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ON EQUALITY CONDITION FOR TRACE JENSEN INEQUALITY
IN SEMI-FINITE VON NEUMANN ALGEBRAS

TETSUO HARADA AND HIDEKI KOSAKI

ABSTRACT. Let 7 be a faithful semi-finite normal trace on a semi-finite von Neu-
mann algebra, and f(¢) be a convex function with f(0) = 0. The trace Jensen
inequality states T(f(a*;m)) < T(a*f(x)a) for a contraction a and a self-adjoint
operator . Under certain strict convexity assumption on f(¢) we will study when
this inequality reduces to the equality.

1. INTRODUCTION

Jensen-type operator inequalities for operator convex functions have been inves-
tigated by many authors (see §2.1 for information). For example it was shown in
[9] that an operator convex function f(t) with f(0) = 0 satisfies f(a*za) < a*f(x)a
for a self-adjoint operator x and a contraction a, and hence the numerical inequality
7(f(a*za)) < 7(a*f(x)a) holds true with a trace 7 on a von Neumann algebra. Op-
erator convexity here is quite a strong condition, and it is known that the ordinary
convexity is actually sufficient for such a trace inequality. Indeed, the trace inequality

T(a*g(x)a) < T(g(a*xa))

was shown (as long as the both sides are well-defined) in [3] for a concave function
with ¢(0) = 0 and a positive T-measurable operator z. The closely related inequality

r(a(f(x))) = 7(f(a(x)))

for a positive contractive map o : M — M and a convex function f(¢) with f(0) =0
(see [18]) is also known. In our recent article [11] among other results the following
trace Jensen inequality was shown:

(1) T(f(a*xa)) < T(a*f(x)a)
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(as long as the both sides are well-defined) for a convex function f(¢) with f(0) =0
and a semi-bounded 7-measurable operator = (i.e., z > —m or x < m for some
m € Ry).

The purpose of the present article is to investigate when the trace Jensen inequality
(1) reduces to the equality. Of course certain strict convexity of f(t) has to be assumed
here. The “ordinary strict convexity” (i.e., f(Aty+ (1 —A)ta) < Af(t1) + (1 —N)f(t2)
as long as t; # to, 0 < A < 1) is desirable, However, we have to require stronger strict
convexity in our operator algebra setting and “absence of eigenvectors” is responsible
for this difficulty.

We explain our approach to the above problem along with the organization of
the article. Let g(¢) be a non-affine operator convex function on a suitable interval
I (3 0) satisfying ¢g(0) = 0. We at first study when the operator Jensen inequality
a*g(z)a > g(a*za) reduces to the equality, and a*z*a = (a*za)? turns out to be a
necessary and sufficient condition (whose meaning is clarified in Remark 4). This fact
(almost implicit in [4, 18]) is proved in Corollary 3 (in §3 for an interval I of finite
length) and Theorem 9 (in §4 for I = [0, 00)), and might be of independent interest.
Let us assume that a function f() is of the form f = ¢ o g with a convex and strictly
increasing function ¢(t) for instance. The equality in (1) for this composition f(t) is
shown to imply a*g(z)a = g(a*za) and hence a*z?a = (a*wa)?. Here, monotonicity
properties on trace values obtained in [11, §5] (which are summarized in 2.2) play
crucial roles. An interval of finite length (on which f(¢) is defined) is considered in
§3 whereas we deal with the case of the half line [0,00) in §4. For example, when
is a finite interval, a C*-function f(t) with strictly positive f”(¢) can be expressed
in the form ¢ o g as above (after adding a suitable linear term). Our investigation
is somewhat indirect, but our equality condition will be shown to cover quite many
situations and to have an abundance of applications.

Validity of our equality condition under the ordinary strict convexity seems to
deserve investigation, and the authors hope to come back to this problem in future.
As a supporting evidence, in Appendix we will show that it is indeed the case for
matrices or more generally for compact operators.

2. PRELIMINARIES

2.1. Operator monotone and operator convex functions. A continuous func-
tion f(t) on an interval I is said to be operator monotone (on I) when

f(@) < fy)

holds true for any pair (z,y) of self-adjoint operators with spectra included in [ sat-
isfying « < y. Lowner’s theory (see [6] for details) shows that an operator monotone
function f(t) is characterized as a Pick function, i.e., f(t) can be extended to an
analytic function on the open upper half plane with positive imaginary part.
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A continuous function f(t) on an interval [ is said to be operator convex (on I)
when we have

fAz+ (1 =XNy) <Af(z)+ (1= A)f(y)

for each A € [0, 1] and self-adjoint operators xz,y with spectra included in I. When
—f(t) is operator convex, we say that f(¢) is operator concave. It is known (see |1,
Theorem 3.3]) that f(t) is operator convex if and only if

f(t) — f(to)
t— 1

is operator monotone for each ty € I.
It was shown in [4, 5] that an operator convex function f(t) satisfies

m(f(x)) = f(w(z))

for a positive unital map 7 (which is closely related to the classical Kadison inequality
[14]). Another related result is the operator Jensen inequality ([9]) stating

@ f(x)a > f(a*za),

where x is a self-adjoint operator (with the spectrum o(x) sitting in /) and a is a
contraction (i.e., ||al]| < 1). The possibility a = 0 is not excluded here so that 0 € I
has to be assumed in order that the right side makes sense. Note that f(0) < 0 has
to be also assumed (indeed, the inequality means f(0)a*a > f(0)1 for z = 0). A
readable account on these and related subjects can be found in [1, 9, 10] for instance.

An equality condition for the first inequality (for f(¢) non-affine operator convex)
was studied in [4, 17]. Namely, it reduces to the equality for every self-adjoint « if and
only if 7 is a C*-homomorphism, i.e., w(2?) = 7(x)? ([4, Theorem 2.5]). On the other
hand, it was shown in [17] that the equality holds for a single self-adjoint x if and only
if m is multiplicative on the algebra generated by x. Certain integral representations
for operator monotone and operator convex functions are known, which are essential
tools for these characterizations as well as our Theorem 2 and Theorem 9 in later
sections.

2.2. Monotonicity on trace values. Let M be a semi-finite von Neumann alge-
bra equipped with a faithful semi-finite normal trace 7 (throughout the article). A
densely-defined closed operator x affiliated with M is said to be 7-measurable if for
any € > 0 one can find a projection e € M such that the subspace cut by e is included
in the domain of x and 7(1 — e) < e. Basic facts on 7-measurable operators can be
found in [16, 20] for instance. The only thing needed in this article is the following
standard fact: the set of all T-measurable operators forms a *-algebra and one can
treat them without worrying “domain problems”.
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Let y be a self-adjoint 7-measurable operator (with the Jordan decomposition
y=1vyy —y_). When 7(y,) < oo or 7(y_) < 0o, we say that 7(y) is well-defined and
we set

7(y) = 7(y+) — 7(y-).
Note that 7(y) is well-defined as long as y € L'(M;7), i.e., 7(Jy]) < oo. The

following monotonicity properties (obtained in [11, Theorem 16]) will be repeatedly
used in sequel:

Theorem 1. Let f(t) be a continuous increasing function (on R) with f(0) =0, and
we assume that self-adjoint T-measurable operators x,y satisfy x < y.

(i) The trace inequality 7(f(x)) < 7(f(y)) holds true as long as the both sides are
well-defined.

(ii) We further assume strict increasingness of f(t) and integrability x, y, f(z),
f(y) € LY(M; 7). Then, we must have x =y as long as the equality 7(f(z)) =
7(f(y)) holds.

(iii) We have the same conclusion as (ii) under convezity and strict increasingness

of f(t) and integrability f(x), f(y) € L*(M;T).

2.3. Spectral dominance. For positive 7-measurable operators x,y the spectral
dominance x 2 y (or y < x) means that their spectral projections satisfy

6-(2700) Z e?s,oo) (8 > 0)

in the Murray-von Neumann sense. This means that there exists a partial isometry

u € M satistying ef, ) > uu” and u'u = ef, ). Note that ef, ) Z €[, ., vields

T (efsyoo)) > T (e%syoo)). From this we easily conclude that the spectral dominance

x 2 y implies 7(g(x)) > 7(g9(y)) for each continuous increasing function ¢(t) on
0

[0, 00) satisfying g(0) = 0 (see [3, Lemma 4]).

3. EQUALITY CONDITION (FINITE INTERVAL)

In this section (and the next) we will investigate when the trace Jensen inequality
(1) reduces to the equality. We begin by pointing out that some modifications of
reasoning in [4, 17] enable us to prove the next equality condition for operator Jensen
inequality. This result (as well as Corollary 3) could be useful by itself, on which our
analysis here will heavily rely.

Theorem 2. We assume that g(t) is a non-affine operator convex function on an
interval (v, 3) containing the origin and g(0) = 0. For a self-adjoint operator x
(with o(x) C («, 8)) and a projection e the operator Jensen inequality reduces to the
equality g(exe) = eg(x)e if and only if ex = xe.
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Proof. The commutativity ex = xe obviously implies g(exe) = eg(x)e (due to g(0) =
0). To show the converse, let us assume g(exe) = eg(x)e. We set
g —« a+ 3
) tO =
2 2
for convenience, i.e., (o, ) = (to — 7, to + ) and make use of the well-known integral
expression

T =

g(t) = p+qt+/w %du@)

(see [1, Corollary 2 in p.69] or [9, Theorem 4.5] for instance). Here, p is a measure
n [—1/r,1/r] (with total mass ¢”(t)/2) and p,q € R. Note p # 0 (since g(t) is
non-affine) and
1/r
0= / .
=p 1/r 1+ Sto (S)
Subtracting this from the expression for ¢(t), we arrive at
(t — to)? t
1—S(t—t0) 1+St0‘

1/r
t) =qt+/_1/rgs(t) du(s) with g,(t) =

Each integrand is operator convex on (to —7,tg+7) (i.e., egs(x)e > gs(exe) in general

- see also the paragraph right after the proof), and hence the assumption g(exe) =
eg(z)e means

egs(z)e = gs(exe) for s € [—1/r,1/r] p-a.e.
We note .
egs(z)e = e(x — tg)? (1 — s(x — to)) e—ta(1+stg)”"

Notice that gs(exe) also lives on the subspace cut by the projection e because of
g(0) = 0. Thus, gs(exe) (= egs(exe)e) is given by

(exe — t0)2(1 — s(exe — to))_l — 12(1 + stg) ™!

gs(exe) = e
2 -1 -1
= (exe — tge) (e — s(exe — toe)) —t5(1+stg) e

= (e(x — t0)6)2(6(1 — s(x — to))e)_l — t5(1 + sto) ™!

with inverses as operators acting on the subspace. Thus, the above operator equality
means

(2) e(x — t0)2(1 —s(x — to))_le = (e(x - t0)6)2(e(1 — s(x — to))e)

for s € [-1/r,1/r] p-a.e.
If ©({0}) > 0, then we must have

e(z —tg)%e = (e(x — to)e)

-1

2
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(i.e., (2) with s = 0). This says ex’e = (exe)?, implying ez = xe due to

2

0 = ex’e — (exe)? = ex(1 — e)we.

On the other hand, when p({0}) =0, (2) is valid for some s € [-1/r,1/r]\ {0}. In
this case we set y = 1 — s(z — to) (i.e., v —top = s7'(1 — y)). We note that y (> 0)
admits a bounded inverse and the both sides of (2) are computed as follows:

e(x — t0)2(1 —s(x — to))_le =s52e(1—y)y e
=s52e(1—2y+9°)y* le — 2e +eye},

(e(w — t0)6)2(e(1 — s(z — to))e)_l =s5%(e(1 —y)e)*(eye)
= s %{e — 2eye + (eye)*}eye) ™t = s *{(eye) ' — 2e + eye}.

e=s*{ey”

We thus get ey~'e = (eye)™! from which ey = ye is to be shown.
To do so, we set
_ |y =
Y [Z* sz

(relative to the decomposition 1 = e + (1 — ¢)). Note that y1, yeo are positive and
invertible (since so is y), and let us recall the well-known computation

|1 zym | |y — 2y 2t O 1 0
y 0 1 0 Yoo y;zlz* 1

(to deal with the “Schur complement” v, — 2y5'z* -+ see [13, §7.7] for instance).
We note

111 _ -1
0 1 0 1 Yoy 2% 1 — Y2t 1|7

Therefore, the (1,1) block y1; — 2y 2* in the above middle matrix is also invertible
(and positive) and we have

-1 _
y~l = 11 0 (yn - zy;jz*) 0|1 —zy .
— Yy 2F 1 0 vl 10 1
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We thus compute

- - -1 —
ey~le = L0 1 0 (y11_2y2_212*) 0 ][l —2y'| (1 0O
0 0f [~y 1 0 yt| 0 1 0 0
_[ro (yll —Zy2_212*)_1 USRS
00 0 yt| 00
[ -1
_ (yll - Zy2_212*) 0 )
i 0 0

Thus, if ey~te = (eye) ™!, then we have 2y, 2* = 0, implying z = 0 and [y,e] = 0. O
From the above computation we generally have
ey e > (eye) .

Here, the left side is understood as an operator acting on the subspace while the
inverse in the right side should be taken as an operator on this subspace. Observe that
ey~ te > (eye)™! implies eg,(x)e > gs(exe) (by reversing the preceding arguments).

A similar characterization for operator convex functions on intervals of the form
[0, ) (with possibly a = co) will be shown later (Theorem 9). The next generaliza-
tion is based on the standard “dilation technique” (used in [9, p.230] for instance),
which will be repeatedly used.

Corollary 3. We assume that g(t) is a non-affine operator convexr function on an
interval («, B) containing the origin and g(0) = 0. For a contraction a and a self-
adjoint operator x with o(x) C («a, 8) the following conditions are equivalent:

(i) g(a*za) = a*g(r)a;
(i) a*r?a = (a*za)?.

Proof. We set

U= [a _Z*l with b = (1 — aa*)/?, ¢ = (1 — a*a)'/?,

C
z 0 1 0
T:b(* E:bow
We note

o(EUTUE) = g Qa*om 8]) _ lg(a*xa) 0 1 _ [g(a*m) 0] |

and we also set
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On the other hand, since U is a unitary operator, we compute

0 0

Theorem 2 says that g(a*za) = a*g(x)a if and only if U*TUE = EU*TU, but we
compute

Eg(U*TU)E = EU*¢(T)UE = [“*9 (z)a 0] .

U'TUE = lgﬁ 8} ., EUTU = la*(;”“ “*(;”b]
Thus, the latter condition is the same as a*xb = 0, or equivalently
(3) 0 = a*zb*va = a*z(1 — aa*)xa.
]

Remark 4. The condition a*x?a = (a*za)? (in the preceding corollary) is also equiv-
alent to
a*z(l —a*a)?  or equivalently a*z(1 —a*a) =0
(see (3)). This condition implies aa*x(l — aa*) = 0, i.e., aa*s = aa*vaa* (= raa®).
Let a* = ula*| be the polar decomposition and {e!®1} be the spectral projections for
la*| (0 < |a*| < 1). We have [|a*|,z] = 0, and the condition a*z*a = (a*za)?* is
obviously equivalent to |a*|x?|a*| = (|a*|z|a*|)?, that is,
2?a**(1 - |a*]?) = 0.
The projection onto the closure of the range of |a*|*(1 — |a*|*) being the spectral

projection e‘(%jﬁl') (corresponding to the open interval (0,1)), the self-adjoint operator

x must be of the form

Zo 0 O
r=|0 0 0
0 O T

|a¥| |a] |a¥|

relative to the orthogonal decomposition 1 = €0y T €0,1) T €1y - Conwversely, when x
is of this form, we obviously have |a*|x?*|a*| = (|a*|z|a*|)?* and a*z?*a = (a*za)?® (or

more generally a* f(x)a = f(a*za) for any f(t) with f(0) =0).

In this article, a function f(¢) on [a, 3] is called a strictly convex function if its
domain can be extended to (a— dy, 34 91) (for some §; > 0) in such a way that (the
extended) f(t) is of class C% on (o — 61,8+ 1) and f”(t) > 0 on [a, 3].

Lemma 5. Let f(t) be a strictly conver and strictly increasing function on [« f3],
and we assume 0 € (o, 3) and f(0) =0. Ford >0 small (a+0 <0< —0) we can
find two functions g(t) and ¢(t) satisfying
(i) g(t) is a non-affine operator convex function on [+ §, 5 — §] with g(0) =0
and g([a+ 6,6 —9]) C [a+6/2,8—48/2];
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(i) &(t) is a conver and strictly increasing on [a+ /2, 3 — 0/2] with ¢(0) = 0;
(iii) f=¢ogonla+d,5—7].

Proof. For € € (0, 1] we set
(4) g(t) = (t+2L0)"** — (20)"°  with L = max{8 — a,1}.

It is of course operator convex on [«, (], and the inverse is given by

g7 (1) = (t+ (20)+) """ _aL,
We compute
Lo\ —/(1+e) 1o —&/(+e)—1
PRI Az EER S (A7
and note
(5) { 9(8—9) - (6—6+2L)1+Z - (2L)1+Z N B =4,
gla+d)=(a+0+2L)'" - (2L)'* S a+d

as € \, 0. Monotonicity of the convergence here is guaranteed by
B—0+2L>2L>2 and 2L>a+d+2L > L > 1.
Thus, for ¢ sufficiently small we have
g(a+6,8—90]) Cla+d6/2,0—47/2].

We will show that € > 0 can be chosen in such a way that the composition

o) = fog'(t) (= £ ((t+ 20)) " ~21))

is convex on [a +9/2, 8 — 0/2]. Note that ¢(¢) is strictly increasing since so are f(¢)
and g~1(t).
To choose € making ¢(t) convex, we need to compute ¢”(t). We have

S0 = IO YO) + e )
{ o) + f’(gl(t))(gl2”(t)]
(g7 ®)

while the above computations for (g71)'(¢), (¢~1)"(t) mean

2

= (v™m)

PO
g
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Hence, we get
1 “ivi 2 | gy —1 ef'(g7'(t))
0 = (o) | ooy - L0
We note
g8 —6/2) = (8- 6/2+ (20)+) "7 —aL — 552,

/(14¢)

g (a+6/2) = (a+8/2+ D))" oL — a2

as ¢ — 0. Thus, for € > 0 sufficiently small (that might be even smaller than the
previously chosen one - -+ note monotonicity in the convergence (5)) we have

g7 (o +3/2,8—6/2]) C [o, 8.

We set
I = min{f"(s); s € [a, 5]},

Strict increasingness of f(t) says I, II > 0, and for ¢ < I /11 we indeed have ¢"(t) > 0
on[a+46/2,6—-49/2]. O

Remark 6. Let f(t) be a strictly conver and strictly increasing function on [a, [3]
containing 0 and we assume f(0) = 0. From the definition we observe that the
function has the same property on a slightly extended interval [av — 01, 8 + 61] (for
01 > 0 small enough). For f(t) considered on this extended interval we make use of
Lemma 5. Namely, by choosing ¢ (in the lemma) smaller than §,, we see that f(t)
can be expressed as a composition ¢ o g (on [, []) in such a way that

(a) g(t) is a non-affine operator convex function on |a, B3] with g(0) =0,
(b) ¢(t) is defined on a suitable interval (larger than g(|c, 5])), and it is convex
and strictly increasing there with ¢(0) =0,

The function g(t) here is actually operator conver on an interval somewhat larger
than [a, B]. Indeed, the function g(t) used in the proof of the lemma is explicitly
given by (4), and it is operator convex on [—2L,00).

We are now ready to prove the next main result in the section.

Theorem 7. Let f be a strictly convex function with f(0) = 0. For a self-adjoint

operator z in M N LY(M;7) and a contraction a € M the following conditions are

equivalent:
(i) 7(f(a*za)) = 7(a" f(x)a);
(i) a*z’a = 2

(iii) o f(x)a = f
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The assumption here (and the next corollary) means the following: f(¢) is a strictly
convex function on an interval I (of finite length) containing 0, and = € M, satisfies
o(z) C I and integrability 7(|z|) < oco. Note that the function f(¢) (and other
functions appearing in the proof below) is in modulus majorized by kl|t| (on I) for
some k. Theorem 1 is to be used in the proof below, and the integrability requirement
fla*za),a* f(x)a € L*(M;T) there is automatic.

Proof. The implication (ii) = (iii) was pointed out in Remark 4 so that (i) = (ii)
has to be proved. If the function f(t) in question satisfies the trace equality, then
so does f(t) + Mt for A € R (due to x € L'(M;7)). By changing f(t) to f(t) + At
with A sufficiently large, we may and do assume strict increasingness of f(t) from
the beginning. Thanks to Lemma 5 and Remark 6 we can find functions g(t), ¢(t)
satisfying (a),(b) (in Remark 6) and f = ¢ o g.

One can prove a*g(x)a = g(a*za) based on Theorem 1. Indeed, since ¢(¢) is convex,
the trace Jensen inequality (1) shows

(@ f(z)a) = T(a*¢(g((x))a) = T(¢(a"g(x)a)).

On the other hand, we have a*g(a)a > g(a*za) by operator convexity of g(t) (see
2.1), and consequently

T(¢(a”g(a)a)) = 7(d(g(a"za))) = 7(f(a"za))

by increasingness of ¢(t) (see Theorem 1,(i)). Hence, the assumption 7(f(a*za))
= 7(a*f(x)a) says
T(¢(a”g(a)a)) = T(¢(g(a’ra))),

and a*g(z)a = g(a*za) follows from Theorem 1,(ii) or (iii). Recall that ¢(t) can
be considered as an operator convex function on a slightly larger open interval (see
the last part in Remark 6). Thus, we can use Corollary 3 and conclude a*z%a =

(a*za)?. O

In the above proof the assumption z € L'(M;7) was used only when we change
f(t) to f(t) + At (which is strictly increasing for A large). Therefore, if f(¢) is
assumed to be increasing in addition, then this procedure is not required and this
integrability condition can be dropped. But of course we have to assume integrability
of f(a*za),a* f(z)a instead (besides the boundedness z € M).

Corollary 8. Let f be a strictly convex function with f(0) = 0. For self-adjoint
operators x,y in M N LY (M;1) and operators a,b € M satisfying a*a + b*b < 1 the
following conditions are equivalent:

(i) 7(f(a*za+b"yb)) = 7(a”f(x)a+ b f(y)b);

(ii) (a*za+ b*yb)? = a*x*a + b*y?b.
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Proof. Theorem 7 says that (i) is satisfied if and only if the 2 x 2-matrices

(6) A:[Z 8} and X:[g 2}

(see the proof of [11, Corollary 9]) satisty
(7) A*X2A = (A*X A2
It is straight-forward to compute

A X2A — la*:ﬁaa—b*y% 8] (AXA) = l(a*xa —g b*yb)? 8]

so that the condition (7) is equivalent to (ii). O

For simplicity let us assume that ¢ = Al and b = pl with A, u scalars in [0, 1].
When either (z,y) = (0,0) or (A, 1) = (0,0),(1,0), (0, 1), we obviously have the trace
equality and (7) is indeed satisfied. Thus, let us assume that none of them is satisfied.
Then, the condition (7) (see Remark 4 for its meaning) is equivalent to

r=vy and N +p?=1.

This is an easy linear algebra exercise and details are left to the reader.

4. EQUALITY CONDITION (HALF LINE [0, 00))

We have been dealing with intervals of finite length containing 0 so far. This
finiteness assumption cannot be avoided (at least in our proof) because our proof
relies on Theorem 2. Consequently, our analysis has been restricted to bounded
operators. In this section we will prove a counterpart to Theorem 2 for the half line
[0, 00) at first. This will enable us to study equality conditions for various Jensen-type
trace inequalities involving positive 7-measurable operators.

Theorem 9. Let a € (0,00]. We assume that g(t) is a non-affine operator convex
function on [0, «) satisfying g(0) = 0. For a self-adjoint operator x (with o(x) C
[0,)) and a contraction a the operator Jensen inequality reduces to the equality
g(a*za) = a*g(z)a if and only if (a*wa)? = a*za.

Proof. Thanks to the dilation technique in the proof of Corollary 3, we may and do
assume that a = e is a projection (and we have to show g(exe) = eg(x)e = ex = ze).
The assumption is equivalent to the property that g(¢)/t is operator monotone on
(0,) (see [9, Theorem 2.4]). On the other hand, operator monotone functions are
characterizes as Pick functions, and such a function (i.e., g(¢)/t in our case) admits
an integral expression of the form

+ t+/ [ ! "1 du(s)
— S
b (—o000)\ (0,) LS — & s2+1 s
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(see [6, Theorem 1 in p.20 and Lemma 2 in p.26]). Here, p € R, ¢ > 0 and p is a
measure on (—o0,00) \ (0, ) satisfying [(s*+1) 'du(s) < oo. Note that the integral
is over the half line (—oo, 0] when o = co. From these facts we conclude

gt) = pt +qt* + [ 9:() du(s
(—O0,00) \ [0,0z) )

with

0.() =t | ! "]

s—t s2+1
Observe that the assumption ¢g(0) = 0 forces u({0}) = 0. Indeed, otherwise the
constant term —p({0}) would show up from gy(t) = —1. We also note ¢ > 0 or  # 0
since ¢(t) is non-affine.
Let us assume eg(x)e = g(exe). Since

(when s > «),

(when s = —s > 0),

gs(t) is operator convex on [0, «) for either s < 0 or s > «. Thus, we generally have
egs(r)e > gs(exe) for these s’s (as well as ex?e > (exe)?) and we must have

{ q(ea?e) = q(exe)?,

egs(z)e = gs(exe) for s € (—o0,00) \ [0, ) p-a.e.

Let us assume ¢ = 0 (since we are done otherwise). Then, p # 0 and we have
egs(z)e = gs(exe) for some s € (—o0,00) \ [0, ). Firstly we have

egs(z)e = ex(s — ) te — s(s* + 1) te.
On the other hand, since gs(0) = 0, the operator gs(exe) (= egs(exe)e) is given by
gs(exe) = e (exe(s —exe) ! — s(s* + 1)_1) e
= exe(se —exe) = s(s? + 1) e
= eze(e(s — m)e)_l —s(s*+ 1) e
Therefore, the equality egs(z)e = gs(exe) yields

ex(s —x) e = exe(e(s - x)e)_l

When s > a, we set y = s — x (which is positive and invertible) and compute
ex(s —x) te=e(s —y)y le = sey le —e,

exe(e(s - x)e)_l !

= (se — eye)(eye) ! = s(eye) ' —e.
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On the other hand, when s < 0, with y = —s 4+ x (positive and invertible again)
instead we similarly get

-1
ex(s —x) e = —sey e —e, exe(e(s - 513)6) = —s(eye) ' —e.
Thus, we have ey~'e = (eye)™! with y positive and invertible in both cases (due to
s # 0), and consequently [y, e] =0 (i.e., [z, e] = 0) by the arguments in the last part
of the proof of Theorem 2. [

For simplicity let us concentrate on the special case &« = co. The preceding theorem
obviously remains valid for a positive 7-measurable operator x (with the identical
proof).

Theorem 10. Let f(t) be a continuous convex function on [0,00) with f(0) = 0.
We assume that a positive T-measurable operator x and a contraction a € M satisfy
a*f(x)a, f(a*za) € LY(M;T). Then, from the trace equality 7(a* f(z)a) = 7(f(a*za))
we can conclude (a*xa)? = a*z?a if one of the following conditions is fulfilled:
(a) f = ¢ o g with a non-affine operator convex function g(t) on [0,00) with
g(0) = 0 and a convex strictly increasing function ¢(t) (on the range of g(t))
with ¢(0) = 0;
(b) f(t) is strictly increasing, twice differentiable on (0,00) and

(8) inf{sfllgg); s> 0 and f'(s) > O} > 0.

Proof. We assume (a) and begin with the claim: ¢(a*g(z)a) € L'(M; 7). Indeed, we
observe

T(¢(a"g(x)a)y) <7 ((a*¢og(r)a)y) =7 ((a’f(r)a)y) < o0

by the trace inequality in [11, Theorem 9] together with the integrability assumption
a*f(x)a € L*(M;7). On the other hand, from the operator inequality —g(a*za) >
—a*g(x)a we have the spectral dominance

g(a’za)- = (—g(a’wa)) % (~a’g(z)a) = (a"g(x)a)-.

Since ¥ (t) = —¢(—t) is also increasing and ¥ (0) = 0, we observe
7 (d(a*g(x)a)-) = 7 (¢((a*g(x)a)-))
<7 (¢(9(a"wa)-)) = 7 (d(g(a’za))-) = 7 (f(a"za))

(see 2.3). From this spectral dominance and the integrability f(a*za) € L'(M;7)
we get ¢(a*g(x)a)_ € L'(M; 1) and the claim is established.
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Integrability of all the involved operators are checked, and as in the proof of The-
orem 7 we have

T(a*f( Ja) = (a*as(g(x))a)

T(o(a*g(x)a ) (by convexity of ¢(t))

o(g(a*za ) (by increasingness of ¢(t) and a*g(x)a > g(a*za))
f

CLJICL)

either ¢(t) <0 or g¢(t) > min{g(s); s >0} > —o0,

and hence g(z) is always semi-bounded. Thus, the above use of the trace Jensen
inequality (1) is certainly legitimate. Hence, when 7(a*f(z)a) = 7(f(a*za)), we
must have 7(¢(a*g(x)a)) = 7(¢(g(a*za))). Since ¢(t) is strictly increasing, Theorem
1,(iii) says a*g(z)a = g(a*wa), and consequently we have a*r?a = (a*za)? thanks to
Theorem 9.

We next show that the case (b) can be reduced from (a), by regarding f as the
composition ¢ o g with

g(t) =t (e € (0,1]) and ¢(t) = f (g7'(t)) = f (£/0*9).
It is plain to compute

§ 422/ (1+2) e ef! (tl/(1+s))
¢ (t) = 4(1 —|—£)2 f ( ) - tl/(1+€)
When £ (tl/(1+5)) = 0, we have ¢”(t) > 0 (due to f” (tl/(1+5)) > 0. Otherwise (to
get ¢"(t) > 0) we must have

sf"(s) T .
70s) > e (Wlth s = ¢1/0+ )).

Thus, the condition in (b) (i.e., (8)) guarantees ¢”(¢) > 0. O

Remark 11. Let f(t) be a continuous convex function on [0,00) with f(0) =0 as in
the theorem. Then, we have

(9) T(f(@) + fy) < 7(f(z +y))

for positive T-measurable operators x,y (as long as the both sides are well-defined,
i.e., ‘00— 00" does not occur). This fact can be easily derived from the trace Jensen



16 T. HARADA AND H. KOSAKI

inequality (1) in the following way ([3, Proposition 15] or [7, Proposition 4.6]): Let
u,v € M be contractions satisfying

a? = u(z + )2 Y =v(z+y)'2,

u*u 4+ v*v = the support projection of x + y.

We then estimate

T(f(@) +7(f(y) = 7(f (wz+y)u’)) +7(f (v(z+y)7))
< T(uf(z+y)u’) +7(0f(z+y))
7 ((u*u+v*v) f(x +v)) .
Since u*u + v*v s the support projection of x + y, the last quantity is nothing but
7 (f(x +vy)), showing (9).

Let us assume that f(t) satisfies one of the conditions in Theorem 10. Then for
x,y > 0 with f(x), f(y), f(x+y) € LY(M; 1) the inequality (9) reduces to the equality
if and only if x,y have orthogonal supports, i.e., xy = 0. Indeed, the equality implies
7 (f (u(z + y)u*)) =7 (uf(x + y)u*) so that we must have

(u(x + y)u*)? = u(z + y)*u*

by Theorem 10. The left side here is x* while the right side can be computed as
u(z + y)2u* = 2V (x + y)xt? = 2% 4 2V Pyat/2.
Therefore, we conclude x'/?yx'/? =0, i.e., xy = 0.
Note that the condition (8) means:

f'(t)/t¢ is increasing for € > 0 sufficiently small.

Let us consider the convex functions f(t) = ¢" (r > 1) on the interval [0, 00). It is
operator convex for r € (1, 2], and both of the conditions (a),(b) in the theorem can
be easily checked for general r > 1. Thus, we have

2

7((a*ra)") = T(a*2"a) <= a*2’a = (a*wa)®.

However, we have the spectral dominance
(10) (a*za)" S a*z"a (r>1)

since t" is convex and increasing on [0, 00) (see [7, Lemma 4.5]). Slight modifications
of the preceding arguments together with (10) actually yield the next proposition
(which will be useful for dealing with || - ||,-norm inequalities). Note that for a
function f(t) in the proposition we generally have

(f((a’za)")) < 7(f(a’a"a)) (< o)

(see [3, Lemma 4] for instance).
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Proposition 12. Let f(t) be a continuous, convex and strictly increasing function
on [0,00) with f(0) = 0. We assume that x is a positive T-measurable operator and
a € M is a contraction. Then, the trace equality

T(f((a*a:a)’")) = T(f(a*x’"a)) (< 00)

holds true for some r € (1,00) if and only if (a*ra)* = a*2?a.

Proof. When (a*za)? = a*z%a, we have (a*ra)” = a*x"a as was pointed out in Remark
4. To show the converse, we make use of the operator inequality

(11) a*z"a > (a*za)" forr € (1,2,

which is a consequence of operator convexity.
At first we assume r > 2 and set ¢(t) = t"/2. Notice the following estimates:

T(f@a) = 7(f('6(+%)a))
r(fo0(aa%)
> 7(fod((a'za)?)) = r((a"za)),

Here, the first inequality follows from increasingness of f(¢) and the spectral dom-
inance a*¢(x?)a 2 ¢(a*z%a) (i.e., (10) with r/2 and z? instead) while the second
follows from increasmgness of fo¢ and a*x?a > (a*za)? (i.e., (11) with r = 2). The
trace equality thus implies

m(foo(as?a)) =7 (f o0 ((a"xa)’)).

Since f o ¢ is convex and strictly increasing, we have the operator equality a*z?a =
(a*ra)? thanks to Theorem 1,(iii).

Secondly we assume r € (1,2]. If the trace equality holds, then (11) and strict
increasingness of f(t) guarantee (a*xa)” = a*x"a thanks to Theorem 1,(iii) again and
the desired result follows from Theorem 9. [

Vv

A version akin to Corollary 8 is also possible, and details are left to the reader (see
[15, §6] for related topics). The special choice f(t) = t* in the proposition gives rise
to the following:

Corollary 13. We assume p € [1,00) and r € (1,00). Let x be a positive T-
measurable operator and a € M be a contraction. Then, the || - ||,-norm inequality
l|(a*za)"||, < ||a*z"al|, reduces to the equality

|la*a"all, = [[(a"za)"]], (< o0)

if and only if (a*ra)? = a*x2a.
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Note that the result is not valid for p = co. Indeed, let us consider operators e, x
of the forms
e=FE®1 and z=X; & X,

with a projection F and X; > 0. When ||X;]| is small and || X3|| is large, the operator
norms ||la*z"all, ||(a*xza)"|| do not see the respective first direct summands.

Corollary 13 (and the next Proposition 14) should be compared with related anal-
ysis for compact operators made in [12, §3]. Note that operators of the forms

n n T
> aixla;, <Z afxiaZ) (with z; >0 and >, afa; <1)
i=1 i=1

are treated there, but one can use n X n matrices analogous to the 2 x 2 matrices
given by (6) (to reduce everything to the case n = 1).

Corollary 13 obviously means mutual equivalence of the three conditions under the
assumption a*z"a € LP(M; 1) with r > 1:

(a) (a*za)?* = a*z?a, (b) a*z"a = (a*za)", (c) ||a*z"al|, = [|(a*za)"||,.

Note that Theorem 9 says that for r € (1, 2] the implication (b) = (a) is valid without
the assumption a*x"a € LP(M; 1) (due to operator convexity of ¢" with exponents r
in this range). The following easy fact seems to be worth pointing out:

Proposition 14. We assume that x is a positive T-measurable operator and a € M
is a contraction. Then, we have a*z"a = (a*xa)” for some r > 0, r # 1, if and only

if (a*za)? = a*2*a.

Proof. The implication a*r?a = (a*za)? = a*z"a = (a*za)" is obvious (see Remark
4). To show the converse, we note
(12) a*r’a = (a*za)® <= a*z"a = (a*za)” (r € (0,1)).

In fact, the operator monotone function t" is operator concave, and the assertion
follows from Theorem 9 applied to the operator convex function —t". Thus, when
r € (0,1) (and ex"e = (exe)"), we are done. On the other hand, when r € (1, 00),
the assumption ex"e = (exe)” implies

exe = (ex"e)’" > e ()" e = exe

due to operator concavity of ¢'/7. This shows (ea:’”e)l/ " = ewxe and consequently
[z", €] = 0 thanks to (12) with 1/r € (0,1) instead. We thus have [z,e] =0. O

The equivalence (12) can be also directly seen by arguments similar to those in the
proof of Theorem 2 (or Theorem 9) together with the well-known integral expression

g sn(7r) /OO L og1d4s t>0
T 0o s+t
for r € (0,1) (see [2, p.145] for instance), and details are left to the reader
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APPENDIX A. EQUALITY CONDITION (MATRIX CASE)

Let f : R — R be a strictly convex function “in the usual sense”: For different
t1,t2 we have f(My + (1 — Nt2) < Af(t1) + (1 — ) f(t2) as long as A € (0,1). In
this appendix we will show that for matrices our characterization (such as Theorem
7 and Theorem 10) is available under this usual notion of strict convexity.

We begin with the claim: For {t;},1 2., mutually different and {\;}ic12.. »
satisfying A; > 0, >2%_; A; = 1 we have

(13) i )\]f(t]) = f (i )\jtj) - )‘j =1 for some j

Indeed, it is just the definition for n = 2, and let us assume (13) for n — 1 (to prove
the assertion by induction on n). By permuting \;’s and z;’s (if necessary), we may
and do assume t; < t, (i = 1,2,--- ,n —1). We also assume A, < 1 (since we are
done otherwise). By setting £ = "' \;j(1 — \,) " (< t,), we estimate

f (f: )\jtj) = f ((1 —A\)t+ )\ntn)
(1 - )‘n)f(g) + )\nf(tn)
< -0 (E M- 007 10) + dufla) = S a5t

IN

by the repeated use of convexity. Thus, if the equality in (13) is satisfied, then we
must have

FIA=2A) T+ Matn) = (1= A) F(D) + Aaf (t0)-

Strict convexity thus shows A, = 0, and the induction hypothesis takes care of the
rest.

Theorem 15. Let f(t) be a strictly convex function in the usual sense (as explained
above) satisfying f(0) = 0, and we assume that n X n matrices a, x satisfy v = x* and
lla]| < 1. Then, we have Tr(a*f(x)a) = Tr(f(a*za)) if and only if a*x*a = (a*za)?.

Proof. By the dilation technique in the proof of Corollary 3, it suffices to show
Tr (ef(x)e) = Tr (f(exe)) = ex =ex

for a projection e. We set k = ranke and consider x, e as the following partitioned

matrices:
X X [t o
= [Xm X2J> €= lo 0}'
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X1 0
0 O
values {\; }iz12... x of X7 together with 0 (with multiplicity n — k). We choose and
fix an orthonormal system {;};—12...x (C C") of eivenvectors corresponding to A;’s
so that this system forms a basis for the subspace e C".

The eigenvalues of f(exe) are f(A1), f(A2), -, f(Ax) and O with multiplicity n—k
(due to f(0) =0), and we compute

The eigenvalues (with multiplicities counted) of exe = consists of the eigen-

Tr (f(exe)) = Z:f()\l) = Z:f((eiﬁeﬁufi)) = Z:f((lfiafi))
< Z(f(fb“)&,fi) = Tr(ef(z)e).

.
Il
—

Let {e)} be the spectral projections for z, and v; be the corresponding (probability)
Stieljes measure d||e &[>, Then the above (Jensen-type) inequality can be seen as
follows:

#(w66)) = £ ([Adn) < [ £V a3 = (F(@)6.€).

We now take a closer look at the meaning of this inequality. To do so, let {f;}j=12,... m
be the distinct eigenvalues of z. We assume that each eigenvalue p; is of multiplicity
n; (ZjLin; =n) and gy < pg < -+ < fi,. Let p; be the projection (of rank-n;)
onto the subspace W, = {{ € C"; xf = 1;£}. Of course (in our matrix setting) the
measure v; has just point masses at A\ = p;:

vil{ws}) = llps&ll* (G =1,2,--- ,m).

Thus, the above Jensen inequality (for integrals) can be written as

f (ZM;’HP;’&W) > flup)lps&ll?
7=1

J=1

in the present case.
The equality Tr (ef(z)e) = Tr (f(exe)) means

F((@6,6)) = (f(@) &.&) fori=1,2,-- K,

and hence strict convexity yields ||p;,&||> = 1 for some j; € {1,2,---,m} (see (13)),
showing &; € W, . Since the eigenvectors §; (of ) form a basis for the subspace e C™,
x leaves e C™ invariant (i.e,, the block matrix Xy, vanishes). This means exe = ze
and hence we conclude ex = ze (due to z = z*). O

Corollary 16. Let f(t) be a strictly convex function with f(0) = 0. If a non-zero
contraction matriz a satisfies Tr(a* f(x)a) = Tr(f(a*za)) for all Hermitian matrices
x, then a must be a unitary matriz.
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Proof. The theorem shows a*z?a = (a*wa)? for every z (= z*). Then, as was
explained in Remark 4, |a*| (= Vaa*) must satisfy |a*|z2|a*| = (Ja*|z|a*])? and

[la*|,z] = 0 for every z. The commutativity forces |a*| = A1 with A € (0,1], and it
suffices to show A = 1. However, if we had X # 1, then |a*|22|a*| = (|a*|z|a*|)? would
be possible only for x = 0, a contradiction. [

The arguments in the proof of Theorem 15 remain valid (with obvious modifica-
tions) for a self-adjoint compact operator x under the requirement a* f(z)a, f(a*za) €
Cy, the trace class operators. Details are left to the reader as an exercise. Note that
the condition Y52, A f(t;) = f (Z;’;l )\jtj) have to be considered in (13) since x
may have countably many eigenvalues. However, the following general fact (for a
probability measure v) resolves this complication:

f (/tdu(t)) = /f(t) dv(t) = the support of v is singleton

To see this, let us recall the standard proof for the Jensen inequality based on “sup-
porting lines” (see [19, Chap.5 §5] for instance): We set ¢ty = [tdr(t) and choose
a,b € R satisfying

f(t) >at+0b, f(to) =aty+0.

Integration of the both sides of the first inequality gives rise to

/f(t) du(t) > ato + b/dy(t) — aty + b= f(ty).

When f is strictly convex, we have f(t) > at + b for t # ty. Thus, if the equality
occurs in the above, then the support of v must be {to}.
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