+a arccos v —a) “ (\/m areeos a)}
1 —3V1 1
im %a—v = 3 B 7&( o 32—|—a) F( , Arccos v/ —a)
u—1-0 4713 Jav 2(1+ /1+a) (1—|—a)/ V1i+a
24+ a—-6V1+a 1
+ E ,arccos v/ — <0
< Jita ) e O‘)}
Now, we examine sign of
) ) ) ~ ) 1 1673
A(a) = ull>11n—07167rr3 (aVu — uVa) . (1.e.ull>1;n_0Vu_ul1>11n_0E. 3 cA(a).)

b2

Firstly, both ¢ lim ¢,V,” and ¢ lim ¢,V,” are positive. Thus, we can’t find out sign of A («)
u—1-0 u—1-0

soon. Hence, we will try to compute A ().
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4 1++v1 1 1
Ala) = 3 = it o) ( +3/2 ta) F( ,arccos v —a) F( ,arccos v/ —a)
2V1+a(l+V1+a) 1+ a) V1+ao I+a
1++v1 8 V1 4 1 1
_|_{( + +041)—i(_a+04) +04+0l§++a04)} F(m,arccos —) E(m,arccos —a)
v1 1 1
_ (8 +\/Otl)+7a+a E(m,arccos V—a) E(ﬁ,arccos —Oz)]
3 o? (1+a-3VI+a) F 1 ) F( 1 )
- - , Arccos v —a ,arccos v/ —a
2Tt a(l+vVita) (1+a)? Vita Vita
N oc(2+oz—6\/1+oz)+a\/1—|—a(1—|—a—3\/1—|—o¢)
1+Oé (].+Oé)3/2
1 1
X F(ﬁ,arccos V—a) E(ﬁ,arccos —q)

(+a-6vita) 1—‘_OéE( ! arccos ) E( ! arccos )
- , ar - , ar —«
VvVi+a VvVi+a VvVi+a
3 ~da (1+V1+a) 1 2
= = F( ,arccos vy —q)
2V/T+a(l+VI+a) I+a V1i+ta
2(14++V1+ 4+5 1 1
+ ( 1+02( @) F(m,arccos —a) E(m,arccos —a)
2
1
-6(1+vV1+a) {E( erOL@MCCOS —a)} 1
= 5 a {F( ! arccos —04)}2
2/Tfa(l+V/ita) Vita
bR ) Bl )+ Bl )}
,arccos v/ —o ,arccos v —a) + ¢ ,arccos v —ao
1+ a 1+a 1+a

3
P
2/Tfa(l+Vita)

Now,
—4a (1 1 2(1 1 4
e (R +a)>0, y . 21+ VI+a)( +5a)7 = —6(1+vITa) <.
1+« l1+ao
Thus,
2
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Now,

2
1
P = a<F ,arccos v/ —a
{ (\/1+a )}
1 1 2
+b F ,arccosv—a) B ,arccosyv—a) +cq E ,arccos v —a
( 14+« ) E( 1+« ) { (\/m )}
1 2 1
F ,arccos v —« F ,arccos v —«o
1 ? e ) v | P e
= aqE( ,arccos v —a) T + T + -
V14« L — a L — a
E( ,arccos v —a) E( ,arccos v —a)
vi+a vi+a
We set the following.
1
F( ,arccos v —a)
T = _11—l—a (>1)
FE(———,arccos v —«
(= )

Then, we can express the following.

2 2
P=a {E(\/ll_’_ia,arccos —a)} <x2 + Sx + 2) =:a {E( 11+ =, arccos —a)} f(x)

b
Now, we set f(2) := 22 + —x + €. We remark that a {E(
a a

1 2
———,arccos v —o > 0 because
VvVi+a )}

a > 0. We define discriminant of f (z) as D.

pe (i) ()=

Denominator of discriminant D is positive, thus we compute b? — 4ac,

{2(1+\/1+7a)(4+5a)}2_4.{4a(1+\/1+7a)

l1+a 1+«

b —dac =

REIENE)

40+ VTTa) fa?+16(1+a))
1+« 1+«

We turned out that quadratic equation f (z) has two different real solution because D > 0. Now,
we want to show f (z) > 0 when z > 1.

2
_éi (b> 4.1.¢
a a a  bFVb? —dac .

fz)=0&ez= 5.1 = o
Now, a > 0 & —2a < 0 and vb? — 4ac > |b|. Thus, b+ Vvb?> —4ac > 0 and b — Vb? — dac < 0.
b b
Moreover, from a > 0 and (92), f(1) =1+ — + c_atbre > 0. Hence, we showed that
a a a
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f (z) > 0 when x > 1. Therefore,

Now,

f@)>0 < a{E( , ArCCOS a)} fx)>0(& P>0)

1
Vit a
& Ala) = 3

oWT+a(l+vita)

P>0

3
2V1+a(l+vVi+a)

=>0

Thus, A (o) (= finite) > 0. Hence, we concluded lirln o V., (= finite) < 0 because lirln o Pa < 0.
u—1— u—1—

Therefore, volume V of unduloid fixed two boundary circles in (B_) is monotone decreasing because
lim . V., (= finite) < 0.

u—1—

2.14.4 Bifurcation around one period of an unduloid between two bulges

(1)

(i)

In the case of —1 < a < ap:

Firstly, (Yp) is stable from previous result. Secondly, (R_) is unstable because the profile
curve of (R_) is longer than one period. Thirdly, in the case of (G_), we assume that
—1 < aq < ap where oy is a parameter of (Yp). We examine whether (-1 <)as < aq is
correct or not under the same condition where asg is a parameter of (G_). Now, ¢, and @,
in (G_) are “400” and “negative” respectively. Now,

h
¢ (u, @) = constant = —.
T

We set a = a (u),
d u
cpa(u,a)oauﬂLgau:O@—a:f(p— >0
du ba
holds. Therefore, (—1 <)as < «a; is correct. Consequently, (G_) is stable. Lastly, (B_) is

unstable from above results.

In the case of ap < a < 0:

Firstly, (Yp) is unstable from previous result. Secondly, (R_) is unstable because the profile
curve of (R_) is longer than one period. Thirdly, in the case of (G_) and (B_), now, I (o) < 0.
We fix a. We denote I by I, (u). I (u) is continuous with respect to u. Hence, there exists
e > 0 such that when u; € (1 —¢,1), I (u1) < 0 holds. Therefore, (G_) and (B_) are
unstable. Consequently, all surfaces are unstable.

Theorem 2.14.1. We prove the following.

62



*Pictures for Xe(-1,00] B 7 g

/ unstable unstable

(G-)
stable stable
AV

7 AR
\ unstable) (unstable

BL S~

R-)

unstable

Flag € (—0.9,—-0.8), (g = —0.83) such that
(i) If =1 < a < ay, a “suberitical pitchfork bifurcation” occurs.
(i1) If ap < a < 0, all surfaces are unstable.

2.15 Partially differentiation H, of mean curvature of unduloid fixed
boundary circles with respect to «

+Vu2 + Vu?
r:%ﬁmu,@:$<<o), (r>0,h >0 fix)

We regard as o = « (u), and can express H (u, o (u)) =: H (u).

~ dH(u) OH OHda
Hy = du _6u+8adu_Hu+Ha Gu

Now, from ¢ (u, @) = ¢ (u, @ (u)) = h/r = constant, the following holds.

QO’U,"i_()Da'04'11,:0<:>’04u:_ﬁ
Pa
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Thus,

. 1
H,=H,+H, o, =H,+H, <—‘p“) :Hu—Ha-%:(p—@paHu—gouHa)

where
1

1 U 1
Hy=— — (14— ), H=— (+———), (r>0,-1<a<0
—27“< \/u2+a) —2T< 2\/u2+a> ( )

2.15.1 Partially differentiation H, in (G)

U —Vu? 4+ o u—Vu? 4+ «a N 1
r 72H <:> H (U, a) 7271 b SOa (SO SD )
1—-+v1 1 1 1
lim 9¢ _ 2 5 { ra F( ,arccos v —a) + E( , Arccos —a)} >0
u—1—0 O (1_ /1—1—04) l1+a V1i+a 1+« Vit

. OH 1 Vi+a-—1
im —=—|(——rw—1]>0
u—1-0 Ju —2r V14 a

. Op 2 ) 1
ugrlnfoa - \/1—|—augrlnfo V1—u2 o

u—1>r1n—0 oo —2r

Therefore, Va € (—1,0)

holds.

2.15.2 Partially differentiation H, in (R.)

u—VuZ+a u—Vu? 4+ «a N 1
P S e ) = TR = T (pu— gut)
2 1-+v1 1 1 1
im 9 _ . { ta F( ,arccos v —a) + E(
u—1—0 O (1_ /714_&) 1+« Vi+a 1+« V14«
. OH 1 vVi+a—-1
hm _ = — e ——— > 0
u—1-0 Ou —2r V14«

2 1
lim 8—@*7 lim —— = —0

u—1-0 Ou /14 a u=1-0 /1 — 4,2
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I OH 1 1 <0
im —=—|—-————
u—1-0 o —2r \ 2/1+a
Therefore, Vo € (—1,0)
lim H,= 1l 1( H H,) > 0(— +00)
u~1>r1IlO v u~1>11nf() Pa Pattu Pulla >

holds.

2.15.3 Partially differentiation H, in (B,)

u—vVu?+ u— Vu? + «a . 1
r=——pg @ H@ao=—"7—, Hu:@(%Hu—%Ha)
2 1-+v1 1 1 1
lim % _ 5 { ta F( ,arccos v —a) + E( , ArCCOS a)} >0
u—1-0 Jov (1-vi+a) 1+a Vi+a 1+a V1i4a
. OH 1 Vita—-1
lim —=—|———1]>0
u—1-0 Ou —2r V1+ao
Ao 4 —a 1 1
lim — = F ,arccos vV —a) +vV1+ a F(————,arccosy—a) o >0
u=1-00u  /T+a(l-V1+a) {\/1—|—oz (\/1+a ) (\/1—|—a )}
I OH 1 1 <0
im —=— [ ————
u—1-0 OJa —2r 2v/1 + «

Now, we can’t find out sign of H, soon. Hence, we will try to compute H,.

-2 1-+v1 1 1 1
lim ¢.H, = { ta F( ,arccos v —a) + E( , arccos a)}~
u—1-0 (1+a)(1-vVita) V1ita V1+ta 1+a —2r
lim H, = 2 { @ E( ! arccos vV—a) +vV1+a E( ! arccos —a)} L
0T i a)1-vita) \Vita vVita Jita “or
Hence,
lim (poH, — puHy) = —2 . 1 . 1 {\/1 + (\/1 +a— 1) F( ! ,arccos v —a)
u=1-0 (I+a)(1-vVi+a) —2r Vita Vita
1
+vV1i+a(l—+vV1+a) E(———,arccosv —a
VITa (- VTTa) B )
Now,

—Vita(Vita-1)=Vi+a(l-VIit+a)>0
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and

1 1
F ,arccosv—a) > E ,arccos v —a) > 0
SV A )
Therefore,
1 1
—V1+a(Vi+a-1) F ,arccosvV—a) >V1i+a(l—-vV1i+a) E ,arccos v/ —a
( ) (\/1+Oz ) ( ) ( 1+« )
1 1
& l1+a(vVli+a—1) F(———,arccosv—a)++V1+a(l—vV1+a) E ,arccos v/ —a) < 0
( ) (\/l—i—a ) v ( v ) (\/1+a )

Thus,
lim (@aHu - (PuHa) <0

u—1—-0

Hence, Yo € (—1,0)

1
lim H, = lim — (poH, — puHy) <0

u—1-0 u—1-0 Qy

holds.

2.15.4 Bifurcation around one period of an unduloid between two necks (Mean cur-
vature)

Theorem 2.15.1. From

lim Oﬁu <0(= —o0), (Gy)
u—1—

lim Oﬁu >0(—400), (Ry)  (Yae(-1,0))
u—1—

lim H, <0 (finite), (B})

the following bifurcation occurs.

(Rs)

(Xo)
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2.15.5 Partially differentiation H, in (G_)

U+ VuZ+ o u+VuZ +« . 1
2 —(14++v1+ 1 1 1
lim 9 _ 5 ( o) F( ,arccosy/ —a) + E( ,arccos v/ —a) p <0
u—1-0 Oav (1+v1+a) 1+« Vita Vita Vita
. OH 1 Vi+a+1
lim —=—(——w=w—] <0
u—1—0 Ou —2r V1+ o
lim 2% 2y L 4
im —— = i 00
u—1-0 OQu V14 au—=1-04/1 — 42
. oH _ 1 " 1 <0
uito da —2r 2v1+ a
Therefore, Yo € (—1,0)
. - . 1
lim H,= lim — (poHy — puHy) <0(— —00)
u—1-0 u—1-0 gy
holds.
2.15.6 Partially differentiation H,, in (R2)
U+ vVuZ+ o u+Vu2 + o . 1
_7<:>H = Huzi aHu_ uHOt
i () = LR, = L (putl, — )
2 —(1+VIT 1 1 1
lim 9% = 5 ( o) F( ,arccos v/ —a) + E( ,arccosv—a) » <0
u—=1-0 Qo (1+vi+ta) 1+« V1+a Vidta V1i+a
. oOH 1 vita+1
lim — = — | F—— ] <0
u—1-0 Ju —2r V14«

. Op 2 . 1
m —— =— 1m —F—
u—1-0 Ou V1H+au—=s1-0+/1 — 2

i OH 1 n 1 <0
im — =— _—
u—=1-0 O —2r 2v/1 4+ a

— —00

Therefore, Vo € (—1,0)
. - . 1
lim H,= lim — (poHy — puHy) > 0(— +00)

u—1-0 u—1-0 Qy

holds.

67



2.15.7 Partially differentiation H, in (B_)

u+Vu?+« u+ Vu? + « - 1
e H = Huzi aHu_ uHa
0 2 -(1+vV1i+a 1 1 1
lim 22 — 5 ( >F( ,arccos v —a) + E( ,arccos v —a) p <0
u—1-0 O (1+vI+a) 1+« Vi+ta Vita Vi+a
. OH 1 Vita+1l
lim —=—|———— ) <0
u—1-0 Ju —2r V1+a«a
dp 4 @ 1 1
lim —/— = F ,arccos v —a) — V1 + a F(————,arccosv—a) p <0
u—1-0 Qu \/1+a(1+\/1+a){\/1+04 (\/1+a ) (\/1+04 )}
li oH ! + ! <0
im — = — —_—
u—1-0 Jou —2r 21+«
Now, we can’t find out sign of H, soon. Hence, we will try to compute H,.
2 -(1+V1i+a) 1 1 1
lim o H, = F ,arccosv—a) + E ,arccos v/ —a) p-——
wsrito ¥ (1+«) (1—&—\/14—(1){ Vit a (\/1—|—a ) ( 14+« ) —2r
lim H 2 { e F( ! arccosvV—a) — V1 + a E( ! arccos )} 1
1 u - ,ar 3y —Q) — « , —« .
umimg Ve I+a)(1+V1i+a) |lVIita Vita 1+« —2r
Hence,
lim (poHy, — puHy) = 2 L 1{—\/1+a(\/1—|—a+1) F(; arccos v —a)
T A (RIS ¥ (IR ey R T Vita
1
+vli+a(l+v1l+a) EF(———, arccosv—«
( ) (m )}
Now,
Vita(Vita+1l)=vVita(l+Vita)>0
and ) L
F ,arccosv—a) > E ,arccos v —a) > 0
e ) i )
Therefore,

1 1
, arccos fa)>\/1+a(1+\/1+a) E(
1+« 1+«

1 1
T ,arccosvV—a) + V1+a (1+vV1+a) E( P
a

Vita(Vita+1) F(
& —Vi+ta(Vi+a+1) F(

,arccos vy —a)

,arccos v —a) < 0

Q
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Thus,
lim (paH, — @uHay) >0

u—1-0

Hence, Yo € (—1,0)
. - . 1
g = I o) (Path = outla) <0

holds.

2.15.8 Bifurcation around one period of an unduloid between two bulges (Mean
curvature)

Theorem 2.15.2. From

lilin oﬂ” <0(—=—-0), (Go)
u—1—
lim Oﬁu >0(— +00), (R.) (Vo € (—1,0))
u—1—
lim H, <0 (finite), (B_)
u—1-0

the following bifurcation occurs.

(R-)

(Yo)

2.A What is “a”?
2.A.1 In the case of unduloid

+ 2
_UEVWRO g ), —l<a<0.
—2H
1-+v1 1++v1
N (neck) = TM’ B(bulge) = %.

Thus,

N 1-Vi+a @(A-V1i+a)? 1+1+a—-2V1+a 2+a-2V1+a 0<pet
B 1+V1i+a 1-(1+4+a) —« o —a ’ p ’
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Hence,

—ap=2+a-2V1+a & 2/l+a=2+a+ape4(l+a)=2+a+ap)?
& 4d+da=4+a®+a?p? +da+dap +2a°p

& dtda=4+a%(1+p*+2p) +4a(l +p)

& d4+da=4+a*(1+p)? +4a(l+p)

=

?(1+p)? +4dap=0< a{a(l +p)* +4p} =0

Therefore,

4p
a=— . (x
(1+p)? )
Remark 2.A.1. (Cylinder) N = B =radius > 0. Thus, p = 1. Hence, a = —1.

(Sphere) N =0, B =radius > 0. Thus, p =0. Hence, « = 0.
Therefore, (%) holds for cylinder, sphere and unduloid.

2.A.2 In the case of nodoid

+ V2
x:U'F—U‘f'a’ H<O’ a > 0.
—2H
—14+V1+a 1+V1+a
N(neck) = T, B(bulge) = T
Thus,
_ N —-1+Vi+a —(1-Vi+a) —(1-V1+a)?
=B 1+Vita 1+Vita  1-(1+4aq)
—(1+1+a—-2V/1+a) 2+4+a-2V1+4+a
-« o
Hence,
ap=2+a—-2/1+a & 2/1+a=2+a—-ap=4(l+a)=2+a—ap)?
& d4da=4+a®+a?p? 4+ da —dap — 2%
& d4da=4+a*(1+p* —2p) +4a(l —p)
& d44a=4+a*(1—-p)?+4a(l - p)
& d2(1-p)P —dap=0<afa(l—p)? —4p} =0
Therefore,
4p
o= NET
-

Remark 2.A.2. (Sphere) N =0, B =radius > 0. Thus, p = 0. Hence, a = 0.
Therefore, (xx) holds for sphere and nodoid.
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3 Construction of fundamental geometric theory that can
be applied to all of smooth curves and surfaces, piecewise
smooth curves and surfaces, discrete curves and surfaces

3.1 Introduction

We define “curvature” and “unit normal vector” of piecewise smooth curves and surfaces at each
point in order to be capable of “application to variational problem”. Firstly, we define “multi-valued
unit normal vector” at each point. Secondly, we assume “integrating” and define the curvature at
each point. Lastly, we want to be able to express variation of piecewise smooth curves and surfaces
as variation of unit normal vector direction (normal variation).

3.2 Piecewise continuous (smooth) curve

Definition 3.2.1 (Multi-valued unit normal vector). Let M be a piecewise-C? curve (resp. surface)
in R? (resp. R®). Denote by Q) the closed domain bounded by M. For a point p in M, a vector
n is called an outer normal at p if n satisfies (p — z,n) > 0 for any point z on Q. The set
of all outer normals at p is called the outer normal cone at p and is denoted by C (p). v(p) =
n(p) /lln (p) || is called an outer unit normal at p. If ¢ € M is a regular point in M, C (q) is a
half line. When C (a) = {0}, we consider inner normal cone C (a) and inner normal n. We set

v(a) = —n(a) /|7 (a) ||

Figure 28: Multi-valued unit normal vector

Definition 3.2.2 (Curvature of piecewise smooth plane curve M). Firstly, the curvature at smooth
point is defined as usual. Py,--- , Py suppose singular points in M. For multi-valued unit normal
v; (0) at P; (v (0) moves from 0} to 07), set

Ko = 1 (93)
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Now,

/ K ds =05 — 0] (94)
Pj
holds. For a length of a parallel curve My := M + tv in M, the following Steiner’s formula holds.
L(Mt):L(M)ft/ K ds (95)
M

Moreover, the following Minkowski’s formula also holds.

L(M):—/MK;(M,W ds +{Q1,m) + (Q2,m2). (96)

where Q1, Q2 are end points in M, and n; is a outward unit conormal vector in M at @Q;.

3.2.1 Example
e Rectangle P P,P3 Py (a :=width, b :=height where a,b > 0, a,b € R)

a b a b a b a b
A=(33) n=(5-3) n=(5-3) n=(53) o=w0o

— Steiner’s formula:
4
L(M)*f/lidS:Z(CL#*b)*t /nds
M ; P;

= 2(a+b)t</ nder/ nder/ /<;d5+/ Hds)
Py P Ps Py
0 ds ~% (s T ds 3T ds

2 2
3

0 -5 -7 —5m
= 2(a+b)—t< d9+/ d9+/ d9+/ de)
5 0 -3 -7

2

(_E_ﬁ_f_f) =2(a+0b) + 2t = L (M,)

— Minkowski’s formula:

—/M/<5<M,u> dsz_i/zain<Pi’V(Pi)> ds

_ (/P w(Pr,v (Py) d5+/Pz k(Py, v (Py)) ds+/Ps k(Py, v (Py)) ds+/

Py

K(Py,v (Py)) ds>

2

0 -z s
_ (/ <p1,y(P1)>H% d9+/0 <P2,V(P2)>m% do
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+
\

[ME)

ds A ds
Py S d9—|—/ (P v (P d@)

3
—Tr —271'

\o

]

(Pg7 12 (P3)> de + /

—T

(P )do9+/0_7<P2, v (Py)) d€+/1

2

<P4, 14 (P4)> d€>

™

2

—_

\
)
l\JM—l

b

(acos@ + bsin ) d9+/

— (acosf —bsind) db
O 2

Il

s
(—acosf — bsin0) d0—|—/

—T

+
|\
N)M—l

[ME]

% (—acosf + bsin @) dQ}

[asinf — bcos@]og + [asin9+bcosﬁ]a% + [—asinf + bcos@]:% + [—asinf — bcos@]:?v

N — N~
~

(fbfa)+(fafb)+(—bfa)+(fafb)}:7304(7a7b):2(a+b):L(M)

3.3 Principal curvature, mean curvature, and Gaussian curvature of
piecewise smooth (continuous) surface

Let M be a surface (a two dimensional manifold) which is connected with finite smooth surface
patch continuously. Let E be one of the edges in M. If p is a interior point of E, smooth surfaces
Iy, F5 determine such that p is one of the boundary points. When we denote a outward unit
normal vector of F; at p by v; := v; (p), we assume that v, and vy are always linearly independent.

We define the curvature (principal curvature, mean curvature, and Gaussian curvature) of
piecewise smooth closed surface M.

The curvature at smooth point is defined as usual. Let E be one of the edges in M. If p is a
interior point of E, smooth surfaces F, Fy determine such that p is one of the boundary points.
We set a outward unit normal vector of F; at p as v; := v; (p). vy, V2 determines a plane. We define
outer normal cone at p that is a cone made by v; and vy on this plane. A outer unit normal is also
defined as in the case of a plane curve. If we cut M at a plane including each outer unit normal,
only some section is smooth curve C. The curvature of the curve C at p is defined as k; which
is one of the principal curvatures at p in M. The other principal curvature ko is the curvature
of section when we cut M at a orthogonal plane for II. We define mean curvature and Gaussian
curvature at p in M as “a method as usual” from kq, k.

Below, let M be a polyhedron. Firstly, we consider edges E in M. We set d7 as a line element
of E. When we consider principal curvatures ki, ke in M, ky is a curvature of E because E is a
segment. Thus, k1 = 0. ko satisfies the following.

ds
K dA=kiko dA=0, 2H dA= (k1 +ko) dA=kydA= k:g deT = dfdr.

Secondly, let ¢ be a vertex in M, let v be a outer unit normal in M at ¢q. We remark that v
is a multi-valued map from M to S? U {0}, we set an area element of v as dA, (dA, is defined
integral value). Then, Gaussian curvature K, mean curvature H, and area element dA in M at ¢

are defined as follows.
dA

dA,

K- =1, HdA=0
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where dA, is given a positive or negative sign according to the direction of v. Now, K is non-
negative when M is a convex or concave point, however, K is non-positive when M is a saddle
point.

Then, the following Steiner’s formula and Minkowski’s formula hold.

e Steiner’s formula: For the area A (M;) of the parallel surface My := M +tv in M,

A(My)=A(M) -2t /M H dA +t* /M K dA. (97)

e Minkowski’s formula: let M be a boundary in M, let n be an outward unit conormal of M
in OM, and let do be a line element of OM,

A(M) = _/M Hiz,v (2)) dA+%/8M<x,n(x)>da. (98)

Therefore, we are ready to expand the variational method for piecewise smooth curves and surfaces.

3.4 Example of variational problem for piecewise smooth curve

Question 3.4.1. In R?, find the critical point of length (not always minimum) in piecewise-C*?
closed curve that enclose same area.

X = (x,y) : S — R? is a piecewise-C? closed curve. S (X) C S! is a singularity set of X. The
variation X (¢) : ST — R? of X can represent the form of normal variation as follows.

X (e) =X +epv+0(?)
Let s (&) be an arc length parameter of X (¢). By computation,

1

4@ =A@ =5 [ X@wEnasE. 40=[ w0,

L (g) := the length of X (¢), L'(0)= —/ Yk ds (0).

S

where S = S'U (width of normal cones) = S U (Uf=1 [9]1,93]) Therefore, for ¢ € R, for

Vp: ST 5 R, (L+cA)(0)=0. 2 k=cand S' = §'. & X (S') is a circle. Consequently, a
solution of variational problem (Question3.4.1) is a circle.

3.5 Summary

1. For singular point of piecewise smooth curves and surfaces, we consider outer normal or inner
normal instead of normal as usual, defined a unit normal vector as multi-valued.

2. Importance of thinking about outer normal, inner normal:

(a) A bending degree of curves and surfaces should be determined by rate of change of unit
normal vector.
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(b) It is convenient to consider normal variation as variation of curves and surfaces. How-
ever, if we consider normal vector as usual, curves and surfaces tear at singular points. If
we take variation of multi-valued normal direction defined in this study, the connectivity
of curves and surfaces can be maintained.

. We defined the curvature of curves and surfaces which have singular points. These corre-
sponds with the curvature as usual at smooth point.

. “Steiner’s formula” and “Minkowski’s formula” are fundamental integral formulas for smooth
curves and surfaces. These also hold for piecewise smooth curves and surfaces.

. As an application, we showed that the critical point of length is a circle among piecewise-C?
closed curve that enclose same area in plane.
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4 Uniqueness of local minimizers for crystalline variational
problems

4.1 Introduction

Motivation: A single crystal forms various polyhedron, for example, cube, regular octahedron and
so on. We encountered cubic and truncated octahedral CeOs nanoparticles comprising smaller
primary nanocrystals when we discussed with Professor Seiichi Takami of the Graduate School
of Engineering, Nagoya University. A single crystal of CeOs usually forms a regular octahedron.
Since this crystal is very tiny that is about dozens of nanometers, even if we observe it with an
electron microscope, it was said that it was not known for certain how these were assembled. In
our study, we tried clarifying the structure of this crystal mathematically.

How is the shape of the crystal determined?: It is considered to form the energy that depends
on the direction of the surface is a minimizer or a local minimizer in the closed surfaces enclosing
a given volume.

Main result: When a single crystal with the least energy is a regular polyhedron, a local
minimizer of convex anisotropic energy is unique (up to homothety an T

Figure 30: CeO; crystal (regular
octahedron), (Asahina, Takami,
et al., 2011, [2])

Figure 29: salt crystal (cube)

Figure 31: regular octahedron

Remark 4.1.1. When the energy minimizer for given energy density function has singular points
like a polyhedron, the energy density function has non-differentiable points and the classical varia-
tional method cannot be used. Thus, mathematical study about the energy local minimizer has not
progressed. Now, it is called the crystalline variational problem that the problem of discussing the
energy local minimizer when the energy minimizer is a polyhedron.

4.2 Anisotropic surface energy and the Wulff shape

Let v : S? = Ry := {z € R;z > 0} be a positive continuous function defined on a unit sphere
52 = {v € R3%||v|| = 1} in the 3-dimensional Euclidean space R3. This v is a mathematical model
of anisotropic surface energy density.

Let M be a piecewise smooth surface in R3, we assume that v : M \ S (M) — S? is a unit
normal vector field on M \ S (M) where S (M) is a singularity (not smooth point, the point that
unit normal vector is not unique) set of M.
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For this surface M, the integral on M of the anisotropic energy density 7, (M) := | s Y (v) dA

called the anisotropic energy of M where dA is the area element of M. In particular, when v = 1,
Fy (M) is the area of the surface M.
The following has already known:

Fact 4.2.1 (J. E. Taylor, 1978, [23]). There is a unique minimizer of F., among closed surfaces
enclosing the same volume in R® (up to translation). It is the closed surface which is called the
Wulff shape or its homothety.

The Wulff shape W for y is the boundary of the convex set
ﬂ {z e R (z,v) <y (v)}.
ves?

In particular, when v = 1, W coincides with S2.

v(p1

) v(p2)

M

Figure 32: piecewise smooth surface M

4.3 Convex energy density function

For any convex closed surface W in R3, there exists the energy density function v such that W is
the Wulff shape. (v is not necessarily unique.) However, there is a unique “convex” energy density
function y for each W. In particular, when W is smooth and strictly convex, = is unique and the
local minimizer of the anisotropic energy . for all variations that preserve the enclosed volume
is W or its homothety (Palmer, 1998, [18]).

Now, we explain the construction of convex v. Firstly, for v € S%, we denote by P (v) the plane
that is perpendicular to v and passes the origin in R?. The function v : S? — R.q is defined as
follows:

() =max{t e R;(tv + P (v)) N W # (}.
We call this v the support function of W.

7



N\

1474 P(v)

Figure 33: The construction of the convex
anisotropic energy density function - for a convex
closed surface W

4.4 Main theorem

In the following, we consider only convex closed surfaces. Even when W is not smooth, the
uniqueness of local minimizer is obtained as follows.

Theorem 4.4.1 (Uniqueness of local minimizers for crystalline variational problems). Let W be
a regular polyhedron, let ~y be the support function of W and let M be a piecewise-C* convex closed
surface. Then, M is a local minimizer of F (M) = fM\S(M)fY(V) dA for all variations that

preserve the enclosed volume if and only if M =W (up to homothety and translation).

The outline of the proof of main theorem consists of 3 steps as follows.

Stepl.

Step2.

Step3.

We assume that v (vg) = 1(k = 1,--- ,m) for the outer unit normals v4,--- , v, of each
face Fi,--- , Fy, in W. On the other hand, we can assume without loss of generality that
v (v) > 1 for the others outer unit normal v.

If M is a local minimizer, M is a polyhedron which has only faces in the same direction as
wW.

We consider that the Minkowski sum M; := M +tW = {p+tq; p € M, q € W} for
non-negative number ¢. We compute (anisotropic) isoperimetric quotient Q (t)

(F W) (V(M))P _ (AW)* (V (M)

(VV)? (F (M) (VW) (A(M)°

Q(t) =

where A (M) and V (M,) are the area of M; and the volume enclosed M, respectively. If
M is a local minimizer, @ (t) must be a local maximum at ¢ = 0. However, we can show
that @ (t) is not a local maximum at ¢ = 0. Therefore, M is not a local minimizer.
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4.5 Uniqueness of local minimizers for crystalline variational problems
in the plane

Let X be a embedded closed curve. We denote the domain enclosed X by 2. Below, we assume
that for any 6,

Y (@ +m)=7(0)

hold. We assume that X is not convex (X : S' — R? € CY piecewise-C?). There exists
n1,Mm2 (0 < mp < m2 < 2m) such that segment X (1) X (2) 7 Q. Now, there exists 79 € (11, 72)
and g9 > 0, such that for any ¢ € (0,50), open segment (X (99 —e) X (o +¢))° C Q° where
Q¢ = R?\ Q. Moreover, there exists 1 € (0,&0) such that for any € € (0,¢;), (7 rotation with
respect to the midpoint of segment X (19 — &) X (o +¢) in arc {X (no +1t);—e <t <e})NQ =
{X (mo—¢),X (no+e)}. We set

Ce)={Xmo+t);—e<t<e},
C (¢) := 7 rotation with respect to the midpoint of X (19 — ) X (10 + ¢€) in C (¢).
Now, we consider the following embedded closed curves.

':={X(0);0 e R},

L(e):=(C\CE)UC(e).
We denote the domain enclosed I" by A (T'),

AT) < A (f (g)) . and F, (I)=F, (f (5)) , Vee(0,e)
hold. Now, we take r (¢) € (0,1) where
A(D) :A(r(s)f(5)>, 1>7r(e)>0
Now, we can take r () uniquely. Then,
7, (7’ BN (s)) < F (), Vee(0,e)

holds. Moreover, we consider the Hausdorff measure,

r)=r, Elirilor(a)I‘(s) =T
hold. Consequently, I' is not a local minimizer of F,. This explanation can be extended in the
case of surface in R3.

In R, firstly, we denote vertices of W by V = {vy,--+ ,v;} and edges of W by E = {e1, -+ ,ex}.
We set n; :=n(e;) = (cosb;,sinb;). Let M be a piecewise-smooth convex closed curve.

Secondly, we denote vertices of M by VM = {v;M,..- v,M} and edges of M by EM =

e, ex™}. Let v be outward-pointing unit normal to M (multi-valued). A mapping £ :

M — W, (multi-valued) anisotropic Gauss map of M is defined as follows: For p € M, £ (p) :=

nt (v (p).
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Case(a) : When
peM, v(p) € {(cosb,sinb);0;_1 <0 <0},

é(p) = Uj. ThUS,
M (p) :=p+t{(p) =p+tv, pé€M.

Hence,
M, (u‘l ({(cosf,sinf) ;0,1 < 6 < Hi})) =v !t ({(cos0,sin0);0; 1 < 0 < 0;})+tv; =: o;+tv;
That is, M; (0;) = o, is the translation of o; by tv;.

Case(b) :
p €M, v(p) = (cosb;,sinb;)

E(p) =n"" (cosby,sin;) =" (1;) = e; (segment).
Therefore, M; (p) = p + te; is a segment.
Now, we separate M as follows: M = M*' U M? where M consists only of edges parallel to the
edges of W, M? consists of the others.

AM,) = AM)+t- L(M1)+t/ (v,v) ds +t>A (W)

A(M)+t-L (M) +t2/ (vi,v) ds +t2A (W)

M2NE=1(v;)

where ds is a line element of M.

fW(Mt>:fv(M)+tfv(W)

Now, we take a (t) > 0 where M, := a (t) M, satisfies A (Mt) =A(M).

Fy (M) = a () Fy (M), AGM) = A(NL) = (a (@) A (M)

Thus,
o = (5 (1) = @05 00) = 4405 5 00
_ AQD) (F, (1) + tF, (W)
A(M) +t (L (M1) +/ (v, V) ds) +t2A (W)
M2
Hence
/ _ A(M) _ 2 1 v.v) ds
PO = S a0 F m) A0 - 002 (Lo + [ v a))
_ ROD . N
- S maan -z on (Lo« [ e o))
R
TOAM) B
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We may assume without loss of generality that A (M) = A (W).

B = 2F, (W)AM (L A ds)
= 2F, (W)A(W)—F, (M) (B 7(’/) dS)
= 2F, (W) AW M)(fv(Ml)Jrf( %)

= (F W) - (-7:7 (M))* <0

The equality holds if and only if M = W (up to translation). Therefore, f' (0) < 0. The equality
holds if and only if M = W. If M is a local minimizer, it must be f’(0) > 0. Thus, f’(0) = 0.
Hence, M = W.

From the above, we obtain the following theorem. We remark that this result is the corollary
of the theorem for F. Morgan (2005, [17]). However, his proof is only valid in R?. On the other
hand, our proof can be extended in the case of higher dimension.

Theorem 4.5.1. Let W be a regular polygon, let v be the support function of W and let M be a
piecewise smooth closed curve. Assume that the following (i) or (i) hold.

(i) W is a regular 2n-sided polygon.
(i) M is convez.

Then, M is a local minimizer of F. for all variations that preserve the enclosed area if and only
if M is homothety of W.

4.6 Uniqueness of local minimizers for crystalline variational problems
in the space

In the case of a surface in R3, let W be a regular polyhedron. Assume that v : S — Ry
is the support function of W. We denote vertices of W by V := {vy, -+, v}, edges of W by
E:={e1, -+ ,en} and faces of W by F := {f1,---, fn}. The unit vector which is parallel to e; is
represented as t;. We denote the outer unit normals of W by 7. We assume that n = on fr. 7
is multi-valued on v;, e; where we assume that when it is multi-valued, 7 is the interior point set.

Example 4.6.1. In the case of a cube, for each vertex v;, n(v;) is 1/8 of the sphere.

The following equality holds.

! m "
(UU(M)) U Un(ej) U (U U(fk)) — g2

i=1

81



where the left-hand side represents disjoint union. Now, let M be a piecewise smooth convex closed
surface in R3. Let v be the outer (multi-valued) unit normals of M where we assume that when it
is multi-valued, v is the interior point set. Let M be a local minimizer of 7 for all variations that
preserve the enclosed volume. We show that “Ir > 0 such that M = rW (up to translation)”. In
order to prove it, we will define a special variation M; of M.

Remark 4.6.1. (i) Vp € W, 3n, C S? (multi-valued), such that n(p) = n,.
(ii) ¥p € M, Jv, C S?, such that v (p) = v,.
(iii) (1) Vij € S?, Ip € W, such that n (p) > 7.
(II) Assume that p,q € W, 77 € S, n(p) 317 and n(q) > 7. Then,

d1f; € F, such that p,q € f;, or
dle; € E, such that p,q € e;.
(iv) (1) Vo € S?, 3p € M, such that v (p) > D.
(II) Assume that p,q € M, v € S, v(p)> ¥ and v (q) > U. Then,

J1f : flat face of M, such that p,q € f, or
dle: edge of M, such that p,q € e.

Let o; be a section of S? in the plane perpendicular to ¢; in the great circle of S?. A mapping
£ M — W (multi-valued) anisotropic Gauss map of M
is defined as follows:
E(p)=n""(v(p), YpeM.
The variation M; of M is defined as My (p) :=p+t&(p), p € M.
Case(A) : When
V(p)en(vi)a 3i€{1,"',l},
& (p) = v; (one point). Therefore,
M (p) =p+t&(p) =p+tv;.
That is, M; (p) is the translation of p by tv;.
Case(B) : When
Z/(p)en(ej)? 3]6{17,7’71},
E()=n"(v(p) =e; (segment).
Therefore, M, (p) =p +t& (p) =p+te;, te;: segment.

Case(C) : When
V(P):U(fk)7 er{l""vn}v

E)=n"wm)=n"0fx)=fr (polygon).
Therefore, M, (p) = p+ 1€ (p) = p+ tfz, tfx: polygon.
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Figure 34: £ (p) = v1.  £(p) = hu.

Now, we denote the volume enclosed M; by y (t), the anisotropic energy of M; by  (t). We can
write as follows:

y(t) = y(0)+at+bt® +ct? (99)
e(t) = e(0)+at+ pt? (100)

We set 7 (t) > 0 so that M, := r (t) M, satisfies V (Mt) =V (M).

y(0) =

M)=V
f@) = (M)

From (101), (102),

(1 ) = VL) =0m’ye o
Fy ( (r(t >>2f7 (M) = (r (1) (1) (102)

7 is called the anisotropic isoperimetric quotient of M,.

— {30’ O W) -2 (0)’ y Oy O}

= EO 62 00 -2 0y 0)

)
= “Van A3a-V (M) —2a- F, (M)} (103)

Now, We examine a and a.. Obviously, a and « are ascribable to a part of corresponding to Case(A)
and Case(B) respectively. We may assume without loss of generality that V (M) =V (W). Then,

Q = 3aV(M)-2aF,(M)=3aV (W)—-2aF, (M)
= aFy (W) —2aF, (M) (104)
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holds because
F, (W) = / v (vw) dAw =3V (W)
w

Now, F, (W) < F, (M) holds. The equality holds if and only if W = M. We separate M as
follows:

M = M'UM?, disjoint union
where M consists only of flat faces parallel to the faces of W,

M? =M\ M".
Then,

a = +Z/ (v, v) dA

M2NE=1(v;)

A (M) +Z/ ) dA

M2ng- 1(U)

= F, (MY 4+ F, (M%) = F, (M) (105)

Now, since M is convex and « comes from bulge of parts (edges) of M which has the same normal
as edges of W,
a=2F, (W) (106)

holds. From (104), (105) and (106),

Q =2{(F (W)’ = (&, (M)} <0

The equality holds if and only if W = M. Therefore, if M is a local minimizer of 7, then M must
coincide with W (up to translation and homothety). From the above, the following is proved.

Theorem 4.6.1 (Uniqueness of local minimizers for crystalline variational problems). Let W be
a regular polyhedron, let v be the support function of W and let M be a piecewise-C'' convex closed
surface. Then, M is a local minimizer of F (M) = fM\S(M)’Y(V) dA for all variations that

preserve the enclosed volume if and only if M =W (up to homothety and translation,).

4.7 Example using main theorem

A regular tetrahedron is a polyhedron which has only faces parallel to the faces of the regular
octahedron. Now, let W be a regular octahedron, and M be a regular tetrahedron. A length of edge
denote by a respectively. When we consider Minkowski sum M; := M +7W (7 :=1¢/(1 — 2t) > 0),
M; is a truncated regular tetrahedron. The following M; set a truncated regular tetrahedron. Now,
a vertex is truncated a length tb (0 < ¢ < 1/2) for a regular tetrahedron that a length of edge is
equal to b.

Now, the anisotropic isoperimetric quotient @ () corresponds with the isoperimetric quotient.
By computation,

(FL ) (VO _AW) (VOR e (VM) (146’

PO W E )y VP AL (A~ 2(1-202)°




and

Q) = %-m.{—mﬁ(l—u?’) (1-26%)" 4+ 120 (1 - 48%)” (1 - 26%)°}
B _t(1—2t)(1—4t3) 1
SR (L T )

hold. If M is a local minimizer, @ (¢) must be a local maximum at t = 0. However, Q (t) is
strictly monotone increasing between 0 < t < 1/2. Hence, Q (t) is not a local maximum at ¢ = 0.
Therefore, M is not a local minimizer.

Figure 35: W a regular octahe- Figure 36: a truncated regular Figure 37: a truncated regular

dron, M: a regular tetrahedron, = -
M,: a truncated regular tetrahe- tetrahedron (¢ = 0.3) tetrahedron (t = 1/2)

dron (7 =1/4,t =1/6)

4.8 Application to material science

A single crystal of CeOg usually forms regular octahedron. Only regular octahedra cannot fill
the space. Inner structure of nanocrystals of CeOs in the water consists of regular octahedra and
regular tetrahedra (Asahina, Takami, et al., 2011, [2]). If the energy density of CeOs is convex,
from the main theorem, this regular tetrahedron is not a single crystal of CeOs. Therefore, it is
expected to be air or water. This observation matches the expectation by Professor Seiichi Takami
(Graduate School of Engineering, Nagoya University).
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Figure 38: nanocrystals of Figure 39: regular octahedron: a

CeOz, (Asahina, Takami, et single crystal of CeOs Figure 40: regular tetrahedron:
al., 2011, [2])

air or water

4.9 Summary

We studied the crystalline variational problem that has as the solution mathematical model that
express a shape of crystal. In closed surface that enclose same volume, when the energy minimizer
is regular polyhedron, we showed that the energy local minimizer is the energy minimizer under
the assumption that the energy density function is convex. That is, we showed that the uniqueness
of a mathematical model of a single crystal.

We showed that the example of nanocrystals of CeOs in the water as application example to
material science. It is considered that inner structure consists of CeO2 of a regular octahedron
and something of a regular tetrahedron. From main theorem, since this regular tetrahedron is not
a single crystal of CeOq, we obtained the mathematical conclusion that it is expected to be air or
water.
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