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Abstract

This study predicted transverse cracking progression in
laminates including 90° plies. The refined stress field
(RSF) model, which takes into account thermal residual
strain for plies including transverse cracks is formulated,
and the energy release rate associated with transverse
cracking is calculated using this model. For comparison,
the energy release rate based on the continuum damage
mechanics (CDM) model is formulated. Next, transverse
cracking progression in CFRP cross-ply laminates including
90° plies is predicted based on both stress and energy
criteria using the Monte Carlo method. The results
indicated that the RSF model and the CDM model proposed
in this study can predict the experiment results for the
relationship between transverse crack density and ply strain
in 90° ply. The models presented in this paper can be
applied to an arbitrary laminate including 90° plies.

(135words)
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Prediction for progression of transverse cracking in
CFRP cross-ply laminates using Monte Carlo method

Sota Onodera, Yoshiko Nagumo, and Tomonaga Okabe

1 INTRODUCTION

Recently, fiber-reinforced plastics (FRPs) have been
used in aerospace fields where reducing weight is important.
Practically, laminates made by stacking unidirectional fiber
-reinforced laminae, which have predefined mechanical
properties, are commonly used because unidirectional fiber
-reinforced plastic is highly anisotropic. Several kinds of
laminate exist. For example, cross-ply laminate has fiber
angles of 0° and 90° to the loading direction, angle-ply
laminate has fiber angles of +0° to the loading direction,
and quasi-isotropic laminate has isotropic elastic moduli in
the plane. To utilize these laminates of arbitrary lay-up
configurations, it is essential to determine the fracture
process of the laminate. Fiber-reinforced laminate exhibits
specific fracture processes, such as transverse cracks
(cracks in a direction parallel to the fiber), delamination,
and breakage of the fiber. In these fracture processes,
transverse cracking occurs in the earliest stage. The
initiation of transverse cracking causes stress

redistribution, resulting in delamination and breakage of
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the fiber due to stress concentration at the crack tip.

Therefore, it 1is 1important to clarify the mechanical

behavior of laminate, including transverse cracking.
Various studies have focused on laminate including

1)-29) Pagano et al.'” formulated an

transverse cracks.
analytical model that predicts the crack-initiation laminate
stress of [0/90,/0] (n = 1, 2, 3, 4) cross-ply laminates
assuming steady-state cracking, which is the condition
under which a transverse crack propagates indefinitely
under constant thermomechanical loading. They
demonstrated that their analytical results can precisely
predict the experiment results for crack-initiated laminate
stress. They also compared their results with those obtained
by McCartney'!®:!'®) and Dvorak et al.'®

Wang et al.?) calculated the energy release rate using
finite-element analysis assuming that effective flaws in the
90° ply propagate 1into transverse cracks. Also, they
simulated transverse crack density as a function of applied
laminate stress using the Monte Carlo method. In their
analysis, statistical distributions of effective flaw length
and flaw spacing were assumed.

Gudmundson and Zang’) proposed a sophisticated model

that predicts the thermo-elastic properties of a laminate

including transverse cracks. In this model, the average



crack opening displacement of a transverse crack is
assumed to be that of an isotropic elastic medium, and the
incremental strain of the ply in which the transverse crack
is initiated is calculated. They embedded this model into
the classical laminate theory, so that the relationship
between transverse crack density of laminates with
arbitrary lay-up configurations and their mechanical
properties could be estimated analytically. The model
formulated by Gudmundson and Zang can calculate the
average stress distribution in each ply but this model
cannot calculate the local stress distribution in each ply.

8.9) derived the energy release rate for

Kobayashi et al.
transverse cracks using the model formulated by
Gudmundson and Zang, and predicted the formation of
transverse cracks in quasi-isotropic laminates. Kobayashi
et al. also found that the local stress distribution in each
ply could not be determined using the model of Gudmundson
and Zang, although the average stress distribution in each
ply could be derived.

Okabe et al. '"" formulated the continuum damage
mechanics model for predicting the stiffness reduction of
composite laminates including transverse cracks as a
function of crack density. This model can predict the

stiffness of laminates damaged due to transverse cracks (or
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surface crack) based on only the mechanical properties of
a ply and the lay-up configurations. Furthermore, this
model can precisely predict the FEA results and experiment
results for the elastic moduli of laminates of arbitrary lay-
up configuration (e.g., cross-ply, angle-ply, and quasi-
isotropic) including transverse cracks. This model can
calculate the local stress distribution in a ply including
transverse cracking as a function of crack density.

The present study formulates at model for progression of
transverse cracking in laminates including 90° ply. First,
the local stress distribution in a ply including transverse
cracking is formulated using the refined stress field (RSF)
model, which extends the model formulated by Okabe et al.
') to take into account residual thermal strain. Next, the
energy release rate associated with transverse cracking is
calculated using the RSF model. For comparison, the energy
release rate based on the continuum damage mechanics
(CDM) model 1is formulated. Furthermore, transverse
cracking progression in CFRP cross-ply laminates including
90° plies is predicted based on both stress and energy
criteria using the Monte Carlo method. Finally, the crack-
initiated laminate stress and the relationship between
transverse crack density and ply strain in 90° ply are
calculated using the RSF or the CDM model. The validity
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of these models is estimated by comparing the results
obtained from these models to the experimental and
analytical results in previous studies.! '% The results for
cross-ply laminates are calculated in this study; however,
the models presented here can be applied to an arbitrary

laminate including 90° plies.

2 MECHANICAL MODEL
2.1 Local Stress Distribution in a Ply Including
Transverse Cracking

Local stress distribution in a ply including transverse
cracking was formulated using the RSF model, which
extends the model formulated by Okabe et al.'!) to take into
account residual thermal strain. When formulating the RSF
model, it was assumed that the ply is thin, and that the
damage was due mainly to transverse cracks. Based on these
assumptions, the bending of the ply and damage due to
delamination were ignored. Figure 1 (a) illustrates a ply
including transverse cracks. The 1l-axis is parallel to the
fiber, and the 2- and 3-axes are normal to the fiber. Figure
1 (b) illustrates a representative volume element (RVE)
including transverse cracking on both sides, which is part
of the ply in Fig. 1 (a). It should be noted that the

coordinate system differs from that in Fig. 1 (a). The



coordinates x, y in Fig. 1 (b) correspond to the 3-, 2-axes
in Fig. 1 (a), respectively. The transverse crack is assumed
to have a tunnel-like crack surface that is symmetrical
about the y-axis. The transverse crack does not propagate

into the neighboring ply. The crack spacing is 2/ and the

p

thickness of the ply is ¢,y =2t. The ply strain g

along the
y-axis (or 2-axis) is applied to the RVE (or ply). Due to the
symmetric RVE, the region of definition is limited to 0<
x<t and 0<y<lL

A plane strain in the isotropic plane (x-y plane) in Fig.
1 (b) is assumed. The displacements in directions x and y

are defined as u and v. Considering thermal residual strain,

the strain-stress relationship is expressed as

v ouM
Ex =W=€x—a2AT=C10x_CZGy' (1)

avM
= e adT =Gy (2)

ovM  ouM  ogvM
Yy = Txy = v + “ = v . (3)
Gy,;  Ox dy dx

Constants C; and C, are defined as

1—vyvy, V23 T V21V12
Cl = ;CZ = ) (4)
E; E;

where o, and o, are stresses along the x- and y-axes,
& and &, are strains considering the influence of thermal
M

residual strain along the x- and y-axes, & and 631\,4 are

strains not including the influence of thermal residual



strains along the x- and y-axes, uM and v™ are

displacements not including the influence of thermal
residual strains along the x- and y-axes, 1y, 1is the
engineering shear strain in the x-y plane, oy, is the shear
stress in the x-y plane, and AT is temperature change T —
Tssg from the stress free temperature T to the testing
temperature T. E; is the longitudinal Young’s modulus
along 1l-axis, E, is the transverse Young’s modulus along
the 2-axis, G,3 is the out-of-plane shear modulus in plane
2-3, vy, is in-plane Poisson’s ratio in plane 1-2, v,3 is out-
of-plane Poisson’s ratio in plane 2-3, and a, 1is the
transverse thermal expansion coefficient along the 2-axis.
For engineering shear strain ¥, in Eq. (3), the gradient in
the y direction of displacement u is assumed to be quite
small. The relationship between & and & is expressed as
& = agy, (5)
where a 1s a proportionality constant defined to satisfy the
equilibrium equation of stress. From Eqs. (1), (2), and (5),

ox and o, are defined as

aCy + C, 0vM

UX=W0_. (6)
1~ L0y Oy
C, + aC, ovM

s =4 2 (7)

Yo oy
Additionally, using Eq. (3), oy, 1s expressed by
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ovM
O-xy = 623 W. (8)

The equilibrium equation of stress is expressed as

do, 00y,
doy, 0o,
% E = 0. (10)

When 0%vM/dxdy #0 is postulated and Eqs. (6)-(8) are
substituted into Eqs. (9) and (10), the proportionality
constant g and the Laplace equation for displacement v

are obtained as

a = —{C, + G,3(C{ — C3)}/Cy, (11)

9%2vM 9%vM C, + aC
R =0 A= [ (12)
0x ay Go3(Cf — C3)

To determine displacement vM, the boundary conditions of

the Laplace equation in Eq. (12) are given by

v =0 on y=0, (13)
vy =1 (14)
oy = on y=1,
ovM
—=0 on x=0, (15)
dx

vM ={eh + (a, —a)AT}y on x=t¢, (16)

where a. 1s the thermal expansion coefficient of the
laminate along the 0° direction. At y=0, no displacement
v is considered in Eq. (13). Equation (14) was determined
from Eq. (7) considering stress o0, =0 at the crack surface
(y=1l). Equation (15) was defined based on Eq. (8),

considering shear stress oy, =0 on the center line of the ply
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( x=0 ). Additionally, the displacement distribution

presented as Eq. (16) in the interface was assumed

according to the previous study.?’) Therefore, the
neighboring ply is thought to be deformed uniformly by &‘5,

regardless of the transverse cracks. Using separation of
variables and assigning the boundary conditions presented
above to Eq. (12), the solution v™ of the Laplace equation
that satisfies the boundary conditions in Eqs. (13) to (16)

can be expressed as

. _qyn+l — -
e 8_l< (-1 cosh[(2n — DrAx/(21)] . [(Zn I)HY]) (85 +€ch)' (17)

Z, 2n—1)7 cosh[(Zn — DAt/ (20)] st

where &, denotes (a,—ay)AT. When Eq. (17) is substituted
into Eqs. (6)-(8), the local stress distribution in RVE is

derived as

4aC; +C
0u(09) = L ) + ), (18)
2
46, +at,
0,0) = L G Fu (e + ) (19)
4
Oy (x,¥) = 5623/19(95: V)] + &) (20)

In the above equations, the functions f(x,y) and g(x,y) are

expressed by

_ )"Jr1 cosh[(2n — l)n/lx/(Zl)] [(2n — 1)ny]

feoy) = Z (2n — 1)% cosh[(2n — 1)m1t/(21)] o8 |2 ’ (21)
1)”Jrl sinh[(2n — Drax/2D]  [(2n - 1)my|

9txy) = Z (2n — 1)2 cosh[(2n — D)7t/ (2D)] sin |2 ' (22)
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The compatibility condition for the strain is not satisfied
because of the assumption of Eqs. (3) and (5). Therefore,
the proposed stress distribution is analytical solution, but

they are not exact solution.

2.2 Formulation of Energy Release Rate Using the RSF
Model

Here, only transverse cracking in 90° ply under uniaxial
tension is considered. The energy release rate associated
with transverse cracking in 90° ply is formulated using the
RSF model. Considering that new transverse cracking
propagates between two pre-existing transverse cracks
(Fig.2), the energy release rate G associated with

transverse cracking is defined as

G = ul) —[Uly) +ULL)]

2t ’ (23)

where U(l) is a strain energy stored in the RVE of crack
spacing 2l (Fig. 1 (b)). The strain energy U(l) is expressed
as

1
ul) = Ef (0x&x + 0y€y + Oy ¥ay)dV, (24)
v

where the integration area V is defined as the inside of the
RVE (Fig. 1 (b)). Using Eqs. (1)-(3) and (18)-(20), Eq. (24)

can be described as
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t l
0 = [ [ (4t o + o) + BLa 301 + )

(25)
+ Cf(x, 3/)(63’,J + Eth)) dy} dx.
The constants A, B, and C are calculated as
32 (1 + a?)C; + 2aC,
A=_2 2 L 2 ) (26)
32
B:F623AZ, (27)
¢ =S gar 212 28

Substituting Eqs. (25)-(28) into Eq. (23), the energy release
rate G can be calculated using the RSF model. Equation (25)
is calculated numerically using Gauss-Legendre quadrature

because it is difficult to solve this equation analytically.

2.3 Formulation of Energy Release Rate Using the CDM
Model

For comparison with the energy release rate using RSF
model, the energy release rate based on the CDM model is
also formulated. In the CDM model, strain energy U(l)
stored in the RVE of crack spacing 2l (Fig. 1 (b)) is
expressed as

u(l) = % By (1= dy(D)(e7)” - 41, (29)

where d,(l) is the damage variable in the 2-axis (direction
normal to the fiber) as shown in Fig. 1 (a). According to
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Okabe et al.'', by applying the Gudmundson-Zang model”’

the damage variable d,(l) is defined as

10
mtE (1 —vipvy) 1 a;

dy() == "
20 =3 Ey—Epvi, 1&(+t/D)

(30)

where the constant sequence a; is given in Table 1.
Substituting Eqs. (29) and (30) into (23), the energy release

rate G can be calculated using the CDM model.

3 ANALYSIS OF THE TRANSVERSE CRACKING
PROGRESSION USING THE MONTE CARLO METHOD
Transverse cracking progression based on both stress and

energy criteria was predicted using the Monte Carlo method. First,

the 90° ply of length L is discretized into n elements (Fig. 3).

The static transverse strength of each element ply is affected by

local defects. It is assumed that transverse strength F; of

element i (i=12,.. ,n) follows Weibull distribution R;,

which reflects the random material property to resist crack

formation:

2o

Ri=1—e_E"0 (31)

where Ly is the gauge length, AL is the element spacing,
op 1s the transverse strength of ply, and m is the shape
parameter. R; is determined by assigning pseudo-random
numbers to each element, and the strength F, of each
element is calculated using Eq. (31). The pseudo-random
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numbers are generated by Mathematica 9.0.°°) Shape

parameter m is a fitting parameter in this study. Next, it

14
y

is assumed that a micro crack occur at the ply strain &, in
each element satisfying the following stress criteria
0,(0,y) > F;, (32)
where o0y,(0,y) is stress in the y-direction at x = 0 for the
RSF model, given by Eq. (19).
It is then assumed that one of the micro cracks that

occurred at the ply strain & propagates into a transverse

y
crack. The element with the highest energy release rate
associated with transverse cracking among the elements
with micro cracks is searched. When this element satisfies
the energy criterion
G > G,, (33)

the micro crack in this element propagates into a transverse
crack. Here, G, is the critical energy release rate. Energy
release rate G is calculated wusing the expression
formulated by the RSF model or the CDM model. The energy
release rate G is calculated assuming that there are virtual
transverse cracks at either end of the 90° ply of length L.
The transverse crack density is calculated by dividing the
number of transverse cracks with the exception of the
virtual transverse cracks by the length L.

The progression of transverse cracking in laminates
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including 90° plies is analyzed according to the stress and

energy criteria. Figure 4 presents the analysis flowchart.

4 RESULTS AND DISCUSSION
4.1 Crack-Initiated Laminate Stress

Before predicting transverse cracking progression, the
crack-initiated laminate stress 1is obtained wusing the
formulated mechanical model and making a comparison with
the experimental and analytical results obtained by
Pagano!) et al. The laminate material is IM7/5250-4. Table
1 lists its properties. The out-of-plane shear modulus Gy

is estimated using the following expression

Gon = Ea 34
2721+ vg3) (34)
Cross-ply [0/90,/0] (n = 1, 2, 3, 4) laminates with

transverse cracks in the 90° plies are considered. In this
analysis, it is assumed that the cracks are equally spaced
(l;=1,=1/2), and transverse crack density is defined as p=
1/l. The crack-initiated laminate stress is determined using

the following procedure.

(1)The energy release rate G is calculated as a function of

p

transverse crack density p at ply strain g

using the
RSF model or the CDM model. The transverse crack

density p. and ply strain (sg)c are evaluated when the
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maximum value of the energy release rate is equal to the
critical energy release rate G..

(2)The effective compliance € of the laminate at crack
density p, is obtained from the model to predict the
stiffness reduction of laminates including transverse
cracks, formulated by Okabe et al., '! and the stress o,
loaded in the laminate along the 0° direction at (85)6 is
obtained using the constitutive law. Stress o, is defined

as crack-initiated laminate stress.

Figure 5 plots the relationship between the crack-
initiated laminate stress o, calculated wusing the above
method and the thickness of 90° plies. Figure 5 also
presents the experiment and analytical results obtained by
Pagano!’ when the transverse crack penetrated the width
direction of the specimen. The crack-initiated laminate
stress obtained using the RSF model is the largest in the
analytical models. The reason is that change in the strain
distribution at the interfaces of ply with transverse cracks
due to the occurrence of transverse cracks in the RSF model
is not considered because the strain at the interfaces of the
ply with transverse cracks defined by Eq. (16) is constant.
Comparison of the RSF model with the experiment results

indicates that the thicker the 90° plies, the closer these
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values are. The crack-initiated laminate stress obtained
using the CDM model is the smallest in the analytical
models. It can be confirmed that the RSF model gives the
upper limit of crack-initiated laminate stress, and the CDM

model gives the lower limit.

4.2 Prediction of Transverse Cracking Progression

Transverse cracking progression is predicted using the
mechanical model formulated in section 2 and the analysis
method described in section 3, and compared with the
experiment results of Ogihara et al.'®? The cross-ply
laminates of T8OOH/3900-2 and G40-800/5260 are analyzed.
The material properties of TS800H/3900-2 and G40-800/5260
used in the calculation are listed in Table 3. The out-of-
plane shear modulus G,3 is estimated using Eq. (34). The
shape parameter m is determined by fitting the relationship
between transverse crack density and ply strain for the
[0/90]s laminates obtained by Ogihara et al.' and the
prediction result for the [0/90]s laminates obtained using
the RSF model. The length L of the analysis region is 50mm,
and there are 8000 elements n. The element spacing AL 1is
calculated by dividing the length L by the number of
element n, and AL is 6.25 X 10° mm. Transverse crack

density is calculated by dividing the number of transverse
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cracks by the length L.

First, the analysis results for the [0/90]s T80OOH/3900-2
laminate are considered. Figure 6 presents the transverse
crack distribution in the 90° ply for the [0/90]s
T80OOH/3900-2 laminate along the longitudinal length L
using the RSF model under £)/=1.08% or &=1.2%. In Fig. 6
(a), there are 24 micro cracks and12 transverse cracks. In
Fig. 6 (b), there are 33 micro cracks and 28 transverse
cracks. The transverse cracks are not equally spaced, and
it is confirmed that the transverse cracks are distributed
almost evenly as the ply strain increases. Figure 7 plots the
relationship between the transverse crack density in the 90°
plies and the ply strain calculated using the Monte Carlo
method described 1in section 3. For comparison, the
experiment results of Ogihara et al.'®) are presented. The
results obtained by the RSF model and the CDM model are
in good agreement with the experimental results. The first
cracking strain obtained using the RSF model exceeds that
obtained using the CDM model. This result is consistent
with the result in Fig. 7. The behavior of the RSF model
and that of the CDM model are almost identical where the
transverse crack density is high. Transverse crack density
is defined as p=1/l assuming the cracks are equally spaced
(ly=10,=1/2). The relationship between energy release rate G
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and transverse crack density p at ply strain 837,’ = 1.0% 1is
plotted in Fig. 8. The vales of the energy release rate of
the RSF model and the CDM model are almost identical
when p is large. Therefore, the behaviors of the RSF model
and the CDM model indicated in Fig. 7 almost agree when
the transverse crack density is high.

Next, the analysis results for the G40-800/5260 laminate
are presented. Figures 9 and 10 plot the relationship
between transverse crack density and ply strain calculated
using the Monte Carlo method for the [0/90]s and [0/902]s
laminates. For comparison, the experiment results of
Ogihara et al.'®) are presented in Figs. 9 and 10. As in Fig.
7, the RSF model and the CDM model behaviors are almost
identical in the range where transverse crack density is
high. In Fig. 9, the RSF model gives the upper limit of
crack-initiated laminate stress, and the CDM model gives
the lower limit. The experiment results of the crack-
initiated laminate stress exceed the values of the RSF model
and the CDM model in Fig. 10. However, the results
obtained using the RSF model and the CDM model agree
well with the experiment results, regardless of the
thickness of the 90° plies, confirming the validity of this
analysis. Furthermore, when comparing Figs. 9 and 10, the
results of the first cracking strain obtained using the RSF

20



model become closer to the experiment values as the 90°
plies become thicker. This is consistent with the result in
Fig. 5.

This study calculates the results for cross-ply laminates.
However, the presented models can be applied to an
arbitrary laminate including 90° plies. Furthermore, by
combining the present model and the model for predicting
stiffness reduction of laminates including transverse cracks
formulated by Okabe et al. '!), it is possible to predict the

stress-strain behavior of the laminate.

5 CONCLUSIONS

This study investigated transverse cracking progression
in laminates including 90° plies. The RSF model, which
takes into account the thermal residual strain for ply
including transverse cracks, is formulated, and the energy
release rate associated with transverse cracking 1is
calculated using this model. For comparison, the energy
release rate based on the CDM model 1s formulated. Next,
transverse cracking progression in CFRP ~cross-ply
laminates including 90° plies based on both stress and
energy criteria is predicted using the Monte Carlo method.
The results indicated that the RSF model and CDM model
proposed in this study can predict the experiment results
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for the relationship between transverse crack density and
ply strain in 90° ply obtained by Ogihara et al.'®) In this
study, the results for cross-ply laminates are calculated;
however, the presented models can be applied to an

arbitrary laminate including 90° ply.
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Fig. 4. Flow chart of the procedure implemented for

analyzing the progress of transverse cracking.
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Fig. 6. Prediction of transverse crack distribution in the
90" ply for [0/90]s T800H/3900-2 laminate along the
longitudinal length L using RSF model. Each vertical line
represents one transverse crack. (a) Under 8521.08%, (b)

Under 8521.2%.
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Fig. 7. Transverse crack density in the 90° ply for

[0/90]s T8OOH/3900-2 laminate as a function of ply strain.
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Table 1. Numerical parameter a; used in Eq. (30)7).

J a; J aj

1 0.63666 6 -33.09444
2 0.51806 7 74.32002

3 0.51695 8 -103.06411
4 |1 -1.04897 9 73.60337

5 8.95572 10 -20.34326
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Table 2. Material properties of IM7/5250-4.1)

Longitudinal Young’s Modulus E; (GPa) 165.475
Transverse Young’s Modulus E, (GPa) 10.342
In-Plane Poisson’s Ratio vy, 0.31
Out-of-Plane Poisson’s Ratio vy, 0.56
In-Plane Shear Modulus Gy, (GPa) 5.7922
Longitudinal Thermal Expansion 0.45

Coefficient a, (10°°/°C)

Transverse Thermal Expansion 24.66

Coefficient ay (10 °/C)

Stress-Free Temperature Ty (C) 180
Ambient Testing Temperature T (°C ) 24
Ply thickness t; (mm) 0.127

Critical Energy Release Rate G, (J/m’) 225
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Table 3.

800/5260.%:°)

Material properties of TS00H/3900-2 and G40-

T800H/3900-2

G40-800/5260

Longitudinal Young’s Modulus E; (GPa)
Transverse Young’s Modulus E, (GPa)
In-Plane Poisson’s Ratio vy,
Out-of-Plane Poisson’s Ratio vy

In-Plane Shear Modulus Gy (GPa)
Longitudinal Thermal Expansion

6

Coefficient a; (10 /C)

Transverse Thermal Expansion

a, (10°°/C)

Coefficient
Stress-Free Temperature Ty (C)H
Ambient Testing Temperature T (°C )
Ply thickness tyy (mm)
Gauge length L, (mm)
Critical Average Stress oy (MPa)

Distribution Shape Constant m

Critical Energy Release Rate G, (J/mz)

143.0

7.99

0.35

0.49

34.3

165

25

80

72

10.5

300

152.0

10.0

0.33

0.49

36.0

195

25

80

75

330
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