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Abstract

The structure of CHo(X)/p™ is determined when X is a product of two elliptic curves
over a p-adic field which have ordinary good reduction or split multiplicative reduction.

1 Introduction

Let X be a smooth projective variety over a finite extension field K of @,. We will consider
the structure of the Chow group CHg(X) of 0-cycles on X. Let T'(X) denote the kernel of the
Albanese map on X. Then the structure of the quotient group CHy(X)/T(X) is understood
very well. Indeed, the degree map CHy(X) — Z and the Albanese map Ker [CHyo(X) — Z] —
Albx (K) have finite cokernels, and the structure of Alby (K) is understood by Mattuck [Mat55,
Theorem 7] since the Albanese variety of X is an abelian variety.

However, few results are known on T'(X) when X has dimension greater than 1. Colliot-
Thélene [CT95, 1.4(d), (e), (f)] conjectured that the group T'(X) is the direct sum of a finite
group and the maximal divisible subgroup of T'(X). This conjecture is known to be true for
certain types of varieties. For example, Raskind-Spiess [RS00, Theorem 1.1] proved this conjec-
ture when X is a product of curves whose Jacobians have a mixture of ordinary good and split
multiplicative reduction.

In this paper, we will consider (not only the finiteness but also) the structure of 7'(X)/p™ in
detail when X is a product of two elliptic curves which have ordinary good or split multiplicative
reduction. Our main result is as follows.

Theorem 1.1. Let Eq, E5 be elliptic curves defined over K. Assume that their p™-torsion points
are K-rational. We put X = Ey X Ey and let T(X) be the kernel of the Albanese map on X.
Then the structure of T'(X)/p™ is as follows.

(1) If both Ey and E3 have ordinary good or split multiplicative reduction over K, then

T(X)/p" ~Z/p".

(2) If one of the E1, Ey has split multiplicative reduction over K and the other has ordinary
good reduction over K, then

T(X)/p" ~ (Z/p™)®>.

Remark 1.2. In (1), the split multiplicative reduction case was proved by Yamazaki [Yam05,
Theorem 5.1].

As mentioned above, the structure of the quotient group CHy(X)/T(X) is understood very
well. Taking it into consideration, we see the structure of CHy(X)/p™ as follows.



Corollary 1.3. Let the assumption and notation be as in Theorem 1.1. Let d be the extension
degree of K/Qp. Then the structure of CHy(X)/p" is as follows.
(1) If both Ey and E3 have ordinary good or split multiplicative reduction over K, then

CHy(X)/p" =~ (2/p") P340,

(2) If one of the Ey, Ey has split multiplicative reduction over K and the other has ordinary
good reduction over K, then

CHo(X)/p" ~ (Z/pn)@(2d+7)‘

Let the assumption and notation be as in Theorem 1.1. To show main result we will consider
the cycle map

Cl : T(X)/pn - Hét(Xv M§"2)7 (11>

where p,» is the étale sheaf of all p"-th roots of unity. In the case where £ and F> have the
same reduction type as in Theorem 1.1(1), (2), Raskind-Spiess [RS00, Remark 4.5.8 (b)] proved
the cycle map is injective under the assumption that the p"-torsion points of F; and Ey are
K-rational. (The cycle map is not always injective. It is known the cycle map is not injective
for certain types of varieties [PS95, Chap 8]). They explained how to calculate the image of
(1.1) by analyzing the proof of their main result [RS00, Theorem 4.5]. (For any integer m prime
to p, they also considered the structure of T'(X)/m [RS00, Theorem 3.5]).

They also introduced another approach to calculating the image, which can be applied in
the case where F; and E5 have any reduction type. They showed the image is isomorphic to
that of the composition of the connecting homomorphism, the cup product and the norm map:

P 1K) @ Ex(K') — P H'(K', EA[p"]) @ H' (K, Ex[p"])
K'/K K'/K
— P B(K' Eip") @ Ea[p")) — HP(K, EA[p"] ® E2[p™), (1.2)
K'/K

where K’ runs through all finite extensions of K. Following this approach, Yamazaki [YamO05,
Theorem 5.1] obtained the result mentioned in Remark 1.2.

In the same way as above we will show Theorem 1.1. In section 2, to calculate the cup
product of (1.2) we consider the Hilbert symbol K /p" x K* /p™ — p,n, which can be seen as the
following cup product H (K, pyn )@ HY (K, pin) — H?(K, pin ). In section 3, to calculate the first
arrow in (1.2) we consider the image of the connecting homomorphism § : E(K) — H(K, E[p"])
for an elliptic curve E over K. In section 4, we calculate the image of the composition of (1.2)
and complete the proof of our main result.

When either Fy or Es has supersingular good reduction, the injectivity of the cycle map
cl is not known. However, in the same way as above the image of the cycle map (1.1) can be
calculated. We have the following result when n = 1.

Theorem 1.4. Let E1, Ey be elliptic curves defined over K and assume that their p-torsion
points are K-rational. We put X = E1 X Es. Then

(1) If one of the Ey, E5 has split multiplicative reduction over K and the other has supersingular
good reduction over K, then the image of T(X)/p by the cycle map is isomorphic to (Z/p)®?.
(2) If one of the Ey, Ey has ordinary good reduction over K and the other has supersingular
good reduction over K, then the image of T(X)/p by the cycle map is isomorphic to (Z/p)®?.
(3) If both E1 and Es have supersingular good reduction over K, then the image of T(X)/p by



the cycle map is isomorphic to the following.

(Z)p)®? if t1 #ty and t +toy # ]ﬁ,

Z/p if tlztz#éor “t1 # to cmdtl—l—tgzL 7
2(196— 1) p—1

2(p—1)’

where e is the ramification index of K/Qp, and t; and ty are respectively the invariants of E;
and Ey defined in (3.4).

0 if 1=ty =

This result is obtained by using Kawachi’s result [Kaw02, Theorem 1.1(2)] of the image on
§ : E(K) — HY(K,E[p"]) for n = 1. Theorem 1.4 generalizes to the case of n > 1 once the
image of 0 has been calculated for that n.

Notation

Throughout this paper, let K be a finite extension of Q,. Let Ok be the ring of integers of K,
Uy the unit group of Ok, and Mg the maximal ideal of O . Let UI(?) = Uk and UI((S) = 14+Mj
for s > 1. This gives a filtration K* D U[(?) D UI((I) D UI(?) D - -- on the unit group of K. It also
induces a filtration K*/p™ D UI(?;1 D Uf({l)n D UI(?z1 D .-+, where Ul(?)n = UI({S)/((KX)pn N Uf(j))
for s > 0. Similar notation applies to any complete discrete valuation fields. For each positive
integer k, let (,» be a primitive pF-th root of unity and ppr the group of all pF-th roots of unity.
Given an abelian group A and a nonzero integer m, let A[m| (resp. A/m) be the kernel (resp.
cokernel) of multiplication by m on A.

2 The Hilbert symbol and a filtration on the unit group

We fix a positive integer n, and assume that p,» C K throughout this section. Then the
Hilbert symbol over the local field K is defined by

7 7 a p%

(O K X K Jp = e+ (a,0) = 2L, (2.)
Vb

where px : KX — Gal(K?*/K) is the reciprocity map of K.

Lemma 2.1. Let a,b € K*. Then the Hilbert symbol has the following properties.

(1) The Hilbert symbol is a nondegenerate bilinear pairing.

(2) 1-a,a),=(a,1—a), =1 fora#1.

(3) (a, b)n = (bv a’>7;1'

(4) (a, b)zi = (a,b)pn—r for each 1 <k <n.

Proof. See [FV02, Chap 4, (5.1)]. O

We shall calculate the order of the image (U I(g)n, U[(?n)pn of the subgroup U I(g)n x U I(?n by

the Hilbert symbol. To calculate them we shall investigate the ramification for extensions
K("™/0b)/K, where b € K*. Let L = K(*/b) and pr i K* — Gal(L/K) be the reciprocity
map of L/K. By [Iwa86, Theorem 7.12],

ok (UY)) = Gal(L/K)* (2.2)



for all s > 0, where Gal(L/K)?® is the s-th ramification subgroup in the upper numbering for
L/K. We will calculate the Hasse-Herbrand function of L /K, which is used to define Gal(L/K)*
(cf. [FV02, Chap 3, §3]). This function is the inverse function of

s 1
¢k (s) = /0 (Gal(L/K)o : Gal(L/K),)

dr, (2.3)

where Gal(L/K)s is the s-th ramification subgroup in the lower numbering for L /K. Note that
the function ¢,/ is continuous and piecewise linear on s > 0.
Lemma 2.2. Let L = K( p%) and let P,/ be the Hasse-Herbrand function of L/K. For each
1<k <n, we put c, = Ll + ke, where e is the ramification index of K/Q,. Then

p—
(1) If b is a prime element of K, then

r 0<r<e)
Yk (r) = phr —kpfe (cp<r<cpy1) (k=1,2,...,n—1)
p'r —npe (r > cy).

In particular, the breaks of Gal(L/K)® occur at ¢y for each 1 <k < n.
(2) Ifbe U[(é)l \ Ul(gjl),l <t<cy andptt, then

r 0<r<ec -1
Yo/ (r) = phr —kpfe4+ (pF — 1)t (cx—t<r<cp1—t) (k=1,2,....,n—1)
pr—npte+ (p" — 1t (r >cp —1t).
In particular, the breaks of Gal(L/K)® occur at ¢ —t for each 1 < k < n.

Proof. Since the proofs are similar in both (1) and (2), we shall prove here only (2). Let vy, be
the normalized valuation on L. Since (,» € K and b & (K*)?, we see L/K is a cyclic extension
of degree p". Let o be the generator of Gal(L/K) such that o( *v/b) = Cpr */b. Then

phoL(Vh—1) =3 ur(e? (Vb= 1) =Y en(¢h Vb —1) = (H( o Vo - 1))

i=1

where e(L/K) is the ramification index of L/K. Since p { ¢, the field extension L/K is totally
ramified and vy, (” Vb— 1) = t. Therefore the ring of integers of L is generated by a prime element
of L. We can choose integers g, h such that g > 0 and gt + hp" = 1. Then 7’ = ( = 197" is
a prime element of L, where 7 is a prime element of K. Therefore

ol (n') — 7'

() {0 )
g J _ l
W,{lel @) < %B—ll) (p%)l}'

If p* divides j exactly, then UL((CIJ)'n —1)/("Wb—1)) = pFtle/(p—1)—t > 0. Thus the valuation
of the terms in the above sum assumes the minimum for = 1, and we have vy (o7 (7') — ') =



dpy1 + 1 —t, where we put dj, = p¥e/(p — 1). Hence the order g, of Gal(L/K), is

p" (0<r<d;—t)
G =3p"F (d—t<r<dy1—t) (k=1,2,...,n—1)
1 (r>d, —t).

By definition (2.3), we see (2) is proved. O

Corollary 2.3. Let s > 0. For each 1 < k < n, the following are equivalent.
(1) s> cg.

2) (U K /p*) =1.

(3) U c (K",

Proof. Since the Hilbert symbol is a nondegenerate pairing, (2) is equivalent to (3). By [FV02,
Chap 1, (5.8)], if s > ¢, we have Uf(f) C (K*)P". Assume that s < ¢;. Let L = K( »/7), where
7 is a prime element of K. By Lemma 2.2 (1), ¥/ (s) < ¥p/x(ck) = pFe/(p — 1). Therefore

we see Gal(L/K)® # 1. Hence we have (UI((S)k,KX/pk)pk;é 1 by (2.1) and (2.2). O

Lemma 2.4 (cf. [Kat79] Lemma 2 in §2). For each s,t > 1 and for each 1 < k < n, we
have (U Uith) u € (U3 K /")

p pk-

Proof. Let 1 +x € Ul(j) and 14+y € U[(?. Note that (1 —a,a)x =1 for a # 1 (Lemma 2.1(3)).
Then

(142,14 y)y

1+2x+ 2y 14+z+axy -1
= (1 1 —=1 —=1
( +x, +y)pk< 1+z +y>pk< 1+z +y>pk
l+z+a !
y,l_'_y)

=(1 1
(14 x + xy, +y)pk< T

pk

1 -1
=(+z+zy,1+y)r(l+z+ay,—2(1 + ) (M,l +y>
P

P 1+ k
f1+z+u2y !
= (1 ) =T
(142 +wy, w)pk< vz +y>pk

1 -1
=(1+z+zy,—2) 1+, —T) pk <+:U+3:y’ 1+ y)
P

pk 1 +x k
1 e -
_ (W/_w) <+x+w |+ y> _ (2.4)
1+z Pk 14z Pk
Since (1+z+zy)/(1+x) € U}?H), we have (Ui(é)k, U}Qk)pkg (Ul(ézt),KX/pk)pk. O

Proposition 2.5. Let s,t > 0 and ¢, = Ll + ke for each 1 <k <n. Then
p —_—
(1)
T (s<a)

p
#(U[(?,)THKX/pn)pn: pnik (Ck<8§0k+1> (k:17277n_1)
1 (s > cpn).



(2) If pts or ptt, then

p" (s+t<c)

#(UI((S’)n, U[(Qn)pn: "R (g <s+t<cgr) (k=1,2,...,n—1)
1 (s+t>cp).

(3) If p| s and p | t, then
p" (s+t<c)
U(S) U(t) — n—k < k= _

#( Ko K,n)pn P (cp<s+t<cpy1) (k=1,2,...,n—1)

1 (s +1>cp).

Proof. (1) By Lemma 2.1(4) and Corollary 2.3, for each 1 < k < n, we have (U[((s) Kx/p")png

n’
ppn—r if and only if s > ¢x. Hence (1) follows by decreasing induction on k.
(2) By an argument similar to (1), it is sufficient to show that for each 1 < k < n,

(UI((S’),C,UI(?k)pk: 1if and only if s +¢ > ¢ If s+t > ¢, then by Lemma 2.4 and (1)
(U;é)k, U}Qk)pkg (Ul(ézt),KX/pk)pk: 1. We shall prove the converse by induction on k. We
may suppose that s +t = ¢; and s > ¢t. Then we have p{t by p | ¢x. When k =1 or 2, we
have t < ¢;. By Lemma 2.2 (2), we see Gal(K ( p%)/K)s #1(be U[(? \ UI(§+1)). Hence we have
(Ul(g)k,UI(?k)pk;é 1 by (2.1) and (2.2). When k > 3, by induction on k, there exist a € U};;i)l
and b € Uy, such that (a,b),e-1 = Gy Thus (?,b), = (a,b)7), = (a,b),0-1 = G, # 1. Since
k > 3, we have s > c¢;. Hence we have a? € U[(ék and (Ul(é)k, Ul(é)k)pk;é 1.

(3) By an argument similar to (1), for each 1 < k < n, it is sufficient to show that
(URkURy) o= 1 if and only if s+t > . If 5+t < ¢, then by (2), (U}, Uy) .2
(Ul(gzl), Ul(pk)pk;é 1. Suppose that s+t > ¢i. Since Ul(g)k = Ul((l)lw we may assume s,t > 1. Let
1+2€ UI(;S) and 14y € Ug). Write x = uwpsl, where 7 is a prime element of K, u € Uk and
s’ =s/p. By (2.4) in the proof of Lemma 2.4,

-1

1 e
(142,14 ) = w7_x w71+y
1 + x pk- 1 + X pk

1 N 7[1 1 -1
_ <+x+wﬂ> <+w+wy_u> <+$+w,1 +y> . (2.5)

14z Pk 1+ Pk 14+ pF
We see from s+t > ¢ that (1+z+zy)/(1+2) € UI(?“). Therefore each term in (2.5) vanishes
by (1) and (2). Hence we have (Ulg(s)k, U](?k)pk: 1. O

3 Elliptic curves over K

Let E be an elliptic curve defined over K. We fix a positive integer n and assume that the
p"-torsion points of F are K-rational. Then we see p,» C K by using Weil pairing.
The exact sequence

0—Ep|—EXlE 9

induces a long exact sequence

[p"] o7

0 — E[p"] — E(K) — E(K) - HY(K,E[p"]) — HYK,E) — - - -, (3.1)



where 67 is the connecting homomorphism. If we choose an isomorphism
Elp"] ~ pipn & pipr, (32)
then we have an isomorphism
ko HY(K, Bp") — Hl(Kyﬂp” S ppr)-
By Kummer theory, there exists an isomorphism
0y K*/p" & K*/p" == H' (K, tyn & pipn).
Let
" E(K)— K*/p"® K™ /p"

be the composite map (65)~! o k 0 6. We will investigate the image of 6”. To investigate the
image of 6", we choose the isomorphism (3.2) more carefully. Let E[p"]° be the subgroup of
E[p"] consisting of the K-valued points of the maximal connected finite flat p™-torsion subgroup
scheme of the Néron model of E over SpecOg. Then choose an isomorphism E[p"] > pipn @ fipn
which maps E[p"]° onto the first factor jyn.

In the case where E has split multiplicative reduction over K, Yamazaki [Yam05, Lemma
4.5] showed

Imé" = K*/p" & 1. (3.3)
We consider the case where E has ordinary good reduction over K.

Proposition 3.1. If E has ordinary good reduction over K and we take the isomorphism (3.2)
as above, then

Im 6" = U, @ 4,

where A is the annihilator of UI(?)n in the pairing (2.1), and is cyclic of order p".

Proof. Let v be the map (K*/p™)®? — (Z/p")®? induced by the normalized valuation on K.
We will show the composition of v and §” is the zero map. To show this we may replace K by
the completion of the maximal unramified extension of K, which is denoted by L. Since F has
ordinary good reduction over K, we have the following exact sequence

E(My)/p" = E(L)/p" — E(F)/p" — 0,

where E is the formal group attached to E, E is the reduction of E, and F is the residue field
of L. Since the field F is algebraically closed, we have E(F)/p™ = 0. Therefore it is sufficient to
show that vod™os = 0. Since F has ordinary good reduction, by Mazur [Maz72 Lemma 4.27] E
is isomorphic to the multiplicative group G over Op. We fix isomorphisms E(Mp) ~ G, (M)
and E[p"] ~ G,[p"] = ppn such that the following diagram is commutative:

Am(ML) ¢ — Gm[pn] il—> M;‘?’?

LRk

E(Mp) —— Ep"] —— Ep",



where the map i1 is defined by ¢ — ((,1) and the vertical isomorphism on the right is the one
of (3.2). This is possible because of our choice of the isomorphism (3.2). Then we have the
following commutative diagram:

| 1 I -

o ~ v
E(L)/p" —— HYL,Ep") —— (L*/p")%* —— (Z/p")**,
where the maps iy and i3 are defined by a +— (a,1) and N +— (N,0), respectively. Since
Gu(Mp)/p" = USZL = Ug’]zl, we have v o d™ os = 0 by the above diagram. It follows from
Ker [K*/p" — Z/p"] = UI((O,)n that we have Im 6" C Ul(?,)n@A’ where A = Ker [K* /p"™ — L* /p"].
Since

A ~ Ker [Hl(Knupn) - HI(L7/J’pn)] = HI(L/KHuP") = Z/pna

)

n

the group A is cyclic of order p™ and the annihilator of U I(?
by Mattuck [Mat55, Theorem 7],

in the pairing (2.1). Furthermore,

E(K) ~ 79" & (torsion),

where d is the extension degree of K/Q,. Since all p"-torsion points of E are K-rational, the
order of E(K)/p™ is (p™)**2. On the other hand, the order of UI(?) @ A equals that of K* /p" ~

(Z)p™)®+2) | Since 6" : B(K)/p™ — (K*/p™)®? is injective, we have Im 6" = UI(?) ® A. O

,n

Remark 3.2. When n = 1, the image of 6" has already been calculated by Kawachi [Kaw(02,
Theorem 1.1] including the case of other types of reduction. Her results are as follows.

Let E be an elliptic curve over K. Assume that the p-torsion points are K-rational. Then
(1) If E has split multiplicative reduction over K, then

Imé' = K*/p@ 1.
(2) If E has ordinary good reduction over K, then
Imo' = U, & UL,
(3) If E has supersingular good reduction over K, then
Ims! — UI((I,IPHCI) ® U[((ljpt),

vyhere t is an invariant depending on FE, which is defined as follows. For i > 1, let E' =
E(ME) C BE(Mkg). We define

t=max{i>1]Q ¢ E' for all Q € E[p]}. (3.4)

This invariant ¢ satisfies 1 <t < e/(p—1) (See [Kaw02] Lemma 2.3). Note that Proposition 3.1

is a generalization of (2) for arbitrary n > 1. The group UI((Cll is cyclic of order p, and is the

annihilator of Ul(?)l in the pairing (2.1) by Proposition 2.5 (3).



4 The structure of CHy(E; x Es)/p"

Let F4, E5 be elliptic curves defined over K and assume that their p™-torsion points are
K-rational. We put X = E; x Es. We consider the structure of CHy(X)/p™. Let Ao(X) be
the subgroup of CHy(X) generated by 0O-cycles of degree 0 and T'(X) the kernel of the Albanese
map Ao(X) — X(K) (Since the variety X is abelian, the Albanese variety of X is identified
with X). For any abelian variety X, since the degree map CHy(X) — Z and the Albanese map
Ap(X) — X(K) are surjective, we have

CHo(X)/T(X)~7Z® X(K).
By Mattuck [Mat55, Theorem 7],
X(K) ~ Zgﬂ[K:Qp] @ (torsion).
Since X (K) contains the p"-torsion points of both E; and Es, we have

CHo(X)/p" = (Z/p")®4+D) & T(X) /p",

where d is the degree of K/Q,. Therefore we see that Theorem 1.1 and Corollary 1.3 are
equivalent.
We will study the structure of T'(X)/p™. For that, we consider the cycle map

ol T(X)/p" — Ha(X, u?). (4.1)

When FE; and FE3 have the same reduction type as in Theorem 1.1(1), (2), Raskind-Spiess
[RS00, Remark 4.5.8 (b)] showed that the cycle map is injective under the assumption that the
p-torsion points of Fy and Ey are K-rational. Furthermore by the argument similar to the
proof of [Yam05, Theorem 4.3], the image of T'(X)/p™ by the cycle map is isomorphic to the
image of the composition of the following maps:

P Ei(K') ® Ey(K') = @ HY(K', E\[p"])) @ HY(K', E3[p"])
K'|K K'|K
N
W HAK B @ ") S HAK, By @ Eafp'), (42)
K'/K
where K’ runs through all finite extensions of K, ¢} is the connecting homomorphism, and N

is the norm map. For each finite extension K'/K, by [Ser79, Chap XIV, Proposition 5] and
ppr C K’ we have the following commutative diagram:

HY(K',E\[p"]) @ H'(K', E5[p"]) ——— H*(K', EA[p"] ® Ex[p"])

: i

(K /p)®2 @ (K)* [p")*? —— T

() )gm

where the lower horizontal map is the direct sum of four Hilbert symbols. Thus the study of
T(X)/p" boils down to the calculation of the image of the composition of

(ks

Ey(K') @ By(K') 5 ((K')* /p")# @ (K')* [p")®2 2 it (4.3)

for each finite extension K'/K.



Theorem 4.1. Let E1, E5 be elliptic curves defined over K. Assume that their p™-torsion points
are K-rational. We put X = E1 X Ey. Then T(X)/p™ has the following structure.
(1) If both Ey and E3 have ordinary good reduction over K, then

T/p" =Z/p".

(2) If one of E1, Ey has split multiplicative reduction over K and the other has ordinary good
reduction over K, then

T(X)/p" = (Z/p")**
Proof. (1) For each finite extension K'/K, by Proposition 3.1 the image of (4.3) is isomorphic
to the direct sum of the following four images: (U I(?,),n, U I(?/)’n)pn, (U I(?,),n, A)pn, (AU I(?/)’n)pn and
(A, A)pn, where A is the annihilator of UI(((')’)n in the pairing (2.1). By Proposition 2.5 (3), we

have (UI(?,) ,Ul(?,) )p» = ppn. By the definition of A, we have (UI(?,) JApr = (A4, UI(?, )pr =
(A A)pn = 1. These images are independent of the finite extension K’/K. Therefore T(X)/p"
is isomorphic to Z/p™ by (4.2) and the injectivity of the cycle map (4.1).

(2) For each finite extension K'/K, the image of (4.3) is isomorphic to the direct sum of

the following four images: ((K’)X/p",Ul(?,)’n)pn, ((K")*/p™, A)pn, (I,UI((O,)n)pn and (1, A)p» by

(3.3) and Proposition 3.1. By Proposition 2.5 (1), we have ((K’)X/pnjUI(?,)m)pn = ppn. Since
the group A is cyclic of order p™ and the Hilbert symbol is a nondegenerate pairing, we have
(K')* /p™, A)pn = ppn. Hence we have T'(X)/p" ~ (Z/p™)®? by an argument similar to (1).

O

When an elliptic curve F has supersingular good reduction over K, we have not succeeded
in calculating the image of 6™ yet. It is not also clear whether the cycle map is injective in this
case. However, when n = 1, by Kawachi the image was calculated (Remark 3.2 (3)). Then we
have the following result.

Theorem 4.2. Let F1, o be elliptic curves defined over K and assume that their p-torsion
points are K-rational. We put X = E1 X Ey. Then

(1) If one of the Ey, E5 has split multiplicative reduction over K and the other has supersingular
good reduction over K, then the image of T(X)/p by the cycle map is isomorphic to (Z/p)®?.
(2) If one of the E1, Ey has ordinary good reduction over K and the other has supersingular
good reduction over K, then the image of T(X)/p by the cycle map is isomorphic to (Z/p)®?.
(3) If both Ey and Es have supersingular good reduction over K, then the image of T(X)/p by
the cycle map is isomorphic to the following.

(Z/p)®* if t1 #ty and t1 + 1t ;é -

1
Z/p if t1 =1t 75 or “tl 75 to and t1 +tg = 7,
p
0 Zf tl = tQ =

(—1)

2(p—1)’

where e is the ramification index of K/Qp, and t1 and ty are respectively the invariants of E;
and Ey defined in (3.4).

Proof. Since the proofs of (1), (2) and (3) are similar, we shall prove here only (1). We argue
in a similar way as in the proof of Theorem 4.1. By Remark 3.2 (1) and (3), it is sufficient to

calculate the following four images: (Kx/p, U (1 pHCl))p, (K*/p,U 1+pt)) , (1, UI((lipHcl))p, and
(1, Ul((ljpt))p. Since 1 <t < e/(p— 1), we have (Kx/p, (1 thrCl)) =(K*/p, Uf({ljpt))p = pup by
Proposition 2.5 (1). Hence the image of T(X)/p by the cycle map is isomorphic to (Z/p)®2. O
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