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Abstract

An analytical three-dimensional effective elastic constant of transversely isotropic plates
that include ply cracks is proposed using a continuum damage mechanics approach.
Two damage variables associated with tensile and shear damage are formulated as
functions of ply crack density using local stress fields that satisfy the equilibrium equa-
tions. Three-dimensional laminate theory is then employed to formulate the effective
compliance of the laminate using the effective compliance of a damaged ply, and an
analytical steady-state cracking model is established. The proposed model reproduces
the thermomechanical properties and the crack initiation stress of laminates.

Keywords: Fibre reinforced materials, Polymer matrix composites, Damage
mechanics, Micromechanics and/or materials, Crack initiation

1. Introduction

In recent years, polymer matrix composites that have high specific strength and
rigidity have been widely used in aerospace materials. Unidirectional fiber-reinforced
polymer matrix composites are highly anisotropic; therefore, practical applications gen-
erally require various types of laminates made by stacking unidirectional fiber-reinforced
ply, the fracture processes of which must be known to ensure safe design. The first form
of damage in fiber-reinforced laminates is typically a ply crack [1], which grows to tra-
verse the thickness of the ply and penetrate in the width direction parallel to the fibers
in that ply. Although ply cracks are not critical to the final failure of composite lam-
inates, these cracks significantly reduce the laminate’s stiffness. The initiation of ply
cracking results in stress concentration at the crack tip; therefore more severe damage,
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Greek characters

proportionality constants between ¢,, €., and ¢,
conversion matrix of stress and strain

stiffness matrix

Young’s modulus

functions used in local stresses of damaged ply
Shear modulus

half of ply width

half of crack spacing

total number of plies

elementary matrix that is interchanged in

two rows (or two columns) ¢ and j

coordinate conversion matrix of the strain
compliance matrix

compliance matrix for € and &

coordinate conversion matrix of the stress

half of ply thickness

ply thickness of k-th ply

laminate thickness

testing temperature

stress-free temperature

strain energy

displacements in the z-, y-, and z-directions
coordinate system of the representative volume
element of damaged ply

coordinate system of the laminate

thermal expansion coefficient vector

thermal expansion coefficient vector divided into
in-plane and out-of-plane parts

engineering shear strain

energy release rate associated with ply crack of k-th ply
critical energy release rate

material constant used in the stiffness matrix
temperature change

strain vector

strain vector divided into in-plane and out-of-plane parts
fiber angle of k-th ply between the 1- and X- axis
material constants of the Laplace equation for displacement v




v Poisson’s ratio

3 damage parameter related to shear loading

P ply crack density

J critical ply crack density

o stress vector

o stress vector divided into in-plane and out-of-plane parts

oth stress to cancel out the thermal residual stress of the k-th ply

gb-app uniaxial monotonic tensile stress of the laminate

oLk critical applied laminate stress when the cracks propagate
in k-th ply

w damage parameter related to tensile loading

We maximum value of w

Sub /superscripts

o2PP related to applied ply stress or strain of ply in O-123

ove related to average ply stress or strain of ply in O-123

o, 0 o related to the longitudinal, in-plane, and out-of-plane
transverse directions of ply

03, 031, @ related to the 2-3, 3-1, and 1-2 plane

o, 0, 0, related to the 3-, 2-, and 1-directions

©.y Oy, O related to the z-y, y-z, and z-z plane

oy, 0y, oy related to the longitudinal, in-plane, and out-of-plane

transverse directions of laminate
oxy, Oy, O,y related to the X-Y, Y-Z, and Z-X plane

o related to undamaged property

o! related to damaged property

oF components of the k-th ply

o, o related to in-plane parts and out-of-plane parts
®I1, 10, 00 3 x 3 compliance submatrix of the 6 x 6 compliance matrix
ol component of the laminate

Abbreviations

CDM continuum damage mechanics

CFRP carbon fiber-reinforced plastic

FEA finite-element analysis

GFRP glass fiber-reinforced plastic

LRAM Large Radius Axisymmetric Damage Model
NPL National Physical Laboratory

such as delamination and/or fiber breakage, occurs at the crack tip [2, 3]. Hence, the
thermomechanical properties of laminates that include ply cracks should be appropri-
ately formulated to clarify the fracture mechanism of such laminates.



Several models for the stiffness reduction of laminates have been developed for cross-
ply laminates [4, 5], angle-ply laminates [6, 7, 8], and general symmetric laminates
[9, 10, 11]. However, a model for general laminates should also be developed to clarify
the fracture mechanism. Also, models for the stiffness reduction of laminates having
arbitrary configurations have seldom been formulated.

Continuum damage mechanics (CDM) [12, 13, 14, 15, 16, 17] is widely used to
formulate the effective stiffness of a ply (or laminate) including ply cracks, and CDM
has exhibited favorable compatibility with the laminate theory, which can address ar-
bitrary configurations. Kachanov first proposed CDM [18]. Later, Allen et al. [12]
and Talreja [16] applied CDM to fiber-reinforced composites. In CDM models, damage
parameters are used to represent the extent of damage in a material. The damage
variables can be formulated using the average crack opening displacement based on lin-
ear fracture mechanics [19] or the local stress field model in a ply including ply cracks
[14, 15]. Okabe et al. [15] formulated a two-dimensional effective compliance matrix
of laminates including ply cracks based on the damage tensor given by Murakami [13].
However, this compliance matrix is not symmetric, and does not allow all properties
of a damaged laminate including out-of-plane properties to be determined. A three-
dimensional effective compliance (or effective stiffness) matrix is absolutely essential
for completely determining the thermoelastic properties of damaged laminate. Talreja
[16] characterizes eight material constants in the three-dimensional effective stiffness
matrix of transversely isotropic composite materials with ply cracks by formulating the
Helmholtz free energy for isothermal small deformation and small damage based on
vector damage variables. Li et al. [20] associated these material constants derived by
Talreja with elastic constants of transversely isotropic materials and two damage vari-
ables. They conducted a parametric study of crack geometry and distribution in a finite
element-based study to determine the sensitivity of the effective stiffness matrix of a
unidirectional composite plate with an elliptical crack on the damage parameters; how-
ever, the formulation of these damage variables was not explicitly derived. Therefore,
this study will attempt to determine formulations of these damage variables analyti-
cally to accomplish the formulation of a three-dimensional symmetric effective stiffness
matrix of transversely isotropic material with ply cracks.

In this study, we developed a stiffness reduction model of transversely isotropic
composite plates with ply cracks based on the CDM approach formulated by Li et
al. The two damage variables were formulated as a function of ply crack density us-
ing local stress field models that satisfy the equilibrium equations subjected to tensile
loading normal to the fiber and in-plane shear loading. These two damage variables
are implemented into the effective stiffness matrix of ply derived by Li et al. The
three-dimensional laminate theory is then employed to describe the stiffness reduc-
tion of composite laminate with arbitrary lay-up configurations and ply cracks, and
we validated this stiffness reduction model by comparing its results to experiment re-
sults and results of finite-element analysis. Finally, the energy release rate associated
with ply cracking is formulated using the effective compliance of composite laminates.
An energy-based steady-state cracking model is proposed, and the steady-state crack-



ing stress of cross-ply laminates is calculated for comparison with previous analytical
models.

This paper is organized as follows. Section 2 presents the theoretical model proposed
in this study. In Section 3, the present model is compared with experiments and
previous models for stiffness reduction and steady-state cracking of composite laminates.
Section 4 presents the conclusions of this study. Furthermore, to help readers derive
the formulation more easily, the Appendix describes the coordinate conversion to the
laminate coordinate system, the formulation of conversion matrix A for the stress and
strain used in the three-dimensional laminate theory, and the formulation of the three-
dimensional laminate theory.

2. Theory

2.1. Three-dimensional effective stiffness matriz for a ply with ply cracks

Under the condition of small deformation and small damage, a stiffness matrix of
unidirectional ply with multiple ply cracks was derived using a CDM-based model [20].
As indicated in Fig. 1, the l-axis is the fiber direction, the 2-axis is the transverse
direction, and the 3-axis is the thickness direction.

)3_ ) Fibei
N

7

I

0

Ply crack

Figure 1: Schematic of multiple ply cracks parallel to the fiber direction.

The ply crack planes are assumed to be parallel to the 1-3 plane, and these cracks
penetrate in the fiber direction and the thickness direction. According to Li et al., the
relationship between the applied average ply stress o®P and the applied ply strain PP
not considering the thermal residual strain in the damaged ply in Fig. 1 is

oPP = CeP, (1)
where
T
app  __ app _app _app _app _app _app
o = [01 ) O3 O3 013 012} ) (2)
T
app app _app _app ,app ,app . app
€ = [51 €9 €3 Yoz~ V13 712} ) (3)



and the stiffness matrix of damaged ply C is the sum of the stiffness matrix C° of
undamaged ply and the damage-related stiffness matrix C*, expressed as

C =[C,]=C"+C", (4)
_1_’/33 0 1/92 0 V?Q 0 i
X E} EEQ _0E2 0 0 0
1 _V?2V(2)1 0 V23+V12V81 0 0 0 0
(1+V83)A0 ? (1+ %3)AO
Cc' = [C?'] = 1 — vy 9 , (5)
J —_— 0 0 0
(1+ 1/23)A0
G83 0 0
sym. G,
[ EOV12V21 EO’/lz(1 V?Q”Sl) EOV12(V23+V12V31)
(AO) (1 + V23)(A0) (1 + V23)(A0)
E2<1 V?ngl)Q Eg( V?2V31)<V83+V102V81)
1+ (A0 (1 -+ (A0
EY (13 + v,19))
Cl — Cl _ 23 12721
Gyl =~ (1+ 182 (A0):
i sym.
0 0 0
0 0 0
0 0 0 , (6)
GO
23 - 0
2(1+ V23)
0 0
£GY,
where
A% = 1 -y — 2whuy), (7)
EO
Vgl - E%] ?27 (8)
EO
QY, = ——2 9
» 2(1 + v3s) ©)



Here, E is Young’s modulus, G is the shear modulus, and v is Poisson’s ratio. The
superscript 0 indicates the undamaged ply, and the subscripts indicate the coordinate
axes of the ply. The parameter w is associated with tensile damage, and £ is associated
with shear damage. These damage parameters are expressed as

Ey
w = 1-— E—g, (10)
1 Gio
= —(1=-== 11
: w < G?Q) , (1)

where FE5 is the Young’s modulus of the damaged ply along the 2-axis, and G5 is the
shear modulus of damaged ply in the 1-2 plane. In this model, the maximum value of
the damage parameter w is less than one. When we calculated the stiffness matrix with
Eq. (4), we realized that the stiffness matrix components Co, Ca3, and Cy may be
negative with the increase of the damage parameter w. Although the previous CDM
model takes the range from zero to one for the damage parameter, the present damage
parameter w should be smaller than one. Thus, the damage variable w reaches the
maximum value w,,

A%(1 0
we = 20+ 1) V) (12)
1 —vihvy

when stiffness matrix components C'o, Cas, and Cyy are equal to zero.
We formulate the damage variables with the local stress field models using the
proportion of the average ply strain, which ignores the crack opening displacement, to

the applied ply strain considering crack opening displacement. When average stress

o5" is applied to the ply along the 2-axis, the average ply strain 5" and the applied
ply strain £5”” along the 2-axis can be described as

a
O.Pp

Egve = E’g , (13)

a
O.PP

PP = 22. (14)

Using Egs. (13) and (14), Eq. (10) is rewritten as
ggve

app *

‘ (15)

w=1-

As for damage variable &, when the ply is subjected to the shear stress o75" in the 1-2

plane, the average ply engineering shear strain +{5° and the applied ply engineering

shear strain 775" in the 1-2 plane are written as

app

ave 012
’)/12 G(1)2 ? ( )
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~y = —. 17
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Using Eqs. (16) and (17), Eq. (11) can be reformulated as

e 1(1-2m) 15

w Y12

Equations (15) and (18) can be formulated as functions of ply crack density (i.e., the
number of ply cracks per unit length normal to the crack plane) using the local stress
field models for ply including cracks subjected to tensile loading along the 2-axis and
shear loading in the 1-2 plane. The next subsection describes the formulation of the
three-dimensional local stress field model with the damage variables.

2.2. Damage variables

A three-dimensional local stress field model of a ply that includes ply cracks was
formulated to evaluate stiffness reduction. When formulating the local stress field
model, the ply was assumed to be thin, and the damage was assumed to be caused
mainly by ply cracks. Based on these assumptions, the damage due to delamination
and fiber breakage were ignored.

A three-dimensional local stress field model is first formulated to subject the stress
o5 along the ply’s 2-axis. Figure 2 presents a representative volume element (RVE)
that includes ply cracking on both sides of a part of the ply illustrated in Fig.1.
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Figure 2: Representative volume element subjected to tensile loading.

The coordinate system in Fig. 2 differs from that in Fig. 1: the coordinates x, v,
and z in Fig. 2 correspond to the 3-, 2-, and l-axes in Fig. 1. The ply cracks are
assumed to have tunnel-like crack surfaces that are symmetrical about the y-axis and
are postulated not to propagate into the neighboring ply. The crack spacing is 2/, the
thickness of the ply is ¢, = 2t, and the width of the ply is 2h. The displacements in
the -, y-, and z-directions are defined as u, v, and w. The ply strain 5* along the
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y-axis (or 2-axis) is applied to the RVE (or ply). Because RVE is symmetric, the region
of interest in this definition is limited to 0 < 2z < t, 0 <y <[, 0 < z < h. The
strain-stress relationship in the RVE is expressed as

u o, 1/33 v,
T B BB (19)
ov 1/33 o, Uy
= 5 = Oy 0 z29 20
T ey T TR TR T mC (20)
ow V9 V9 o,

5. = T B
Oy Ov Ou  Ov

o _ v ou o 22
Tay G Ox * oy  Ox (22)
oy Ov  Ow _0Ov

T e, T e Ty Yo

(23)

O s 8u ow
K O S S (24)

where o; (i = x,y, z) is the stress along the i-axis, ¢; is the strain along the i- axis, o;;
(j = x,y,2;j # 1) is the shear stress in the i-j plane, and +;; is the engineering shear
strain in the i-j plane. For engineering shear strains 7,, and 7,., the partial differential
coefficients Ju /0y and Jw/dy are assumed to be quite small, and the engineering shear

strain 7., is approximated as zero. Following Okabe et al. [15], the relationships
between the strains ¢; are assumed as

Ex = Ay, (25)
e, = bey, (26)

where a and b are proportionality constants defined to satisfy the equilibrium equations
of stress. The physical meaning of a and b is the average Poisson’s ratio in the RVE.
Using Egs. (19) through (21), (25) and (26), 0., 0,, and o, are expressed as

Vs + Uity + (1 = ’/?2”81)@ + V(1 + Vg3)b@

Oy = EO , (27)
? (1+ V23)<1 - V23 2’/12V21) dy

o, = EY 1 — vy + (z23 + V13 )a 4 V(1 + Vg3)b@’ (28)
(1+ V23)<1 V23 2V12V21) dy

o = B v +18a+ (1 — y23)b@ )

1_V23 2’/12V21 dy

In addition, using Eqs. (22), (23), and (24), the shear stresses o,,, 0,., and o, are
described as

ov
= G238 (30)

Oy



o Ov

Oy= = Gm&: (31)
0. = 0. (32)
The equilibrium equations of stress are expressed as
Jo, 00y 00
= 0 33
Ox oy + 0z ’ (33)
0oy, 0oy 0oy,
= 0 34
Ox Oy 0z ’ (34)
00,z n 0oy, N Oo,, _ o (35)

ox dy 0z

Assuming that 0%v/0x0y # 0 and 9%*v/0y0dz # 0, and substituting Eqs. (27) through
(32) into Egs. (33) through (35), the proportionality constants a and b and the Laplace
equation for displacement v are obtained as

o  GY% 0\2 Gy o 0

a=— {VQS + 550 {1— (v)?} - ﬁ”w(l + V12)} ) (36)

2 1

G9 GY
b=— {V% - E_Q(?V%(l + 1/33) + E_lg(l - V?2Vg1)} ) (37)

2 1

0% 0% 0%*v

)\2 )\2 — O 38
a2 T NigE t g =0 (38)

where constants A; and A\, are defined as

A Eg 1— V?QVSI + (1/33 + V?ZV%)CL + V?2(1 + 1/33)19 (39)
G(2)3 (1 + 1/33)(1 - ngs - 2”?2”31) ’
GO

Ay = ] =22 (40)
G

To determine displacement v, the boundary conditions of the Laplace equation in Eq.
(38) are given by

v=0 on y=0, (41)
g—z =0 on y=I, (42)
% =0 on z=0, (43)
% =0 on z=h, (44)
% =0 on z=0, (45)



v=ePy on x=t. (46)

At y = 0, no displacement v is considered in Eq. (41). Equation (42) was determined
from Eqgs. (27) through (29) considering the stress condition o, = 0, = 0, = 0 at the
crack surface (y = [). Equation (43) was defined based on Eq. (30), considering the
shear stress condition o,, = 0 on the center plane at x = 0 of the ply. Equation (44)
means that shear stress o,, expressed by Eq. (31) is zero on the surface at z = h, and
Eq. (45) expresses that the shear stress o,, is zero on the center plane at z = 0 of
the ply. In addition, the displacement distribution in the interface, presented as Eq.
(46), is assumed based on the previous study [14]. Therefore, the neighboring ply is
thought to be deformed uniformly by mechanical loading 5app, regardless of the ply
cracks. Separating variables and assigning the boundary conditions presented above
to Eq. (38), the solution v(z,y, z) of the Laplace equation that satisfies the boundary
conditions can be expressed as

8l [~ (=)™ cosh[(2n — )whz/(20)] . [2n—1 app
vl y,2) = 7 (; (2n — 1) cosh[(2n — Dant/20)] { 2 ”yD 2 (47)

When Eq. (47) is substituted into Egs. (27) through (32), the local stress distribution
under tensile loading along the 2-axis in the RVE is derived as

4E§ Vg3 + V?QVSI + (1 — V92Vg1)a + ’/?2(1 + 1/33)13

o(x,y,2) = f(x,y)esP?, (48
( ) ™ (1+ 1/83)(1 V23 2”12’/81) ( )% ( )
o, (1,y,2) = 4EO 1— V12Vg1 + (ngz + V12V21)a + V12(1 + ng,)bf(x y)elPP (49)
e ™ (1+ v95)(1 — vg3 — 2v1y05)) REOEE
4E? Vg1 + 1/21a +(1— V23)b app
4 b M == ) 50
0.(7,y, 2) P N B f(z,y)e (50)
4 a
0-901/('1.7 Y, Z) = ;G23)‘19(x y) pp) (51)
O'yz<xu Y, Z) = 0, (52)
0(2,y,2) = 0, (53)
where

= (=)™ cosh[(2n — 1)7r)\1x/(2l)] 2n — 1
M) = D 5 cosh[(2n — D)mat /(2 [Tﬂy] ) (54)

@]
(—1)""! sinh[(2n — 1)77)\1x/(2l)]
Z 2n — 1 cosh[(2n — 1)7r)\1t/(21)]

g(z,y) = [2n — 17?@/} : (55)

— 21
Thus, the local stress distribution in a ply that includes ply cracking is formulated. As
indicated in Eqs. (47) through (55), the displacement v and the local stress distribution

in a ply are constant with respect to the z-axis, and the shear stresses o,. and o,
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are always zero. When the boundary condition given in Eqgs. (41) through (46) is
utilized, this local stress field model is close to the generalized plane strain state. The
compatibility condition for the strain is not satisfied because of the assumption used
in Egs. (25) and (26). Therefore, the proposed stress distributions are analytical
solutions, but not exact solutions. Damage variable w can be formulated using the
three-dimensional stress field model under tensile loading along the 2-axis. The average

ply strain €5*¢ is defined as

1 h t
e’ = i, </0 v(x,l,z)da:) dz. (56)

By substituting Eq. (47) into Eq. (56), £5¥¢/e5P is derived as

e 16 1 tanh[(2n — 1)7Aitrp/2]
PP Aty nz:; (2n—1)3 p ’ (57)

where p = 1/(2l) is ply crack density, and the thickness of the ply is defined as ¢, = 2t.
Using the above equation, Eq. (15) is reformulated as a function of ply crack density.

[e.e]

16 1 tanh[(2n — 1)wA\1tep/2]
=1- 98
“ T3\t ; (2n —1)3 p (58)

As illustrated in Fig. 3 (a), a crack with a semi-tunnel-like surface may occur at the
laminate surface.

(a) (b)

G;Pp f
Surface % Surface :
crack Z / crack /
g % NFiber ° . /
:.:/»3 l ® /
o '
Laminate/ 9 ° / -
surface (M= % I
o, 4

Figure 3: (a) Ply including surface cracks. (b) Representative volume element.

In a thin laminate, surface cracks seriously affect the laminate’s mechanical properties.
Figure 3 (b) depicts an RVE of a ply that has semi-tunnel-like cracks on the surface.
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Here, the area delineated by 0 < 2 < 2¢, 0 <y <[, and 0 < z < h should be considered,
because the RVE in Fig. 3 (b) is symmetrical with respect to the z-z and z-y planes.
The mechanical behavior of a ply with a surface crack is assumed to be equal to the
mechanical behavior of a ply with a ply crack that has twice the length of a surface
crack. Based on this assumption, the surface crack can be considered by replacing ply
thickness t;, with a thickness of 2¢,. Thus, damage variable w can be represented to
consider the surface crack by replacing ¢ in Eq. (58) with 2¢; as follows.

- 1 tanh[(2n — 1)\ txp]
=1- 59
“ T3ty ; (2n —1)3 p (59)

When the cracks in a ply are considered, Eq. (58) is appropriate; Eq. (59) is appropriate
to consider a ply with a surface crack.

Next, damage variable ¢ is derived to consider the damage due to ply cracking
parallel to the fiber by formulating the local stress distribution of a ply with ply cracking
subjected to shear loading. Figure 4 depicts an RVE that includes a ply crack on both
sides, which is a part of the ply illustrated in Fig. 1.

app
01 2
T

app
O-I 2

2h

Figure 4: Representative volume element subjected to shear loading.

The -, y-, and z-coordinates in Fig. 4 correspond to the 3-, 2- and 1-axes in Fig. 1. The
in-plane ply shear stress o{5” is applied to the corresponding ply. The crack distance
is 2[, and the ply crack is assumed to have a tunnel-like surface that is symmetrical
about the y-axis. Because the model is symmetric, the range is limited to 0 < z < ¢,

0 <y <l 0<z<h. The deformations are assumed as

w(z,y,z) = v(z,y,2)=0, (60)
w = w(z,vy). (61)

13



Under these assumptions, the strains of the cracked ply are expressed as

0
ou 0, Uy U,

€x = %:E_S_E_Sgy_@%:o’ (62)
e, = Z—Z:—Z—%% %—%azzo, (63)
€, = %__%UI_VE_%%+2_§_O’ (64)
o= et =0 (65)
e = -T2 (©6)
Vo = %:%+%:%_ (67)

From Egs. (60) through (67), the stresses of the cracked ply are expressed as

Oy =0y =0,=04 =0, (68)
ow

Oy: = G?2a—y(:v, v), (69)
ow

Ozx = G?Z%(%Z/)- (70)

When the stresses expressed by Eqgs. (68) through (70) are substituted into equilibrium
Egs. (33) through (35), the Laplace equation for displacement w is obtained as
Pw 0w

5t =0 (71)

To determine the displacement w, the boundary conditions of Eq. (71) are given by

w=0 on y=0, (72)
?)_Z =0 on y=I, (73)
g—: =0 on z=0, (74)
w=75"Y on x=t, (75)

where 775" is the applied ply shear strain. At y = 0, displacement w is not considered
in Eq. (72). Equation (73) is determined from Eq. (69), considering the shear stress
condition o,, = 0 at the crack surface (y = [). Equation (74) is defined based on Eq.
(70) considering the shear stress condition o,, = 0 on the center plane (z = 0) of the
ply. In addition, in the displacement distribution at the interface (z = t), presented

14



as Eq. (75), the neighboring ply is assumed to deform uniformly by 775", regardless of
the ply cracks. Separating variables and assigning the boundary conditions presented
above to Eq. (71), the displacement w(zx,y) of the Laplace equation can be expressed
as

0 )" cosh[(2n — D)wz/(20)] . [2n—1 -
; 2n — 1)2 cosh[(2n — 1)wt/(20)] S [ 2l y} N2 - (76)

When Eq. (76) is substituted into Eqgs. (69) and (70), the local stress distribution
under shear loading in the 1-2 plane in the RVE is derived as

Uyz =

4G, o~ (=)™ cosh((2n — 1)ma/(20)
25 [(2n — L)t/ (20)
4G(1)2 2 (—1)"*sinh[(2n — 1)7x/(21)

Oza = Z I —1 COSh[(2n - 1)7Tt/<2l)]

2n —1 a
[ 4vgﬂ (77)

T n — 1 cosh 21

I
©
I

2n —1 a
w |2

Thus, the local stress distribution is formulated for a ply that includes ply cracking
under shear loading. As indicated in Eqgs. (68), (77), and (78), displacement w and the
local stress distribution in a ply are constant with respect to the z-axis. With shear
loading, the compatibility condition for the strain is satisfied; therefore, the proposed
stress distribution is an exact solution. Damage variable & can be formulated using the
three-dimensional stress field model for shear loading in the 1-2 plane. The average ply
shear strain is defined as

1 h t
e = ﬁ/@ (/o w(x,l)d:r;) dz. (79)

By substituting Eq. (76) into Eq. (79), the proportion of the average ply shear strain
to the applied ply shear strain is derived as

[e.e]

a6 1 tanh[(2n — 1)wtyp/2]
=Y TR . (80)
T12 k=1 P

Substituting Eq. (80) into Eq. (18), the damage variable £ is formulated as a function
of the crack density p = 1/(2[) as

[e.9]

1 16 1 tanh[(2n — 1)7wtep/2]
&= w L= w3ty ; (2n —1)3 P ' (8

Under the same assumption taken to derive Eq. (59), damage variable £ can be repre-
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sented to consider a surface crack by replacing t; in Eq. (81) with 2t, as follows.

o0

1 8 1 tanh[(2n — 1)7tgp]
&= w L= 3t nz:; (2n —1)3 p ' (82)

When considering ply cracking, the effective stiffness matrix C' can be calculated using
Egs. (4), (58), and (81). The effective stiffness matrix C for surface cracking can
be calculated using Eqgs. (4), (59), and (82). Because damage variables w and £ are
formulated as functions of ply crack density using the relevant local stress field model,
the stiffness matrix of the damaged ply is derived as a function of crack density. In
the next subsection, the stiffness matrix of damaged ply was employed in the three-
dimensional laminate theory to formulate the effective compliance and the effective
thermal expansion coefficient of laminates with arbitrary configurations as a function
of ply crack density.

2.3. Effective thermo-elastic properties of three-dimensional laminates with ply cracks

The effective thermo-elastic properties of three-dimensional laminates with ply cracks
were formulated with the help of the three-dimensional laminate theory [19, 21, 22].
To determine the thermo-elastic properties of laminate utilizing the three-dimensional
laminate theory, two-stage coordinate conversion is applied to the effective compliance
and the thermal expansion coefficient of the k-th ply (kK =1,2,--- ,N; N is the total
number of plies in the laminate) in the laminate. First, the compliance and the thermal
expansion coefficient of the ply in principal axis O-123 is converted into those of the
k-th ply in the coordinate system of laminate O-XY Z. We assume that the X-Y plane
is parallel to the 1-2 plane of the ply and the Z-axis is in the same direction as the
3-axis. The direction of a fiber is tilted at an angle #* between the 1- and X-axes, as
indicated in Fig. 5.

Fiber

9/{

ek
19) > X

Figure 5: In-plane coordinate conversion to the laminate coordinate system O — XY Z.

The constitutive law of the k-th ply in the laminate coordinate system O-XY Z is
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described as
e’ = S*o" + o AT, (83)

where AT is the temperature change 7-T5; from the stress-free temperature T5; to
the testing temperature 7. The effective compliance S* and the thermal expansion
coefficient o of the k-th ply with cracks in the laminate coordinate system O-XY Z
are formulated as (see Appendix A)

St = RFOHCTITH(—0Y), (84)
o = RF(OMO, (85)

where superscript k£ denotes the components of the k-th ply, and the thermal expansion

coefficient a® of a ply in the coordinate system of the principal axis of ply O-123 is
defined as

a®=1ad o ad 0 0 0], (36)

Here, of is the thermal expansion coefficient of an undamaged ply along the 1-axis,
and aJ is that along the 2-axis. T*(6*) and RF(6*) are the coordinate conversion
matrices of the stress and strain indicated in Eqs. (A.4) and (A.5). S* is calculated by
substituting Eqgs. (4), (A.4), and (A.5) into Eq. (84). Second, the stress, strain, and
thermal expansion coefficient of the k-th ply are converted into those that are divided
into in-plane parts and out-of-plane parts. The components of stress o, strain €*, and
thermal expansion coefficient @ in the constitutive law of the k-th ply in Eq. (83) are
defined as

T

ot = 0% oy 0% 0%, ohx oky] (87)
T

e = [ b &b by v ] (88)

of = [ak of of 00 2a’§(Y}T. (89)

The constitutive law of the stress @* and strain " of the k-th ply that are divided into
in-plane parts and out-of-plane parts can be described as

gt = §'5F + aFAT, (90)

where

O L on

o0 €0 (876}
k k k
o = iy y &1 = 5kY y O = O‘Z 5 (92)
Oxy Txv 200%y



k k k

Oz €z Qy

—k k —k _ | & —k i

oH = U%X , €O = V%X , oy = QOé%X ) (93)
Oyz Ty z 2ay

Here, subscript I denotes the in-plane component, and O denotes the out-of-plane com-

ponent. The relationship between Eqs. (87) and (88) and Eq. (91) can be formulated
as

" = Ao" (94)
g8 = A€, (95)

where A is the conversion matrix in Eq. (B.3) (see Appendix B). Substituting Eqgs.
(94) and (95) into Eq. (83), the effective compliance and thermal expansion coefficient
for the constitutive law between the strain and stress in Eq. (90) can be expressed
using conversion matrix A.

—k —k
S S
o, 0N 0] = AskAT (96)
(SIO) 00
_ af
o’ = [aé] = Ad* (97)

Finally, using the three-dimensional laminate theory (see Appendix C), the constitutive
law of laminate with arbitrary lay-ups is formulated as

L s~ st L L
— € —L__ _ I 0| |o «
gl = {_IL} =S et+atfAT = |, \T _; {_g] + [_g} AT, (98)
€0 <S 10) Soo| L90 o
where the stress and strain components are defined as
—L =L —I
—L o =L €] —L (87] 99
o — —L| > — |=L | > — |—=L | > ( )
90 €0 ao
OXy L7XY ] | 20%y
07 €7 az
—L _ L —L _ | L —IL _ L
0o = |9zx|» €0~ ’Y%X O = 204%)( ) (101)
Oyz |y z | 205 5 |

. . =L . . . —
and the effective compliance S and effective thermal expansion coefficient &’ of lam-
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inate with arbitrary lay-ups can be obtained as follows.

—L —L
S S
—L —L 11 10
S = Syl = | /=L \T =L |- (102)
! <SIO> Soo
=L
L _ [=L]_ |
o = [a7] = {ag}’ (103)
where
—L N tk —k\ L o
Sy = ZE(SII> ) (104)
—L L e (=k\ L=k
Sio = Su Z_i<511> Sio] (105)

—L —L\7T /=\ "1 5L al e | =k —k \T /—=k\ L=k

Soo = (SIO> (SII> SIO+ZE|:SOO_<SIO> <SH> SIOj|7 (106)
if—j(?ﬁ)‘laf], (107
n=1

- —N\NT /—p\"1 N tr | __ —k \T /=k\ "1 _
as = (SIO> (SII) ar + Z . [alé) - <SIO> <511> a]f’} ) (108)
n=1

—r. _ akb
ar = Sy

where the 6 x 6 effective compliance matrices S* and §" are divided into 3 x 3 subma-
trices §fn and EZ (m = 11,10, 00), as indicated in Eqgs. (96) and (102). Superscript
L denotes the laminate components, and ¢;, is laminate thickness. From the effective

compliance S~ = [EZL]]
al = [aFf] in Eq. (103) of laminate with ply cracks, the effective thermo-elastic con-
stants of the damaged laminate can be calculated as

in Eq. (102) and the effective thermal expansion coefficient

St 22 Sy4
—L —L —L
S S S
V)L(Y = _—_227 V)léZ = _—_}/47 V)L/Z = _—_247 (110)
St St So9
1 1 1
G?{Y = 7> G%{Z = 7> GSL/Z = =i (111)
33 55 Se6
aﬁ :af, af/ :ag, aé :aﬁ, (112)
ag(Y = agv CY?(Z = aé? Oé)l;Z = ag (113)

Using Egs. (109) through (113), changes in the thermo-elastic properties of the lami-
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nate due to change in ply crack density are obtained analytically by determining the
thermo-elastic properties of a ply and the laminated constitution, with no fitting param-
eter. The proposed model for predicting the thermo-elastic properties of the laminate
is an analytical model of ply cracking in general composite laminates and exhibits fa-
vorable compatibility with laminate theory because it handles only damaged plies. The
present model is not limited to symmetric laminates, including free surface; it formu-
lates damage variables w and ¢ analytically and therefore incurs little computational
cost.

2.4. Steady-state cracking analysis

This subsection considers the energy-based model for steady-state ply cracking.
Steady-state cracking is the fracture mode that a ply crack will propagate over the full-
width of the specimen under constant thermomechanical loading. It is also assumed
that a new ply crack propagates between two pre-existing cracks only in the k-th ply
under constant applied laminate tensile stress, as indicated in Fig. 6, when the ply
cracks are equally spaced. Ply crack density is defined as p = 1/(21).

>V

{ Pre-existing crack Pre-existing crack
X \ ¥

® ¢ 0 o 0e® 04 o
o © o 4 o0, oo
_ o® o ]
00%0e” o 4o o
© 00 00 |50 ¢ o ©

2=1p  2=1)p
41=2/p

Figure 6: Formation of a new crack between two pre-existing cracks in the k-th ply.

With these assumptions, the energy release rate I'* associated with ply cracking in a
k-th ply under constant applied laminate tensile stress o* is

Fk(p) — _ Uk(ﬂ/z)tk_ 2Uk(p)’

(114)

where U*(p) is strain energy in a laminate with length 2/ and laminate thickness t.
The strain energy U¥(p) is given by

Uk(p) = (et~ 7" S (@t ™), (115)

2

where @™ is the laminate stress to cancel out the thermal residual stress of the k-th
ply. When the thermomechanical loading ¥ of the laminate is equal to the stress
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o', all stress components of k-th ply are zero. The stress & can be written as

ot = [T (U)T]T. Under this loading condition, o' and o4 are calculated

using the first row of Egs. (C.1) and (C.2) and Eq. (C.3).

h

1\ —1 /— _ —
7t = (i) (Suot+ (St - Si)ed - @ —ahar),  (116)
oo = T (117)

Substituting o = o5 = 0 into Egs. (116) and (117), the stress o™ is formulated as

—th
—th _ |01 | _
O = | _th| —

[0

O

—(51) (et —at) AT
0

. (118)

The energy release rate I'* can be calculated substituting Eqs. (115) and (118) into
Eq. (114). In this study, the uniaxial monotonic tensile stress o1-®P of the laminate is
considered as

e =[ob 0 0 0 0 0] (119)

Cracking analysis of the energy-based model for initiation of steady-state ply cracking
in laminate is conducted as follows. It is assumed that ply cracks form in just one ply.
Using Eq. (114), the energy release rate I'* of each ply is calculated as a function of
ply crack density p at applied average laminate stress o%#PP. The critical ply crack
density p¢ and the critical applied laminate stress oX*P when the maximum value of
the energy release rate m;LX(Fk) associated with ply cracking in a k-th ply is equal to

the critical energy release rate I'“ are calculated. The ply having minimum cracking
laminate stress mkin(acL’k) is determined as steady-state cracking stress.

3. Results and discussion

The proposed model was validated by calculating the effective thermo-elastic prop-
erties and steady-state cracking stress in comparison with experiment and finite-element
analysis (FEA) results in previous works on glass fiber-reinforced plastic (GFRP) and
carbon fiber-reinforced plastic (CFRP) laminates.

3.1. Cross-ply laminate

This subsection discusses the elastic modulus of a cross-ply laminate with damage
due to ply cracks or surface cracks in the 90° plies. Here [90/0]s GFRP laminate with
surface cracks in the 90° plies was considered, and the material properties of GFRP-1
listed in Table 2 were used.
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EY ES 0 0 GY, G, af al Ply thickness

Type (GPa) (GPa) "2 "2 (GPa) (GPa) (/°C) (/°C) (mm)
GFRP-1[19] 41.7 13 03 042 34 4.58 XGig%f; x2196?:6 0.203
GFRP-2 [23] 46 13 0.3 042 5 4.6 - - 0.5

CFRP [19] 142 9.85 0.3 0.46 4.48 3.37 - - 0.127

Table 2: Material properties of GFRP and CFRP unidirectional plies.

Figures 7(a) and (b) compare the results for the Young’s modulus and Poisson’s ratio
of the laminate as a function of ply crack density as determined with the present model
and previously published FEA results [19].

(@) s (b) o2
= Present model Present model
s N | 2D model [15] g Ol P 2D model [15]
= ® FEA result [19] = ® FEA result [19]
=}
& o4 | £ 012
%} _ —
-— ."‘.— _________ A
El @ - = | -
'é 21 f & 0.08 ® g - PO <
w
o S
e 18 0.04
g
=
15 : : 0 ‘ ‘ ‘ ‘
0 2 4 6 8 10 0 2 4 6 8 10
Crack density p (/mm) Crack density p (/mm)

Figure 7: (a) Young’s modulus and (b) Poisson’s ratio as a function of ply crack density for [90/0]s
GFRP laminate with surface cracks.

The results of the present model agree well with the FEA results. The normalized elastic
moduli as a function of ply crack density of [0/90]; and [02/90,]; CFRP laminates with
ply cracks in the 90° plies are plotted in Figs. 8 and 9.

1 @

0.975

EL )/ ELOX
j=]
\O
W

— Present model
0925 + | T 2D model [15]
® Experimental result [24]

Normalized Young’s modulus

0.9

0 1 2 3 4
Crack density p (/mm)

Figure 8: Normalized Young’s modulus as a function of ply crack density for [0/90]s CFRP laminate
with ply cracks.
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Figure 9: Normalized Young’s modulus as a function of ply crack density for [02/903]; CFRP laminate
with ply cracks.

The experiment results [24] are also presented in Figs. 8 and 9. Here, F%? is the elastic
modulus in the X-direction of the undamaged laminate. The results obtained from the
present model are in good agreement with the experiment results. Figure 10 illustrates
the normalized Young’s modulus as a function of the ply crack density of [0/903)s GFRP
laminate with ply cracks in the 90° plies as calculated by the present model, using the
material properties of GFRP-1 listed in Table 2.
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Crack density p (/mm)

Figure 10: Normalized Young’s modulus as a function of ply crack density for [0/903]s GFRP laminate
with ply cracks.

The experiment results [25] are also presented in Fig. 10. The present model’s results
were slightly higher than the experiment results because our local stress field models or
damage variables did not consider stress transfer at the interface. However, our stress
transfer model predicted the effective properties when the neighboring damaged ply
was rigid. The Young’s modulus EY of GFRP ply is lower than that of CFRP ply;
therefore, our model was able to predict the experiment results more accurately with
CFRP. Nonetheless, although our model’s results differed slightly from the experiment
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results for GFRP, the differences were very small. The results calculated by the two-
dimensional stiffness reduction model [15] are given in Figs. 7 through 10. These
figures clearly confirm that the three-dimensional stiffness reduction model used in this
study was more accurate than the two-dimensional model. In particular, the three-
dimensional model was very close to the experiment stiffness degradation results for
[0/903)s GFRP laminates.

There are many stiffness reduction models for cross-ply laminates. Lee et al. [14]
derived stiffness reductions in cross-ply laminates with ply cracks using an internal
state variable approach. They formulated an internal state variable that describes the
damage state in composite materials using a stress field model of cross-ply laminates
including ply cracks. However, this stress field model does not satisty the stress-free
condition at the crack plane. Therefore, their model overestimated the stiffness of lam-
inates. In contrast, our local stress field models fulfilled the stress-free condition on the
crack plane. One- or two-dimensional shear-lag analyses [26] have been very useful for
approximating the stress transfer at the interface by shear stress. However, shear-lag
models must be confined to symmetric laminates and symmetric damage, because they
neglect the bending effect in their formulations. For example, Nairn and Hu [27] for-
mulated [90,,/0,]s laminate including staggered ply cracks using variational mechanics
analysis of the stresses. For [90,,/0,]s laminates, these shear-lag analyses were inad-
equate because antisymmetric or staggered ply cracks were observed in experiments.
Although other variational models [4, 28] (e.g., the Nairn and Hu model) can treat lam-
inates including staggered ply cracks, these models are limited to simplified laminate
configurations. In contrast, our model can handle the staggered ply crack pattern and
can consider laminates with any configuration. Gudmundson and Zang [19] derived
a general three-dimensional laminate model with ply cracks based on crack opening
displacements, and their model can predict the average stress in each ply. However,
the local stress field in a ply is not included in their model, whereas our model can
analytically predict the local stress field model in 90° plies, as indicated in Eqs. (48)
through (53).

3.2. Angle-ply laminate

This subsection discusses all the effective thermoelastic properties of angle-ply GFRP
laminates of [+55]y and [£67.5]5 that include ply cracks in each ply. In these cases,
the results of the proposed model cannot be compared with the two-dimensional model
formulated by Okabe et al. [15] because the two-dimensional model cannot calculate all
three-dimensional effective properties of laminates. The material properties of GFRP-1
listed in Table 2 were used in the calculations, and Figs. 11 and 12 present the Young’s
moduli, shear moduli, Poisson’s ratios, and thermal expansion coefficients for [£55]y
and [£67.5]x laminates as functions of ply crack density estimated using the present
model or FEA results [19].
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Figure 11: (a) Young’s modulus, (b) shear modulus, (c) Poisson’s ratio, and (d) thermal expansion
coefficient as a function of ply crack density for [55/ — 55]5 GFRP laminate with ply cracks.
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Figure 12: (a) Young’s modulus, (b) shear modulus, (c) Poisson’s ratio, and (d) thermal expansion
coefficient as a function of ply crack density for [67.5/ — 67.5];y GFRP laminate with ply cracks.
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For [£55]y and [£67.5]x laminates, the behavior predicted by the present model is
approximately equal to that of the FEA results except for the thermal expansion coeffi-
cient ok along the X-direction for high crack density, because Eq. (4) is formulated by
considering small damage. However, all thermomechanical properties agreed well with
the FEA results when the ply crack density was low. In practice, as indicated in Figs.
8, 9, 10, and 13, the experimentally observed ply crack density is relatively small.

For angle-ply laminates, Vinogradov and Hashin [6] modeled [9,%) / 97(12)] laminates
containing ply cracks in the middle ply using the principle of minimum complementary
energy. Their model underestimated the stiffness of [0,,/6,]s angle-ply laminates in
comparison with experiment results [29], because the principle of minimum comple-
mentary energy provided a lower bound for the stiffness of a cracked angle-ply. Gud-
mundson and Zang [19] and Lundmark and Varna [30, 31, 32] formulated the effective
properties of laminates with ply cracks using crack opening displacement-based meth-
ods, which describe the elastic response changes caused by ply cracks in a medium by
considering the crack opening displacements of individual cracks. In Gudmundson and
Zang’s model, crack opening displacement was calculated by fitting the homogeneous
isotropic medium with cracks under the action of uniform tractions on crack surfaces
given by Benthem and Koiter [33] and Tada et al. [34]. In the model formulated by
Lundmark and Varna, crack opening displacement was computed by fitting empirical
results with finite-element calculations. In contrast, our stress field model analytically
derived the crack opening displacement in the transversely isotropic elastic body from
the displacement v(x,y, z), as described in Eq. (47).

3.3. Quasi-isotropic laminate

The quasi-isotropic [0/90/ — 45/ + 45]; GFRP laminate was analyzed to compare
the results of our model with experiment results [35], using the material properties
of GFRP-2 listed in Table 2. In the investigation of Tong et al., all plies except 0°
plies were damaged; however, the ply cracks of —45° plies remained small and never
grew completely across the width of the specimen. Therefore, calculation was conducted
assuming approximately the same damage due to ply cracking in the 90° and +45° plies
and assuming no damage in the —45° plies. Figure 13 plots the normalized Young’s
modulus and normalized Poisson’s ratio for the laminate obtained from the proposed
model in comparison with the experiment results, where 143, is the Poisson’s ratio in
the X-Y plane of the undamaged laminate.
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Figure 13: (a) Young’s modulus and (b) Poisson’s ratio as a function of ply crack density for [0/90/ —
45/ + 45]; GFRP laminate with ply cracks in 90° and +45° plies.

The results obtained by our model is in good agreement with the experiment results,
indicating that the effect of damage of —45° plies on the stiffness reduction of the
laminate is very small and that the present model can be applied to predict the stiffness
reduction in quasi-isotropic laminates with ply cracks. The results calculated by the
two-dimensional stiffness reduction model [15] are also given in Fig. 13. The present
model predicted the effective Young’s modulus as well as the effective Poisson’s ratio
that could not be reproduced by the two-dimensional model.

A stiffness reduction model of quasi-isotropic laminates must be formulated, because
most laminates used in real structures are quasi-isotropic. However, few analytical mod-
els enable such predictions [10, 11, 17]. Tay and Lim [17] suggested a stiffness reduction
model of general laminates including ply cracks, using internal state variables that were
fitted by finite-element calculation. McCartney derived the stiffness reduction and pro-
gressive ply crack formation of general symmetric laminates with ply cracks using a
generalized plane strain analysis and the homogenization technique, and considering
the stress transfer at the interfaces of neighboring plies. However, this model could
not be applied to asymmetric laminates, whereas the proposed model can predict the
stiffness reduction of laminates with arbitrary configurations.

3.4. Steady-state cracking stress of cross-ply laminates

Steady-state cracking stress of cross-ply laminate estimated by the energy-based
model described in subsection 2.4 is compared with analytical results in previous studies.
Here, [0/90,,/0] (m = 1,2,3,4) cross-ply laminate of IM7/5250 is analyzed; properties
of the ply are listed in Table 3.
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Longitudinal Young’s modulus EY
Transverse Young’s modulus EY

In-plane Poisson’s ratio 1,

Out-of-plane Poisson’s ratio 9,

In-plane shear modulus GY,

Out-of-plane shear modulus G,
Longitudinal thermal expansion coefficient o
Transverse thermal expansion coefficient a
Stress-free temperature Ty

Ambient testing temperature T'

Ply thickness

Critical energy release Rate I',

165.475 GPa
10.342 GPa

0.31

0.56

5.7922 GPa
3.3147 GPa

0.45 x 107 /°C
24.66 x 1076 /°C
180 °C

24 °C

0.127 mm

225 J/m?

Table 3: Material properties of IM7/5250-4. [36]
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Figure 14 plots steady-state cracking stress assuming steady-state cracking as a function
of thickness of 90° plies per thickness of 0° plies.
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Figure 14: Laminate crack initiation stress assuming steady-state cracking as a function of thickness
of 90° plies per thickness of 0° plies.

For comparison, the analytical results using Gudmundson and Zang’s [19] model’s
effective compliance matrix and the energy-based model (Eq. (114)) in this study are
also plotted in Fig. 14. Furthermore, Fig. 14 includes the semi-analytical results of the
National Physical Laboratory (NPL) model [36] and the Large Radius Axisymmetric
Damage Model (LRAM) [36], as well as the analytical results of Dvorak and Laws [37].
The present model is in quantitatively good agreement with the analytical results of
the LRAM and NPL models [38, 39]. Both semi-analytical models consider the stress
transfer of neighboring ply caused by ply cracking. The LRAM model was developed by



Schoeppner and Pagano [40] to approximate the thermoelastic stress field and energy
release rate in flat laminates with ply cracks and delaminations. When the radius-
to-laminate thickness ratio is equal to 100,000, the large radius axisymmetric damage
model is reasonably similar to the stress fields and stiffness reduction of flat laminates
estimated by the NPL model, which is considered to be the most accurate generalized
plane strain model. Our damage mechanics model is formulated explicitly and is highly
simplified, whereas the LRAM and NPL models should solve the simultaneous differ-
ential equation numerically. The steady-state analytical results of Gudmundson and
Zang’s model and those of Dvorak and Laws’s model are lower than the results of the
present model, the LRAM, and the NPL model. Gudmundson and Zang’s model and
Dvorak and Laws’s model assume that a cracked ply is identical to the infinite cracked
medium. This assumption does not work well, because cracked ply in laminate is sig-
nificantly constrained by adjacent plies. Therefore, the crack opening displacements of
those models are higher than those of the other three models described here.

4. Conclusions

In this study, the effective compliance and elastic constants of laminates were for-
mulated based on a CDM approach and laminate theory, in an effort to predict the
thermoelastic properties of laminates of arbitrary configurations as a function of ply
crack density. The damage variables w and ¢ were expressed as functions of ply crack
density based on analytically formulated local stress field models subjected to tensile
loading and shear loading. The model proposed in this study considers the effect of
damage due to ply cracks (or surface cracks) based on only the thermomechanical prop-
erties of the ply and the laminate constitution. This model quantitatively reproduced
FEA and experiment results for the thermomechanical properties of cross-ply, angle-ply,
and quasi-isotropic laminates including ply cracks. Following the approach of energy-
based steady-state cracking analysis, the laminate crack initiation stress for cross-ply
is calculated and compared with analytical results in previous studies. Our model is
quantitatively in good agreement with the semi-analytical results of the large radius
axisymmetric damage model by Pagano and the NPL model by McCartney.
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Appendix A. Coordinate conversion to the laminate coordinate system

The constitutive law of the principal axis of ply O-123 depicted in Fig. 1 is converted
to that of the principal axis of laminate O-XY Z in Fig. 5. The constitutive law of the
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ply with cracks in the principal axis O-123 is described as
PP = C 1o + AT, (A.1)

where AT is the temperature change T-T; from the stress-free temperature 75; to the
testing temperature T'. The relationship between the stress o*® and strain €*PP in the
coordinate O-123 and the stress o* and strain €* in the coordinate O-XY Z can be
expressed as

ot = T"H")oP, (A.2)
e’ = RF(O%)eP, (A3

where T*(6%) and R*(6*) are the coordinate conversion matrices of the stress and strain,
described as

cos? @* sin? O* 0 0 0  —sin26F]
sin? 6% cos? OF 0 0 0 sin 260*
e 0 0 1 0 0 0
(") = 0 0 0 cosfF sin@* 0 , (A4)
0 0 0 —sinf* coshF 0
| sin 0% cos 0k  —sin#*Fcos@* 0 0 0 cos 20k |
(cos? 0% sin?fF 0 0 0 — sin 0% cos 6]
sin20%  cos?fF 0 0 0 sin 6% cos OF
e 0 0o 1 0 0 0
RY(0%) = 0 0 0 cosf* sin@” 0 (A.5)
0 0 0 —sin6* cosfF 0
| sin 20F  —sin26% 0 0 0 cos 20F |
The inverse matrices of T*(0*) and R*(6*) are simply given by
{TH(0F)) ™ = TF(—6Y), (A.6)
{RE(6")} ' = RM(—6"). (A7)

Substituting Egs. (A.2), (A.3), and (A.6) into Eq. (A.1), the constitutive law of the
k-th ply with ply cracks in the principal axis of laminate O-XY Z is given by

e’ = SFa* + o AT, (A.8)

where the effective compliance matrix S* and the thermal expansion coefficient o of
the k-th ply in the coordinate system O-XY Z are indicated in Eqs. (84) and (85).
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Appendix B. Formulation of the conversion matrix A

The stress and strain of the k-th ply in Egs. (87) and (88) are converted into
thoses in Eq. (91) that are divided into in-plane parts and out-of-plane parts using the
conversion matrix A, described as

" = Ao” (B.1
g = A (B.2)
The conversion matrix A can be formulated as
[1 0 0 0 0 O]
01 00O0O
00 0O0O 01
A=P(4,6)P(3,6) = 00100 ol (B.3)
00 0O0T1FO
00 01 0 0

where 6 x 6 matrix P(i, j) = [Py;] is the elementary matrix that is interchanged in two
rows (or two columns) i and j. Py, is defined as follows:

U (k= Lk £k #J)
_ ) 1 (k=il=})
Pu=194 (k=3,1=1) (B-4)
0 (other)
The nature of elementary matrix P(i,j) is
P l(i,j) = P(i,j), B.5
Pi(i,j) = P(i.j).
Using Egs. (B.5) and (B.6), the inverse matrix of A can be calculated as
At=AT (B.7)

Substituting Eqgs. (B.1), (B.2), and (B.7) into Eq. (A.8), the constitutive law between
the stress and strain in Eq. (91) is expressed as

gt = 85" + & AT, (B.8)

where the effective compliance matrix §* and the thermal expansion coefficient a* of
the k-th ply for &* and €* are indicated in Egs. (96) and (97). The compliance matrix
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S* of the orthotropic plate is described as

St Sty Stz 0 0 Sf]
Sty S5 S 0 0 S
Sty Sy Si 0 0 S
0 0 0 S&, Sk 0
0 0 0 Sk Sk o0
[STe S S% 0 0 S

Sk = (B.9)

2
Do
2
&
&
o O O
o O O

StoSk Sk Sk 00 (B-10)

0O 0 0 0 Sk Sk
0 0 0 0 Sk St

Appendix C. Formulation of the three-dimensional laminate theory

The three-dimensional laminate theory is utilized to formulate the thermoelastic
properties of the composite laminate. The constitutive law of the laminate for average
stress and strain in Eq. (99) is expressed as

—L §L §L —L —L
=L _ EIL] _S'sL L wLAT = _LH T _io [;IL} + [gIL} AT, (C.1)
% ( IO) Soo % %

and the constitutive law of the k-th ply for average stress and strain in Eq. (91) is
given by

A —
—k o S S =k F

e — m 5T @AT = | NT [Zi} + {iﬂﬂ, (C.2)
o (10) Soo| L0 e

where superscript L denotes the laminate component and k denotes the k-th ply compo-
nent. From the compatibility and equilibrium conditions in the laminate, the following
relationships must be satisfied.

& =8, 05=0¢ (C3)

The laminate average stresses and strains are defined as



where

th=> t (C.6)

Here, t;, is laminate thickness, and t; is k-th ply thickness. From the first row of Eq.
(C.2) and Eq. (C.3), in-plane average stress of k-th ply @F can be obtained as

= (?ﬁ) B (EIL —ShFk - afAT) . (C.7)

Substituting Eq. (C.7) into the first row of Eq. (C.4), the in-plane average laminate
strain €F is expressed as

-1

L al e (—=k\ L _1_L al te (k) 1 al e (=k\ ' =gk | 1
g = ZE(SH) ] oy + Z_L<5H> ZE(‘SII) S10| 76
— k=1 k=1
-1
+ Zi—i(?ﬁ)l [i%(?ﬁ)la{f AT, (C.8)
- k=1

By comparing Eq. (C.8) and the first row of Eq. (C.1), the compliance submatrices

of the laminate §ILI and gfo and in-plane thermal expansion coefficient of laminate o
are obtained as Egs. (104), (105), and (107). In terms of the out-of-plane components,
from the second row of Eq. (C.2) and Eq. (C.3), the out-of-plane average strain of k-th
ply €5 is formulated as

__ T _
g = (Sfo> "+ 8o TL + ab AT (C.9)

Inserting Eq. (C.9) into the second row of Eq. (C.5) and using Eq. (C.7) and the first
row of Eq. (C.1), the out-of-plane average strain of laminate can be expressed as

L N ti [/ \T [\ ! =L s
€o = ; . {(Slo> <SII> S, o
+ { <§fO>T <§f1> -1 (gfo - Efo) n g’go} ok

+{(51) (84) (et ~at) +ab ot ©10)
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The following relationship can be obtained using Eq. (105).
N
ty (—=k \T /=k\! —L\T /=)t
ZE (SIO> (SH> = (SIO) <SII) (C.11)
k=1

Substituting Eq. (C.11) into Eq. (C.10), the out-of-plane average strain of laminate is
rewritten as

e~ (Sh) ot
I NT (it al b ok < \T (g ok —L
+_<SIO> <Sn> SIO+;_L<SOO_(SIO> (SH> SIO) 90
(st (58t 30 (mt (i) () )| o
L k=11
(C.12)

By comparing Eq. (C.12) and the second row of Eq. (C.1), the compliance submatrix

of the laminate géo and out-of-plane thermal expansion coefficient of laminate a§ are
obtained as Egs. (106) and (108).
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